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the ratio a,/a,, and by suitably assigning the value of this ratio the
surface condition can be satisfied whatever p, and p; may be.
Hence, in this case, p, and p, may be any two negative quantities
satisfying the relation
ptp=—m,
and the velocity of propagation is given by

Vi=_9m
Pt m?

For a given value of m, the greatest of these values of V?* is gm//n/?,
so that the irrotational mode would seem to stand by itself, and not
to occur as one limiting case of the rotational modes.

It might have been expected, & priori, that in the case of infinite
depth, the infinity of possible motions would have’ been of a higher
order than in the case of finite depth; and this is seen to be so, the
former case being comparable with the infinity of possible positions
of points on a line, and the latter v:ith the infinite series of roots of
a trunscendental equation.

On some Rings of Circles connected with a Triangle, and the Circles
which cul them at Equal Angles. By W. W. TavLos.

[Read June 13th, 1889.]

If any three circles be placed in contact, the lines joining their
points of contact 4, B, C form a triangle. Hence it would appear
that such three circles must play an important part in the geometry
of the triangle. ' They may be defined, with reference to the triangle
ABC, as the circles* that touch two of the radii of the circle 4BC at
the angular points of the triangle. We will proceed to find their

equations, and discuss their properties, and those of certain associated
circles and triangles.

. T‘hese circles l_mve_ ‘been ocalled the ex-cosine circles of the triangle 4BC.
(W. E. Johnson’s ** Trigonometry,” § 194.)
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[The centres of the same set of circles form a second triangle, and
the circles may be defined, with reference to that triangle, as the circles
which are orthogonal to the inscribed circle. and have their centres
at the angular points of the triangle. The properties obtained for
the first set may he transformed so as to suit the second set of circles
by means of three formulw like

)

i_R RIS S
d_n( ac032+ﬁcosz+'yc08 z)

where a, f3, v are the trilinear coordinates of a point referred to the
first triangle ABC, and 3, ¢, £ new coordinates referred to the sides
d, e, f, i.e., EF, FD, DE, where D, E, I' are the feet of the perpen-
diculars from 4, B, C on the opposite sides.]

If the equation
Bysin A+ yasin B+af3sin 0

—(a+mB+ny)(asin A+Bsin B+ysin0) =0 .covervenn.. (1)

represent a circle orthogonal to the circle ABC, the straight line
whose eqnation is la+m3 +ny = 0 must be the polar of O the centre
of the circle ABC, .., of the point Rcos 4, Ecos B, Ecos 0. The
condition for this is

l1—lcos A—mcos B—ncosO0 =0 .....c.ceernnnenn(2),
and the equation of the circle becomes
(lcos A+m cos B+n cos C) (By sin A+ya sin B+af3 sia 0)

—(la+mpB +ny)(asin A+ B sin B+ysin 0) = 0,

which can be written in the form .
Isin A (o —By cos A+ yu cos B+af cos 0)
+m 8in B (8*+ 3y cos A—ya cos B4af cos C)
+ n8in O (y*+0Bycos 4+ yacos B—afBcos C) =

If the common chord be the line a = 0, then ! = +scc 4, and the
equation of the circle orthogonal to the circle ABC is

a*—fBycos A+ yucos B+aj cos C = 0,

We will denote the left-hand side of this by the letter A4,; the
equations of the three circles that touch 0B, 0C; 0C, 04 ; 04, 0B
at the angalar points will be

Ay=d*~PBycos A+yacos B+aj3cos 0= 0
B="+Bvcos A—yucos B+uBcosC = 0pereereerenn 3)-
Ci=y'+Bycos A+yacos B—af3cos 0 =0
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The equation of any other circle orthogonal to the circle 4B0 will be
lsind.A,+msin B.B,+nsin 0.0, =0...............(4),
where la4mfB+ny = 0 is the equation of their common chord.

It will be observed that, as each of the three circles 4,, B,, 0,
touches the other two, and as there must be a pair of circles that
each touches, these three circles, 4,. B,, C,, must form a ring in the sense
of Mr. H. M. Taylor's paper on ** The Porism of the Ring of Circles
tonching Two Circles,” Messenger of Mathematics, Vol. vir., 1878.)*

‘Wo shall accordingly refer to them as the 3-ring circles 4,, B,, C,.

The centre of the circle 4, is most casily found by taking the tan-
gents to the circumscribed circlo at B, O, und finding their intersection.

It is obviously . =lg = —% =

Ienco we see that the centres of these circles are the * associates of
the Lemoine point.”

To find the, length of the intercept cut off on the side AC of the
triangle by the circle 4,, we have the equations

B=0, a=-—ycosB by (3), and aa+ecy = 24,

wlicnee a = —asin C cos Bgec 4,

and the intervcept
CP = % acosec 0 = & acos Bseo 4;
similarly the intorcept
BQ = % acos Csec 4,
and DC:CP:BQ =cosAd:*xcosB: 4cosC.

Tt is worthy of notice that the six points
corresponding to P, Q lic on the conie

S +23y (cos A+scc 4) = 0,
and also that

AB+ B,C,+ 0,4, = {2 (Bysin 4)}°

* Compare al¢o a paper in the same volume ‘‘On the Ring of Circles touching
Two Circles, and kindred Porismns.””



400 Mr. W. W. Taylor on some Rings of Circles, §c. [Junel$,

Lemma I

If a, B, y be the trilinear coordinates of a point, the equation of a
circle being expressed in the form

¢ (a, B, y) = 33y sin 4 — (la+mf3 +ny) Sasin 4 =0,
or in the form
@, m, n) =SaBy—(la+mpP+ny) Saa = 0,
the coordinates of its centre area, 3, , where
a = R (—1l+mcos C+ncos B+cos A),
B = R(—m+ncos A+1cos C+cos B),
v = R(—n+lcos B+mcos A+cos C),

and its radins is p, where
p’ = R} (P4 m?+ #3—2mn cos A --2nl cos B—2lm cos C
—2l cos A—2m cos B—2n cos C+1).

The condition that the centre of the circle (I, m, n) is the pole
of the line at infinity gives the fullowing equations to find its
coordinates :—

{cB+by—a(lat+mB+ay)—1 (aa+bB+cy)}/a
={ay+ca—b (la+mB+ny)—m (aa+b3+cy)}/b
= {ba+af—c (la+mB+ny)—n (aa+bdB+cy)}/c.
Let each of these = X— (la+mB+ny). Then we have the equations
eB+by— 1 (aa+bB+cy) = aX,
ay+ca—m (aa+bB+cy) = bX,
ba+ad3—n (aa+b8+cy) = cX.
Then, eliminating f3, v, we obtain the equation
a| —al ¢=bl b—el |=X|a ¢-bl b—cl
c—am —bm a—cm b —bn a—cm

b—an a-—-bn —en ¢c a—bn —cn
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The coefficient of X becomes, on expansion,
2abc (cos A—1+mcos C+n cos B)

Therefore we have
a:0:y:aa+bB+cy

=cos A—l+mcos C+ncos B :cos B—m+ncosA+1lcosC
:cosC—n+lcos B+mcos 4 : acos A+bcos B+ccos C;

but aa+b3+cy =aRcos 4+bR cos B+cRcos C,

where R is the radius of the circle ABC ;

therefore a =R (cos 4—1 +mcosC+ncos B)
B=R(cosB—m+ncos A+ 1lcos C)py «covvv ooovnnn. (5);
v = R (cos C—n+ I cos B+mcosAd)

and, if p is the radius of the circle ¢ = 0,
p’e (—1, cos C, cos B) = —¢ (ay, By %) ;

whence, by substituting the above values, we obtain

p’ = B (P'+m*+n* —2mn cos A—2nl cos B—2lmn cos ¢

—2lcos A—2m cos B—2ncos C+1) ...... (6).

Lemuma II.

We will now proceed to find the cosine of the angle 6, at which two
circles (1, my, n,), (I, my ny) whose equations are expressed in the
form (1) cut one another.

If the centres of these circles be 0,, 0,, and their radii R,, R,,

2 2 2
cosf = 01_02:_111:_‘@.2,

2R, R,

8RR

and R= a%

¢h

where ¢, denotes the value of the expression
38y sin 4 —(Zla)(Zasin 4),
when for a, 8, y we substitute the coordinates of the centre.

Let the equations of the circles whose radii are B,, E;, and centres

0,, 0, be
¢1(a, B, v) = 3By sin 4—(3La)(3asin 4),

s (a, B, y) = 3Bysin 4—(Sla)(Sasin 4).
VOL. XX.—NoO. 368. 2p
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Then the equation of a circle whose centre is O, and radius 0,0, will
be
h (ﬂ, ﬂ; 7) +h (Ea sin A)’ = O;

and, as O; (ay, f3;, 7,) is on this circle,
* (“i? ﬁza 72) +h (Ea sin A.)' =0 H

and 010: = 2’,%3 {‘Pl (ay By v1) +1 (Zasin A)’}

= gg {‘Pl (a1 By 1) — 1 (ag, By y,)}’

and

cos § = P l®w Pu Y (a1 By 1) =1 (a3 By va) =81 (2, By 11) =82 (8 By 73)
*/{% (av ﬁn 71) ¢7l (“a: /;?3 79)}

_ —25By,sin A+ {3 (4 +1) a,} Saysin 4
- /{?‘l (ay, By, 71} {‘Pz (ay Be, 72)} ’

whence, by substituting the values for ay, 3,, 7;, a5 B, 73, We obtain

—1-3lL,+3cosd (L, +1,+ L )
V{[1+30—2%cos A(h+mn,) ][ 143~ 23cos Al +myng) ]}
cererennenne(7)

cosf=

Hence, if the circle (I, m, n) make the same angle 8 with each of
the three circles

(sec 4,0, 0), (0, sec B, 0), (0,0, secO),

we must have, by (7),
cos 6 /[ 1+ 3P—23cos 4 (l+mn) ]
= {—1—1Isec A+cos A (I+sec A)+cos B (m+nsec 4)
+cos O (n+msec )} [/[1 +sec’4A—2]
=sce A {—1(1—cos® A4) +m (cos O+ cos A cos B)
+1 (cos B+cos A cos 0) } /tan 4

= sec A { —lsin’ A+msin 4 sin B+nsin 4 sin C}/tan 4
= —Isin A+4msin B+ sin 0, and in like manner
= +1lsin A—msin B+nsin 0
=+IsinA+msin B—usin 0;

therefore !sin A = msin B = asin 0,



1889.] Mr. W. W. Taylor on some Rings of Circles, §e. 403
Let each of these = p. Then, substituting for I, m, n their values
in terms of p,
cos 6 /[ 1+p*3 cosec’ 4—2p; cot A —2)"3 cos 4 cosec B cosec O | = p;
or, putting cot 4 +cot B+cot 0 = cotw,
cos 6/[ 1+ p cosec’ w—2p cot w—4p* | = p,

P = 1
V{(A—=pcot w)’~3p'} v (N*-3)’

cosf=

where A= 1_ cot w.
r

Making these substitutions, the equation of the circle (I, m, n)
reduces to the form

3By sin A —p (Za cosec 4) (Sasin 4) =0,
or —pZa’+3Pysin A—p3 By cosec B cosec O (sin’ B+sin’ ) = 0,
or p3a’—S8ysind (1—pcotw) +pEPycos 4 = 0,
[since 3 cosec 4 cosec B cosee €' (sin® 4 +sin® B +sin’ 0)
+ 4 cosec 4 cosec B cosec 0 (sin® B+ sin® 0 —sgin® 4)
= cotw+coscc Acos 4],

and substituting A for (1—pcotw)/p, we obtain for the equation of
our circle

Sa’+ 3By cos A—AZfBysind = 0...ceevvvvvennnnnn...(8),
end, if this touch the circles 4,, B,, C,,
V(A'—3) =sccl =1,
A=%2
The formule for the centre of a cirele become in this case
a =D (sind+Xcos 4)/(A+cotw))
B =R (sin B+Acos B) [ (A+cobw) [ reeereerrmvereenne ().
= Il (sin C+Acos C)/(A+cot w)
With the same substitutions
p' = R*(SP—23mncos 4—25lcos A+1)
= IV’ (2p’ cosec® A —23 p’ cos 4 cosce J? coseec C—~2Zpcot A +1)
= I’ (p* cosec’ w—2p* S (1 —coé/l (:20t B)—2pcot w+1)
D
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= B* (p* cosec’ w—4p*—2pcot w+1)
=R’ (pcotw—1)*—3p*
=R (\'=3)p
=R (N-3)/(A+cot w)
p=2R/(NF=3)[(A+cotw) cooovrirniiiiii (10).

The cosine of the angle between this circle (8) and a ving circle
(, m, n) for which lcos d+m cos B+ncosC =1, is

—1—3lpcosecA +X{lcos A +pecot 4 +pl(cos Beosce €+ cos Ccosec B)

v {[ (F+m*+n*)—(lcos A +mcos B+ncos C);';-; é277;7;;o;71_]-(xz - 3);3—}
_ —1+3lp(sinA—cos 4 cotw)+1+pcotw
pv { (3l sin* 4—23mnu sin Bsin O)(\*—3)}

= Slsin 4 i, (11).
v { (3P sin’ 4 —23mn sin B sin C) (A\*—3)}

The series of circles included in the equation

Sa*+ 3By cos A—ASBysind =0

has been discussed by Professor P. H. Schoute, in Vol. 11, Series 3,
of the Verslagen en Mededeelingen of the Koninklijke Akademie van
Wetenschappen, Amsterdam, from an entirely different point of view.
He shows that, when a point P moves so that, if D, E, F be the feet
of the perpendiculars from it on the sides of the triangle, the Brocard
angle of the triangle DEF is constant, the locus of P is a circle of the
above series, and X is the cotangent of the said Brocard angle.

He has shown that this series of circles includes, as particular cases:
the Brocard circle (A = cotw) ; the imaginary circle whose equation

is Sa*+3Bycos A =0, (A=20);
the circle ABC (A = ); the Lemoine line (A = —cotw), and the
isodynamic points (A = £ +/3).

Of these six particular results the first three are obvious by a
comparison of the equation No. 8 with the equations of the other

circles, and the last three can be obtained by making the centre of
the circle lie on the locus.

The condition for this is
2 cos C—Asin 0 cos B—AsinB| =0,
cos C—AsinC 2 cos A—Asin 4
cos B—AginB cos4d—Asind 2
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which reduces to the form
(A*—3) (A sin 4 sin B sin C+1+cos 4 cos B cos C) = 0.

The coordinates of the point circle, for which X =,/3, must be
given by substituting this value in the equations of the centre of a
circle (9).

Then a = R (sin A+ /3 cos 4)[(+/3+cot )
= 2R cos (4—60°)/(/3+cot w),
3 = 2R cos (B—60°)/(+/3+cot w),
y = 2R (cos C—60°)/(/3 +cot w),
and the remaining value
Asin 4 sin Bsin C+1+cos 4 cos Bcos C = 0,

or A =—cotw,

gives all the coordinates of the centre infinite. This shows that the
circle is a straight line which is at once found to be

+—Z—=0‘
[4

+

o

QiR

The centre of the circle
2(BcosB—ycosC)+2(BsinB+ysinC)*=Za*+33ycos 4 =0
is Lemoine’s point K, and its radius is
B tan w /(-3).

The equation of the real circle corresponding to this (centre K
radius = R tan v /3) is

4A {Sa'+3Bycos A} —3tanw {Saa}?=0.

We will now for a time desert analysis and employ inversion, using
inversion in the sense that we take a fixed point O,, and find a point
@ corresponding to any other point P, such that O,, P, @ arein a
straight line, and the rectangle O, P, 0, Q is equal to a constant (the
'square of the radius of inversion).

If we take the centre and radius of the circle ABC as the centre
and radius of inversion, the three-ring circles invert into themselves,
and a circle cutting them at the angle 6 must invert into a circle
cutting them'at the angle 6; we see, therefore, that the +A circle of
Schoute’s series inverts into the —A\ circle of his series, and if V, W
be the isodynamic points, OV.OW =R’ It also follows that O
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is the external centre of similitude of the A pair of Schoute’s
circles. '

If, again, we take O, the centre of inversion on Lemoine’s line—
the radical axis of the system—and the tangent from O, to the circle
ABC as the radius of inversion, each circle of Schoute’s system will
invert into itself; but the three-ring circles will assume a different
position for each position of 0,, and will always possess Schoute’s
system of circles each for each as before. Their points of contact will
accordingly form new triangles, cach of which possesses the same
system of Schoute's circles. That these are the co-Brocardal tri-
angles of AB0 can be proved by finding the envelope of a side as O,
moves along Lemoine’s line, or thus :—The three-ring circles of the
co-Brocardal triangles must touch a pair of circles, which are coaxal
with the Brocard circle and the circle ABC, and must be orthogonal
to circle ABC; and the only rings of three circles that satisfy these
conditions are the rings of circles obtained by our inversion.

This can also be proved thus. All our three-ring circles touch or
cut all Schoute’s circles at the same angle. So, taking (I, m, n),
(sec 4, 0, 0) as two specimens of three-ring circles, we have, by (11),

Slsin 4 = /{31’ sin® 4—23mn sin Bsin C},
or Smn sin Bsin € = 0
and any ring-circle has an cquation of the form
lsin A. A, 4+msin B. B,+2s8inC.C,= 0.

This gives, as the form of the general equation of a three-ring circle,

£y= 4,8, 1+ ~0, (1+ —:7) =o0.

The common chord of this circle and the circle ADC is
pE ) B Lo,
a b ¢

and, as this is a quadratic equation in g, the envelope of all such lines
is given by the equation

(1_£_1)2=4év

a b ¢ b’
which is the equation of Brocard’s cllipsc.
The circle 4, meets the circle ABC where

A,B+B,C,+ 04, = {Eﬁysin A}’: 0,
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1 — .
and 4,—B, (1 +p)—C, (1+ 7) =0;
Yat is, where pd, =—(u+l) B,=20,
and where Ay =pB, = - (p+1) C,.

The third point of this co-Brocardal triangle* must be
—(p+1) 4,=B,=p0(,,

and the equation to the other circles of the same ring will be

B,=—4, (1+ _:T)+Bl—o, (L4p) =0,

0,=— 4, (14p)—B, (1+ %)w, =o.
Here A4,, B,, C, satisfy the relations

43+ B+ 0= — (F+1+ ;1;’) (4,+B,+0,),

3
By G+ 0y A+ 4,8, = (l‘ +1+ %) (B, C, +C 4, + 4,B)).

Again, we will invert with regard to one of the isodynamic points
V, W as our centre of inversion, and the tangent to the circle ABC as
our radius of inversion. Since

oV.0W =R}
WV. W0 = W01t = WI*;

therefore, inverting with respeet to 1V, as above, V inverts into the
centre of the circle ABC, and the circle ADC inverts into itsclf; and
two circles of the coaral system having become concentric by inver-
sion, the rest must have done so also, and the whole system of
Schoute’s circles becomes 8 concentric system, and, in consequence of
these circles having become concentric, the threc-ring circles become
necessarily equal circles, and their points of contact form an equi-

* The coordinates of tho angunlar points of this triangle are given by the equations
a B y
— =g me—(u+l) L
P [ 3 (u+1) e’

8

- +li=-—=
(I‘ )a b B

o el

p @b
a b
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lateral triangle. This applies not only to our original triangle, but
to any of the co-Brocardal system of triangles; and as at the same
time the other isodynamic point inverts into the centre of the circle
ABC, the circles of Apollonius, which passed through both points
V, W and the angular points of the triangle, become straight lines
passing through O and the angular points of the equilateral triangles,
that is to say, become diameters of the circle ABC through the
angular points of the equilateral triangles. Therefore in any triangle
the circles of Apollonius cut one another at an angle of 60°.

The circle of inversion in this case is at the isodynamic point—in
other words, is concentric with the circle

4+ +9+3By (cos A+ /3sin 4) = 0.

[The — sign gives the inner point (V), the + sign the outer point
(W)]. A circle concentric with this must have an equation of the
form

Sa?+ 3By (cos A+ +/3sin A) + L (Sasin 4)* = 0.

If this be also of the form (4),
lsind = 1+4"hsin? 4,
msin B=1+14sin’B,
nsin C =1+ sin®C,

—1sin A cos A+m sin B cos A+nsin Ccos 4

= cos A & +/3 sin A + 2l sin Bsin C,

and also from above = cos 4 [l +h (—sin® 4 4 sin® B 4sin’ C)] ;

whence

h [cos A (sin® 4 —sin® B—sin® C') + 2sin B'sin C] = F+/3sin 4,

— _F3
2 sin A sin B sin C’

or

and the equation of the required circle becomes

3 i R .‘/3 R 1 ' —
Sal+ 33y (cos A+ v3sind)F S oin A uin B sin @ (Sasin4)*=0.

The upper signs will give an imaginary and the lower a real circle,



1889.] Mr. W. W. Taylor on some Rings of Circles, &c. 409

showing that the inversion is in the first case across the point, in the
second away from it.

The centre of the circle
a®+ 03+ +3Bycos A =0
was found to be the symmedian point K, and its radius
p = R tan w v/ (—3).

Again, if we draw the chord AKA’ of the circle ABC, the product
AK.KA' is equal to
R*—0OK? = R*—4p*

(where p’ is the radius of the Brocard circle, i.e., of the Schoute
circle for which A = cotw) = R*—R? (1 -3 tan’w), by (10),

= 3Rtan’w.

This proves that, if we invert with K as centre of inversion, and the
radius of this impossible circle as the radius of inversion, the circle
ABC will invert into itself; consequently, all circles orthogonal to it
will invert into circles orthogonal to it, and the three-ring circles of
the triangle ABC will invert into the three-ring circles of the co-
symmedian triangle; as this is a co-Brocardal triangle, the system of
Schoute’s circles must invert into one another as circles cut one
another at the same angles as their inverses. It also follows that
K is the internal centre of similitude of each pair (£A) of Schoute’s
circles. .

We can by means of this result obtain the equations of the six-ring
circles which are orthogonal to the circle ABC, and are cut at equal
angles by each of the Schoute circles. For, drawing the chords
AKA’, BKB, CKC of thecircle 4BC, 4, B, C’ must, by our last result,
be the points where the six-ring circles at ABC meet the circle ABC
again ; and as the coordinates of K are a : b : ¢, the equation of A’K is

Bsin C = y sin B,

and the equations of 4’B, A’C are found by eliminating 3 and y from
the equations of A'K and the circle 4BC; therefore the equation of
A'Bis

2a8in C+vysind=0;

and therefore, by equation (4), a ring-circle of the six-ring through
A’B will have for its equation

241+ 6, =0,
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and the equations of & complete ring of the six-ring circles will be

B, +20,=0,
4,+20, =0,
0,+24,=(,
B,+24, =0,
A,+2B, =0,
C,+2B,=0.

The value of A for the Schoute circles that touch the six-ring

circles is
A=+2/3.

The general equation of & member of the six-ring circles can be found
by taking an arbitrary point O, on Lemoine’s line, drawing the lines
0,4, 0,1, and finding where these meet the circle ABC again, and
forming the equation of that chord of the circle ABC'; whereupon we
at once know the equation of the corresponding ring-circle, and pro-
ceeding in the same way we can find the equations of all the circles
of any six-ring system.

We will briefly indicate how the same can be done for any other
ring. The chords common to the circles of the ring and the circum.
scribed circle form a harmonic polygon (Cascy’s “ Sequel to Euclid,”
199-200), and always touch an ellipse of a family of which Brocard’s
is ‘the best known example. Their centres lie on another ellipse whose
foci are the centres of a £\ pair of Schoute’s circles.

P

To determine the value of A for the tangent circle to any ring,
formula (11) shows us that the angle at which any of Schoute’s circles
cuts the three-ring circles depends only on the value of A,and not on the
angles 4, B, C; so we can determine the value of A for an equilateral
triangle.
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Now, for any ring of r circles, we must have in the above figare—
where 0, is the centre of PT'Q one of the ring-circles, and P, T, @
are the points where the ring-cirole meets the A-Schoute circle, the
circle ABC, and the —\-Schoate circle—

tan lr = tan C,0T = 0,T/ /(OP. 0Q) =1(0Q—-OP)//(OP.0Q),

and therefore, taking the values of OP, 0Q from equation (10) with
due regard to sign, and remembering that A < /3 numerically, and

cotw = /3,
=11 __1 / .
we have tan =3 ()\—cotw )\+cotw) J()«’—cot’w)
cot w _ V3

= VN—cotiw) . V(N=3)’

T
! = 3 cosec® —-,
-

A = /3 cosec rl’

and for the six-ring circle
A=2/8.

The general relation between I, m, n, when a circle belongs to the
ring of 7 circles, is found by substituting the values

cosf=1 and A= \/3cosec%
from above in formula (11), and can be written
(S1lsin 4) tan —:— = /3. /(31 sin* 4 —23mn sin Bsin 0) ...(12)

and this is, consequently, also the relation between I, m, n when
la+mf4+nay =0
is a side of an harmonic polygon of » sides belonging to the same
system,
The locus of the centres of the ring-circles of any series is plainly

an ellipse or other conic of which the foci are the centres of the A
circles that touch all the members of that ring.

For, if 0,, O, be the centres of the A circles that touch at P and
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Q the ring-circle whose centre is (), then
0,6,+0,0,= E,—~C,P+R,+(0,Q = B, +R,
= a constant = 2AR v/ (A*—3) / (\*—cot® w).

However, we can find the equation of this locus more readily by
finding the locus of the pole of

la+mfB+ny =0,

subject to the condition (12), which may be written in the form

(Blsin A)? (tan“ z +3) = 63Psin® 4.
r
Since a, 3, v, & point on the locus, is the pole of
lat+mB+ny=0
with respect to the circle ABC,

Il _ m _ =
by+¢3  ay+ca aB+ba’

and the locus of the pole must therefore be given by the equation

{3 (aby+ach) }* (t'an’ ™ +3) = 63 (aby +acB)’,
(22bca)? (t:a.n2 —:— + 3) = 123 (V%*a* +a’bcSy),
S (W'ca®+2a’bepy) (ta, "’% +3) = 33 (b%a’ +a’bcfy),

Sb'ca’ tan® —:'— + Za’befy (2 tan’ % +3) =0.
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It is plain that the sides also of the harmonic polygons, being the
. polars of these centres with respect to the circle 4BC, must envelope
an ellipse.

Its equation, being the envelope of
latmfB+ny =0
subject to the condition (12), is

Sbca’ tan’ % — (tan2 :— + 3) Sa*bcfy = 0.

Both series of ellipses belong to the same family
S+ p3a’befy =0.vinniiniiiiinnen. (13),
and the values of p for a pair of them are connected by the relation
mitp =1
The usunal formuls for the foci of the conic
Aa’+BB*+ 0v*+ 2Dy +2Eva+2Faf = 0
are o' (A2’ +Bb+ 0 +2Dbc+2E ca+2F ab)
—4Ad (bF +cE +ad’)+44°4,

= two like expressions in /3 and vy, where 4’, B', &c. are the minors of
4, B, &c. in the determinaunt

A F E
F B D| (Whitworth, p. 269).

E D C
In the present case these equations reduce to
@ {p (—Sa*+23b%") —23a'}
—4Aaa {(b'+6'—a*) p—2a’} —4A%? (p +2) = &e.
Putting each of these = K, and rearranging,
o {p (2a")’—2 (u+1) 30} —44aa {p3a’—2 (p+1) o’}
+44%* {u—2 (u+1)} = K,

and two like equations.

Eliminating from these the ratios
pi=2(p+l): K,
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we obtain, as the equation of the locus of the foci,
(aZa’—2Aa)?, a’Sa*—4Ad’a+4A%% 1| =0,
(B2a’—24b)%, [*Za'—4A0°3+4A%, 1
(y2a'—2Ac)%, ¥'Sa—4Ac%y +4A%7, 1
which, on expansion, yields the two factors
Sbe(b*—c*)a and abcSa’—Za’By.
For the locua the real foci are on the straight line KO,
Sbe (b*—c*) a =0,
and the imaginary ones on the Brocard circle
abcZa® = 3a’3y.
Since the equation (13) can be arranged in the form
(bca)? + p—2 Za’beSy =0,
the family of ellipses (13) have imaginary double contact with one
another and the circle AB0 where they meet the line
Shea = 0.
There is one parabola belonging to the series, which is the locus of
centres of circles that touch Brocard’s circle and Lemoine’s line, and
then p = tan’w=3,

(Lemoine’s line)? is given twice over by making the discriminant
vanish, and we also obtain Lemoine’s point as a particular case of
these conics.

To find the general equation of a circle of Apollonius, we know that
it is orthogonal to the circle ABC, and therefore its equation is of
the form (4),

lsind. A4;+msinB.B,+nsin0. 0, = 0.

To be a circle of Apollonius it must also pass through the point
sin (4+60°) : sin (B+60°) : sin (0 +60°).
Making these substitutions for a, 8, y in 4,, we obtain, for
a*—fycos A +ya cos B+ap cos O,
4 {sin® 443 cos® 4—cos 4 (sin Bsin C + 3 cos B cos 0)
+cos B (sin 4 sin C+3 cos 4 cos C)
+cos O (sin 4 sin B+ 8 cos 4 cos B) }
+4+/8 {2 sin A cos A—sin 4 cos A +sin B cos B+sin C cos C}
=} {1+cos 4 cos Beos O+ /3 sin A sin Bsin 0} ;.
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therefore, in this case, A, =B, =C,

and the necessary condition for the above equation (4) to represent
& circle of Apollonius is

lsin A+ msin B+nsin 0 = 0.

The particular one through the angular point A of the orlgmal
triangle must satisfly (4), when we put

a:fB:y=1:0:0;
A, becomes 1, B, =0,=0,
therefore 1=0,
and the equation reduces to B, = C,.
Hence B=0, O,=4, A=D1

are the three primary circles of Apollonius. Any other can be
found by making (4) pass through some other point on the circle
ABC. 'The circle on VW as diameter is plainly the smallest of all
these circles, and its equation can be found by making its centre lie
on OK whose equation is

Sa (B*—6*) a =0,
or, more simply, by making the common chord with the circle ABC,
latmf+ny =0,

parallel to Lemoine’s line. The condition for this is

L, m n|=0,
1 1 1
e’ b ¢
a, b, C
or la (b*—¢*) +mb (*—a?) +uc (a*—b*) = 0.

And the equation to this circle may be obtained by eliminating
l, m, n from the three equations

lsin4d.4,+msin B.B+nsin(0. 0, =0,
lsinA +msinB  +nsin( =0,
Isin 4 (sin® B—sin® 0) +m sin B (sin® 0—sin® 4)
+n sin 0 (sin® 4 —sin’ B) =0



416  Mr. W. W. Taylor on some Rings of Oircles, §c. [June 18,

Its equation, therefore, is
4,, B, G, =0,
1, 1, 1
| gin®* B—sin’ 0, sin®C—sin®’4, sin’4d—sin’B
or A4, (2a*=b"—c*)+ B, (2b*—a*—c*) + 6, (2*—a’—b*) = 0.

We bhave previously omitted to remark that, if we take any other
point anywhere, and invert with the tangent to the circle ABC as the
radius of inversion, we shall obtain a mnew set of harmonic
polygons, ring-circles and Schoute’s civeles; as is evident, since all
curves cnt at the same angle as their inverses.

It is worthy of notice that the circles ADC, BCW, CAW, and AR,
being the inverses of the circle ABC, and of the sides of an equilateral
triangle, intersect at angles of 60°, and the circles of Apollonius round
VAW, VBW, VCW, being the inverses of the bisectors of the angles
of the equilateral triangle, intersect at G0° and bisect the angles

between the circles BCW, CAW, ABW.
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APPENDIX,

Mr. Basset points out that the following corrections should be
supplied in his investigation of the stability of Maclaurin’s Spheroid
(Vol. 31x., pp. 52-54):— The correct result, which was first obtained
by Riemann, is that for an ellipsoidal displacement, the spheroid
becomes unstable, when the exzcentricity exceeds the root of the
equation ]
e (1—e) (3+4e') = (3+2e*—4e*) sin'e,
which gives e equal to about ‘95.” See his work on * Hydrodynamics,”
Vol. 11, p. 124. ,

The following recently published papers bear upon the subject :—

Love, Phil. Mag., Vol. xxviL, p. 254.
Bryan, Phil. Trans., 1889, p. 187, and Proc. Oamb. Phil. Soc.,
Vol. vi,, p. 248. :

Thore is a paper by H. Weber in the 3Math. Annalen, Band xxxur.,
Heft. 3, p. 391, “ Zur complexen Multiplication elliptischen Funk-
tionen.” (See Prof. Greenhill's paper on * Complex Multiplication
Moduli of Elliptic Functions,” Vol. x1x., p. 362.)





