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ON PARTIAL DIFFERENTIAL COEFFICIENTS AND ON
REPEATED LIMITS IN GENERAL

By E. W. Hosson.
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1. Let it be assumed that a function f(z, %) is defined for values of
x and y such that z > a, y > ), in a neighbourhood of the point (a, b).
The function f(z, y) considered as a function of y only, with z constant
and greater than a, has, in general, two functional limits

Sz, 040), Sz, b40),
the upper and lower limits at the point (z, b); these may be denoted * by
llixrll Sz, ), lﬂ% fiz,y) respectively. In case these two limits are, for
n=b n=b

any particular value of z, identical, their common value may be denoted
by l,inbaf(x, y). It either of the limits lj—il_fgf(z, Y, li_.rrblf(a:, y) 18 to be
n= y= Y=

taken indifferently, we may denote them by 1_1_%_1 Sz, ). This may be
y:l

regarded as a function of x, such that its value at the point z is multiple-
valued and has lJing flx, y), _mll Sz, y) for its limits of indeterminacy.
y= =0

It may happen that @ f(x, y), considered as a function of z, has
Y=

a definite functional limit at the point # = @; this limit may be either
finite, or infinite with fixed sign. In case such a limit exists, it may
be denoted by ligg lyllIbl f(x, y), and it may be termed the repeated limit

of f(x, y) at the point (@, 0), the order of the limits being that the
limit for = b is taken first and then afterwards the limit for = = a.
The repeated limit ling lim f(z, y), in which the limit with respect
y=b r=u

to x 1s first taken, and afterwards that with respect to y, may be defined in
a precisely similar manner. _

It is clear that the functional wvalues on the straight lines z = a,
y =0, in case they are defined, are irrelevant as regards the existence
or the values of the repeated-limits.

It is unnecessary for the existence of the repeated limit that f(r, ¥)
be defined for all values of (z, ) in a two-dimensional peighbourhood

* The notation here employed is that introduced by Pringsheim.
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of {a, b) for which > a, y > b. It is sufficient that the function be
defined for a set of points in such a neighbourhood, of such a character
that (z, b) is, for each value of x belonging to a set of points on the
z-axis with the point (a, b) as limiting point, the limiting point of a set
of points (z, %) on a straight line through (z, ) parallel to the y-axis.
and, further, that a similar condition should hold for points (@, ¥) on
the y-axis.

If for the values (x, y), where x > a, y > b, for which f(z, y) is
defined, a number .{ exists such that, corresponding to an arbitrarily
chosen positive number ¢, a neighbourhood defined by a <z < a+d,
b <y < b+3 can be determined for which the condition |A—f@ | <e
18 satisfied for every point (z, %) belonging to the domain for which f(x, ¥)
is defined, and lying within the neighbourhood, then the number 4 defines
the double limit of f(z, y) at (a, 0. When this double limit exists it

13 denoted by hm S, y).
b

In case the double limit exists as a definite number, it follows that

the two repeated limits lim hm fx, ), hm hm Sz, y) both exist and
r=a y=

are equal to the double limit.

The converse of this statement does not hold good; it is possible
that the repeated limits may both exist and have one and the same

value, and yet that the double limit may not exist.

2. Necessary and sufficient conditions will now be investigated that
the two repeated limits lim liu’l [y, lin} lim 7 (z, y) may both exist
r=u y=b y=b x=n
and have one and the same finite value.
It will be observed that the existence of lim lim S, y) does not
necessarily involve the -existence of lun S, ) as a definite number,
since 1111’1 hm [, v), hm hm Sz, y) may both exist and have the same

value, w1thoub it being neceswuly the case that hm [, v, hm FAC )

are identical for any value of z. It is, however, necessary that
lim £ (@, y)—lim f (z, y)
y=b y=b

should converge to the limit zero as & converges to the value a. The
necessary and sufficient conditions required are contained in the follow-
ing theorem :—

In order that the repeated limits lim lim [, ), lim lim [, y) may

both exist and have the same finite va,lue, it is mecessary and sufjicient
(1) that hm [z, 1/)-hmj(x y) should have the limit zero for & = a,
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and that E f (=, y)—lz_in% f (@, y) should have the limit zero for y =b;
and (2) that, corresponding to any fized positive mumber e arbitrarily
chosen, a positive number B can be determined such that for each value
of y interior to the interval (b, b+PB) a positive number ay,, in general
dependent on y, exists such that, for this value of y, f(,y) lies between
lyijlbl f@ y)+e and 17}% f@, y)—e, for all values of x interior to the

interval (a, a+a,).
To prove that the conditions stated in the theorem are sufficient, let

us assume that they are satisfied. A value of y may, in virtue of (1), be
80 chosen that the difference of the two limits lim f(z, %) and lim f(z, y)
r=a r=(

is less than an arbitrarily chosen number n; and this value of y may also
be 80 chosen that it is interior to the interval (b, b+8). For this fixed
value of y, an interval (a, a+a'y) for £ may be so chosen that f(z, y) lies
between lg—gi S, y)+e and h;l; f(x, y)—e, provided y has the fixed value
and a <z <a+a,: this follows from the definition of the upper and
lower limits. Again, from the condition (1), a number a” can be determined
such that, if z be interior to the interval (a, a-+a"), the difference between
the two limits Egl Sz, y), 151% f(,y) is less than 5. Now let E,J be the
smallest of the three numbers a,, a'y, a"; then, if z,, z, be any two values
of z within the interval (a, a+a,), ‘and y have the fixed value, by applying
the conditions of the theorem, we see that the inequalities

| f @1 9)— f (@, | < n+2¢
| f @, 9)—lim f @, )| < nt-e,

| f (g ?/)—lyi;‘gf(%r Y| < nte
are all satisfied. It follows that

|lim f @, )— lim f (@2, 9) | < Sn+4e

for every pair of points within the interval (@, a+a,). Hence, since ¢, 5
are both arbitrarily small, lim f(z, y) converges for z = a to a definite

value which is the limit of bo!;;;)b lylz)l f(x,y) and of lyl_:_l: f(@,y) when z=a;
and thus lzlgg lylgbl f(x, y) exists.
Again, since lzlgg gigbl f(z,y) has a definite value, an interval (a, a+9)
can be determined such that, for any point interior to it,
|lim lim f (2, y)— lim f (@, )| < e.
: Q2
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Now 11133 lylgbl Sz, y)—TiTTn f(z, 1) is the sum of the three differences

z=a y=b

lim lim £ (z, y)— Exg f, ),
o
hZ-;l fa,p—fiz,y),

f, y)—-%f(z, nE

and for a fixed y, chosen as before, x may be chosen so that it not only
lies within the interval (a, a4 ), but is also such that

|f@y—lm f@yl,  |f@y—Imfey!
are each less than s+2¢. It follows that
lim lim £ (z, y)— lim £ (z, 4) | < Se+2n,

and thus that 1_17_[1 f(z,y) converges, as y converges to b, to the limit
r=a
lim linb1 f(@,y). It has thus been shewn that the two repeated limits
r=a Y=
both exist and have the same valae.
Conversely, let us assume that the repeated limits both exist, and

are finite and equal. We have, then, |lim lim f(z, y)—lim f @, 9| < ¢
S=Q Y= r=i

provided y lies between b and b+(8, where B is some fixed number,
¢ being an arbitrarily chosen positive number ; from this it follows that

|l f (2, )~ lim /(z, 9)]|
is less than 2¢, for b <y <b+4B. Also
|im f @, y)— lim lim £, )| < ¢,
= r=a y=

provided z lies within some fixed interval (a, a+4'); and from this it
follows that | 1!’1111} [, y)—Li_gll f@, y | is < 2, fora <z <a+d'. Since
= pry

§ is arbitrarily small, we now see that the condition (1) of the theorem
is satisfied. Further, we see that

| f @ y)—lim f @@, )| < %+

where {' is any arbitrarily chosen positive number, provided z lies within
some interval (@, a+a,), where a, depends upon y, and may diminish
indefinitely as y approaches the value 0. It follows from the three

inequalities that |f(55» y)—.l_iil}f(z, »| < 4e+¢,
y:

provided b <y < b+, and provided also that z lies within some interval
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(@, a+a,) where a, depends in general upon y. Since { and {' are both
arbitrarily small, it follows that the condition (2) of the theorem is
satisfied.

It the condition (2) in the above general theorem be replaced by the
more stringent condition that, corresponding to any fixed positive number
e arbitrarily chosen, a positive number 3 can be determined, which is such
that, for each value of y interior to the interval (b, b+R8), a positive
number a, dependent on ¥ exists such that, for this value of y and for
all smaller values, f(z,y) lies between Elbl f&, y)+e and 5_1}3 [z, y)—e,
then this condition and the condition (1) are the necessary and sufficient
conditions that not only lim ljlgl} [z, y), 1’/15} lim f(z, y) exist and are
equal, but also that the double limit y_lgr;l_a f(@,y) exists, having a

definite value the same as the repeated limits.

For, under the conditions stated, we have, provided y lies within the
interval (b, b+ 8,) where 8, < G,

| f (e, y)—!li_%f(x, Y| < edn

where = has any value in the interval (a, a+¢), ¢ being the lesser of the
two numbers ap, and &', the number ¢’ being so chosen that

\im /@, ) —lim f (@, y)| <
for a <z <a+d'. Also
|T£%f(x, y)—lim lim f(z, )| <ee,
y= L= Y=

provided z lies within an interval chosen sufficiently small. Hence the

condition L
| f (@, y)—lim lima f (@, y)| < 2e+n

is satisfied, provided that & < y < b+8; and provided z lies within an
interval of which the length may depend on e and ». It follows, since
e, n are arbitrarily small, that f(z, y) has a definite double limit at the
point (a, b). That the conditions are necessary follows at once from the
definition of w=lai'r11/1=b [, .

8. The theorem obtained in § 2 may be simplified in the case in
which lyiy} [z, ), lig} f(z,y) both have definite values at all points on

the straight lines z = a, y = b which are in sufficiently small neighbour-
hoods of the point (a, b)). We may then state the theorem as follows :—
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If* lyli[bl f(x, ), lim f@,y) have definite finite values in the neighbowr-

hood of the point (a, b), then the necessary and sufficient condition that
the two repeated limits lil’[al lin{l flz, 1), liIIbl lim f(z,y) may both exist
s=a y=b y=b r=a

and have the same finite value is that, corresponding to any fized
positive number e arbitrarily chosen, a posttive number B can be
determined which is such that, for each value of y wntertor to the
interval (b, b+B), a positive number a, in general dependent on y exists,
such that, for this value of y, |f(z, y)—lim f@,y)| <e for all values
of & within the interval («, a+a,). ”

In case the condition |f(z, y)—lyigg f@, 9| <e for all values of =

within (a, a4a,) be satisfied not only for the particular value of , but
for all smaller values, and this holds for every e, then the double limit
exists and is equal to the repeated limits. In this case, the point (a, b)
1s a point of uniform convergence of the function f(z, 3) to the limit
l,iP,} [, y) with respect to the parameter z; and thus for such a point

there exists for each value of ¢ an interval (a, a+a) where a depends
in general upon e, such that, for each value of z within this interval, the
condition | Sz, -'/)_I,,ifﬁ fz,9)| < e is satisfied, provided y be less than

some fixed value which is the same for the whole z-interval (a, a+a).

¢ This theorem may be transformed at once into the corresponding theorem for double
seyuences. Let z—a = 1/y, y—b = 1/u, and assume that f(z,y) is defined only for those values
of r and y which correspond to positive integral values of v and u; also, let

(=, y) = Cpre

The theorem relating to the existence and equality of the repeated limits lim lim a,,, lim lim a,,
is then as follows :— poo vee ve® pew
If a,, be such that lim a,,, lima,, both have definite values for all positive integral values

pew vam
of » and of u respectively, then the necessary and sufficient condition that the two repeated
limits lim lim a,,, lim lim a,, both exist and are equal to one another, is that corresponding to

pu®d ywo ye® p=o
any fixed positive number ¢ arbitrarily chosen, a number m, can be determined such that, if any
integer u > my be taken, an integer », can be found such that |a,,—lima,,| < € for all values
of v such that ».>n,. pee
} This is equivalent to a theorem which has been given by Prof. Bromwich, Proc. Lond. Math.
Soc., Ser. 2, Vol. 1, p. 185 ; except that, in the statement given by Prof. Bromwich, the con-
dition is added that lim lim a,, must exist and have a finite value. This last condition is

pE=Dd vE®
necessarily satisfied if the other condition be satisfied. In the alternative theorem given by
Prof. Bromwich (loc. cit., p. 184), the condition that lim lim a,, must have a definite value is

not redundant, and is therefore rightly included in the statement of his theorem. The occurrence
of the condition in question in the theorem on p. 185 arose from the fact that Prof. Bromwich
deduced that theorem from the one on p. 184 in which the condition is required.
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4. The necessary and sufficient conditions for the existence and

equality of the repeated limits may be stated in a different form from
that given in § 2.

The necessary and sufficient conditions that

lim lim f(z,y) = lylg} £1=r? [, y,

z=a y=b

thewr value being finite, are (1) that lm Sz, y) converges to a definite
r=a

value 1}115 LIII‘} f(x,y) when y converges to b, and that

IIE_}“(-T, y)—lef(x, ¥)
y=b y=b

should converge to zero for x = a; and (2) that, corresponding to any
arbitrarily chosen positive number e, and to an arbitrarily chosen value

h+By of y, a value y, < b+B, can be found, and also a positive number
«, such that the condition that f(x, y,) lies between.

lim f(z, y)+e and lim f(z, y)—e
. y= u=b
is sutisfied for every value of x within the interval (a, a=+u).
~In case lylgg S, y) everywhere exists tn the newghbourhood of x = a,
the condition (2) 1s that | f(x, y)—lim f@, y)| <, for every value of z
y=
within the interval (a, a4+ a).

That the conditions contained in the theorem are necessary is seen
from the theorem of § 2; it will be shewn that they are sufticient. Let
us assume that the conditions are satisfied. e have then

lim f(z, y)—lim Lim f(e. 3)
y=b z=a

n=h

= [yiTn—rbl fa,y—fn)+L/f@y) _l,,i_—i_ﬁ‘f (@, )]+ [{i_él; Je,y)—limlim f(z,y)].

A positive number 3, can now be chosen, such that, if b <y < b+0,, the
condition |lim f(z, y)——}li_nbl ll_Iil S, )| < e is satisfied; moreover, we
may choose 3, so that it is less than (.

-Next, a value y, of % exists, such that f(z;y,) lies between

lim f(@,y)+e and UM fir, y)—e,

y=b

provided z lies within the interval (a, a+a): the value of B, may be so
chosen that ELE_E Sz, y)—li_f_n flz, y) < e, for every value of y which is

less than 048, and therefore for the value y, of y. Again, an interval
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for x, possibly less than (a, a+a), can be so chosen that
lim /e, y)—lim f (@, y) <,
y=n y=
provided z lie within the interval._ It follows that an interval (a, a+a’)
for « can be found, such that Ih_nbl f@, y)—f(, y)| < 8e. Further, the
Y=

interval within which . lies may, if necessary, be $0 restricted that
|f @ y0—Im f @, y)| < 2e.

Hence, provided « lies within a definite interval, we see that

|hmj(z, y)—lim lim f (2, y)| < be;

y=b r=u

and, since this condition holds for an arbitrary e, it follows that hm S,y
"=
converges for x = a to lylgg 111=n(3 Sz, y), and thus the suthclency of the

conditions is established.

5. The differential coefticient = -9—1— M is the repeated

limit 0z CYo’ T (Y
lim Lim L@tk YotB)—f @oth, y)—f (o, Yo+R)+f @ o).
A=0 k=0 hk
it being assumed that % exists and is finite.
0

We may denote this repeated limit by lhm} {13)1 FE(h, k). In order that

the partial differential coefficient may exist, the value of this limit must
be independent of the signs of . and k.
It is not essential for the existence of the repeated limit, or of the
Of
partial differential coefficient ~—%—, that

CxyCY,

lim f(x0+h” y0+k)_f(xo+h’ yo)
k

k=0

or 5.—3—0)‘(10-}-11, Yo

should exist when 25 0. Thus the repeated limit may have a definite
value when

f @y th, yo+k)_f(-'3n+hr Yo)

hm—-— lim
h=0 3 £=0

 Lth pt D= f et 19

7.?0'

vanishes. Therefore ﬂazj: may exist when Q exists at the point
0o 0Yo oy

(%o Yo), but is indefinite in the neighbourhood of that point.
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The repeated limit may have a definite finite value, and yet

lim £ £eFB—S G0 99 ) o
k=0 I" ayo

"\2 d
may be indefinite,* in which case (—'-I;Lg;&) does not exist in accordance
0~J0
with the usual definition, in which the existence of ai(f"—’yl) 1s pre-
9o

supposed. It is, in fact, only when g;/i exists that the repeated limit
Jo

;g% {1301 F(h, k) can be written in the form

S gt b, yo+k)—f (th, ¥ — lim f_,(%s_?/_o_‘t_k):_‘.ﬂ@'or_yo)]
k F=0 k ’

.1 [
hm — [hm
n=0 h Lg=g
which is then equal to

lim Lim £ @th Yotk —Fflegth, yo)—F ey ny+R+flxo yo)

h=0 k=0 hk

Also, when lhlpg lklilg F(h, k) is infinite with a definite sign, in order that

*f N of . .
~— may exist, it is necessary that =X should exist. Unless this last

0,40y, Yo
condition be satisfied, -AO—Z- does not exist, in accordance with the
(7100y0 ~2
usual definition. When this condition is satisfied, the value of %\% is
ovio

infinite with a definite sign.

6. The condition for the validity of the theorem
? 2

~ AN
CZy 0l Yo 0Ty

is the same as the condition that the two repeated limits lhilltl' 111113 FW, k).
’1}3})1 ’llllf([)l F(h, k) should exist and have the same value. Necessary and

sufficient conditions for this could be obtained by upplying the theorem
of § 2, remembering that in applying the conditions each of the numbers
h, k must be regarded as being capable of having either sign. It is,
however, convenient, for application in particular cases, to have suflicient
conditions relating to the partial differential coefticients in the neighbour-
hood of the point (x4 yo). Such sufficient conditions are contained in
the well known investigation of Schwarz relating to this theorem.

* A referee culled my attention to this possibility. It ix illustrated by an example given Ly
Hardy in the Messenger of Math., Vol. xxxir., p. 188. Let f(z,y) = ¢(£)+¢(y) where ¢
and ¢ are not differentiable. Then f(2g+ A, yo+ k) —f(2g+ 4, y) ~ f (2o, Yo + k) + f(%o, ¥p) vanishesx

identically, and therefore the repeated limit exists ; but l does not exist, and thus 9f
not exist. %o 0 0Ye

doex
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Sufticient conditions for the validity of the theorem will be here
found, and are of a less stringent character than those given by Schwarz,*
who assumed the additional condition that af_(;:)c!;_v/o) exists and is finite

0
for values of z in the neighbourhood of z = z,, for the constant value y,.
The following theorem will be established :—

8 exist and be finite at all points in @ two-dimensional
neighbour Izood of the point (zy, y,), except that its existence at (xz,, Yo s
not assumed, and (2) the point (xy, y,) be a point of continuity of 8_‘22?%
with respect to (r, y), the limat of this partial differential coefficient at

a3 Iy
(Lo Yo being a definite number A, and (8) of (g;, 9 4nd af(g;y 1 pos
0 0
o (z, Yo 0 (o, yo) )
) Y th ¢
ayoaxo ’ dxoayo both exist, and

exist, having definite values, then

have the same value 4.

It will be observed that the condition (1) implies the existence of
—aj% at all points in a neighbourhood of (z,, y,), except at that point
itself, and that it is continuous with respect to . From the condition (2),
we have, corresponding to an arbitrarily chosen positive number e,

Cf (gD, yo+ k) _

g dz =A4+4a(k, k),

where |a] <, provided |%], | k| are each less than some fixed positive
number 5 dependent on e, and are not both zero.

Let u(k) denote Lt L0 E) 4 yhere i lies in the interval

10, k); we have then d“(k) a(h, k'), and this 1s numerically less than e.
lkl y
L
It follows that M is numerically less than e; for, by the mean value

theorem t+ of the differential calculus, since % (k') is continuous at &' = 0,
and at &' =k, and possesses a definite differential coefficient at every
interior point of the interval (0, k), there exists a number % interior to

the interval (0, k) such that u(k);u(O) = d;gﬁ), and this is numerically

* Gesammelte Abh Vol 1., p. )/5
t The precise form of the meun-value theorem here employed is as follows :—If the function
() be continuous in the interval (z, z + 4), and at every point in the interior of this interval f'(z)
exist, being either finite or infinite with fixed sign, then a point z+ 6/ exists, where 0 <6 < 1,
and 6 is neither 0 nor 1, such that f(z+4) = f(z)+ Af (x + 6h).
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less than . 'We have now

af(‘”o‘l'h’ y0+k) —_ af(zog'hr ?/o) _Al‘ —_ ka"(h-, k)’
Iz

o0z

where o”(h, k) is numerically less than e. This holds for each value of
h such that 0 < || < #.

Let »(2') denote faot ¥, yot 72"/ (o1, y “)—Ah', where 7' lies

in the interval (0, 2); we have then dz(’lgfl) = «"(I, k), and this is

numerically less than e. As before, since v(%') is, in virtue of (8), con-

tinuous at A’ = 0 and also at A’ = h, and possesses a definite differential

coefficient at all interior points of the interval (0, 7), it follows that

v (h)—v(0)
h

W F(h, ) = f @yt Ry o0 — f @yt by Yo — f (o, ot B+ f @y )
= Ahk+hka'"' (b, k)
where |a'" (k, k)| < e.
We have now, corresponding to the arbitrarily chosen e,
|F(h, B)— A4 | < ¢,

provided | |, | k| are each less than some fixed positive number » dependent
on e. It follows that F'(h, k) is continuous at the point 4 =0, ¥ = 0 in
the two-dimensional domain (%, k) and has 4 for its double limit. From
this we conclude that the two limits lhlg(} %‘153 F, k), 1’123 ;g)g F(h, k) exist,

is numerically less than e; hence

and are both equal to 4. It follows that, when the condition (8) of the
theorem is satisfied, the two partial differential coefficients

f (g, Yo) aiff (®p Yo

0y 0yy 0y 0%,

hoth exist and are equal to 4.
7. The case in which the two partial differential coefficients are
infinite with fixed sign is covered by the following theorem :—

2
If (1) aa('%’ Y ozist and be finite at all points in a two-dimensional
. Yoz A
neighbourhood of the point (z,, yo), except that its existence at (z,, yy) s
. a-ai (z, ¥) . ..
not assumed, and (2) the function oy 0 have the improper limit +
or —®, with definite sign, at the potnt (x,, yy), and (3) the differential
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coefficients o (x::’@, of (g;’ Yo both exist and have definite values, then
g0

az—L—QJL(z 2 BZ_L_Q_(%, both exist, having the improper value + ® or —®

02,0y, 0y, 02,
with definite sign.

To prove this theorem, let us assume that, if M be an arbitrarily

chosen positive number, the condition of (wo-gy}gi%ﬁ- k) > M is satisfied

for all values of % and k¥ which are not both zero, and are both numerically
less than some fixed number 5, dependent on M. Defining w (k') as

of @o+h, Yot+k')

Py , we see, by means of the mean-value theorem, that

u®=uO o 3 o af(xo+ah, Yot k) _ U mth g o gy
k z oz '

Next, defining wv(h') f("’0+h' Zlo+k)—f(:c0+h yo)’

we see, as

before, that

U__(h);”(o) > M ; therefore F(h, k) > M, provided |A|, | k| are

both less than some number » dependent on M. It follows that F(h, k)
converges to the improper limit 4, with fixed sign, as 2 and % con-
verge in any manner, each to the limit zero; thus both the limits
lim lim F(h, k), lim lim F(A, k)

=0 k=0 k=0 h=0

. Ff @y, yo) Ff @0, Yo

are +o. In order that -kl -

they both have the improper value + @, it is necessary to assume that

o @, y"), f @ Yo both have definite values. The case in wkhkich the
oz, Yo

limits have both the improper value —® may be treated in a precisely
similar manner.

may exist, in which case




