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On o Group of Triangles Inscribed in a Given Triangle ABO,
whose sides are Parallel to Connectors of any Point P with
4, B, 0. By R. Tvcker, M.A. Received September, 1892,
Read November 10th, 1892. Revised February, 1898,
1. Let DEF be one of the in-triangles, having its sides DE, EF
FD respectively parallel to BP, CP, 4P, and suppose
BD =pa, OD=gqa, p+g=1.

If the trilinear coordinates of P are A, u, v, the equations to
DF, DE are

a e Y =0,
0 . g pb

y ~p| |~ 0 |0 ¥

b ¢ \ calla b
a I¢) Y =0;
0 qc pb

O A |=Av||v O

tb c ca a b

2.6,y aa (bpu —cqv) +pbBu—qeyu = 0,
a (cv+paX) +pbBA—geyd = 0.
For shortuness, write
w=bhutey, v=cv4al, w= a?\+b,u,“
uwt+v+w =23, aru+bpv+ceorw = 23,

From the above equations, after reduction, we obtain the equation
to IF to be
—aa (c¥ +pa,7\)(5§i-'—bpy) + pbPu (cv + paX) +acghy (cqv—Dbpp) = 0,
and this is parallel to ap—f\ = 0,
4.6, OP ; therefore
-1 =1
cavh  buv 3,
K 2
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Writing for p, ¢ their values in the above equations, we get the
equations to DI, EF, I'D to he
vowa + ab\¥B—DbApvy = 0
—cprwa+Awuf +bop™y = 0 [ e (i
cav’ua—aviufi 4+ puvy = 0.

2. In a similar manner we find the equations to D'E', B'F", F'D’,
the sides of the other in-triangle, to he

abu’va + vwufl —alpuy = 0
—bpvva+ber AB+Auvy =0 (i)
powa—cvAwf+cal’py = 0

3. From (i), (ii.), we can write the coordinates of the angular
points

D, 0, puv, avd D, 0, a\p, »w
E, b, 0, vw ||; I, Au, -0, buv |, (modulus 3,) ...(iii.).
F, M, cuv, 0 F, cvA, uv, 0

4. If L, M, N, are the orthogonal projections of P on BO, 04, 4B,
we have

L, 0, u+Acos(, AcosB+v
M, pcosC+A, o, v+pcosd|, (modulus ) ...(iv.).
N, Advcos B, vcosd+p, 0

The equation to the circle LMN is _

24 3 (apv) 2 (afly) = S (aa) S {Abc. v+p cos 4.pu +vcos 4.a}...(v).

5. I'rom (iii.), we obtain
DD’ = BI' ~ BD = a (cvw—carr)/3, = abepv/3, = FI...... (vi.),
FF = DL = abchu/[3,,
and DE = abc { (\u®) +2\uv (A cos 4 +p cos B—v cos 0) }}/3,.
Hence the perimeter of the hexagon
DIREFF = 2abe S (A)/Sy.

When P is the in-centre, this hexagon is equilateral, each side
= abe/3 (ab). Cf. Bducational Times, October, 1892, Quest. 11706.
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6. From (i.) and (ii.), we see that DJZ, D'J” intersect in

By aw

= , ne,on AP ... G (iL
e » LAy ’ (vil.),

and BT, I'F in a, (say), given by

Mooy __bawa
v w A (bzluz_*_c?y'.!_'_z:?) )
hence Aa,, Bb,, Cc,, where b, c,, are analogous points to a,, cointersect

in P’ i.e, 00/t == D0 == 6Y[10 svrrrervenrensreeenate (Vi)

If P is the orthocentre, F is the circumcentre;
’ circumcentre; ” nine-point centre;
" symmedian point, »»  isotomic of the inverse of
the centre of the Brocard
ellipse ;

and if P’ is the symmedian point, then P is the point
a’a sec A = b*Bscec B = clysec C.

If P is the centroid, P’ evidently coincides with P. In the case of
P being one of the cosine-orthocentres (see Messenger of Mathematics,
No. 199, p. 100), I is on ¢,G, or on ¢,G.

7. The equation to PP’ is

aa (bp—cv)+.ed ... = 0uiinviiniivininvvnene (i),
which evidently passes through the centroid (@), and, further, @
divides PP’ so that

. PG =2PQG.
8. The equations to BE', CF are
a/h = y/buv, afAu = Bfcvp;
hence thoy intersect on the median through A ........c.ceeeevesseene (%),
9. Again, the equations to BE, OF" are
' a/bph = y/yw, afecvh = Blpv;

hence, if these intersect in a,, OI', AD in b,y AD, BE in ¢, then
Aay, Bb,, Cc, cointersect in P, given by

afadtu = Blbp*v = v/o'w . icinieieeeneennn (21,

which is a point on PP’
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10. If o', ¥, ¢’ are the lengths of the sides of LMN, we have

a®= /L’-{-V’-{-va cos 4,
b”? = v'+A'+2vA cos B,
¢ = A4+ 2\ cos C.

Now BD = ca’\v[Zy, BF = calu/3,;
hence DF? = a®''\* (u* +9°+ 2uv cos 4) 35,
and therefore. DF = abeAa' [3; = D'E’
DE = abepd'/3; = EB'F [ cvvnrerenn e (xil)s
EF = abeve' (33 = D'F
The triangle DOE = A . ab"\u%/3;;
hence
triangle DEF = A { 1— oA (bu)’ v+ bp (;;’)’ w+ev (ah)'u }
3

= AGbARYS 3} = AD'TF covvreeevvs e een (XL,
11. The equations to DI¥', D'F respéctively are
bulvva +avAiuf —Auuvy = O} RN
cvinwa —vAwufB +aNpuy = 0
these intersect in P”; i.e.,
afAu = B/uv = y/yw, (modulus 23,).

This point is obviously the centre of perspective of the pair of tri-
angles, and also the centre of the conic through their six vertices.

If P is the circamcentre, P”is the point acos A cos (B—0), ... «e;

” orthocentre, »  Symmedian point; |

” symmedian point, ,  centre of the Brocard ellipse;
" centroid, ",  centroid;

" in-centre, »w  point b+¢, c+a, a+bd,

12. The equations to PP” and P’P” respectively are

| wra (bp—cv) +ot o =°}, cereeneeeesen (EV.).
and aavw (bp—cv) +...+... =0
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13. 1f g, ¢’ are the centroids of DEF, D’E'F, their coordinates are
determined by

A(p+u), p(ev+4v), v(ad+w)

and A(ev+u), p(ar+v), v(bp+w)

hence P” is the mid-point of gg'; it is also the centroid of the hexagon,

and is further the centre of the in-eilipse, tonching at the points
where AP, BP, CP meet the sides. ‘

, (modulus 33,)...(xvi.);

14. The conic about the hexagon has for its equation
a? 1 a’\? .
e ] = 2 {1 —_— b B seeseesensed (XVIL)s
3 ()\’u,) abeh uy + vw } oy (xvii)
This is & circle when P ig the orthocentre, and P” therefore the
symmedian point; in fact, the in-triangles are then the *cosine™--
triangles, and the circle the  cosine”.circle. We hence -obtain the
equation to this circle under the form

3 (becos 4.a*) = 3 (be+a' cos B cos 0) By.

15. The D-symmedian line of DEF cuts EF in
h'u!ub’i + A’}la”, cp’yb", vhﬁwa’ﬁ :
hence its equation is
va [ca,p’vb"—hvwa”] —avAf (pub” 4 bN'a”®) +pyv (pub®+0Na?) = 05 .
and hence to that through ¥ is
“vaw (vuc?+cud?) + A8 (abv*\e— pwub?) —bApy (vve” +cpib®) = 0.
From these two equations we get the symmedian point of DEF to
be given by
va — AB = ©®y
pubd®+08%a? T vuc 4 cp®d? T Awa’+ ar’c?
and ~~E'F by corsenans (RVIIL).
e .=
vucT+eNia® T

16. To find the orthocentre of DEF, we note that the perpendicular
from D on EF is also perpendicular to OP; therefore its equation is

(vAw—p? cos Bv+Xpa cos A) a+ (u+ A cos 0) avAf
—(u+Acos 0) pvy = 0;
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and to the perpendicular from I on IFD is

—(v+pcos 4) rwa+ (Apw — v cos Cw +vbp? cos B) B

+(v+pcos A) Bapy =0,

whence, after reductions, the coordinates of the orthocentre (H,) are

a= (p+Acos () [)\y + w2 cios'A'+pv cos B—»" cos 0] |

B= (v+ucosd) [/w—)\’ cos A 4 Ap cos B+ vA cos G'] )

= (A+vcos B) [ vA+Ap cos A—p’ cos B+pv cosC |
(modulus' AR uvw) eiieiiirennien (RiRL).

In like manner, the coordina.te§ of orthocentre (H,) qf D'E'F are
a = (v+AcosB) [vA+)\p cos A + pv cos 0 —p’ cos B]
B=... .. (xx.),
r=..
with the same modulus as before. TFrom these values we find P” to
be the mid-point of H, H,.
17. The perpendicular from P” on BF (mﬁltiplied by EF)
= abeApvAw/ S,

whence we obtain (xiii.) in another way.

18. If py, pyy Py p1, P p3 are the perpendiculars from P on EF,
FD, DE, and E'F’, F'D', D'E’ respectively, we have

bA}J’ 21 'w V“ El (I.VAg 2, W
= X X = .
DrPePs s, a3, b3, P12 P3

19. The equation to the circle DET is
S,.37. % (aBy) = 3 (aa) S { pvew (akb’ — a’vv +cwv) o}
and to D'E'F is <. (xxi.).
3,.3:.3 (aBy) = 3 (aa) 3 { pvbo (aXc*p —auw + buw) q}
20. If ¢, f, are the mid-points of D'F', DI respectively, they are

given by
cvh, p(ah+v), vw; bpd, pv, v(aA+w);
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whence B¢, Cf intersect in
a 3

L =P 7D PN ¢ < 31 B
R = o = B e R P (xxii.)

21. The circles CDE, ALF, BDF have for their equations
3 (aBy) = 3 (aa)(brua+a’AvB) [ 2, (a)
% (aBy) = = (aa) (cAuB+Vphy) [ 5, (D) coeseenes (2EIL),
2 (afy) = 2 (aa)(apvy +civpa) [, ()
The radical axes of (a) and (b), and of (b) and (¢) are
bywa +X (a'v —cu) B—bAuy = 0,
—c’pvatchup+pu(BA—av) y =0;
hence the radical centre of the three circles is
bra [ [ 2abAv cos 4 +bpv +v* (c”—a’)] ==

Whence, if P is the orthocentre, the radical centre is the megative
Brocard peint,; and--if P is this Brocard point, then the circles pass
through the circumcentre.

and the radical centre of the three analogous circles is
cpalf [‘an)\p cos A +cvw—pu’ (a’—-b’)] = .= ...
Whence, if P is the orthocentre, then tho radical centre ig the positive
Brocard point, and 'if P is this point, then the three circles pass
through the circumcentre.
22. The radicul axis of CDE, BD'F is
Na=pf;
therefore the radical axes of these and the analogous circles meet in
a = B =,
.e.,, in the inverse of P.
23. Since the sides of DET are pﬁ,rn.llel to AP, BP, CP, we have
cot D = (uv—A*cos A+ Au cos B+wA cos C)/\D
cot ! = (vA+Aucos A—u’cos B+puvcos C)[uD §...(xxiv.),
cot I = (Au + v\ cos A4 pv cos B—v* cos C)[vD
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where D=Msin A+ psin B+vsin 0}
hence  cot (Bracard angle) = 3 (A'u*) +Apv3 (A cos 4)/ApvD.

The same result, of course, holds for D’E'F’, Compare (zxiv.)
with (zix.). '

Agsin, DE.DF: AP.BP = 28abMs3, : 55 ;
therefore DE.EF.FD : AP.BP.0P = 2AabcAuv3, V243, ¢ X%,
If p is the circum-radins of DEF :(A,), then, since

DE.EF.FD = 4pA,,
we have AP.BP.OP =03/, by (xiii.).

[24. The parallels to AB,Bd, 0A through D, B, F" respectively, are
a*vAa+abvAB—buvy = 0
—ovwa+ b AuB +beApuy = 0 t civiensressnnnnne(XZV.),
capva—auf +cfuvy = 0
These cointersect in Q, = (bAp, cuv, <.sz) crrvrreeesseransssnneees (XXVL),

In like manner, the parallel through D' to C4 is
a*Apa—cvwf+carpy = 0;
and this and the analogous lines for B', I intersect in Q,
(cvA, alp, BEP) covivivnnninneissaneeed (XXVIL),
Q@' passes through P”, and is bisected by it.

25. The equations to DI, ED’ are

a‘.u’va—cayxla-'—cpvy = O} ey (Xxviii-)’
avwa + bywB—abApy =0 '

which intersect in B/pv = y/yw, t.e., on 4P".

26. We collect a few results of interest.
DE, D'E’ intersect on OF’; DF, E'F’ on 0P§
OF, BE’ ” AG; CF, BE on AP, (§9);
DE, DF - -, - AP.
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OF’, FP intersect DE in W so that
DW :WE=EF : EO, .
and OP meets AB in I/, so that
AL' : BI! = u : v.
Again, FP’cuts DEin R, DR ; RE =u o twy
OP cats FDin B, DR :RF =v 4 TTH
BP cuts FDin B", DR":R'F=cv :w;
BP cuts DFin R,, DR, : R\F =aX :u;
and ~ BFE cuts DFin R;, DR,: R,F = albu : wu.
27. If (ay By 71)s (a3 By 73)s (a5 By 7¥8)s (a6 Bay 7e) are (for the
moment) the coordinates of P, F, P”, G, then

aGa, __ ﬁgﬁg — NYa.
- - )
aza, psﬁ( Y37s

hence, if (1, 2) are inverse points, so also are (3, 4).

28. If P, is the isotomic conjugate of P, .e. (uv/a’, vA[bY, Ap/c?),
then P, P is parallel to P’P”, and P”@ = }P"P,.

29, EQ:FQ:DQ=pv:\: \u=FQ :DQ : EQ;
hence, if P is the in-centre of ABU, @, @ are the circumcentres of
DEF, D'E'F’ respectively.

30. Lines through 4, B, C parallel to BP, CP, AP are given by

bB+vy =0
Ay+wa =0 iiiiiiieiiiennn ol (XXIX) §
apat+u =0

these intersect in g/, b/, ¢, given by .
(bewy, vw, —bvw), . (—chu, capd, wu), (uv,-—apy, abpv),

and P’ is the centre of perspective of ABC, a'b'c’, Similarly the
parallel through 4 to CP is given by

wB+cpy =0,
and the three corresponding lines intersect in a”, b”, ¢”, .6. -

(wu, capv, —avw),. (—bAu, uv, abvd), - (bedy, —cuv, vw).
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31. The circle ADD has for its equation

3(afy) = 3 (ae) i (2264 22y [5}]

82. We now proceed to examine a few cases of envelopes of some
of the prominent lines in the figure for different loci of P.

A

Let P lie on the line PAtqu+ry =0 veverresnserareasnerneenens(A)
From (i.), the equation to DF is
vowa +abAvB3 —~bApvy = 0.
Eliminating p between this equation and (A), we have
s [—bcru] +3°\ [ (cag—bep—abr) a+bery |
+ v\ [ (a*g—abp) a+qabB+(bep+abr)y ]+ (abpy) = 0.
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(Comparing this with the cubic in Salmon’s Higher Plane Curves
(1873, p. 66), and accentuating the letters in the text-book, we have.

a = —bera,

3V’ = (caqg—bep—abr) a+ bery,

3¢’ = (a’q—abp) a+ qadbB+ (bep +abr) v,
d' = abpy.

Then the equation of the envelope of DE is found by putting the
above values in

a2d” 4 40/ ¢"® + 4b°d — 6a'b'c'd — 8% = 0.
This shows that the envelope is in general a quartic curve.

33. If the locus of P is a straight line passing through an angular
point, we have three cases to consider.

(1) »r=0: the envelope reduces to

o 4y'd' = 3",

1.6 4abep (ag—bp) ay = [a (ag—bp) a +qabﬁ+bcpy]’.
This is a parabola touching AB and BC, and having
o (ag—bp) a+abgB+bepy = 0
for the chord of contact. o

(2) p=0: the envelope is 4a'c’ = 3b",
2.6, 4 (—abera) (aga+ b +bry) = [(caq—ab'r) a+ bcry]’,
7.6. the parabola ‘

[aa (eq+br)+ bcr'y]“ +4ab’cqra = 0.

(3) ¢ =0: in this case
a' = —bera,
3Y = —b (cp+ar) atbery,
3c' = — abpa+b (cp+ar)y,
d' = abpy.

-34. Let P lie on the conic
prv+pA+rdp =0 i (B)
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‘Taking the same line (DE) as before, we have to eliminate u (say)
between (i.) and (B). The result is

v [c (ap—bg) a ]+ ¥\ [ (car+a’p—alg) a+abp/3+bcqy]

4+ [a’va-}-abr[3+ abgy] =0,
The envelope therefore is

[aa (ap—bg+cr)+abpS+ bcqy]’ = 4caa (ap—bg)(ara+bri3 +bgy),
de., if N = ap~bg—cr,
(aaX'—abpfs —begy)* + 4abaf (ap— byg . ap;-cr) =0,
Hence a =0, =0 are tangents to the cbnio, and
ca\'—abp3—begy = 0
the chord of contact.

85. If ap = bg = ¢r, and the conioc (B) therefore the minimum
ciroum-ellipse, the lines DE, &c. become the line at infinity.

86. If (B) is the circumcircle, then the envelope is the parabola
4c’a’ cos’ da’ +a'B' + b’y + dabc’ cos Aya+ 'Za’bcﬁ:y '
+4ca (be—a’cos 4) af =0, .
This equation can be written under the form
(2ac cos Ada—a’3+bey)? +4abefS (ay+ca) = 0;
hence =0, ay+ca=0
are tangents, and 2ac cos da —a’B+bcy =0

represents the chord of contact.

[37. The equation to DE’ is

bulvva+ aAvuB—=Auuvy = 0 ...cuveeenrecrennes. (C).
If the locus of P is - PAtgutry =0,

eliminating » between these two equations, we get

u¢ [ bog’a ] + p°) [ 2bepga— g’y — abgra +begry |
+p'M [ bep'a+ cag’B — 2pgc’y —r {paba + qabB— (cag+bep) v} —r'aby ]
+p* [ 20apgB—cp’y — abrpP—capry |+ [cap’B] = 0.

If we take p =0, or ¢ =0, this equation reduces to a quadratic,
and the envelope can ba readily found.
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38. The parabola through DF'AC is
cavAB® = cuvBy + apvaB + 4caS,; ya /b,
the axis being parallel to the median through B,

39, If P moves in the straight line
patgB+ry =0 .iviiiviriiiinrinnennnennnnn(L),
then P' moves in the parallel straight line
aa (—pbc+gea+trab)+...+... = 0.

Hence, if P moves along a side of the triangle A BC, P’ moves along a
parallel which bisects the perpendicular from the opposite angle on
to that sido. And, if P moves on the conic

PPy+gqya+raB =0,
then P’ moves on the conic
Ea’a’: (—pa+gdb+rec) = 2ubeZ (pPy) veverrrerennn (D).
If the primitive locus is the circumecircle, then (D) becomes
S (ad*cos 4) = 3 (dﬁy),
4.6. the nine-point circle.
If it is the minimum circum-ellipse, then the locus of P’ is the maxi-
mum in-ellipse.
40. I1f the locus of P is (L), t_hen the loci of @, @’ are respectively
brBy+cpya+agaB = 0 '
-and cgBy +arya+bpaf = 0.

The discussion of these and similar results we leave to the reader.]
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Thursday, February 9th, 18938.
A. B. KEMPE, Esq., F.R.S., President, in the Chair,

The follo&ing papérs were road :—

The Harmonics of a Ring: Mr. W. D. Niven.
The Group of Thirty Cubes composed by Six differently
coloured Squares: Major MacMahon,

The following presents were made to the Library :—

¢ Beiblitter zu den Annalen der Physik und Chemie,” Band xv1., Stiick 12;
Band xvir., Stiick 1.

“ Memoirs and Procecdings of the Manchester Literary and Philosophical
Society,”” Vol. vr., 4th Series.—*¢ James Prescott Joule,’’ by Osborne Reynolds.
- ¢ Procecdings-of-the Royal Society,” Vol. Li1., No. 317,

¢ Proceedings of the Royal Irish Academy,”” Vol. 1, No. 3, 3rd Series;
December, 1892,

Carruthers, G, T.~—¢ The Causo of Gravity,” 8vo; Inverness, 1892.

¢¢ Memoirs of the Mathematical Section of the Russian Society of Naturalists,”
Vol. x1v.; Odessa, 1892,

¢ The Nuutical Almanac for 1896.”

¢ Nyt Tidsskrift for Mathematik,’’ A. 3l° Aargang, Nos. 7, 8; Copenhagen.

¢ Nyt Tidsskrift for Mathematik,” B. 3/¢ Aargang, No. 4; Copenhagen.

¢¢ Bulletin of the New York Mathematical Society,’’ Vol. 11., No. 4.

¢¢ Bulletin des Sciences Dathématiques,’’ 2™€ Série, Tome xvI.; December, 1892.

‘¢ Transactions of the Cunadian Institute,” Vol. i1, Part 1., No. §; Toronto,
December, 1892,

¢ Rendiconti del Circolo Matematico di Palermo,’’ Tomo vi., Fasc. 6 ; Novembers
Deccember, 1892,

‘“Atti della Rcale Accademia dei Lincei — Rendiconti,”’ Vol. 1., Fasc.12,
2° Semestro e Indico ; Roma, 1892.

‘¢ Atti della Reale Accademia dei Lincei—Memorie,’’ Vol. vi.; Roma, 1890.

¢ Educational Times,'" February, 1893.

¢ Annali di Matematica,” Tomo xx., Fasc. 4; Milano, 1893.

‘¢ Journal fiir die reine und angewandte Mathematik,’” Band cx1., Heft 1;
Berlin. '

¢ Rendiconto dell’ Accademia delle Scienze Fisiche ¢ Matematiche,” Serie 2,
Vol. vi., Fasc. 7-12; Napoli, 1892,

¢‘¢Indian Engineering,’* Vol. x11., Nos. 26, 27; Vol. xu1., Nos. 1, 2.

- Washington Naval Observations for 1888,”’ Washington, 1892,

¢ On Coaxal Systems of Circles,”’ by R. Lachlan, M.A. (extracted from Quarterly
Journal of Pure and Applied Mathematics, No. 102, 1892). From the author.



