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Fourier’s theorem may be written in the form

fl@)= 2—”“}’" dy rc“vf () dz,

c-m¢ b

where a, b are two real quantities, the path of integration with
respect to z is the part of the real axis in the z plane lying between
z="0 and z=ga, ¢ is a real positive quantity, and the path with
respect to y lies in the first and fourth quadrants of the y plane,
being terminated as indicated. From this it follows that, if

J:e"”f(z) dz = ¢(y),

then Lle s@ay=fG, (A)
2me |

where the path of integration is any curve into which the path

(c—oot, c+wo¢) can be deformed without passing over a singularity

of ¢ (y).
This suggests that there may be other paths of integration such

that f@)y=Afe"[e"f(s)dydz,
and then corresponding relations between integrals would follow.
For example, Cauchy’s relation

=1 [f@)ad
@)= 2m) z—=
may be written

f@r =gk [y [ ey as

° we

o

where a and 8 are such that cose and cosB are negative. If the
value of the integral
o0 65
1 :
ﬁJ. e f(2)dz = ¢ (y)

we®

is known, the value of the integral

r e ¢ (y) dy (B)

[

is f (x).
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In what follows these two relations will be applied to obtain the
values of certain integrals.
It is known that the integral

j e J, (2) 27" dz
0
can be expressed as a hypergeometric function ; it therefore follows

from the above that J" (x) 2™ can be expressed as an integral
involving a hypergeometric function. Writing

[ e T, () 7" dz = ¢ (),

(_). ® Yz ne28-m 3
then ] (y) 2u+za 11 (n+s) I (S) e z d"
. YO (n—m+2s) 1
that 18, ?(y) - 2 (21102111((”_1_9) H(S) Jn-uu Toel?
( -y II(N > s) H(n—og—l +s) .
therefore ¢ (y) o7 T (n+5) 11 (5) H(—-,l;) ,l,n-mo'.’u.l H
n—m n—m—1
hence (y) = 1 1 ( 2 )H( 2 )
whence ¢ (y) = gy T (—3) Ii(n)
n—m+1 n—m+2 _1
X .F( B} y 9 y nt 13 yl_))’

using the usual notation for a hypergeometric function. The rela-
tion holds if the real part of n—m is greater than —1 and the series
converges. The hypergeometric function that occurs in the above
expression can be expressed by means of a spherical harmonic, and
the relation can be written

j‘w e'":J" (z)z-m dz = \/? -l e(m-g)..(_yx___l)uzm-l)Qi:z. (ly) (1)
0 T

Hence, from the above,

1

Ot

Tu(@)a =

that is,

n—unle(m I)vuj ﬂl _1)1(g,,,_1) Q?'._,: (‘y) dy,
']'n(a/)a’—m —_— \/2 Mm- le(m s [

e (W= 1) e QL () dp.

viIct®
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The path of integration may be deformed so that it becomes a
curve, beginning at —ow —, ending at — o + ¢, and crossing the real
axis to the right of the point u = 1. Therefore, provided a guantity
a, less than unity, can be found such that

(,‘,’ ....1)! @n-1)+a Q?.-.,: (F’)

does not tend to become infinite as p approaches unity, the above
relation can be written

m-1 't

J-"(w)w-m=\/:2r_ e(m-a)..lf;_ _J e-..r,.[{('u_m)a_l}i(mu.l)Q:-_:x(#_m)

T
—{(uto) =1}V Q" (o) | d,
that is,

2 'ln-m-l -1 . _
= [ 4 m-pat —ap( 3 1Ym0 - (m-pud=me
T (=)a —\/ T € or [J. (W' =1) t® Q"_&(,u ot)

-

—gm=i Q?,-,’; (P+°‘) }d# +J e-v» (#z_l)ﬂ’zm-l){e-a(m -g)..Q::;-(F_ m)

1
-1

—etln-bm Q":;' (p+o0) }d.u:l H
whence

J,.(w)a:"" = \/_3_ ln-m-l euu-i):. 2L

™

H--l gk (ui—1)ten -0 {e(n-m)n
+e-(u—m)nj) Q:._': ('u) d[J.
1
+ f_le-au (l _Pa)i(mn-l)ure(l-m)..Pi-‘ (P) du. :I ,

where the harmonics are now harmonics of a real quantity. This
becomes

J" (z) w-m
-1

l2 =11 (18 =) 1 - (2 - —-m :
=\/;u g _2;[_] o= (uI—1)¥-0 Q1" () dy sin (n—m)

1
+,j-le'~*»(1 - Pi)i(‘lvu-l)Pi_‘ (,u)d# "e(l—m)..:l ,

that is,

nem

1
J'"(w)w—m = ‘:/:z_; j ‘e~nzp(l_Fﬂ)i(inx-l)P!-m(#) du

fne=j

— (2 p-wsin () w (% e s qyiemen i
\/ﬂl ] J'e (1) Q. i (#) dp.
(2
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When n—m is an integer the relation becomes

. ne=in 1 -
J,.(a:)w"" = :/__gfj-le-ma (1_'“5)}(2111-1113?.—‘ (f") du.

Various known results can be obtained from the above as par-
ticular cases. Putting m = n, and remembering that

R 1 q_.myiee-n
P60 = grriamgy e,
it becomes
1
Ju(@)a " = 2—"—77:%-(-1_1——%7_[-18-’# A—p?) -idu, 3)

where the real part of « is greater than —3.
Putting m = 0, and using the relations

) _2
f) =
P, _,(cos ) \/-nsin g s nt,

3 — T -1
Q- (cosy) = \/2 g

the equation (2) becomes

td

J. (@) = L é -4z con cos ndf—sin nr
T 0 :

eu-cosh u»—nwdlp } , (4,)
0 .

which holds if the imaginary part of z is greater than zero.. The
corresponding relation, when the imaginary part of z is less than
zero, 18

J, (&) = (o { ['e“ 089608 70 df —sin n1rJ
m™

0

@® *
e-n:coshw-nw dlp } .

0

When n--m is an integer, it may be shown that

-m "“*H(m—l)H(n—m) Dt = n

P& — 2 1— pd)ieu-np

ney (F‘) [I(,n+m—l)H(—-é) ( B ) ne=m (#)’
where ("' (u) is the coefficient of 2""™ in the expansion of

(1—2uz+2*)"™ in powers of .
Hence, when n—m is an integer,

2%~ (mn—1) 0 (n—m) i‘_’i‘"
™

Ju(@)z™" = O(n+m-1)

e (L—p?)" 0, u(p) dp;*

-1

* Cf. Sonine, Math. Aun., Vol. svi.
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when m = ~a,

Al =
and relation (1) becomes

2 "3, — 2 II(2n) (l'[_L) PRERY LN B
J e v J, (Z)Z dz = \/ 2"’”](11) (_1-3_1),“p

H (271«) n (___) ‘,(nﬂ‘.n
2'A¢Qn(n) (#2_1){(21101)’

2" l'_I(n—)*

i ] (z) 2" dz = , 5
that is, Le Ju(z)2"d WA o (5)
where the real part of = is greater than —3.
The relation (2) becomes in this case
v 2PM(n—d) 1o evdy_
Jn (Z)Z = v 27‘jc-w.(1 +y )nop
that is,
w2 (n—=1) [ ey 6
J'..(z)z = O/m [_,_‘c(l—yi)“d’ ( )

where the real part of » is"greater than —31.
'This integral can be transformed into one along the real axis when
the real part of = is less than £, and then

" TR 2! ® sin ﬂ}ydfll 1 -1 7
()" = «/wll(—n—~)]. (y'=1)* G>Rm)>—2), (7)
a result given by Sonine. When in relation (2) m =}, the expres-

sion for J, (z)z"! in terms of Legendre functions is obtained.
Taking the expression for a Bessel function
S

Ju(2) “‘2“‘r. oot G5

«1?
e ) o ear st

it may be written

J. (aVa)at" = -2i (g)"j‘“ ghoren-vu 40
me B

a w?

-

when the real part of u is greater than —1, which is

Ju (ar '\/:U) it = -2% _g.)"j“m‘ezwa'ﬂuv _(5_7;’_].

€ -z v

The application ot relation (B) gives the result

]’0 e J, (ava)a-"dz = (_)..

-atay

R

* Sonine, Zc.



1902.] some Applications of Fourier’s T'heorem. 433

that i * = ( ) 14 ate- (8)
at is, e J, (aw)a" ' de = L2,
J‘o (2y)uol

when the real part of = is greater than —1, a result given by Weber*
and by Hankel.t
An expression for the second solution of Bessel’s equation is

e | ® s — —uJ‘" -l (nl[l] J= ld
sin mrl- Jou(@) =" (0) ] = L S5

which may be written

™ 2":1,"' f* N
- [t":f.,. (razt)—c "], (caa))_l = J e T -ogn-ldy
sin o

therefore, by relation (A),

1 IR N-T% m " d’l? 2)1 " - .
X Ay —on i ar L_ ~aly
2mt [ Jon(awl) =, (saw )] gin um ot a" ’
C=cr s
that is,
w ++ . 3Qn-l
"l‘ e—yr’ . T [ l“J (aa,) 'Tﬂ(a’m)] u- = (2 n e*.“'“v'
2me ® +1c sS1m nw a
(ﬂ'flC
Now I J"(M.) L2 =0,
o +40’
s D+’ d&, 2 n-1
therefore € eI, (ar) o5 = q.. e,
2eginnr ) ' a

This can be transformed into integrals along real paths as follows:
the relation may be written

mu

j g (az) { dz.

2¢8in ur 2¢ sin nr

s J e y.r’J_”(a,L) - 1(1 ey +

-1
= (_231)___" e,
a
euwi

Writing J’ '""'J_"(aa,) n p

~ 2 gin nw

z = pe*',

then I= ——i"'——r o= vp'e” J .(ape”) P d:f- P

2esin nr

* Crelle, Vol. LxIX. t Math, Aun., Vol. v,
VOL. XXXV.—No. 817.
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that is,

Ie — Pl ® (a,p)'"‘qp( )p ypie” ¢'-2(n_p—l)¢;
2p"-2 s nw g 2 9-n+2 [1 (_n+P) H(p) e P d¢

or

Io _ g ® (ap) -n '2"( )P ‘r ~ypie®— (n—-p-1)6 da6.
4p"*ginnr 0 2-"**N (—n+p) I (p)

Now I ey~ (n-p-1) 8 g
)

= 2e(P+1-“)"‘j e’ 038 cos {yp® sin — (n—p—1)6} d,
[}

that is,
in
"‘ e~ e~ (n-p=1)o: g
o d
= Zen+1-nlmgin (p+1—n) = re yp¥la 0_4‘_%

when p>n+1, and
j“e—yp’e”'—('n-p- DL /]
o

= Qe+1-n)m [sin (n-p—1)r ‘ e~ ¥pr ‘i"p + ﬁ_((?lpg)ﬁi?_l-_)l]
on— n—p—

when p<n+1; therefore

_ T (uE-l) a-anpyu-p—l
T Osinnr o 27*I(p) U (—n+p) M (n—p—1)
WS (ap) (=) [T do
2 2 nu_p "- JH(P) H(—1Z+p) P
* -+ 2p ) 1
+l > . (a:,P) l (—)‘ j - vo'a do ,
2 m 2-u+_ppn--H(P) l'I(-—n+p) ()e ot

where (n) denotes the greatest integer less than u, and this is equi-
valent to

(,._))a-,,+3,;yy|-1)—l(_),: (n-1 -/H-l/ )11 bt yat p2p-2u el
_ ~y 22D =20 ¢ d;
22’)_1“11-1(})) o 2-1u‘211 (_71+P)H(P) oe & aQ

N z .n+'p( )P . ’e_‘,,-:,l,n 241 g0
(11)2'"*2“]](—” +P) H(P)

(n- l) a'""l'( )p -n+2p d.’L
] G () )

Qy)n-l -n“,‘wly (n- l)a-:n‘pJu li l( )p
e 3

a® " 2.’11 n+l H (P) )

Hencej eV [J_,.(aa:)
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or, denoting the part of the series for J._, (az) which begins at the
[(n)+1]-th term by J" (az),

(n- l) “u+dp, ep=~le
5 ety

ro ot ( ‘ -1 _—n"‘,’l' —_ B
!«Ie J_"((m,) ul € ’ 0 2)" ’”1H(P) . (9)

When 7 is an integer this becomes

" Wa"“l'q -p=lf__
{ e J"(m') bt 22"*'1'+J'r1(7(»+1)o) (10

which can easily be shown to be true for all values of =.
The relation (2) when n—m is a positive integer is

e

1
L@ = [ e (o VB o)

and this may be written

n=2m 1

Ty = S0 () o VB (o)

L

hence by relation (A)

n-2m

1 vt eTUJ (_‘w)m-m‘lw — ."_. (l_y-) 1 @2m- I)Pl m(y)’
/2#
that is,
.‘}7 j.; - e, ('m) " ile = \/% (- (1__?11)“2;"_1) Pl!'-_ri» ("J) ;
therefore
j J'“ (9}) " cos (ﬂy+ _2—11-) da = J g—- (1_?/2)}(2':1—1)1);!.:;“ (y)
0

when z > — { and |y | > 1, and vanishes when |y | > 1, or

RDJ &) 2" cos (bpt P L= T (i pR) -1y Ao ( b

J" o (ax) @™ cos _(ba,+ 9 1r) da % (a ) i, )
(11)

when a > b, and vanishes when ‘a < b, n being greater than —1.
When # = m, this hecomes

o ) / (a __b:’.)u-s
T, " cos bpda = X2 — (a>1
L (az) z~" cos bz« Gy =1y ( h) , (12)

=0 (a<b)
2 v 2
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a known result.¥* When m =}, and = is a positive integer, the
relation (11) becomes

0 ! ) O S .'ﬂ' k
jo Cqs ba/l lnl(aa’) T dﬂ/ - \/2(& P“ ( a ) (a > b) (13)

=0 (a<b)

Similarly from the relation (7) it can be deduced that
© . /7 (2b)"
. b. ,ud.= A\
J simaw )2 = g B @) (14)
=0 (a<d)
when § > 2 > — 3, a known result.
Writing the integral

1 [

weﬂt
where the real parts of ye*, ye* are negative, then

1 1 1 we
2u+* [ (n+p) H(p) 2m

ey: Z" +m+lp dz’

Y (y) =%

we™

2p-n=m=1

v
2% 1 (n+p) M (p) U (~2p—n—m—1)

that is, ¢ (y) =5
o

when |y]| > 1, or

_ __sin (n+m)m s HO(Cp+n+m) 1
'l/(y) - - (2)' 2n+'_’pn(n+P) H(P) y‘.'pnnnnl’

o (rtm H(n+’m—1
_sin(n4m)mx 2" ( 2 ) 2 )
71"\/11‘ y"’"‘” ﬂ(n)

(rtm+2 ngmtl 1
XF( 9 v g n+1, —y’)’

whence Y (y) =

which may be written

b == 2 BEERT oom (po1y e g ).

* Cf. Sonine, Le.
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If now K,(z) be the second solution of Bessel's equation with
imaginary argument, where

K@) = g (L =L O],
. 1 cd ot .
the integral 4o j e”*K,(2) 2"dz =0
™ Y

when |y} < 1, and by the above

c+ oL

;—1-- ‘( e’ K, (2) 2"dz
2me

¢-xmt

1 e-\'nua) me

V9r sinnw

(y*—1)=-4+D [gin (n+m) =@} (y)
—sin(m—n) 7 Q"2 ()],

that is,
—1_ crot eWK (z)z"'dz = 1r COS (m-l— )7!'( 9 1) “,“”Puu} (?/)
2me ), .. " 2 sinnrw

(15)
when |y| > 1. The application of relation (B) gives the resnlt

K,.(w)w'"—\/” o0 (m+) 7 ] e (P —T1) i P () dy  (16)

sin nr

when m+43 < 1. Putting m =—n, this becomes

K, (z) 2" = \/% J o (y*—1) ¢ P (y) dys
, ,

. vV
t}l t , (2 o — e — -}
that is K,(2)a P (1 )j (y'—1)"1dy, an
~ & known result. Putting m = — 3, it becomes
1
K, -3 = e P, 1
(@)= \/ 2 sinww Pa i) dy. (18)

When m = 0, the relation (15), using its first form, becomes
1 +@L " e""‘
Smr f e E@di= e (P -1 @, (1) + QL (),

th&t 'S, . 1 ot :cushy COSh 11‘! 1
1 2me L_m Ku()ds = sinhy ; (19)
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and therefore, by relation (B),
K, (=) =j e~*"" cosh ny dy, (20)
0
a known result.

It har been proved that
) o) —— 1 ¢rot 16— (24 (0?4 6%) /2t ?"s_a’b') ‘it
Ju (a’“’) Ju(bw) = 27‘1:_““()’ Iu ( ¢ ¢ )
when the real part of » is greater than —1.%

This may be written

s

1 [er=t oy gt ab\ ds
") e = £y = (i + 0%) s oy 8o
Ju(aal) 7, (ba%) 21r4j: é L (23) !

-0t

wheuce, by relation (B),

[n e""cf..(am") ']n (bm’) da} = e-’l“utlf)f{y In (a'__b),

. Y 2y
L] - =(a*+6")/4y .
i, [T ) L@l =TT ()4 @D

From this it follows that

® -y o ) s (Jas — __plune L(nutb:ﬂ ab
Le 2 (a) T () i = (L") 1(2_y)

Now ]’ e v J, (ax) J_, (ba) xde =0 ;
therefore

| ern@ler. o= e
) - (2 o~ (W+b)/ly ab
Lhab is,

jb 'meye‘;f,. (aéy) [t"J-.. (be) = (&) | £
c-xt — u+l 3 QM (“g .
= *lgin ur L 2y) ’

¥ Proc. Lond. Math. Soc:, Vol. xxxi1.
t+ Cf. Weber, Hankel, Zc.
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whence, by relation (B),

_1—- £ e-z’y n+l Sln n_n_e_(,.l..y"w I (ab) d_’l_[
2me 2y/ y
0

= L7, (azt) [T (bat) =T, (D) |5
and therefore

r helae(eebye) T (abw)ds Ju(aze) [T, (bae)—c T, (bad)],

0 s /s sinnw
(22)
a result equivalent to one given in the previous paper.*

Writing the integral

j e v J,(az) 2" dz = f (y),
n

then
f(?/) E — (_)" “,H,p [‘“ e-ya:"w‘lnnﬁwldw
v @I (n +p) I (p) ’
that is,
2 ) ( ),n n+p H gm+2)
f(?/) - %’ 2..1,”.] H('n+p) H(P) ym+lul
(__)p B2 1 [ Lep n-m-1 17,
or f(y) 210+1}1+IH(P) mp+l H(n—m—l) (1 ) "Z“I

when #» > m > —1; whence

* . \ :
[ e-y.c‘-"]‘"(uw) a}::m-:nl d«!}
o

1 ) -y B AT T | _
2"¢o ?I"”'H(n-m—l) j («'=—&) EtdE (n>m>—1).
@)t

This relation may be written

o
j e sz‘" ((L’U}) zm—.',u d.’lz
0

1
&n ) a1 "‘”H(n—m-—-l)

Jt c_E 1y ((6 é‘.!)u-m—l &'.'lll ql(lg'

* Proc. Lond. Math. Soc., Vol. Xxx11,
t+ Cf. Sonine, le.



440 Mr. H. M. Macdonald on [Dec. 11,

and therefore, by relation (B),
J’" (ﬂn’)}.) mlu-}u

R ;l_____ __l'__ et fo TY -y (42 EI\n-m-1 gmal _dy_
= 2"‘101"“ (n_m_l) 21” J:-tl -[y [ (a § ) $ df:’/"“h
that is,
. Am a
4) =i — T 3 2__S8\n-m=1 gm+l
Iaal) = s ey | e
. ) =— e ¢ 2__ f£3\n-m-] gmsl
by "T" \”"1’) - 21;-:"- 1 anﬁ (n_,’n_ l) J“ 'I’" (ém) (a’ g ) E {lg
_ (n>m>—1), (24)
& known relation.
From (24) it follows that
Jo (aa?) J,, (bat)
. m;(u—m) i ] 3 8 ___ n-me=lgm+1
T2l I (n—m—1) L Folbel) Ju ) (@ =) g,
that is,
I (aa?) J,, (ba?)

.’UE (n=-m)

= |[@=gyeemag

- gn=-m-1 “Hn(n —m— 1)
2me bt

0

LEL 13

or J’"(a’m.) 'Im (bm)!
_ A -m " a g
—2)l-lll—lalln(n_m_l) [o(a g“)g d‘f
1 ”',n‘ 2= 14 848 bg ds
8 —'I d Lo (28) s

?
2m s

c=mi

therefore, by relation (B),
j e J, (qa:*) I () gt day

0
—_ l ° 3__g2\nem-bgmal - (b)Y bf
T  (—m—1) w'y L (W—g)rmrignie I (21/) dé,

that is,
[ e, (am) 7. (b a1l
v 0

— 1 . i i__v \n-m-1¢m+1,-(02+ )4y IE
T2l (n—m—1)a"y J (=& gntte £ (2y> dé

o

(n>m>— 1. (25)
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Proceeding to the limit when y =0, the integrand on the left-hand
side vanishes except for values of ¢ in the neighbourhood of b, and,
evaluating it,

nen+1 (a __b&)ﬂ m=1pm
J Fulaz) Ju(ba) do = 2" (n—m—1) a" (a>D) . (26)

=0 (a<b, n>m>—1)
Relations (25) and (26) have been given by Sonine.*
Again, from (24), writing

X=l ™ Ju (‘wl) [J-m (bm)_r:’"‘J,,,(bzu)],

2sinma (z)* "

then

L -" f:n»l (a 52)"—"‘-lJm (fm)

T ginmr 2" (n—m—1) a*
X [ (b)) — o2 J,, (bud)] dé,
that is, by (22), (bz)]

1 S (e b\ ds
X —_— iul Sy\n-m-1 233 - (0% + X"V is
2"-"TI (n—m—1) u"j j @—&) ¢ L (Zs) s aé,

which, using (25), becomes

X J-me -:’n-—r‘aJ (ﬂ/f) l,‘(bf)f"“"”dfds

]

that is, X = * J.(af) 7, (b&) gm-n+l i
0 £4a°
‘and therefore

J-mJu (aé) o (bf) gronl df T J. (azt) [J_,,.(bm)—c""'.f,,.(bxl)]

£+at T 2sinmr (w)" ™
(b>a n>m>-1). (27)
The relation (23) suggests the evaluation of the integral

j” G-F“”'Iu-m—l {0 ;/(u‘!_fﬁ)} (a2_§2)1(1l-nlt- l)f'.‘lll 3] df.

Writing f (y) for this integral,

f( )— 1 _1__ i 3tc? (a3 —-p3) - 1/2t - ¥3 /4y 2m+ld
Y —cn-m-l Dare o). wa.e é Stu m?

* L.ec.
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that is, performing the integration with respect to &

f(y) = M Iu,*m‘e&ﬁﬁl-)m 1 dt

cu-m-l 41" o —(—].—-EJ)T*T tu—_-;:’

"2

which may be written

f(,, ) _ 2..,4.11-_[&,”” yunl c’*m‘e!'l”b”‘-ll'!‘ 1 ,d" .
Y) = S+ ] 4(”, m+l gn+l?
¢ ¢ " ( 1 ) t
e — +y
2tc?
whence
1 1 ’ 2
f(" )= 2ntiygme et =12 yrl- et I el gy dt
Y Glnuu.l 9 ¢ b n+l?
me |, 1A
-xt o

that is,

. 1 1 1.2 1 LA ._.. 3 4 g TR | ds
f (?/) — Qm+ ynn 6“-’"-_ a B e;a-[n (e +*)28) =~y {_nn dz et
@

,:ni ’
2me ). .. s

and therefore

(:’/) — 2"”1‘1/"‘ rlcu -m=1 a® jm e sty i [¢] \/((;2 +<ﬁ) } ’C‘.'nnl d{’

0 (U‘.‘ +K‘J)§n
that is,
T N PV XL S
24 N A . I 24
J, o v e
1 " e . . 2
= gy L ¢ {eV/ (@ =)} (e =gt dg.

(28)
From this it follows, by applyiug relation (B) as in (24), that
M_{L{f(;?+.t:9)} = 1 J“ T () Ju{u\/(a‘*‘-—‘f"‘)}(a"—&*)*‘?’"”dé

(02 +w‘2.).}n ”’n”u-m-]vmm
(n>m>—=1). (29)
Similarly as in (25), by (13),

" e {e (@)} .
- L A @€) i e+ L
L 6 i ()

1 " ey p (D€ g
yj € Im( )J-u-m—l{c\/(a g)}

2&"6"‘"“1 N 2y

X (af—=g)tm-m=b garlge (p>m>—1). (30).
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As in (26), when y = 0, this becomes
rJ',. {a/(c”-i—ws)iJ

3 ( A+ wz) n "

(bz) 2" dz

J;l—m—] {U ‘\/(a‘Z__ bﬂ) } ((LS__ b?)“u-m-l) b"l

7= -1

ac

(a > b)

and =0 (a<b)
(n>m>-—1). (31)

Again, as in (27), it may be proved that
mﬂ'{a’\/(c?_*_w?)} J’m (bﬂ}) w"“lda,
N N i
T J'"{a'\/(ci__fl)} AL ) — -2m .
= Tommr (o " (B8 = (50
(b>a n>m>—1). (32)

Relations (29) and (32) have been given by Sonine, the method of
proof of (32) being much more difficult.

The preceding examples ave illustrative of the results which can
be obtained by using the relations (A) and (B), and are capable of
being greatly extended.

Generational Relations for the Abstract Group Simply Isomorphic
with the Linear Fractional Group in the GF [2"]. By L. E.
Dickson. Received December 22nd, 1902. Read January
8th, 1903.

1. The ubject of this paper is the determination of two linear
fractional transformations 4 and B having the following properties :

(i) 4 and B generate the group I' of all linear fractional trans-
formations of determinant unity in the GF [2"] (n>1).

(ii.) A is of period 2"+ 1, B of period 2, A'B of period 3.

(iii.) 4 and B satisfy relations of the form

(1) (BABAY=1 (r=1,2,..,2",

the integer s being uniquely determined modulo 2" +1 by 7.





