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Fourier's theorem may be written in the form

where a, b are two real quantities, the path of integration with
respect to z is the part of the real axis in the z plane lying between
z = b and z = a, c is a real positive quantity, and the path with
respect to y lies in the first and fourth quadrants of the y plane,
being terminated as indicated. From this it follows that, if

then ~ [e * (y) dy = / (*), (A)

where the path of integration is any curve into which the path
(c—cot, c + coi) can be deformed without passing over a singularity

This suggests that there may be other paths of integration such

that f(x)=Al eTV f ev:f (*) dy dz,
and then corresponding relations between integrals would follow.
For example, Cauchy's relation

may be written

where a and /5 are such that cos a and cos/J are negative. If the
value of the integral

^ T e"/(,)el. = *(y)

is known, the value of the integral

[e-«<Hy)dy (B)
Jo

is/(as).
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In what follows these two relations will be applied to obtain the
values of certain integrals.

It is known that the integral

T e~v* Jn (z) z'm dz
Jo

can be expressed as a hypergeoraetric function ; it therefore follows
from the above that /" (#) x'"' can be expressed as an integral
involving a hypergeometric function. Writing

f
Jo

then , („) = lo ^ j - t l l - - - j " e-,..< *,j
that i8, *(y) = 38 2 , , ^ n ( w + 9 ;

therefore f (y) = 2 •
o

whence
n(-«n(»)

2 ?
using the usual notation for a hypergeometric function. The rela-
tion holds if the real part of n—in is greater than — 1 and the series
converges. The hypergeometric function that occurs in the above
expression can be expressed by means of a spherical harmonic, and
the relation can be written

[*e-»"Jn(z)z->»dz = J2- . - -+ie(- i )«(_^- l ) l (*"- ' )Q»-- (Cy). (1)
Jo V T

Hence, from the above,

that is,

V ^
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The path of integration may be deformed so that it becomes a
curve, beginning at -co —ic, ending at -co +<c, and crossing the real
axis to the right of the point fi = 1. Therefore, provided a quantity
a, less than unity, can be found such that

does not tend to become infinite as fx approaches unity, the above
relation can be written

that is,

whence

t»-»-'e1 1*-""^- ("f "'

+ J1 ^
where the harmonics are now harmonics of a real quantity. This
becomes

that is,

v 2 T J _i

(2)



1902.] some Applications of Fourier's Theorem. 431

When n—m is an integer the relation becomes

V iir J -l •

"Various known results can be obtained from the above as par-
ticular cases. Putting m = n, and remembering that

it becomes

' -<•>«-=TOJ JV-a-rf-*. (3)
where the real part of « is greater than —

Putting TO = 0, and using the relations

the equation (2) becomes

/„ (a-) = i l | | e-JICOI#oo8 wOdfl—sinwTr f e"cosh*-'*# | , (4)

which holds if the imaginary part of x is greater than zero. The
corresponding relation, when the imaginary part of x is less than
zero, is

*Jn (a.) = £=i)! | f V ^ ' c o s n d ^ - s i n wr | "e—«•

When n—m is an integer, it may be shown that

where C||'_w (/u) is the coefficient of a""" in the expansion of
(1—2/ia; + ar)~'" in powers of x.

Hence, when n—m is an integer,

Cf. Sonine, Math. Ann., Vol. xvi.
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when m = —«,

and relation (1) becomes

T „- T / x ., J / 2 n (2») ( n - | ) e"'+i>"

that is, ^/.(O^^.^nJ-fi-. (5)

where the real part of « is greater than — \.
The relation (2) becomes in this case

j (z) zn _ 2"JI (n-\\

that is,

where the real part of n is~greater than — \..
This integral can be transformed into one along the real axis when

the real part of n is less than | , and then

a result given by Sonine. When in relation (2) m = | , the expres-
sion for /„ (aj)o;"J in terms of Legendre functions is obtained.

Taking the expression for a Bessel function

T («} — V_ | rt» («-!/«) ̂ s

it may be written

27ri \ a / J « '

when the real part of « is greater than —1, which is

The application ot relation (B) gives the result
o

e~xy,

Sonine, /.c.
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that is, fe-^CaaOaT'efo = j ^ £ , (8)
Jo \"V)

when the real part of n is greater than — 1 , a result given by Weber*
and by Hankel.f

An expression for the second solution of Bessel's equation is

.__7L... f ,'» r (IZ\ _ ,-» J (tz\ 1 — I p-K'(>*ll')<,n-lf1q

sin«7T j 0

which may be written

i"/_,,(joa;J)—«~".7,,(taaj*) I =
a" Jo

therefore, by relation (A),
1 rt+°» r „

Jc-act27Tt

that is,

ie/ sm«7rL J a;' a"

Now . /..(a*) -~_i = 0 5
J X + If' 8/

therefore a % e-*"J_H(ax) — = ^ — e-a/1".
2«sin»7r . JB""1 a"

J —CD +lC

This can be transformed into integrals along real paths as follows :
the relation may be written

—^— [V ^J.n(ax) f?,(l -e-"")+ e"" f e-"J.m(ax) -f-{2i sin UK Jp a:" ' 2t sm W7r J .„ x"''

=

Writing J = e"" P e-^/.,,(an-) ^ , ,
2ismwirJ.p a" '

a"

03 =

* C»-<?Wc, Vol. LXIX. t Math. Ann., Vol. vm.

VOL. XXXV.—NO. 817. 2 F
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that is,
4

p : 2
or

V -2 ein wr o 2" "+2/> n ( -

Now {"e-vfP-fr-v-W'de
Jo

= 2e(P+1"n)iri ewscos9cos {yp* Bind— (n— p—1)6} d$,
Jo

that is,
cm

= 2e(«+i-«)«sin(p + l-n)»r e-vp8'' — ^

whenp>w + l, and

fiire-M*Fl-Ol-i'-Wd0
Jo

= 2e(P+i-«)« [sin ( n - p - 1 ) rr

when jp < » + 1 ; therefore

2 sinnTr 0 2:"**n(y)n(-n+j)) n(w-p-

2 5, 2-»+>"p»-*n(p)n(-n+p)l

where (n) denotes the greatest integer less than n, and this is equi-
valent to

(II-I)/7-H + 2 / . , . H - J ) - I / _ y (11 -l)

0 22"-«+1n(^) 0

U ) U ( ) ]

Hence e"1"4 J.M(aaj)- 2 —±—L-L -̂——N - ^

M::1
 O-^JJ'^ ?^lyl""- (-)"

a" f 2-"-'+1n(13) '
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or, denoting the part of the series for / . „ (ax) which begins at the
[(»*) +l]-th term by J^(ax),

When w is an integer this becomes

which can easily be shown to be true for all values of n.
The relation (2) when n—m is a positive integer is

and this may be written

V2TTJ-I

hence by relation (A)

ZlTt J r - x l V 2TT

that is,

therefore

J* /„(x) x-"
when ?i > — ^ and | y | > 1, and vanishes when \y\ > 1, or

cos («

( i i )

when a > b, and vanishes when 'a < />, M being greater than —\.
When n = w, this becomes

= 0 (a < 6)

2 F 2
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a known result.* When m = ^, and n is a positive integer, the
relation (11) becomes

= 0 (a < h)

Similarly from the relation (7) it can be deduced that

(14)

= 0 (a < 6) J
when ^ > n > — | , a known resialt.

Writing the integral

where the real parts of ye"', ye"1 are negative, then

pl-l:zn*'"*'ll'r]z

when | y | > 1, or

_ sin (n + m) it *

JJ ln + in \ j - (11+m—1\
! i / \ S i l l IW-4-1)1) 7T u \ it I \ a I

whence *(„) = - ~ V v . f^~' 5(5

X

which may be written

* ry. Sonine, J.c.
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If now Kn(z) be the second solution of Bessel's equation with
imaginary argument, where

the integral ~ P*"* dr'Kn(z) z"ldz = 0

when \y\ < 1, and by the above

\Z2jr sin «7r

that is,

(15)

when |yj > 1. The application of relation (B) gives the result

KM x'" = / £ 52!.(?Lti).» [" e-«(y«-l)-ic-i)p::} (y)dy (16)
V « sin wa j i

when w + ^ < 1. Putting m =— n, this becomes

that is, *•„(*) * - = ^ n ~ I T ) j ^ e^(^-l)-»dy, (17)

a known result. Putting ra = — f, it becomes

When m = 0, the illation (15), using its first form, becomes

iK()d 4 *
that is, 1.. f " «•-.»JK-,,(«)cfa = c-°fir

nU . (19)
2rt J smhy
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and therefore, by relation (B),

KH (x) = f e-tObh IJ cosh ny dy, (20)
Jo

a known result.

It lian been proved that

/„ (ax) Jn (bx) = 1 - I " &-W**" J|t ( ̂ ) ^

when the real part of n is greater than — 1 . *

This may be written

whence, by relation (B),

I e-'-J.Coa*) /..(fez1) da> = e

that is, f e-^/(l(oas) /„(bx) xdx = ^ * ! ! ! ! iJ^).f (21)
Jo . y xty'

From this it follows that

a-^(oa) U^xdx = (1-e^1) V-^

Now [ e - '^/„ (ax) / . „ (ba.-) xdx — 0 ;

therefore

f

that is,

J l - C C l

= i"+1 sin rnr 1,, I ' ' - ) ;

* Prm. Land. Math. Soc:, Vol. xxxn.
t Of. Wcbcr, Hankel, I.e.
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whence, by relation (B),

- L f «"*««•» sin mre-^w In (pi ^

and therefore

Jo \ s / s sir

result equivalent to o

Writing the integral

M ( ) [ ( )
siruwr

a result equivalent to one given in the previous paper.*

then

that is,

/ w a - » ) •*,

when w > m > — 1; whence

f e-'J*JH(<ax)x'm-" + idx
J n

This relation may be Avritten

e 'J*Ju(axi)xm~}'"dx
J i)

= ± f" a-f.'!//V —
2" 'a"?/'"+1II(ii—??i—1) J

* Proc. Loud. Math. Soc, Vol. xxxn.
t Cy". Snninc, I.e.
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and therefore, by relation (B),

oaj)®

i _L r** f
"a-'o-HCn-TO-l) 2« I

V / Je-tel Jnthat is>

(n > m > — 1), (24)
a known relation.,

From (24) it follows that

that is,

]
therefore, by relation (B),

(* e-"rJ,,(oo;1) Jm(brf) x1 «"-"> C£R
Jn

2" '" ill{ib—m—l)<b"y

that is,

f e-VJH(ax)Jm{bx)xm-"*Adx
Jo

x — fc+tt>l
ei«-[*(''a+«')]/«/ / ^ a ? \ ^27rt Je. .» m\ t ) t

or /„ (aa;4) /,„ (6a;)5

2" '"U(n—m— l)a"y (

(n > w > - 1). (25)
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Proceeding to the limit when y = 0, the integrand on the left-hand
side vanishes except for values of £ in the neighbourhood of b, and,
evaluating it.

. (26)

= 0 (a < b, n > m > — 1) J

Relations (25) and (26) have been given by Sonine.*

Again, from (24), writing

X = --— ;'\,,_,; I /-,„(bxt) —i -'"/,„(bxt) J,
5s sin «irr (a;t)

then

l II (?*—m— J) rt Jo

x [/.„,(bxi)-c2MJm (6asi)] ^ ,
that is, by (22),

2 n(n-m-l)aMJJ0 \2s/ «

which, using (25), becomes

Jo Jo

t h a t i 8 ,

and therefore

(b > a, n >m > — 1). (27)

The relation (23) suggests the evaluation of the integral

Writing / (y) for this integral,

±

I.e.
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that is, performing the integration with respect to £,

which may be written

whence

f(y) = c ; , 2 i r l ^-w-*--w ^ #
Je'-xt Jo

that is,

+V». \ — 9m + l,,w» + l - i i - m - 1 in x I I t)l»-[ns(c' + irj}/2»]-!/f'Jr1->ii
j \ / J "~~* If ^ '̂  " I I t / S

27"J«--Ju
and therefore

\U J u

that is,

0 ° "~"(c 8-

(28)

From this it follows, by applying relation (B) as in (24), that

( « > m > - l ) . (29)
Similarly as in (25), by (13),

f e-../-^. {ttv/(c"+ .r)
Jo y° + 1 6 r

- l ) . (30).
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As in (26), when y = 0, this becomes

,„ +1

ct c

and = 0 (a < fe)
(»i > m > - 1). (31)

Again, as in (27), it may be proved that

Jm (6a) a"*1 ,
3 + £2

(b > a, n > m > — 1). (32)

Relations (29) and (32) have been given by Sonine, the method of
proof of (32) being much more difficult.

The preceding examples are illustrative of the results which can
be obtained by using the relations (A) and (B), and are capable of
being greatly extended.

Generational Relations for the Abstract Group Simply Isomorphic

with, the Linear Fractional Group in the GF[2n]. By L. E.

DJCKSON. Received December 22nd, 1902. Read January

8th, 1903.

1. The object of this paper is the determination of two linear
fractional transformations A and B having the following pi'operties :

(i.) A and B generate the group V of all linear fractional trans-
formations of determinant unity in the ^^ [2" ] (w>l) .

(ii.) A is of period 2"-f 1, B of period 2, AB of period 3.
(iii.) A and B satisfy relations of the form

(1) (BA'BA'Y - I (r = 1, 2, ..., 2"),

the integer s being uniquely determined modulo 2"-fl by r.




