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ON THE EVALUATION OF CERTAIN DEFINITE INTEGRALS BY
MEANS OF GAMMA FUNCTIONS

By A. L. Dixon.

[Received May 2nd, 1904.—Read May 12th, 1904.—Received, in revised form,
January 10th, 1905.]

Tee following communication consists of two distinet parts. In
Part I., I investigate a formula for the multiple integral

j(n—l) ‘=Hm (‘El Ay f,,)n

t=1 \s=1 '
where £, = 1—§,—§—...—£.—-, and in which B,, v, 4, are quantities
which have their real parts posit: e, and in which, moreover, 28—y is

either zero or has its real part positive. This formula is modelled on
Lejeune Dirichlet’s formula

dé,d€, ... dén-y,

1 1 1 ‘ff F(BS)
- g — n— — s=1
o gmer g ag g = gy

both integrals being taken for all real positive values of £, &, ..., fus
which make £, positive.

In Part II. I wish to find integrals which will take the place of the
two given above in the cases when B3, and vy, are not restricted to have
their real parts positive. This second part is founded on Pochhammer’s
investigation* of a double circuit integral constructed to replace the

1
Eulerian integral of the second kind 5 z-1(1—z)™'dz, in cases when
V]

the real parts of [ and m are not positive.

* Math. Ann., Vol. xxXxv,, p. 495, ** Zur Theorie der Euler’schen Integrale.”’
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1. The multiple integral
5 Te (T A,.f,) g dE, ... dbay,

(n=1) s=1 t=1 =1
in which br=1—=§,—b—...—bne1,
s=n t=m
and 2B=2y,
=1 t=1

and in which B, y:, A, denote constants which have their real parts
positive for all values of s and ¢, taken over a field of integration for
which &, &, ..., £&» are all real and positive, is equal to

=n

II I‘(ﬂs) t=m -1 3=n
=) j oo >: A.,O,) "d6,d6, ... b1,
(

t=m

HF( ) m-1) t=1 s=1

in which 0n =1—0,—0;—...—0p_,,

taken over a field of integration for which 6,, 0,, ..., 6., are all real and
positive. In particular when m =1,

—1) s=1 =1

| Ta (T ag) " a6t de =21 T 47
™ T

2. Consider first the case when m =1, and put y = ZB,. In the

integral n n -
| Tgm (3ae)” wdh . at
(n-1) 1 1
make in the first place the transformation

E=Fm 5=1,9, ...,n—1),
n-—-1 n-1 -1
so that &h=1—Z2 £ = (1+ > ,,‘) ,
1 1

and fs = 'h/(l +z’13)~

Then the limits of », are 0 and @, and the transformed integral is

@ e ® s=n—1 s=n -y
s S ces 5 II )]f'_] (A,.+ = Ag'h) d’hd'lg o dnoy,
0 Jo =1

0 s=1

the factor (1+Z5,)*~* disappearing, since y = Zf.
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n-1 -
Now substitute for (A,.+ 2 A.m) " by the formula

n-1 v_ 1 ® 1 e~ nt 24}
(An'i" A?Ac’h) I‘(.y j g—y dg-

Then we shall get

1 bd © n-1
| .| I Pttt Unt ) gy L dy gy d.
Ty by B A7 - a8l
In this change the order of integration,* and integrate with respect to

the n by the formula

r ’lf"l e "8 dy, = '@ A,_p' f-ﬂ"

0

s=n—~1

I T4 1,-¢4
and we shall get 4‘:‘———5 e~ dE,
g o) . e dg
s=n-1
since vy— El Bs = Ba.
That is, we have, finally,
fI r@ .,

T (a IB‘) =1
a8 the value of the integral

o T (Tae)" stk . dbs

n—1) s=1

8. This result being established, let us apply it to the multiple integral
L .ﬁnfﬂ. 1 H 671 siﬂ EmA“f‘O‘) cdfl df,._ldel...de.._l

nim=2) g=1 * =1

g§=n t=m
where c=2ZB;,=2y,
s=1 t=1
=n t=m
and 2 &6=1, 6, =1,
=1 t=1

the field of integration being for all real positive values of
flv fm secy )Eﬂ:—l, Sﬂ) 91» 92) sevy 9m—l, em-

¢ For a justification of this see later, §5.
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=n

Smce 4, has its real part positive for all values of s and ¢, 2 A,.f
and 2 A6, also have their real parts positive, and so we get, 1ntegratmg

first w1th regard to the 6, and secondly with regard to the £, that
t=m i {

is equal to

-1 =n

s=n t=m =m
nrgs,)j( oo 11(): A,,e,) 30,6, dOp1.

s=1 -1) t=1 =1

4. Another formula of the same type is obtained by integrating

a=m
_(2437""28:!/:*'2:0'?'%) H =1 H yy.—l
r=1 T s=1

first with regard to the z, and then with regard to the y, and equating the
two results obtained. In this way we get the equality

s=m

By, y

r=n ® (o II e s
II I‘(,B,)j S . r'-" ! dy,dyy... AYn
= P T I (At 2 Cay

r=n

s=m - o II e~ 4ghrml
=1 I‘(y,)j r j _r=1 L dayday...dz.,
s=1 0 Jo H B +E'C"z')'h

in which B,, v, 4,, B, C, are constants Which have their real parts
positive for all values of s and ¢, and the field of integration in both
integrals is for all positive real values of the variables.

5. It is necessary to justify the inversion of the order of integration
in the multiple integral with infinite limits.

Taking the integral just considered in § 4, I suppose the limits of z. to
be 0 to A, and of y, to be O to %, where A, and %, are real positive
quantities ; then it is sufficient to show that, as %, and %, are indefinitely
increased, in any order and in any manner, the integral

S j 5 S 5 S e~V Ilaf 1l y"~'dz,...dz.dy, ... dYm,

Ay Jhy Ry iy ke K

where V=2A4,2,+ZB,Ys+2ZZCrs 2+ Ys
r s L

can be made less than any assignable quantity.
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In order to include the integral in § 2, zero values of 4, and B, will
not be excluded from consideration. This we may prove as follows :—
Throughout the range of integration we have

&>h and Y, Sk,
and therefore 2.y, > 3 (heys+ ko2,
and so V> Zz,(4,4+3ZCrky)+Zy(Bs+3Z Crihy) ;

so that the above integral is less than

0

r=n (% X s=m 1
II J e~ ,(A,.+§§C,,k,)z'ﬁ,—l dz, TI 5 e—v,(B,+&§C,,h,)y:,— dy‘_

r=1 s=1Jk,
This is a product of factors which tend to zero separately and inde-
pendently as %, and k, are indefinitely increased, and so the inversion of
the order of integration is justified.

6. If in the formula of § 1 we take A4,, = 1 for all values of s, we
shall have %‘.Amfs = %f, =1, and so, changing m—1 into m, we shall

get the following result :—

m

s=n t=
[ e

(n—1) s=1 t=1

(£ 4ut) ™ atitts .

in which &= 1—§—&—...—famy

and B,, y:, A« denote constants which have their real parts positive for all
values of s and ¢, with the condition that the real part of ZB8—Zy is
positive, taken over a field of integration for which £, &, ..., & are all
real and positive, is equal to

t=m

=m+ s=n —ﬁ‘
j T e T (9,,.+,+ 3 4,6, dB,de, ... dba,
t=1

(m) =1 s=1

I 18y
§=]

t=m
IrEp—=Zy) tI=Il Ly)

t=m s=n

t=m
where Opir = 1— El 0, and ym4 = El Bi— El Yis
the field of integration being for all positive real values of

6], 62, seey 6m+].

By making the substitution 6, = 6'0n,, this last expression may

sER. 2. VOL. 3. No. 894. 0
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be written in the equivalent form

F(;BS) %0 ® {=m t=m -8,
[F [ Ee™ T (1+ T an0)”
F(ZB_ZY) ‘1;[1 P(Yl) 0Jo 0 t=1 s=1 t=1

II ‘;jll

X d6,db; ... dbn.
In particular, when m =1 we have that

L H fﬂ‘q{EA fa} ydfldfn dfn—l

n-1) s=1

u ';1(1

TR g —0riag
F(Zﬂ—y)r(y) T (1—0+4.8

is equai to

which may also be written

sgr(BS) ‘r _ 6-1de i
TER—y Ty ™ I 1+4,67

7. Generahisations oi the known formule for definite integrals of
Lejeune Dirichlet’s type, in which @ (§,4£,+...£.1) takes the place of
fﬁ"'l, are easily obtained from the fundamental formula of § 8. Thus,
for example,

@ (Siﬂy f' Bﬁl E.ﬂ‘—l
=L, d&idE, ... dé,

is equal to ¥ 1'-(,3.)5 = (t=1 L =1 - d6,db, ... db,

where ZBs=Zvy;;

the ficld of integration for both integrals being over all real positive
values of the variables, such that their sum is less than % (z.e., we have
2P hoand 26, k) and By, yi, A+ Axh being constants which have
their real parts positive for all values of s and ¢.

To prove this it is only necessary to make the substitutions £, = ¢,
£, =txz,, and 26, =u, 6, = uy, sothat Zz, =1 and Zy, = 1.
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If in this formula we take m = 2, write y for v,, and put 43 =10
~ for all values of s, we shall get that

CERe
(..)( =" )v 1063 -+ G

A+ T A4,§
s=1
is equal to
=n
A!ﬂ—v‘].:‘_[l I‘(IB‘) S" I ez-l h—6 ) o oxp—y—l
A vy S
s=1

when the real part of 23—+ is positive.

II.

8. In a paper in the Mathematische Amnnalen, Vol. xxxv., p. 495,
Pochhammer has investigated a double circuit integral, comstructed to
take the place of the Eulerian integral of the first kind,

Y 27 (1 —~x)*dz,
]

when the real parts of @ and b are not restricted to be positive.
The double circuit integral in question is

J(l+.o+,1 0 )z“‘l(l——w)”"dx,
by which is denoted an integral taken along a path which staris from
gome point ¢, lying on the real axis between O and 1, makes a circuit
round 1 in the positive direction, and returns to ¢, then a circuit round 0
in the positive direction in the same way, and then circuits round 1 and O,
respectively, in the negative direction so that the integrand returns to ¢
with its initial value.

The value of this double circuit integral is independent of the position
of ¢, and we may suppose the path of the variable to be the real axis
except at points in the immediate neighbourhood of the points O and 1,
where we may suppose it to describe small circles about 0 and 1.

Now when the real parts of ¢ and b are positive the values of the

integral round these small circles become infinitely small at the same
o2
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time as the radii of the circles become infinitely small, and the circles
may be reduced to their centres so that the integral is reduced to one
taken along the real axis between the points 0 and 1. Moreover the
integrand is multiplied by ¢** when & circuit is made round 0, and by
¢*™® when a circuit is made round 1.

Denoting this integral by e™@+? € (a, b), Pochhammer shows that

®m+Lw=—;%3mmm

G b+ =— 56 b);

and further that when the real parts of @ and b are positive

1
e (a+b) @ ((Z, b) —_ (e2ma_ 1) (e2mb_ l)j za-—l (1 _z)b—l dz.

0

Leaving out of consideration the cases in which a or b is an integer, for
which some modification is necessary, it is easy to see that these equa-
tions establish the formula

LI ®) -

za—l (l_a._)b-l dr = (ezma_l) (e2mb_1)

(14, 0+,1—,0-)
j Ta+b)’

for all values of a and b.

This particular double circuit integral is, of course, not the only one
which can be 80 used; any circuit which encloses each of the points 0 and
1, the same number of times positively and negatively, and for which,
when the real parts of @ and b are positive, the integral reduces to

1
f(emna’ e2mb) S za—l (1 __z)b—l da:,
o

where f is & rational integral function, will do as well. Thus, for in-
stance, if the cireuit (14, 04, 1—, 0—) be denoted by C, the circuit
14, C, 1—, C will make f(e*™°, ¢ equal to (e"*—1)*(¢**—1); the
circuit 14, C, 1— will make f equal to e™(**—1)(¢**—1); and the
circuit 14, 04, C, 0—, 1—, C— will make f equal to

(ehn(a-rb)_ 1)(62""— 1) (eZmG__ 1)

9. Consider the integral

L Y AR <R mﬁ'_‘ll"lx‘:"'l dr,dzy ... dxa_1,
L
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where T, = 1—a,—Tg—...—Zp_y,

and the field of integration is such that each of the boundaries
2,=0,2,=0, ..., z, = 0 is enclosed by the same number of positive
and negative circuits, these circuits being drawn so as not to meet any
of the boundaries, so that after the field has been covered each factor of
the integrand returns to its original value, and, moreover, is such that,
when ,, B,, ... have their real parts positive, the integral can be reduced
to one taken throughout the content bounded by z, =0, z,=0, ...,z, =0,
where ,, @y, ..., are real and positive. Since the integrand is multiplied
by a factor ¢*# when a circuit is made round z, = 0, the value of the
integral, when B,, B,, ... have their real parts positive, will be

B1~1
B, etmBa ) L ) z,  ...dzydz,... dr._),
e

taken throughout the content bounded by z, =0, z, =0, ..., that is, it
will be

r=n

I1 I'B,)
f(e&mh, etmbe | ) I —

r(5)

S being the appropriate rational integral function which belongs to the
particular field chosen, and I wist to show that the value of the integral
will be given by the same formul.. for all values of 8,, B,, ... .

The form of the field of integration will in general be independent of
the values of B,, B, ..., but modifications are necessary if any of them
are positive integers, in order to avoid the occurrence of zero factors in f.
If B, is a positive integer, the field of integration will start from and end
in z, = 0, just as in the case of Pochhammer’s integrals | z*~!(1—z)"~' dx,
in which, if a is a positive integer, the double circuit is replaced by a
single contour which starts from 0, makes & circuit round 1, and returns
to O again. Negative integral values of B, are excluded from con-
gideration.

10. One such field of integration is obtained, and, moreover, the formula
is proved for the particular case by applying to the integral

j o a? ! dz,dzy ... dznoy
¢

n-—1) s=1

the transformation which is commonly used to obtain its value when B, is
restricted .to be positive for all values of s.
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If we put z, = 1—u,
zy = v (1=,

T3 = v;05(1 —vy),

Tnel = VyVg... Vno2(l—vay),

:17“ == 'Ul'vﬂ “ae vn_g‘l),,,_l,

I=n
j Il 257 dzydz, ... dzay
(

n—1) s=1

is transformed into
j(l_vl)ﬂ.,—l,vfl!g+33+...+ﬁ,,—l d”lj(l _Ug)s,—lvg,+a.+...+s,,—1 dv,
-1 -1
X 5(1_7711.-—1)5"_1 vfl.:-l dv‘n—ly

and now, if we suppose all the variables v to make double circuits about
the points 0 and 1, so that each factor of the above expression is a
Pochhammer integral, we get as the valne of the expression

(62'"51 — 1) (621" (Bs+Ba+...+8,) _ 1) (C‘Zmp-_,_ 1) (e‘Zm (Bst+...+8y) __ 1) . 8=1

The original variables x will in this case describe a closed continuum of
(n—1) dimensicns in a space of 2(n—1) dimensions, such that each of the
boundaries z, = O is enclosed by the same number of positive and nega-
tive circuits, hecause this is true of the variables v, and, moreover, this
continuum will not meet any of the boundaries. Also any factor zf*~* of the
integrand will return to its original value after the continuum has been
covered, since this is true of any of its factors vf"’vg‘—‘ (l—v,)s'—l-
Further, when the real part of B, is positive for all values of s, each of
the double circuits can be reduced to the part of the real axis between the
points O and 1, described four times with different values of the integrand,
as explained by Pochhammer; so that the continuum described by the
variables z can be reduced to that bounded by z, = 0, 2, =0, ..., where
all the variables may be taken to be real and positive. This field of
integration, therefore, is such a one as has been described, and the value
of the function f(e*™h, ¢*™f, ..) for this particular field is

(7P — 1) (2™ Br¥But .. +B,)__ 1) (g2mBa - 1) (2" Bo+ - +B)— 1) ..

X (eQﬂxﬂ- l— 1)(82'"3" J— 1).
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If any of the 3 are positive integers, it is necessary to modify the field of
integration. As the order of the letters is immaterial, we may suppose all
the positive integral indices to come at the end ; thus, if 8, is a positive
integer, the path of the variable v,_; is & contour which starts from 0 and
makes a circuit round 1 and returns to 0*; if 8,—; and 8, are both positive
integers, v,_s makes the circuit just mentioned, while the path of v,., is
the real axis from O fo 1.

11. It is also possible to construct such surfaces geometrically. Con-
sider the double integral

~1 -1 -
[fa 2y 25! doy day,
where g = 1—2,—T,

If we put z, = y,+2¢, z, = yy+2,, then y,, 2, ¥, 2, are the co-
ordinates of a point in four-dimensional space. The boundaries are the
planes ¥, =0, 2, =0; =0, 2,=0; y,+y. =1, z,+2 =0. When
the real parts of B3,, B,, and B; are positive, the integration is over the
area of the triangle in the plane z, =0, z, =0 which is bounded by
N=01y=0 yty=1

Let this triangle be O4B in the figure. Take a point P, in the

A
A
K
M
B g# R
N kA
0 B
3 4
Fia. 1.

* Cf. Pochhammer, loe. cit., p. 510.
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triangle whose co-ordinates are (a, b, 0, 0); and its images P,, Py, P, in
the other three quadrants.
Consider the surface whose equations are

ptd=d gtd=b

This can be represented by two circles, a point on the surface being
represented by two points taken together, one on each circle. Thus the

%2

Fe. 2.

points P, P,, P, P, in Fig. 1 are represented respectively by the pairs
(4;4y), (414y), (4149, (4, 42).

This surface can be described in four distinet ways, since the circles
0, and O, may each be described either in a positive or negative direction.
If, starting from (4,, 4,), we describe each circle in the positive direction,
£, and z, will each have taken the factor ¢, and =~z therefore, the
factor e*™@®+B) and the whole surface will have been described in a
positive sense. If, now, we describe each circle in the negative sense, the
whole surface will have been described positively again, but z, and z, will

each have taken the factor e~*", and 2™ 'z5*~' will have returned to its
original value.*

* This may be illustrated by putting B8y =1, y, - acos6, =z, =asind, y; ="bcosg,
:, = bsin¢. The integral H:f-“zg-- ' dz,dz, becomes in this case —af b8 ” e90ebat dgdg), and

its four values will be —a® §**(et a8, — 1)(et3+#:—1) nccording to the directions in which the
circles round 0, and O, are described, and the integrand will return to its starting point (4,, 4,)
with the corresponding values a® ~'3#+~!en(tmtsa.  If, starting with these values us the
initial value of the integrand, the surface were described in the negative sense, that is if the
integral were taken over the opposite side of the surface—or over u variété opposée—the value of
the integral would be changed in sign.

In the case of an anchor ring in ordinary space of three dimensions, we have similarly a
surface which has an inside and an outside, and in which two sets of circles drawp om it, viz.,
those about the axis of revolution und those about the circular axis, can be described independ-
ently in either direction.



1905.] THE EVALUATION OF CERTAIN DEFINITE INTEGRALS. 201

Let such a double description of the surface be denoted by C,, the
surface itself being called S,,.

We may deform this surface S,, into the surface represented by two
contours, one of which starting from 4, describes the line 4,0, to some
point near to O,, then makes a small circle about O,, and returns to 4, on
the other side of the axis O, 4,; the other being a similar contour starting
from A,, and making a small circle about O,. Then corresponding to any
point @ in the area OMP, N we shall have four points on this deformed
surface, viz., if the point  is represented by the two points B, and B,,
and if the points infinitesimally near to B, and B, on opposite sides of
0,4, and 0,4, respectively are denoted by B,+, B;— and B+,
B;—, we have corresponding to ¢ the four points represented by
(Blis Bﬂi)-

1f zf"lz,f’”l gtart from P, with its natural value, viz.,

exp [(8;—1)log a+(8,—1) log b],

where log @ and logd are real, and if its value at (B;+4, B,+) be
mf“'z,_‘,""_’, then its value at (B,—, B,+) will be &zl '257! at

(B, 4+, B;—) will be e B 2 and at (B,—, B,—) will be

e2m B8 g1 o7 and, if we consider the area OMP,N to be described

positively as the describing point is passing through (B,+, By+), it will
be described negatively at (B,+, B,—) and (B,—, B,+), but positively
at (B,—, By,—).

So that, when the real parts of 8, and B3, are positive and the circles
round O, and O, may be reduced to their centres, we have that the
integral over the surface S,; is equivalent to (e —1)(¢"#2—1) times
the integral over the area OMP,N. Thus the integral over C}3 is equi-
valent to 2(e?™f—1)(e’P2—1) times the integral over OMP, N.

An exactly similar field of integration enclosing the corner 4, viz.,
that over the surface Sy3 whose equations are

Yt =0,  yitsg =
where Ygt+i2g = 1=y, —Ya—1(2,+29),
will be denoted by C,, and over a similar surface enclosing the corner
B by Cy,.
In order that when 2z, and z, are taken infinitesimally small, the whole

area of the triangle OAB, in Fig. 1, may be covered, these surfaces must
be so deformed that each meets the others in a single line. That this can
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be done may be seen by moving B out to a very great distance along Oy, ;
then the two surfaces S5 and S,, become

nita =d,  ptn =0,
and 1=y’ 42 = 1—af, itz =10,
which meet one another along the circle
n=a 5=0 ytzg="0

and by continuous deformation we may bring B back again, and still have
the two surfaces meeting one another along a single line. We may
suppose the portions of the triangle OAB which correspond to the three
fields of integration Cyg, Cog, Cg to be OMP,N, MAKP,, KBNP, respect-
ively, and now, if we assume the element of area which describes the field
to start from P,, then move along the line P, K, make a circuit round 4B
at K, and return to P;—so that the integrand has taken the factor &*~f—
then to describe Cy3 in a positive sense, then the circuit round K in a

negative sense, and finally C;, in a negative sense, then we shall have as

the equivalent of the integral over this field, when the real parts of 3,
and B, are positive,
2(62::-;53__1)(621;3,_1)(‘62mﬁ1___1)

times the integral over the area OMP,N in the plane z; =0, 2, = 0.
The integrals along the positive and negative circuits around K destroy
one another, since the integrand returns to its original value after C,, has
been described.

If we construct similar fields corresponding to the other two regions
AMP, K and BNP,K, these three taken together will give a field of
integration such as is required, and the factor f(¢®™f, ¢*™f, ¢*mf) corre-
sponding to it will be

2 (e*™F1—1) (e*™Fr—1) (P —1).

If B, is a positive integer, it is necessary to avoid the factor (e*™f—1).
The field of integration may be taken to be over the surface S, 8o
deformed that P, M and P, N lie along K4 and KB respectively, or rather
over the part of such a surface cut off by a boundary curve, which lies in
the plane y,+ys =1, 2,42, = 0, and encloses the line 4B of Fig. 1.

12. I now propose to show that for any field of integration of this
sort the value of the integral

-1 _pg~-1 ,—1
j z?l Zg’ e zﬁ. dzldzg e dxﬂ_],
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where Ty = 1—2,~Zy—...— 253,
I T'8)
is b gimby Tl
4 ) T =8y
for all values of B, B, ... (negative integral values excluded),

f (e, '™ ) being the appropriate function for the field chosen.

This I shall do by the method of induction, so that the formula, being
true for any values of ,, B, ..., which have their real parts all positive,
is also true for any values of 8, B,, ... whatever.

For shortness I write F for the integral

-1 -1 -
J'( ) xf‘ x‘;‘ xf;‘ Vdz,dz, ... dz,_;,
n—

taken over a field of integration such that each factor of the integrand
B~

=1 returns to its initial value after the field has been covered.

Further, I write F, for the integral obtained by replacing 8, in F
by B.+1. Then, since

&

d - -
—_— (xfr zfu) — ﬁ’_ xfr lzﬁu_anev zﬁn 1

dz,
= 28 g B (1 gy —2y— ... —Zu))—Bazr},
I get, on multiplying by =z 'zp™" ... xf’_‘ll._]zf;'l‘_l a;ﬁ"_‘l"_l and in-
tegrating throughout the field, the two relations
0= BTF'n—BnFn (1)

0= BrF_BrFl'_BrF2_'~- —(ﬂr+ﬁn) Fr_ . --_Ban—ls (2)

the left-hand side vanishing since z"z* returns to its initial value.*

In these equations » may have any one of the values 1, 2, ..., (n—1),
and, if we write down the series of n—1 equations so obtained from (2),
and solve them, we get at once

F.=B./Z8F (r=1,228, ..., 7).

138. By the help of this relation the evaluation of the integral

j "I_-I“ Zf'—l dzl .o d.’t,,_l
(n

-1) s=1

* Or, if 8, is a positive integer, has zero for its initial and final values.
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18 reduced to that of another integral of the same form in which S8, can
be replaced by B8.4n, where n is a positive integer, that is, finally, to
the evaluation of the integral when all the 8 have their real parts positive,
and so the result is established that, if the value of

s=n
-1
J I 28 'de, ... de,-,
(

n-1) s=1

taken over a suitable field is

r=n

I T'(8)
2mpy  L2mpBr | . r=1 s
femb g'mbe TCEY
when the real parts of B8,, B,, ... are positive, it is given by the same

formula for all values of 8,, 8,, ... .

14. The same reasoning may be applied to extend to all values of B,
and y~—with the exception of negative integral values—the formula
proved in Part I., § 8, of this paper.

For, if we have

t=m ' s=n t=m yss=n -Ye
I Tyg(e, e, ...)L I g 1T (% au8) " atdts .. o

n-1) s=1 8

s=n t=m ls=u t=m -8,
=T TB)f (@, e, )j T 6 T (3 4u6)
s=1

(m~-1) t=1 s=1 \t=
X d0,d0, ... dBn_,,

the integrals being taken over suitable fields, and f and ¢ being the
rational integral functions corresponding to the fields of integration which
have been chosen, then we shall get on integrating each side with respect
to some one coeflicient, say Ay, the same formula with 8, and y. changed
into By—1 and y,—1 respectively. That the constant of integration
introduced in this way is zero may be seen as follows. It is not a
function of Ay, and therefore it cannot be a function of 4, for any values
of s or ¢, since the integrals are unaltered, if, throughout them both, any
two suffixes s, or any two suffixes ¢, are interchanged.

As it is therefore independent of the coefficients .4, we may put
A« equal to unity for all values of s and ¢, and we get integrals of the
form considered in the last paragraph, and the relation is at once
verified.

The formula, then, having been proved for values of 3, and vy, which
have their real parts positive, is also true when 3, and vy, are replaced by
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B,—n and y,—n where % is any integer, and so is true, in general, for all
values of G, and ..

15. A similar extension may be made for the formula of § 4, the field
of integration beginning and ending at infinity (z, = + @, for all values
of 7), and making circuits about z, = 0. In fact the formula is at once
proved for one such field, by making use of the expression for I'(p) as a

. . 1 .
contour integral, viz., o Jx”“e"‘dz, taken round a contour which

starts from infinity on the positive side of the axis of real quantity, makes
a circuit about the origin, and returns to infinity on the negative side of
the real axis.



