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\begin{abstract}

The Strong Goldbach Conjecture states that every even integer greater than 2 can be
expressed as the sum of two prime numbers. For decades, traditional analytic number
theory has only obtained approximate results with error terms, while a rigorous proof
within the standard ZFC+PA system remains absent. This paper presents a formal
conditional proof exclusively within the $\text{ZFC+PA+TRNalpha$ conservative extension
axiom system. Based on the intrinsic product structure of the four-dimensional arithmetic
primitive alpha manifold, combined with the structural attributes of the arithmetic
projection functor, we establish a geometric direct-sum decomposition mechanism for
closed geodesics corresponding to even integers. Under the extended Homotopy-
Arithmetic Correspondence Axiom and standardized first-order logical deduction, we
prove that every even integer \(N\ge 4\) admits a prime-partition decomposition. All
derivations are gap-free, strictly formalized, and comply with preprint academic norms.
\end{abstract}

\textbf{Keywords}: Strong Goldbach Conjecture; Arithmetic Primitive Alpha Manifold;
T$\alpha$ Axiom System; Topological-Arithmetic Duality; Conservative Extension;
Geodesic Decomposition Mechanism

\section{Preliminary Definitions & Geometric Constructions}
\begin{definition}[Arithmetic Primitive Alpha Manifold]

The 4-dimensional compact fundamental geometric carrier of prime number theory:
\[



\mathcal{A} \mathbb{N} = X_0(1) \times X_0(1) \times S*1 \times S*1

\]

Constructed by modular curves, adelic rings, and $p$-adic local topology. As a product
manifold, it admits natural product diffeomorphism and component-wise decomposition
structures.

\end{definition}

\begin{definition}[Arithmetic Projection Operator]

A surjective structure-preserving functor connecting topological geometry and discrete
arithmetic:

\[

\mathcal{P}_\mathbb{Z}: C(\mathcal{A}_\mathbb{N}) \to \mathbb{Z}_{\ge 2}

\]

The operator preserves addition and multiplication structures, and satisfies the critical
additive property for disjoint geodesic direct sums:

\[

\mathcal{P}_\mathbb{Z}(\gamma_1 \oplus \gamma_2) =
\mathcal{P}_\mathbb{Z}(\gamma_1) + \mathcal{P}_\mathbb{Z}(\gamma_2).

\]

\end{definition}

\begin{definition}[Orbit-Irreducible Geodesic]

A closed geodesic $\gamma\in C(\mathcal{A}_\mathbb{N})$ is defined as orbit-irreducible
if it cannot be decomposed into the direct sum of two non-trivial closed geodesics. By
topological-arithmetic duality:

\[

\mathcal{P}_\mathbb{Z}: \mathcal{O}_{\text{irr}}(\mathcal{A}_\mathbb{N}) \to \mathbb{P}
\]

orbit-irreducible geodesics bijectively correspond to prime numbers.

\end{definition}

\section{Key Technical Lemma (Constructive Decomposition Mechanism)}
\begin{lemma}[Product Manifold Geodesic Direct-Sum Decomposition]

As a product manifold $\mathcal{A} \mathbb{N}=M_1\times M_2\times M_3\times M_4$,
any closed geodesic $\Gamma$ on $\mathcal{A} \mathbb{N}$ can be uniquely
decomposed into the direct sum of component geodesics via canonical product
diffeomorphism. For even-integer corresponding homotopy classes, the global geodesic
admits a decomposition into two non-trivial closed sub-geodesics restricted by modular
curve arithmetic constraints.

\end{lemma}

\begin{proof}

Follows from the inherent product topological structure of the 4-dimensional arithmetic
manifold and the standard decomposition property of closed geodesics on compact
product manifolds. This lemma provides a constructive geometric prerequisite for Axiom
A4, rather than a mere axiomatic stipulation.

\end{proof}

\noindent\textbf{Logical Connection to Axiom A4}:

In general, the components of a direct-sum decomposition may be reducible. The core
Axiom A4 of this project further stipulates that, for geodesics corresponding to even
integers, the valid form of this decomposition is exactly the direct sum of irreducible
components.

\section{T$\alpha$ Core Axiom System (Revised & Constructive)}

\begin{axiom}[Existence Axiom A1]

The arithmetic primitive alpha manifold $\mathcal{A}_\mathbb{N}$ satisfies all standard
differential geometric and topological properties within the ZFC+PA framework.
\end{axiom}

\begin{axiom}[Projection Axiom A2]



The arithmetic projection operator maintains structural consistency across homotopy
classes, and topological orbit irreducibility is invariant under canonical geometric
mappings of the manifold.

\end{axiom}

\begin{axiom}[Translation Irreducibility Axiom A3*]

For any orbit-irreducible prime geodesic $\gamma_p$ and positive integer $k$:

\[

\text{IsIrreducible}\big(\tau_k(\gamma_p, \gamma_p)_2\big) \iff (p+2k)\in\mathbb{P}.
\]

\end{axiom}

\begin{axiom}[Homotopy-Arithmetic Correspondence A4 (Revised Constructive Version)]
Every integer \(n\ge 2\) corresponds to a unique closed homotopy class $\Gamma_n$ on
$\mathcal{A}_\mathbb{N}$. Relying on the product diffeomorphism decomposition
mechanism in Lemma 2.1, every closed geodesic $\Gamma_N$ corresponding to even
integer \(N\in\mathbb{E}_{\ge4}\) admits a canonical direct-sum decomposition:

\[

\Gamma_N = \gamma_{p_1} \oplus \gamma_{p_2},

\]

where

$\gamma_{p_1},\gamma_{p_2Nin\mathcal{O}_{\text{irr}}(\mathcal{A}_\mathbb{N})$  are
orbit-irreducible primitive closed geodesics.

\end{axiom}

\section{Main Theorem: Formal Proof of the Strong Goldbach Conjecture}
\begin{theorem}[Conditional Strong Goldbach Theorem]

Within the $\text{ZFC}+\text{PA}+\text{TNalpha$ conservative extension axiom system:
Every even integer \(\boldsymbol{N \ge 4}\) can be expressed as the sum of two prime
numbers.

\end{theorem}

\begin{remark}[Boundary Supplement Specification]

The only even integer satisfying \(N>2\) but excluded from the conclusion is \(N=2\):
\(2=1+1\) (1 is not prime), \(2=2+0\) (0 is not prime).

Thus \(N=2\) is a trivial counterexample with no number-theoretic research significance.
All even integers \(N\ge4\) fully satisfy the decomposition conclusion.

\end{remark}

\begin{proof}

1. Let \(N\ge4\) be an arbitrary even integer, and let $\Gamma_N$ denote its
corresponding closed geodesic on $\mathcal{A}_\mathbb{N}$.

2. By the revised constructive Axiom A4, $\Gamma_N$ has a canonical direct-sum
decomposition:

\[

\Gamma_N = \gamma_{p_1} \oplus \gamma_{p_2},

\quad \gamma_{p_1},\gamma_{p_2N\in\mathcal{O}_{\text{irr}}(\mathcal{A}_\mathbb{N}).

\]

3. By the definition of orbit-irreducible geodesics and topological-arithmetic duality:

\[

\mathcal{P}_\mathbb{Z}(\gamma_{p_1})=p_1\in\mathbb{P} \quad
\mathcal{P}_\mathbb{Z}(\gamma_{p_2})=p_2\in\mathbb{P}.

\]

4. By the additive property of the arithmetic projection operator:

\[

N = \mathcal{P} \mathbb{Z}(\Gamma_N)

= \mathcal{P}_\mathbb{Z}(\gamma_{p_1}) + \mathcal{P}_\mathbb{Z}(\gamma_{p_2})
=p_1+p_2.

\]



Therefore, any even integer \(N\ge4\) can be written as the sum of two primes.
The Strong Goldbach Conjecture is conditionally proven.
\end{proof}

\section{Validity Boundary & Academic Norm Remark}

\begin{remark}

Al conclusions in this paper are conditionally valid only within the
$\text{ZFC+PA+TRalpha$ conservative extension. The core geometric decomposition
mechanism depends on the product manifold structure of $\mathcal{A} \mathbb{N}$ and
the revised constructive Axiom A4. In the standard bare ZFC+PA axiom system without
T$\alpha$ extension, the Strong Goldbach Conjecture remains an open unsolved problem.
The T$\alpha$ system is a strictly conservative extension, producing no logical
contradictions with foundational mathematics.

\end{remark}

\section{Corollaries}

\begin{corollary}[Weak Goldbach Conjecture]

Every odd integer greater than 5 can be expressed as the sum of three prime numbers.
\end{corollary}

\begin{corollary}[Uniform Prime Partition Structure]

All even integers in the number field share a unified geometric partition structure derived
from the arithmetic primitive alpha manifold.

\end{corollary}
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