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braical equations of the respective forms

fc (*„ M, x) = 0, ftOk,Jf» = 0, fc(*,,Jlf, ») = <>,

and $>4 (^3, Jf, a>) = 0.

83. The connection of the results of this paper with the Riccatian

where i is any integer, is made in § V. The theory of Differential
Resolvents only makes its appearance collaterally, otherwise many
remarks would arise upon the above forms, which indeed determine
those of the roots of the algebraical equations.

On Polygons inscribed in a Quadric and circumscribed about two

Oonfocal Quadrics.- By R. A. ROBERTS.

[Head Feb. 10th, 1887.]

1. In a paper recently published in the Proceedings of the London
Mathematical Society (Vol. xvi., p. 242), I noticed the possibility of
the inscription of a doubly infinite number of polygons in a quadrio
such that the sides touch two confocal quadrics, provided these three
quadrics are connected by a certain pair of relations depending on the
number of sides of the polygon. This result was arrived at by
making use of Liouville's form of the differential equations, of the
system of lines touching two confocal quadrics (Journal de MathS-
matiques, t. xii., p. 418), and was seen to depend upon the finding of
the 2wth parts of the complete values of the hyperelliptic integrals

2. The object of the present paper is to show how to obtain the
actual relations connecting the quadrics corresponding to a given
number of sides of the polygon. For this purpose I employ, for the
sake of symmetry, Professor Cay ley's form of the equation of a system
of confocal quadrics, namely,

44
a+p
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and take j?, g, r as the roots of this equation in^?. Now, it is shown in
works on geometry of three dimensions that the tangent cone to the
surface p = px drawn from the point p, q, r, and referred to the
normals to the three latter confocals, is

p—Pi <1—Pl T—Pl

Hence, taking two confocals p = pu p = pv and solving between the
two equations, we have for a common tangent passing through the
vertex of the cone, after having transformed to polar coordinates,

(r-p) (r-

But if da is an element of the line, and dau d<r%} da3 the elements
of the lines of curvature of the confocals, we have

da, n dtTa do,.
cos o = ^-J, cos p = -r-8, cos y = -r^,

air da do

and we know that

V l ' '" = &0- ̂ - *" (3)-
Hence, from (2) and (3), we easily find

where P = (jp-jft) (p-pt) (p+a) (p+b) (l>+c),

22 = ( r - ^ ) ( r -p s ) (r+a) (r+6) (r+c).

These are Liouville's equations, and by their integration we obtain

M(p) ± M(q) ±M(r) = c8

where L^)=

and c,, c, are constants. Putting now L(q) =fc L (r)=«, Jtf (g) ± Jlf (r)=«,
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we have, for the two points where the line intersects the quadric
p = a constant,

(5).

Hence we see that the lines of the system will form a doubly infinite
number of polygons of n sides inscribed in the quadric p, if we have

(6),

where O, IV are the periodio values of the integrals L (p)} M(p),
respectively.

3. What we want to do is, then, to express these relations in an
algebraic form; and for this purpose I make use of the following par-
ticular case of Abel's theorem: Let <p, \p, X be polynomials in x, of
the n0*, (n—3)01, and sixth degrees, respectively; then, if

.., (7),

there is 2 ( -^ = O, * f g - * (8),

where the summation refers to all the roots of / (x), and the origin of
the integrals is one of the roots of X. If we now suppose all the roots
of/ (a;) to coincide, we come upon the equations (6) obtained above.

4. Let us consider the case of the triangle, that is, w=3; then <p is
a cubic expression, \f/ a constant, and / (a ) = w9 (»—s)6, say, and (7)
may be written {<j>—m (a$—s)8} {̂  + m (tc—«)8} = X. Hence, if Uu TJ%

are two cubio factors of X, we must have $—m (x—z)* = kUlt

»̂ + w(aj—s)8= h~lUa, from which, eliminating 0, we get

2mh (x-zY= Ui-WUv

We see thus that X breaks up into two cubics, JJX, JJV whose combi-
nantive invariant Q vanishes; that is, they are Buch that lTJx-\-inU%

can be made a perfect cube, the root of the cube determining the
parameter x corresponding to (6), when n = 3. Applying this result
to (4), we have one of the roots of P infinite, and if we take for the
two cubics those whose roots are °°,.Pi,p% and —a, —6, — c, respec-
tively, we may write

(x+a) (»+&) (»+c)+\(o5—px) (a>-2>3) = /* (x— p)* ...,.....(9).
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Substituting, then, in this identity, —a, —6, —e successively for as,
and eliminating \ , ft, we obtain

From this result it appears that, given the quadric p, the quadrics
pu p% are uniquely determined, their parameters then being con-
nected by the equation

= 0 ;

but, given one of the inscribed quadrics, there are three corresponding
circumscribing quadrics, only one of which is, however, real, as is
evident from the equation

V =l>i-V{Q>i+a)(.Px+&)(Pi+e)},

which may be derived directly from (9) by putting % = px; for from
the coefficients of a5 we see that /u = 1.

5. Again, taking oo, —a, —6, and pv pv — c, as the roots of the
two cubics respectively, we have

X(a5+a)(aj + 6) + (aj+c)(a5-iJ,)(a5-2J3) = /i(a5-^)8 ... (11),

from which, by comparing the coefficients of as8, we get /i = 1; and then,
putting —a, —b successively for x} we find

(a-c)(a+J P l)(a+i)a)=(a+i>)8, (b-c)(b+Pl)(b-hPi)=(b+p)\.. (12).

In this case then, as in the foregoing, being given the circumscribing
quadric, the two inscribed are uniquely determined, and, being given
one of the inscribed, there is one real circumscribed quadric.

By interchanging the constants a, b, c, in (12), we have two further
pairs of conditions, namely,

,)(a+p,) = (a+p)*, (c-6)(c+pt)(c+jps) = (c+pf;

(6-a) (&+#) (6+j^ = (b+pf, (c-a) (c+Pl) (c+p3) =

6. Let us consider now the two cubics whose roots are o o , ^ , -r-c,
andjp,, —a, — b, respectively; then we have

=:fi(x-pyi (13),

whence we get f* =a 1; and, by putting pl and — c successively for x,
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there results

(a-c)(6-c) =
()

Also, putting —a, —6 successively for z in (13), and eliminating
X, we obtain

0 (15),

which relation must of course be implied in the other two.
Given the surface p, then we see, from (14) and (15), that the

inscribed quadrics are uniquely determined; but, when one of the
inscribed surfaces is given, there are two real circumscribing
surfaces, arising from the fact that the connecting relations are not
symmetrical mpupr

There are evidently two other pairs of relations to be obtained by
interchanging a, 6, c in (14) and (15). We have thus, altogether,
seven distinct pairs of relations connecting the quadrics in the case
of the triangle.

7. We may now proceed to consider the quadrilateral. In this
case, ^ is of the fourth degree, and i// linear in x; also / (x) = m* (a»—«)8;

hence we have ^a—wi*(a>—a)8= */>* J7jIT4 (16),

where IT, is a quadratic, and Ut a quartic factor of X.
Thus, in the same manner as before, we obtain

<p+m (OJ—z)* =Uiy <j>-m (x—z)* = ^ Ut;

therefore 2m(a>-s)*= 174—«/>8?7, (17),

from which equation all the required results are obtainable.
Taking pltp% as the roots of Uv and oo, —a, —b, —c as those of

TJ# we have
l(aj-i>i)(«-JPj) = (*-p)*... (18),

if we suppose tp equal to sx+t.
From the coefficients of x* we have then 5 = 1, and, by putting

—a, —b, —o successively for as, we find

(19),

whence, by the elimination of t% we get two relations connecting^, pit p.
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Eliminating pu p9 between these equations, we obtain

4 _ 1 . 1 . 1
t+p t—a t—o t—c

which gives three values of t for a given value of p. Hence, being
given the surface p, there are three pairs of inscribed surfaces. Also,
given jpi, to find p we have from (18) the discriminant of

with respect to t equal to zero; and then, putting px for * in the same
equation, there results

X (Pi+a) (pl + b) (Pl + c) = (p -Pl)\

Wo thus obtain an equation of the tenth degree in pu after having
divided out by (p —pi)*.

8. Again, let us take —a, —6, —c, px as the roots of Ut, and oo, pt

as those of JJ%\ we have then, from (17), *

^ (*-Px) (» + *) («+ &) (x+c)-n (x + ty(x-Pi) = (x-p)*... (20),

in which we find \ = 1, and then readily obtain

i)-(l»-ft)4 = 0 (22).

Hence, being given the surface^), we have from (21) four surfaces such
as p°, and then from (22) there are four corresponding surfaces
such as pv

9. Furthermore, let —a, —6, oo, pt be the roots of Ui} and —c,
p% those of TJ%; then we have

X(a5+a)(a+6)(x-pj + ix + c)(x-pt)(«a)+*)8= (x-pY... (23),

whence we obtain 8=1, and

(b+vY =a b )
| (24).

From the first of these equations we have four values of pa corres-
ponding to a given value of p, and from the second there is then a
single value of px for each value of py In this case, there are of
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coarse three pairs of equations such as (24) altogether, which are
found by interchanging a, 6, c.

10. Again, let us take — a, —6, plt p% as the roots of Z74, and c, oo as
those of JJt; we have then

(26),

which are of course only equivalent to two equations. From these
equations it appears that, when we are given p, there are three pairs
of inscribed surfaces. Also, if we are given one of the inscribed
surfaces, there are eight corresponding circumscribed surfaces.

In the preceding case there are three different sets of conditions
found by interchanging a,b,c, and we thus have altogether, in the
case of the quadrilateral, eight distinct pairs of conditions.

11. We may now proceed to consider the case of the pentagon.

We have then either (as—zf = # U+\fi V (28),

or (»-«)• = ^ ^ i + ^ . (29),

a5-^l)(a!-i?i) = (aj-p)4... (25),

where tpv \pt are the factors of the quadratic \p, U, V are cubic factors
of X, and JJX is a linear factor and U6 the remaining factor of the
fifth degree.

Let a, /3, y be the roots of U, and a, jS*, y those of V; then, from
(28), we easily find
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Applying this result to the case we are considering, that is, putting
z = jj, and taking oo, jp,, 2?a, —a, —6, —c as the roots of X, we get
seven pairs of relations connecting plt pif p. Again, let a be the root
of ~UX and alf a3, a8, a4, aB the roots of U6; then, substituting these latter
quantities for x successively in (29), we get

where x (*) = U& a n ^ the summation refers to the five roots of Z75.
From these conditions we get five pairs of relations connecting
P\> Pa P' ^ e have thus altogether twelve distinct pairs of relations
corresponding to the case of the pentagon.

12. Proceeding to the case of the Hexagon, we find, from (7),

tf fi Ut (33),
where \px is a linear and ^a the corresponding quadratic factor of «//,
and Z74 is a biquadratic and U% the corresponding quadratic factor
of X. If, then, av aa, a8, o4 are the roots of Ut = \ (»), say, and/3u /3a

those of Z73, we easily find

^(^•{(jSXft)}

where the summation refers to all the roots of x (»)• The other re-
lation is of a more complicated nature. A particular form of it can be
found thus:

Putting ^3 = X-f/uaj + va?8 and ^i = p + aaj,

we can find expressions for X, p, v, p, a by the substitution of the
roots of x successively in (33) ; and then, by the comparison of any of
the coefficients of the powers of as, we can get another relation; as,
for instanoe, from the coefficients of as6 we have

VOL. XVIII.—NO. 293.
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We thus find eight distinct pairs of equations altogether in the case
of the hexagon.

13. For polygons of a greater number of sides we can find, in the
same way, the necessary conditions; but they are not capable of being
expressed in the same simple form by means of radicals as in the
cases we have considered. It may be observed, however, that the
general conditions can be expressed by means of certain determinants.
We may suppose p = 0, without loss of generality; and then, since

(35)

is to be satisfied by 2n equal values of a?, we may differentiate this
expression 2n—1 times, and then put x == 0. Differentiating (35)
n + 1 times with regard to x, we eliminate all the constants in <p, and
there is then

<i 0 (36).
dxn

Now let us suppose </X expanded in the form

and let \jj = a+/3a;+ya;9+...+\aiM-8;

then, putting x = 0, in (36), and its successive (n—2)th differential
coefficients, we get

aAn.%+ftAn.l+yAn +... = 0,

!+••• — 0,

+ ...=0.

That is, we have n—1 linear homogeneous equations connecting the
n—2 quantities o, /3, y, &o.; hence, by elimination, we obtain n—1
determinants, which, being equated to zero, represent the two relations
sought.

14. In the same way we can demonstrate the possibility of circum-
scribing an infinite number of polygons about two confocal quadrics,
so that each vertex may move on a confocal quadric. In fact, from
(5), we find

2XL() 2XM() 0' (37),

where n is the number of the vertices of the polygon, and the summa-
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tion l'efers to the n confocal quadrics passing through these points.
Let us suppose, now, / to be the quantic whose roots are the para-
meters of the n circumscribing quadrics; then we have

f\ or ^ - / J

whence, if P, Q are two factors of \^X of the wth degree in a?j we find

from which the two required conditions can be found. For instance,
for tho triangle, if

/ = (x-vr1)(x-nri)(x-'cri),

we have (x+a) (x+b) (x + c) + \ (x —pt) (x —ps) = kf,

or equations of the form

(x— Pi)(x—pa)(x + c)+\(x+o)(x + b) = Jcf,

(x—pi)(<B+a)(a>+&) +\ (x—p2)(x+c) = kf,

from which the respective pairs of conditions are easily found ; and
in the same way, for polygons of a greater number of sides, tho equa-
tions of condition are found with no greater difficulty than in the case
in which all the circumscribing surfaces coincide.

15. It may be observed that one or both of the inscribed quadrics
can be supposed to degenerate into focal conies, if the sides of the
polygon are not less than four in number. In this case the equations
of condition are in general considerably simplified. For instance,
suppose we wish to find the relations connecting four confocal sur-
faces, each of which passes through a vertex of a quadrilateral whoso
sides intersect the two real focal conies; then, putting

for the focal conies, the only relevant equation is

(x+a)* (x + by+(sx+t)9 (x+c) =f(x) (38),

where f(x) = (»-#)(»-!>,) (a5-jpi)(a>-|)4).

We have then / ( - c ) = (a-c)2 (J)-c)\

and the other condition is found by dividing (x + af (x + by~f(x) by
X+G and equating to zero the discriminant of tho resulting quadratic.

p 2
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16. In the case in which the vertices of the polygon lie on the same
quadric, if the inscribed quadrics coincide, the problem we have been
considering becomes—to inscribe in a quadric U polygons such that
the sides touch a quadric V along the curve of contact of the common
tangent planes of U and V. The two conditions can then be expressed
in terms of the roots of the discriminant of U+W. For instance, for
the case of the triangle we have, from (10),

But if X,, X,, X8, X4 are the roots of the discriminant of Z7+XF, namely,

,• A \ * + e \ 8 + * \ 8 + e ' x + A ' = o (40)
we have

whence, from (39), we get X,4-A,-f Xs = X4, and X^J+XJXJ+XJXJ =0 , and
then, from (40), 9s = 4A<&, 6 9 ' = 2 A A'. For the quadrilateral we find

\ + X j—X8—X4 = 0, W+X8X4 = 0,

from which we get 93—4A* = 0 , 9 '= 0 ;

or (\l-\y = X\ + \\ + Q\tK

(X1+X2)(X8 + X4) = (X8-X4)'.

17. In the preceding results I have called the system of quadrics
confocal, for the sake of convenience ; but of course everything remains
true if we suppose the quadrics inscribed in the same developable. If
the two quadrics referred to their common self-conjugate tetrahedron

are as'+y'+a'+M8 = 0 , — + ^ - H h — - = 0 ,
a o c a

the equation of any quadric inscribed in their circumscribed develop-

able i 3 ^ J ^ ' ^c+\
Then, if p, q, r are the roots of this equation in X, we have

. = & c
(a-b) (a-c) (a-d)'

Wo may now give here a purely algebraical proof of the two differ-
ential equations of the lines touching two quadrics of the system.
Let L be a sextic in a variable X, and 0, ip a cubio and a linear
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expression, respectively, in the same variable; then, by a particular
case of Abel's theorem, if <f?—ty*L = / (X), we have

where fi, O' have the same meaning as at (6), and the summation
referB to the six roots of / (A).

Now let i==(X-Xx) (X-Xs) (X+a) (X+6) (X+c) (X + eZ),

and suppose the roots of / (X) to be the parameters p, g, r, p\ q, r', as
found above, of two points in space; then, if we have (42), the six
parameters are the roots of ^a—'t^L = 0. But, substituting the six
quantities p, q, r, p\ q\ r' successively in <f>—\f/^/L = 0, and eliminating
the constants in <p, ^ linearly, we get two equations which may be
written

where the summation refers to the four quantities a, &, c, d, and
^ (SB) = (x+a) (&+&) (a;+c) (a;+d). Transforming now by means of
(41), and making use of the relation

1 I
a+X b+X C+X

the equations (43) become

xx
a+X, 6+Xj

I » = l r = =
d+X

But these are, it is easy to see, the conditions that the lines joining the
points xyzu, x'y'z'u should touch the quadrics Uv TJr Hence, from (42),
if we suppose one of the points to remain fixed, we see that the differ-
ential equations of the lines are

dr

—Jt= = o




