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An Extension of Vandermonde’s Theorem. DBy F. H. Jacksow.
Read March 14th, 1895. Received, in revised form, May
14th, 1895. '

1. The function

I (a—n+1)(a=n+2)..(a—=n+s) . _ T(e+1) (1)
e (@) (@+2)...(a+9) = F(a—n+n)
If » be a positive integer,

F'(@+l)=a(@—1)(a-2)... (a=n+1)T (a—n+1),

__I‘ga+1!___a a— _ —n
and Flacntd) ( ‘1)(a 2)... (a—n+1).

Similarly, if » be a negative integer (= — m), function (1) reduces

- 1 .
Za+m)(a+m—l)...(a+l)'

to

2. Let a, denote the product of n related quantities,
a, a—1, a—2, ... a—n+1,

" then such’ expressions as a;, a_.,, a,, seem to be without meaning.
- Exactly the same might have been written concerning al, a™", ™, 80
long as a" was regarded-as the product of n factors each equal to a.
As soon as the general law - '

»

a Xall _ anxam —_ am#n

was assumed in the Theory of Indices, fractional and negative powers
were interpreted, and the Binomial Theorem was shown to be true
(with certain restrictions) for negative and fractional values of the
index. Vandermoride’s Theorem is a finite algebraical identity
analogous to the Binomial Theorem for positive integral indices. We
-shall show that .

(a’+b)u = a’n+"au-lbl+ n~?)'_1 a’n—ibﬂ+ A

+n.u—1 ...n—’r+1an_'br+m ..... @),

7!

where % is not restricted to being a positive integer, and «, denotes
the fanction (1).
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3. Firstly, writing _ - )
a, = a (a—1)(a—2)...(a=n+1),
" an=a(a—1)(a—2)...(a—m+1),
(m aﬁd n being positive integers), we have
X (@—=m), = By X (@—=N) 1y = Giugn vreeeereernenn. A).

Let us agsume these to be general laws in a manner analogous to
the assumption
a"l x a“ — a" x a"l —_ a"‘f"

in the Theory of Indices, then we must find in general functions a,
and a, which satisfy the relation (A), m and » being unrestricted.

Function (1),namely ,___,__!.).._, is such a function, for, on writing

T (a—n+1)

a =_I‘(a+1)
* " Ir(a—n+1)’

"T(a+1) T'(a—n+1)
P(a—n+1) T (e—n—m+1)

=_ T(a+l)
T Pa—n—m+l)

we get a,X (a—n), =

= a‘m +ne

In the same way an X (a—m), = Qpyn
Of course the relations (A) would be satisfied if we assunted

__f(a
Fla=n)’

f (a) denoting any function of a whatever, but the function @, must
be such as will reduce fo

a(a—1)(e—2) ... (a—n+1)

if n be a positive integer. We therefore take

a,

b Lt
F(a—n+1)

which function, we know, reduces to ]
a(a—1)(a—2) ... (a—n+1),

if n be a positive integer.
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An extended form of the relation (A) is
apX (a=p)y X (@—p—q), X (B—P—F—T)uX ... = Cpegrrassas
Let each of the m quantities p, q, 'r,‘ & ... be equal to -;%, where n

and m are both integers ; then (a),,, will be a function such that

7 n m—1.m
(a),,,,,,x(a—’—) X (a—2—) X...x(a-— 1———)
. m I njm N/ njm m nfm

= Qujm4nim+...to m terms

= Q,.

The function (1) satisfies this relation.

. . I'(a+1)
P p— 0 —_— LSSy A
utting 2 =0 in a, = Fla—ntD) y

we get : a, =1

4. Let F,(a, 3, y) denote the hypergeometric series in which the
element z is equal to unity ; then

My=DMy—a=B=1) _ g\ g 3) ..., (B),

Hy—a—=1) 1 (y—p-1)
where II denotes Gauss’s I1 function. 1n Gamma Functions this may

be written T'(y) ' (y—a—8)
M = (a4 B )i (€),

For « substitnte —u,

w P " —bh,
A nwo Y » a-n+l
Then the equation (C) becomes

'(a=n+1)Tlat+b+1) _ . — e — .
1I'(a+1) l‘(a+h-—n+l)—n( b —ba—n+tl)
e EWEE (et D (=h)(=beD)

1 (a-n+1) 2! (a—n+1)(a—n+2)

+ (=n)(—=n+1)...(=ntr—1)(=b)...(—b +1'—})_ +
rl{a—n+1)(a—n+2)...(a—u+r)

=14 b by ) nb,

TiamntDy, T 2l Gaongoy, TV iTaonin, T
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Now M=l = . L(at+1l) T(a—=n+l) T(a—n+l) _ 1
an  Dla—n+2) I'(a+l) T ra—n+2)  (a—n+l)’

.0 _ 1

B
@, (e—n+2),
Uyor __ 1

, - (a:u+ r), ’

Pla—n+1) T(a+b+1) _ (a+d),,

and “T(e+1l) T(at+b—n+l) a,

therefore we have

ﬁl’f_’_'l'_': o + oty by oy @, 0b, o+ .,b, +o,
a, 1 a, 2! a, rl  a,
Multiplying both sides by a,, we have

wa—1
a1
2!

n.n—=1., n-'r-f-l
rl

((l+1)),, = ”‘n+'”l(.‘uv-ll'|+ @y - 21'1+ A — a,_,b,

subject to the convergence of the infinite serics on the right side of
the above equation.

5.1 Jenoting the gencral term of the series (E) by a,, the ratio

My o n—rrl b—r+1

T ]
u, r a—n4r

which approaches unity when » increnges without limit. .
Using the general test

Lim [ {'r (ﬂ!— —1) -1 } log r > 1 (convergent series),

r.o Upyn
< 1 (divergent series),
we find the condition of convergence 1s

a+b+1>0.
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Thursday, April 4th, 1893.
Major P. A. MACMAHON, R.A., F.R.S., President, in the Chair.

The Rev. T, C. Simmons read a paper on “A New Theorem in
Probability.”  Messis. Bryan, Cunningham, the President, and
Dr. C. V. Burton (a visitor) joined in a discussion on the paper,

The President (Mr. Kempe, Vice-President, in the Chair) com-
municated a Note on “T'he Lincar Equations that present themsclves
in the Method of Least Squares.”

The President then read the title of & paper by the Rev. W. R. W.
Roberts, viz., “ On the Abelian System of Differential Equations, and
their Rational and Integral Algebraic Integrals, with a discussion of
tho Periodicity of Abelian Functions.”

The following presents were received :—

Miller, W. J. C.—¢ Mathematical Questions and Solutions,’’ Vol. rLxi., 8\0;
London, 1895,

¢‘ Smithsonian Report, 1893,’’ 8vo; Washington, 1894,

‘¢ Beibliitter zu den Annalen der Physik und Chemie,’’ Bd. x1x., St. 3;
Leipzig, 1895.

¢ Mitthcilungon der Mathematischen chcllmlmft im Hamburg,” Bd. m1.,
Heft 5, 1895.

¢ Jahrbuch iiber die Fortschritte der Mathematik,”” Bd. XX1v., Heft 1 ; Jahr-
gang 1892 ; Berlin, 1895.

¢ Archives Néerlandaises,”” Tome xxvirr., Live. 5 ; Harlem, 1895,

““The Silver Question : Injury to British Trade nml Muuufactures,”” papers by
G. Jumieson, T. H. Box, and D. O. Croal, 8vo; London, 1895.

¢ Bullotin de 1a Société Muthcmu.thue de I‘nuu.e,” Tome xxur, No., 1; Paris, .
1895.

‘‘ Rendiconto dell’ Accademia delle bucn&e Fisiche e Matematicho di Napoli,”
Serie m., Vol. 1., Fasc. 1, 2; 1895.

«« Nnchrxchten von der Konigl. Goselluchaft der Wissenschafton zu Gottingen,”'
Heft 1; 1895.

Braune, W., and O. Fischer.—*Der Gaug des Menschon," Th. 1, royal 8vo ;
Loipzig, 1895.

Bruns, H.—¢ Das Eikonal,”” R. 8vo; Lonpag 1895. . )

““ Atti della Reulo Accademia dei meex——Rcudu.onti,” Sem. 1., Vol 1v.,
Fasc. 5; Roma, 1895.

¢ Educational Times,”” April, 1895.

‘¢ Acta Mathematica,’” x1x., 1; Stockholm, 1895.
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*“ Journal fiir die reine und angewandte Mathematik,”” Bd. cxrv., Heft 4;
Berlin, 1895.

* Annals of Mathematics,”” Vol. 1x., No. 2, Jammary, 1895; University of
Virginia.

¢¢ Indian Engineering,” Vol. xvir., Nos. 8, 9, 10.

A New Theorem tn Probability. By Rev. T. C. Srumons, M.A.

Read April 4th, 1895. Received, in revised form, June 6th,
1895. '

1. “ If an event happen on the average once wnm times, m berng greater
than wnity, thew <¢ vs wmove Likely to happen less than once tn m times
than <t us to Leppen more thaw once tnm times.” In the present paper
T undertake to prove this novel proposition, which may be enunciated
more explicitly thus:—“If an event may happen in b ways and fail
in a ways, @ being greater than b, and all these ways ave equally
likely to oceur, then, p trinls being made, where p is any multiple of
a+b, lnrge or small, or any random number, the -event is move likely
to happen less than _#b_ times than it is to happen more than _Hb_

«w+b a+b
times.”  Moreover, if the ratio of « to I be greafer than 4, T shall
ventnre to assert and prove n wider proposition, viz., that the event
is more Uikely than ot to happen less than a—"_‘:)—b times. 1'his amounts
to saying that if & die, for justance, be thrown any number of times,
large or small, chosen at random, the number of appearances of the
ace is more likely than not to hie less than } of the number of throws.
Ior reasons which will bo stated in Art. 32, 1 am compelled at present
to qualify the foregoing statements by the limitation that b = 1.

2. The fivst suggestion of such a proposition arose in this way.
At the beginning of the present year T was engaged, for a purpose to
Cbe elsewhere recorded, in the collection and examination of npwards
“of 0,000 random digits; and was considerably surprised to find that,
aggregating the vesults, cach digit presented itsclf, with unexpected




