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ON THE EVALUATION OF CERTAIN DEFINITE INTEGRALS BY
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By A. L. DIXON.
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THE following communication consists of two distinct parts. In
Part L, I investigate a formula for the multiple integral

J(»-D n I v A "x

11 I Z, sist<

where £n = 1—&—&—...—&--> and in which fis, yh Ast are quantities
which have their real parts posit 'e, and in which, moreover, 2^8—2y is
either zero or has its real part positive. This formula is modelled on
Lejeune Dirichlet's formula

both integrals being taken for all real positive values of glt i2, .... £i-i
which make in positive.

In Part II. I wish to find integrals which will take the place of the
two given above in the cases when fts and yt are not restricted to have
their real parts positive. This second part is founded on Pochhammer's
investigation* of a double circuit integral constructed to replace the

Eulerian integral of the second kind xl~l{i—x)m~ldx, in cases when
Jo

the real parts of I and m are not positive.

* Math. Ann., Vol. xxxv., p. 495, " Zur Theorie der Euler'schen Integrate."
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I.

1. The multiple integral

( «=n t=m /*=» \ —y,

(n-l)»«=l <=1 \«=1 /

in which £n = 1—£—&—...—&_,,
and 2 ft = 2 yt,

and in which #,, y,, ,4rt denote constants which have their real parts
positive for all values of s and t, taken over a field of integration for
which £lt it, ..., £n are all real and positive, is equal to

*=n
11

« = 1 I II ft' II ( 2 .4«t#J d6ld02... ddm-\,
J(m-l) t=l «=1 \<=1 /n r(y<)

in which 6m = 1—61—62— . . .—0m-i>

taken over a field of integration for which 6lt 02» •••• Q*. are all real and
positive. In particular when m = 1,

1 3=71 /t=m \ —2fi \H») s n _„

n ff*~ ( 2 A,£.) d&dis... rffn-i = t=)8=n N n ii, *.
(n-D - i \ - i / r ( 2 A)a=1

\«=i /

2. Consider first the case when m = 1, and put y = 2/3s. In the
integral f n

n^--1(2^#.) d£ld£2...d£n.lt

J(n-l) 1 \1 /

make in the first place the transformation

£ = £«>/. (s = 1, 2, ..., w-1),

so that & = 1- V £, = fl+ "z1 J ',
i \ i /

and £ = W(l+2»7«)-

Then the limits of rjs are 0 and oo, and the transformed integral is

... II tf'~x [An-\- *L Astit) d^diji... dffc_i,
Jo Jo Jo «=i V «=i /

the factor (l+S^)1""2* disappearing, since y = 2/8.
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/ n - l \ - y

Now substitute for L4n+ 2 A,ritj by the formula

1

Then we shall get

In this change the order of integration,* and integrate with respect to
the Tj by the formula

r - i
s « s

«=n-l
n T (R } A ~^»

and we shall get s=1 ^»~ 1 e~iAn dL
T(y) Jo

»=n-l

since y— 2 (St = /3n.
s=l

That is, we have, finally,
»=n

nr(A)«
_£=J TT A-t

(8= n \ A-L • " «

as the value of the integral
*

3. This result being established, let us apply it to the multiple integral

f ni*'-ltnorl(?tTAtl£,ey'rd£1...din-1dd1...ddm-.1
J(n+m-2) f = i * (=i \s=i t=\ /

s=n (=m

where o- = 2 /38 = 2 y ,
8 = \ t = l

and 2 £ = 1, 2 6t = 1,
5=1 ( = 1

the field of integration being for all real positive values of

?1» fe2» • • •> ? n - l > fen, v j , a a , . . . , a m _ i , Um.

* For a justification of this see later, § 5.



192 MR. A. L. DIXON [Jan. 10,

j=n

Since A& has its real part positive for all values of s and t, 2 Astgs
t=m . . . *=1

and 2 AgtOt also have their real parts positive, and so we get, integrating

first with regard to the 6, and secondly with regard to the £ that

nT(yt)\ n£e.-*n(xArt£s) d(ldit...dgn-l
t=l J(n-l) »=i 3 t=i \8=i /

is equal to

n r(ft) n e? n (2 ^e , ) de1ddi...dem-i.
»=1 J(»»-l) <=1 «=1 \ f= l /

4. Another formula of the same type is obtained by integrating

r=l r «=1

first with regard to the x, and then with regard to the y, and equating the
two results obtained. In this way we get the equality

<=m

n e-1

n r(/3r) ... -=^
r«=l JO J o J o j y / j , y / ,

r=\

r» II c"J

= II F(v.) ••• —— dx<idx«...dx
.1=1 JO JO •"' TT / P J . V / i \y«

in which fir, yit Ar, Blt Gn are constants which have their real parts
positive for all values of s and t, and the field of integration in both
integrals is for all positive real values of the variables.

5. It is necessary to justify the inversion of the order of integration
in the multiple integral with infinite limits.

Taking the integral just considered in § 4, I suppose the limits of xr to

be 0 to hr and of y, to be 0 to kt, where hr and k8 are real positive

quantities; then it is sufficient to show that, as hr and k3 are indefinitely

increased, in any order and in any manner, the integral

... ... 6-yTLt*r-lTLy*-ldxl...ax%dyl...dymt
fciJfta JKJkJki Jkn r s

where V = 2;4ra;r+2jB8?/,+ 22Cr,£ry,,
r s r »

can be made less than any assignable quantity.
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In order to include the integral in § 2, zero values of Ar and Bs will
not be excluded from consideration. This we may prove as follows:—
Throughout the range of integration we have

xr > hr and ys > k»

and therefore xry. > l(hrys-\-kaxr),

and so V > 2xr(Ar+i2Crtk8)+2ys{Bs+&Crshr);
r a i r

so that the above integral is less than

f [
r=l Jhr

 r s= l Jk,

This is a product of factors which tend to zero separately and inde-
pendently as hr and ks are indefinitely increased, and so the inversion of
the order of integration is justified.

6. If in the formula of § 1 we take Am = 1 for all values of s, we
shall have ^Asm,is = 2 £ = 1, and so, changing m—1 into m, we shall

8 8

get the following result:—

f *=7i t=m j =n \ —y,

n e~x n 2 A*€.) di,
J(n-l) ,= i (=i \ =i /

in which £n = 1—&—^2— •••—€n-i,

and /3S, yt, Ast denote constants which have their real parts positive for all
values of s and t, with the condition that the real part of 2/3—Sy is
positive, taken over a field of integration for which $lt £2> •••» in, are all
real and positive, is equal to

n—n

•11 1 (Ps)

-2 y ) n
n e? n e m + 1 + 2 ^^e.) ^ ^ . . . dem,

where 0in+i = 1— 2 6t and ym + 1 = 2 /?,— 2 y(,
t = l S = l 1 = 1

the field of integration being for all positive real values of

#j , 0a, . . . , 0m+i.

By making the substitution 6t = d'6m+i, this last expression may
SER. 2. VOL. 3. NO. 894. °
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be written in the equivalent form

11 1 \ps) /•» /•« rto t = m _j s _ n , t _ m * _pt

«^2 1 1 I TT 0 TT l i 4 - Y A f)'\

y \ €L\J\ CLU2 . . . OC/m.

In particular, when m = 1 we have that

(ft-J) «=1 S

is equai to ——i 1 —^

i W ) r ( ) J o n
s=l

which may also be written

ii —
3-v)r(v)Jo n

7. Generalisations of the known formulae for definite integrals of
Lejeune Dirichlet's type, in which ^(^1+^a~l"---^n-i) takes the place of
^^"~1, are easily obtained from the fundamental formulae of § 3. Thus,
for example,

J(n) n U + s ^#.)n
( = 1 V « = l

s=n r \ / . *
is equal to II I"(ft) i=n , — ^ 3 ^ — ^ d f t ^ ... dft*,

2 ^ f t

where 2ft = 2y t ;

the field of integration for both integrals being over all real positive
values of the variables, such that their sum is less than h (i.e., we have
2 £ > h and 2ft >• h) and ft, y*, A+Asth being constants which have
their real parts positive for all values of s and t.

To prove this it is only necessary to make the substitutions 2 £ = t,
i, = txtt and 2ft = u, ft = w?/t, so that 2x, = 1 and 2«/i = 1.
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If in this formula we take m = 2, write y for ylt and put A& — 0
for all values of s, we shall get that

J(n)

is equal to

«=n

5 = 1

when the real part of 2/3—y is positive.

II.

8. In a paper in the Mathematische Annalen, Vol. xxxv., p. 495,
Pochhammer has investigated a double circuit integral, constructed to
take the place of the Eulerian integral of the first kind,

xa-l(l—x)b-1<
Jo

when the real parts of a and b are not restricted to be positive.

The double circuit integral in question is

f(l + , 0 + . 1 - . 0 - )
1 x { l

by which is denoted an integral taken along a path which starts from
some point c, lying on the real axis between 0 and 1, makes a circuit
round 1 in the positive direction, and returns to c, then a circuit round 0
in the positive direction in the same way, and then circuits round 1 and 0,
respectively, in the negative direction so that the integrand returns to c
with its initial value.

The value of this double circuit integral is independent of the position
of c, and we may suppose the path of the variable to be the real axis
except at points in the immediate neighbourhood of the points 0 and 1,
where we may suppose it to describe small circles about 0 and 1.

Now when the real parts of a and 6 are positive the values of the
integral round these small circles become infinitely small at the same

o 2
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time as the radii of the circles become infinitely small, and the circles
may be reduced to their centres so that the integral is reduced to one
taken along the real axis between the points 0 and 1. Moreover the
integrand is multiplied by e2lTM when a circuit is made round 0, and by
eimb w h e n a circuit is made round 1.

Denoting this integral by eiri(o+6)(E(a, 6), Pochhammer shows that

and further that when the real parts of a and b are positive

em<a+b)(£(at b) = (e2iTM-l)(e2mb-l) [ x^Hl-xf-1 dx.
Jo

Leaving out of consideration the cases in which a or b is an integer, for
which some modification is necessary, it is easy to see that these equa-
tions establish the formula

fa+.o+.i-.o-)
aj-id-a.)*-!dx = («*--

for all values of a and b.
This particular double circuit integral is, of course, not the only one

which can be so used; any circuit which encloses each of the points 0 and
1, the same number of times positively and negatively, and for which,
when the real parts of a and b are positive, the integral reduces to

/(e2l"a, e2™6) T a;""1 (1 -a;)6"1 dx,
Jo

where / is a rational integral function, will do as well. Thus, for in-
stance, if the circuit (1 + , 0 + , 1 —, 0 —) be denoted by C, the circuit
1 + , C, 1 - , C will make /(e2>rta, e2"*) equal to ( e ^ - D V ^ - l ) ; the
circuit 1 + , C, 1 - will m a k e / equal to e2irjb(e2>r'b-l)(e2ir'a-l); and the
circuit 1 + , 0-f-, C, 0—, 1 — , C— will make/equal to

9. Consider the integral

f
(n—1)
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where xn = i-Xl-Xi-...—xn-i,

and the field of integration is such that each of the boundaries
%i = 0, x2 = 0, ..., xn = 0 is enclosed by the same number of positive
and negative circuits, these circuits being drawn so as not to meet any
of the boundaries, so that after the field has been covered each factor of
the integrand returns to its original value, and, moreover, is such that,
when fiv /32, ... have their real parts positive, the integral can be reduced
to one taken throughout the content bounded by xl = 0, x2 = 0, ..., xn = 0,
where xlt xif ..., are real and positive. Since the integrand is multiplied
by a factor e2w>Pr when a circuit is made round xr = 0, the value of the
integral, when /Sj, /32, ... have their real parts positive, will be

"*, • • •) f z ? 1 " 1 ...dxxdx2...

taken throughout the content bounded by xx = 0, x2 = 0, ..., that is, it
will be r=)l

n Tip,)

\r=l

/ being the appropriate rational integral function which belongs to the
particular field chosen, and I wis'i to show that the value of the integral
will be given by the same formul.. for all values of filt j$2, —

The form of the field of integration will in general be independent of
the values of fiv fi2, ..., but modifications are necessary if any of them
are positive integers, in order to avoid the occurrence of zero factors in / .
If j3r is a positive integer, the field of integration will start from and end
in xr = 0, just as in the case of Pochhammer's integrals j xa~l(l—x)b~1 dx,
in which, if a is a positive integer, the double circuit is replaced by a
single contour which starts from 0, makes a circuit round 1, and returns
to 0 again. Negative integral values of /3r are excluded from con-
sideration.

10. One such field of integration is obtained, and, moreover, the formula
is proved for the particular case by applying to the integral

1 S = l l

II xf'"1 dxldxi ... dxn-i
(n-1) «=1

the transformation which is commonly used to obtain its value when /8, is
restricted.to be positive for all values of s.
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If we put xx = l—vlt

Xg UX U2\i- fg7,

#n — VXV2... ^ -2^)1-1*

1 s=n
IT. ajf'"1 dxxt

(n-l) »=1

[dx%... dxn-\
J(n-l) »=1

is transformed into

vxj v2 v2 2 . . .

and now, if we suppose all the variables v to make double circuits about
the points 0 and 1, so that each factor of the above expression is a
Pochhamraer integral, we get as the value of the expression

(

The original variables x will in this case describe a closed continuum of
(n— 1) dimensions in a space of 2(n— 1) dimensions, such that each of the
boundaries xr = 0 is enclosed by the same number of positive and nega-
tive circuits, because this is true of the variables v, and, moreover, this
continuum will not meet any of the boundaries. Also any factor xf'1 of the
integrand will return to its original value after the continuum has been
covered, since this is true of any of its factors v^'~lv\'~l ... (1— v,)p'~l-
Further, when the real part of ft, is positive for all values of s, each of
the double circuits can be reduced to the part of the real axis between the
points 0 and 1, described four times with different values of the integrand,
as explained by Pochhammer; so that the continuum described by the
variables x can be reduced to that bounded by xx = 0, x2 = 0, ..., where
all the variables may be taken to be real and positive. This field of
integration, therefore, is such a one as has been described, and the value
of the function f(e2mfi\ e2™*, ...) for this particular field is

'-i-lHe81""—1).
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If any of the /3 are positive integers, it is necessary to modify the field of
integration. As the order of the letters is immaterial, we may suppose all
the positive integral indices to come at the end ; thus, if fin is a positive
integer, the path of the variable vn-i is a contour which starts from 0 and
makes a circuit round 1 and returns to 0*; if /3n-\ and j8» are both positive
integers, vw_2 makes the circuit just mentioned, while the path of vn-\ is
the real axis from 0 to 1.

11. It is also possible to construct such surfaces geometrically. Con-
sider the double integral

x3 — 1—xx—a;2.where

If we put x, = yx-\-zxi, x2 = Vjj-j-Ziji, then ylt zx, y2, z2
 a r e t"ne c ° -

ordinates of a point in four-dimensional space. The boundaries are the
planes yx = 0, zx = 0 ; y2 = 0, *9 = 0 ; y^y* = 1, zx+z2 = 0. When
the real parts of p\, /32, and p*3 are positive, the integration is over the
area of the triangle in the plane zx = 0, zz = 0 which is bounded by
Vi = 0, ya = 0, yx+y2 = 1.

Let this triangle be OAB in the figure. Take a point Px in the

FIG. I .

* Cf. Pochhammer, loe. tit., p. 510.
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triangle whose co-ordinates are (a, b, 0, 0); and its images Pa, Pa, Pt in
the other three quadrants.

Consider the surface whose equations are

yl+4 = a', y\+z\ = b>.

This can be represented by two circles, a point on the surface being
represented by two points taken together, one on each circle. Thus the

FIG. 2.

points Plt P2, P3, P4 in Fig. 1 are represented respectively by the pairs
(A.A^, (A[A2), U[A'2), (A.A'o).

This surface can be described in four distinct ways, since the circles
Oj and O2 may each be described either in a positive or negative direction.
If, starting from (Alt A2), we describe each circle in the positive direction,
xx and a;2 will each have taken the factor e'2"\ and x^l~lx^~l, therefore, the
factor e2m<fi*+h\ and the whole surface will have been described in a
positive sense. If, now, we describe each circle in the negative sense, the
whole surface will have been described positively again, but xx and x2 will
each have taken the factor e~-n\ and x*l~lx%~1 will have returned to its
original value.*

* This may be illustrated by putting /33 = 1, y, ~ a cos 0, zt = a sin 6, y3 = b cos <f>,

:2 = beiutp. T h e i n t e g r a l [ j xf*-xzfr-' dxxdx* b e c o m e s in t h i s case -aB>bP* \ \ c s >>'e"**' dQd<f>, a n d

its four values will be —a0' b0'(«*-••«.— l)(e±>"*i— 1) according to the directions in which the
circles round O\ and O2 are described, and the integrand will return to its starting point [Au A«)
with the corresponding values «Sl" ' bfi*~l <>2»'(±0I±£»J. If, starting with these values as the
initial value of the integrand, the surface were described in the negative sense, that is if the
integral were taken over the opposite side of the surface—or over a varied opposee—the value of
the integral would be changed in sign.

In the case of an anchor ring in ordinary space of three dimensions, we have .similarly a
surface which has an inside and an outside, and in which two sets of circles drawn on it, viz.,
those about the axis of revolution and those about the circular axis, can be described independ-
ently in either direction.
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Let such a double description of the surface be denoted by C12, the
surface itself being called S12.

We may deform this surface S12 into the surface represented by two
contours, one of which starting from Ax describes the line AXOX to some
point near to Ov then makes a small circle about Ov and returns to A x on
the other side of the axis OXAX; the other being a similar contour starting
from A2, and making a small circle about O2. Then corresponding to any
point Q in the area OMPXN we shall have four points on this deformed
surface, viz., if the point Q is represented by the two points Bx and -B3,
and if the points infinitesimally near to Bx and B2 on opposite sides of
OXAX and O2A2 respectively are denoted by Bx-\-, Bx— and B2+,
B2—, we have corresponding to Q the four points represented by
<£,±, -B2+).

If x\l~lx^~l start from P, with its natural value, viz.,

exp [d3x-l)\oga+(Bi-l)\og b],

where log a and log 6 are real, and if its value at (Bx + , B2+) be
x^~lx^-\ then its value at (Bx—, £ 2 +) will be e21""1*?1"1*?'"1, at

(Bx+, £2—) will be e 2 ^^ 1 " 1 ^ 2 " 1 , and at (Bx — , £ 2 - ) will be
e2in(Pl+p2)xx

1~lx2
h~\ and, if we consider the area 0MPxN to be described

positively as the describing point is passing through (Bx-\-, £2-f-), it will
be described negatively at (BX+,B2—) and (Bx —, J32+), but positively
at (BX-,B2-).

So that, when the real parts of fix and /32 are positive and the circles
round 0x and O2 may be reduced to their centres, we have that the
integral over the surface <S12 is equivalent to (e2mfi> — l)(e'lw^2—1) times
the integral over the area OMPXN. Thus the integral over Qn is equi-
valent to 2(e2mfil—l)(e2jrt^— 1) times the integral over OMPXN.

An exactly similar field of integration enclosing the corner A, viz.,
that over the surface S& whose equations are

vl+4 = ^ vl+4 = *,
where yB+iz3= l—7jx—y2—i{zx-\-z2),

will be denoted by Cw, and over a similar surface enclosing the corner
B by Ca.

In order that when zx and z% are taken infinitesimally small, the whole
area of.the triangle OAB, in Fig. 1, may be covered, these surfaces must
be so deformed that each meets the others in a single line. That this can
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be done may be seen by moving B out to a very great distance along Oyx;
then the two surfaces Sl2 and Sw become

and (\-ytf+*\ = (I-*)*,

which meet one another along the circle

yx = a, zx = 0, y\+z\ = 6a,

and by continuous deformation we may bring B back again, and still have
the two surfaces meeting one another along a single line. We may
sappose the portions of the triangle OAB which correspond to the three
fields of integration Cw Cw, G31 to be OMP^, MAKPV KBNPX respect-
ively, and now, if we assume the element of area which describes the field
to start from Pv then move along the line PXK, make a circuit round AB
at K, and return to Px—so that the integrand has taken the factor e2wifi*—
then to describe C12 in a positive sense, then the circuit round K in a
negative sense, and finally C13 in a negative sense, then we shall have as
the equivalent of the integral over this field, when the real parts of &
and /32 are positive,

times the integral over the area OMPXN in the plane zx = 0, z2 = 0.
The integrals along the positive and negative circuits around K destroy
one another, since the integrand returns to its original value after C19 has
been described.

If we construct similar fields corresponding to the other two regions
AMP1K and BNP1K, these three taken together will give a field of
integration such as is required, and the factor /(e2ir^', e2irtfe, etirih) corre-
sponding to it will be

2 (e-
mPi—1) {e2mfi*—1) (e2"*—1).

If /S3 is a positive integer, it is necessary to avoid the factor (e2ir4ft>—1).
The field of integration may be taken to be over the surface &13, so
deformed that PXM and PXN lie along KA and KB respectively, or rather
over the part of such a surface cut off by a boundary curve, which lies in
the plane y\-\-y% = 1, zx-\-z2 = 0, and encloses the line AB of Fig. 1.

12. I now propose to show that for any field of integration of this
sort the value of the integral
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where xn = 1—xl—x2—...— xn-u

ia j \e , e , . . •/

for all values of fiv /32, ... (negative integral values excluded),
/ (e2irtft, e2mfit, ...) being the appropriate function for the field chosen.

This I shall do by the method of induction, so that the formula, being
true for any values of /3V /32, ..., which have their real parts all positive,
is also true for any values of /3V /S2, ... whatever.

For shortness I write F for the integral

(
(n-l)

taken over a field of integration such that each factor of the integrand
a;/"1 returns to its initial value after the field has been covered.

Further, I write Fr for the integral obtained by replacing fir in F
by /?r+l- Then, since

A-fr^v^ — R T^^T^ — R r^ TPn~l

dx r n ~~ r n r n

I get, on multiplying by «f" 'af"1... x j ^ 1 " 1 ^ 1 " 1 . . . acj'jj"! and in-
tegrating throughout the field, the two relations

0 = {3rFn-/3nFr, (1)

O = prF-firFl-PrFa-...-(Pr+PJFr-...-prFn-u (2)

the left-hand side vanishing since x^'x^* returns to its initial value.*

In these equations r may have any one of the values 1, 2, ..., (n—1),
and, if we write down the series of n—1 equations so obtained from (2),
and solve them, we get at once

Fr= (PrIXftF (r = 1,2,3, ...,n).

13. By the help of this relation the evaluation of the integral

(n-l) »=1

* Or, if fir is a positive integer, has zero for its initial and final values.
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is reduced to that of another integral of the same form in which ft can
be replaced by ft+w, where n is a positive integer, that is, finally, to
the evaluation of the integral when all the /3 have their real parts positive,
and so the result is established that, if the value of

II xy~l dxx... dxn-i
(n-\) s=l

taken over a suitable field is

Pl *2rri/32 )

when the real parts of ft, ft, ... are positive, it is given by the same
formula for all values of ft, ft, . . . .

14. The same reasoning may be applied to extend to all values of ft
and yt—with the exception of negative integral values—the formula
proved in Part L, § 3, of this paper.

For, if we have
l = m

n
r s = n t = m /s — n

^, c * « » . . . ) n ^ n ( 2 AH
J('«-l) s=l t=-l \s=l

J(m-l) t=l *=1 \<=1(m-l)

X dO^dO^ •.. dOm-\,

the integrals being taken over suitable fields, and / and <f> being the
rational integral functions corresponding to the fields of integration which
have been chosen, then we shall get on integrating each side with respect
to some one coefficient, say Asr, the same formula with ft' and yt> changed
into ft —1 and yt— 1 respectively. That the constant of integration
introduced in this way is zero may be seen as follows. It is not a
function of Asr, and therefore it cannot be a function of Ast for any values
of s or t, since the integrals are unaltered, if, throughout them both, any
two suffixes s, or any two suffixes t, are interchanged.

As it is therefore independent of the coefficients Ast, we may put
Ast equal to unity for all values of s and t, and we get integrals of the
form considered in the last paragraph, and the relation is at once
verified.

The formula, then, having been proved for values of ft and yt which
have their real parts positive, is also true when ft and yt are replaced by
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/3,—n and yt—n where n is any integer, and so is true, in general, for all
values of (3, and yt.

15. A similar extension may be made for the formula of § 4, the field
of integration beginning and ending at infinity (xr = + <x>, for all values
of r), and making circuits about xT = 0. In fact the formula is at once
proved for one such field, by making use of the expression for T(p) as a

contour integral, viz., - ^ — : \xp~le~xdx, taken round a contour which

starts from infinity on the positive side of the axis of real quantity, makes
a circuit about the origin, and returns to infinity on the negative side of
the real axis.


