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the ratio a,/a2, and by suitably assigning the value of this ratio the
surface condition can be satisfied whatever px and p% may be.

Hence, in this case, p1 and p2 may be any two negative quantities
satisfying the relation

and the velocity of propagation is given by

yt —

For a given value of m, the greatest of these values of F1 is gm'/in*,
so that the irrotational mode would seem to stand by itself, and not
to occur as one limiting case of the rotational modes.

It might have been expected, a priori, that in the case of infinite
depth, the infinity of possible motions would have' been of a higher
order than in the case of finite depth; and this is seen to be so, the
former case being comparable with the infinity of possible positions
of points on a line, and the latter vrith the infinite series of roots of
a transcendental equation.

On some Rings of Circles connected with a Triangle, and the Circles

which cut them at Equal Angles. By W. W. TAYLOB.

[Read June IZth, 1889.]

If any three circles be placed in contact, the lines joining their
points of contact A, B, C form a triangle. Hence it would appear
that such three circles must play an important part in the geometry
of the triangle. ' They may be defined, with reference to the triangle
ABC, as the circles* that touch two of the radii of the circle ABC at
the angular points of the triangle. "We will proceed to find their
equations, and discuss their properties, and those of certain associated
circles and triangles.

• These circles have been called the ex-cosine circles of the triangle ABC.
(W. E. Johnson's "Trigonometry," § 194.)
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[The centres of the same set of circles form a second triangle, and
the circles maybe defined, with reference to that triangle, as the circles
which a»*e orthogonal to the inscribed circle, and have their centres
at the angular points of the triangle. The properties obtained for
the first set may he transformed so as to suit the second Bet of circles
by means of three formnloo like

where o, ft, y are the trilinear coordinates of a point referred to the
first triangle ABC, and 3, e, i; new coordinates referred to the sides
d, e,f, i.e., EF, FD, BE, where B, E, F are the feet of the perpen-
diculars from A, B, C on the opposite sides.]

If the cqnation
/3y sin^l + yasinJB+a/Bsin 0

— (Za + m/3 + «y)(a sin 4+/3 sin B-Hy sin 0) = 0 (1)

represent a circle orthogonal to the circle ABC, the straight line
whose eqnation is la+mfl+ny = 0 must be the polar of 0 the centre
of the circle ABC, i.e., of the point RcosA, JScosi?, B COS 0. The
condition for this is

1 — Icon A—mcos B — ncosO — 0 (2),

and the equation of the circle becomes

(ICOB A+m cos B + n COB C) (/?y sin it + ya sin J5 + o/3sin 0)

— (la+mfi 4- ny) (a sin A+/3 sin B + y sin C) — 0,
which can be written in the form

I sin A (o1—/8y cos A + yu cos B + afi cos C)

•f w,sinB(/3* + j3y cos 4 — ya cos I?+a/3 cos C)

•f nsin O^y'+jGycos-i + yacos B—a/3 cos C7) = 0.
If the common chord be the line a = 0, then I =-fsecil , and the
equation of tho circle orthogonal to the circle ABC is

a*—/3y cos A + yu cos B + a/3 cos 0 = 0.

We will denote the left-hand side of this by the letter Al; the
equations of the three circles that touch OB, OC; OC, OA ; OA, OB
at the angular points will be ;

^ , = ua — /3y cos il+'ya cos B -fa/3 cos (7 =

nt — lV + fiyCOsA-yacosB + upco&C^ 0

C(i==y* + /3ycos ,4+yacos#—a|[3 cos 0 =
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The equation of any other circle orthogonal to the circle ABO will bo

0 . ^ = 0 (4),

where Za+m/3 + wy = 0 is the equation of their common chord.

It will be observed that, as each of the thi'ee circles .4,, 2?,, (7,
touches the other two, and as there must be a pair of circles that
each touches,these three circles, Av Blt Cx, must form a ring in the sense
of Mr. H. M. Taylor's paper on " The Porism of the Ring of Circles
touching Two Circles," Messenger of Mathematics, Vol. VII., 1878.)*

Wo shall accordingly refer to them as the 3-ring circles Au Bu Ov

The centre of the circle Ax is most easily found by taking the tan-
gents to the circumscribed circle at B, Ot and finding their intersection.

T. . , . , a ft y 2A
It is obviously = * - = - £ - = —— z.

— a b c — a -f- o + c
Hence we see that the centres of these circles are the " associates of
the Lemoinc point."

To find the, length of the intercept cut off on the side .4Oof the
triangle by the circle Alt we have the equations

/3 = 0, a = —y cos B by (3), and aa + ey = 2A,

whence a = — a sin Ccos JBsec A,

and the intercept

CP = ± a cosec G = db a cos B see A ;

similarly the intercept

BQ — ± a cos C sec At

and BC : CP : BQ = cos A : =fc cos B : ± cos 0.

It is worthy of notice tliat the six points
corresponding to P, Q lie on the conic

(cos A+sccA) = 0,

and also that

# Compare also a paper in the 8amo volume "On the Ring of Circles touching
Two Circles, and kindred PoriBina."
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LEMMA I.

If a, ft, y be the trilinenr coordinates of a point, the equation of a
circle being expressed in the form

0 (a> P> y) = 5j3y sin A — (la + mft + ny) 2a sin ^ = 0,

or in the form

(I, m, n) = %afty — (7a + mft + ny) %aa = 0,

the coordinates of its centre are a, ft, y, where

a = B( —l + m cos

7> = 22 (—ra + wcos

y = R(—n + lcos B + m cos A + cos 0),

and its radius is p, where

pa = B2 (Z2 + m* + n8—2mn cos A— 2nl^cos i?—2i?n cos G

— 2lcosA — 2mcosB—2ncoaG-\-l).

The condition that the centre of the circle (I, m, n) is the pole
of the line at infinity gives the following equations to find its
coordinates :—

-l (aa + 6/3 + oy)}/a

= {<zy + ca — 6 (la + mft+ny)— m (aa + bft + cy)} jb

Let each of these = X— (la +mft+ny). Then we have the equations

c/3 + 6y— I (aa + bft + cy) — aX,

ay + ca—m (aa + 6/3 + cy) = bX,

ba + ad — n (aa + bft + cy) = cX

Then, eliminating ft, y, we obtain the equation

— al c—bl b — cl

c — am —bm a—cm

b—an a — bn -*cn

a c—bl b—cl

b —btn a—cm

c a—bn —en
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The coefficient of X becomes, on expansion,

2abc (cos A — I + on cos C + ?icos B).

Therefore we have
a : /3 : y : aa + &/3 + cy

= cos A—l+m cos C+ncosB : cos B—m + n cos A +1 cos C

: cos (7—w + ZcosU+mcos A : acosA + bcos B + ccos C;

but aa + bfi + cy = aB cos J. + bB cos B + cB cos (7,

where JB is the radius of the circle ABC ;

therefore a =B (cos A—I +mcosC + ncosB)^

(3 = B (cosB—m + ncos A+ I cos C) > (5);

y = B (cos 0—w+ I cos B + m cos A))

and, if p is the radius of the circle ^ = 0,

P2$> ( - 1 , cos C, cos 2?) = -$ (a0, /30, y0) ;

whence, by substituting the above values, we obtain

f = E3 (P+rrf + n2 — 2mncos.A — 2nlcosB—2lmcosC

-2lcosA—2mcosB—2ncosC + l) (6).

LEMMA II.

We will now proceed to find the cosine of the angle 6, at which two
circles (llt m,, w,), (Z2, m2, «2) whose equations are expressed in the
form (1) cut one another.

If the centres of these circles be 0,, O2, and their radii liu Bv

and *> ^ '

where <px denotes the value of the expression

2/?y sin A - (2/a) (2a sin 4 ) ,

when for a, /3, y we substitute the coordinates of the centre.

Let the equations of the circles whose radii are Bu Bit and centres
0,, 0s, be

(a, /3, y) =

<t>% («»/5, y) =
VOL. XX.—NO. 368. 2 D
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Then the equation of a circle whose centre is Ox and radius OXO% will
be

and, as Os (aa, flit y4) is on this circle,

0i ("t. Ai. 7%) + A (2a sin 4)1 = 0 ;

and O l o ; = j j5 fa (au /3t, y i )+A (5a sin A)*}

and

cos e =

-22/32y4 sin ^ + {^ (Z, + /,) a2} 2o3 sin A

whence, by substituting the values for a,, /3,, yj, a2, /3g, ŷ , we obtain

c o s Q — 1 — 2Ih + 5 cos A (Z, + l.i + mlna + mini)

(7).

Hence, if the circle (Z, in, n) make the same anglo 6 with each of
the three circles

(sec A, 0, 0), (0, sec B, 0), (0, 0, sec (7),

we must have, by (7),

cos6 y [ l + 2?—22cos4(/+mu)]

= {—1—Zsec^l + cos^l (Z-J-sec4)-f-cos.Z?(m-fttsec.4)

+ cos 0 (tt+m soc A)}ly/[\ +seoM—2]

= scc^l{—1(1— cos?A)+m (cos 0+cos.d cosC)

+n (cos B+coaA cos O) } / tan A

= seo-4[— Z sins yi-H>i sin .4 sinI?+Msin.A sin Cj/t&nA

= — Z sin .4-fwi sin Z?-f-it sin 0, and in like msinncr

= +Zsin-4—wsin J5-fnsin C

• = + isin^4+m8inB—wsin (7;

therefore Z sin A = m sin 2? = w sin 0.
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Let each of these = p. Then, substituting for I, m, n their values
in terms of p,

cos 6 \ / [ l +p82 cosecs A—2/>2 cot A — 2p22 cos A cosec B cosecO] = p\

or, putting cot A+cot 5+cot G = cot w,

cos 0 \ / [ l +i>s cosec* w —2p cotw—4p2] = p,

£ 1a
0 0 8

£
- P cot « )»-

where X = cot w.

Making these substitutions, the equation of the circle (I, m, n)
reduces to the form

sin A —p (2a cosec A) (2a sin .A) = 0,

or —pSa2 + 2/?y sin A — jp2/3y cosec I? cosec 0 (sin2 JB+sin2 G) = 0,

or 2?2a2 — 2/?y sin .A (1 — p cot w) -fp!5/3y cos yl = 0,

[since ^ cosec A cosec U cosec G (sin8 -4 + sin2 B + sin2 0)

+ $ cosec J. cosec JB cosec 0 (sin21? + sin8 C—sin2 -4)

= cat w +cosec .4 cos .4] ,

and substituting X for (1 — p cot o>) /p, we obtain for the equation of
our circle

= 0 (8),

and, if this touch the circles Av Bu Clt

The formulro for the centre of a circle become in this case

a = B (sin -4+X cos i l ) / ( \ + cot w)"

ft = 11 (sin B + X cos B) / (X + cot w) (9).

y — J J ( s i /

With the same substitutions

p2 = El (^P-2Smn cos A-22,1 cos A +1)

= JS2 (2p2 cosec2 A — 2SyJ cos yl cosec B cosec (7 — 22 p co
= B2 (p2 cosec2 w - 2 / 2 (1-cot A cot U ) - ^ cot w-f 1)

2 D 2
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= B2 (p* cosec2 w—4p2—2p cot w + 1 )

= R2(p cot w-1)2-Sp-

= .RJ(\2-3)jp2

) (10).

The cosine of the angle between this circle (8) and a ring circle
(I, vi, ?(.) for which Icos A+ m cos B-\-n cos C = 1, is

— 1 — 2?pcosec A + 2 [ I cos A + p cot A +pl (cos B coscc (7 4- cos CcosecB) |

y { [ (I- + ni1 + ri1) — {I cos A + m cos B + n cos Gf - 25wm cos il ] (\2 - 3 ) / }

_ —l-\-%lp (sin 4̂ — cos A cot w) + 1 +p cot w

sin

The series of circles included in the equation

Xa2 + 2/3y cos A — A2/3y sin A — 0

has been discussed by Professor P. H. Schoute, in Vol. in., Series 3,
of the Verslagen en Mededeelingen of the Koninklijke Akademie van
Wetenschappen, Amsterdam, from an entirely different point of view.
He shows that, when a point P moves so that, if D, E, F be the feet
of the perpendiculars from it on the sides of the triangle, the Brocard
angle of the triangle T>EF is constant, the locus of P is a circle of the
above series, and X is the cotangent of the said Brocard angle.

He has shown that this series of circles includes, as particular cases:
the Brocard circle (A. = cot w) ; the imaginary circle whose equation

is ^a2 + 2)8y cos A = 0, (X = 0) ;

the circle ABC ( \ = o o ) ; the Lemoine line (A = —cotw), and the
isodynamic points (X = ± \/3).

Of these six particular results the first three are obvious by a
comparison of the equation No. 8 with the equations of the other
circles, and the last three can be obtained by making the centre of
the circle lie on the locus.

The condition for this is
2 cos G—A sin G cos B—\ sin B

cos G—X sin O 2 cos A—X sin A

cos B—X sin B cos A — X sin A 2

= 0,
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which reduces to the form

(\2—3)(A.sin^sinJ5sinO + l+cos J.cosJ5cos G) = 0.

The coordinates of the point circle, for which A = ^'o, must be
given by substituting this value in the equations of the centre of a
circle (9).

Then a = 22 (sin ^4+ -/3 cos A) I(>/3 + cot w)

= 2JR COS (4 - 60°) / ( / 3 + cot w),

/3 = 2Ucos ( B - 6

y = 2E(cosO—6

and the remaining value

\ sin A sin B sin C +1 + cos A cos B cos.G = 0,

or X = — cot (o,

gives all the coordinates of the centre infinite. This shows that the
circle is a straight line which is at once fonnd to be

a- + | - + J l = 0 -a b c
The centre of the circle

2 (0 cos B-y cos C')2 + 2 (/3 sin B + y sin Gf = 2a* + 2/3y cos 4 = 0

is Lemoine's point K, and its radius is

.Rtanw ^ ( - 3 ) .

The equation of the real circle corresponding to this (centre K
radius = R tan w ^/3) is

We will now for a time desert analysis and employ inversion, using
inversion in the sense that we take a fixed point 0,,, and find a point
Q corresponding to any other point P, such that O,,, P, Q are in a
straight line, and the rectangle OnP, 0nQ is equal to a constant (the
square of the radius of inversion).

If we take the centre and radius of the circle ABC as the centre
and radius of inversion, the three-ring circles invert into themselves,
and a circle cutting them at the angle 0 must invert into a circle
cutting them at the angle 6; we see, therefore, that the +\ circle of
Schoute's series inverts into the —X circle of his series, and if V, W
be the isodynamic points, OV. 0W=Ri. It also follows that O
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is the external centre of similitude of the =fcA pair of Schoute's
circles.

If, again, we take On the centre of inversion on Lemoine's line—
the radical axis of the system—and the tangent from On to the circle
ABG as the radius of inversion, each circle of Schoute's system will
invert into itself; but the three-ring circles will assume a different
position for each position of 0,,, and will always possess Schoute's
system of circles each for each as before. Their points of contact will
accordingly form new triangles, each of which possesses the same
system of Schoute's circles. That these are the co-Brocardal tri-
angles of ABO can be proved by finding the envelope of a side as 0,,
moves along Lemoino's lino, or thus:—The three-ring circles of the
co-Brocardal triangles must touch a pair of circles, which are coaxal
with the Brocard circle and the circle ABC, and must be orthogonal
to circle ABO; and the only rings of three circles that satisfy these
conditions are the rings of circles obtained by our inversion.

This can also be proved thus. All our three-ring circles touch or
cut all Schoute's circles at the same angle. So, taking (I, m, n),
(secil, 0, 0) as two specimens of three-ring circles, we have, by (11),

XI sin A =

or "Zmn sin B sin (7 = 0,

and any ring-circle has an equation of the form

IB\n A. A^+msin B. I^-J-nsinC Cx = 0.

This gives, as the form of the general equation of a three-ring circle,

= 0.

The common chord of this circle and the circle ABG is

and, as this is a quadratic equation in fi, the envelope of all such lines
is given by the equation

a b c ) be

which is the equation of Brocard's ellipse.

The circle A2 meets the circle ABC where
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and Al-

\at in, where ftAt = — (/i + 1) Bl = 0,,

and where ./I, = ftBt = — (/i +1) 0,.

The third point of this co-Brocardal triangle* must be

and the equation to the other circles of the same ring will be

B% = -At (l+ — ) + £ , - < ? , (1+A*) = 0,

l+ l)+01 = 0.

Here 4̂3> J?SJ (72 satisfy the relations

Again, we will invert with regard to one of the isodynamic points
V, W as our centre of inversion, and the tangent to the circle A1W as
our radius of inversion. Since

ov.ow = n\
WV. WO = WO'-IP = Wl* ;

therefore, inverting with respect to W, as above, V inverts into the
centre of the circle ABC, and the circle ABC inverts into itself ; and
two circles of the coaxal system having become concentric by inver-
sion, the rest must have done so also, and the whwlo system of
Schoute's circles becomes a concentric system, and, in consequence of
these circles having become concentric, the three-ring circles become
necessarily equal circles, and their points of contact form an equi-

* The coordinates of tho angular points of this triangle are givon by tho equations
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lateral triangle. This applies not only to our original triangle, but
to any of the co-Brocardal system of triangles ; and as at the same
time the other isodynamic point inverts into the centre of the circle
ABO, the circles of Apollonius, which passed through both points
F, W and the angular points of the triangle, become straight lines
passing through 0 and the angular points of the equilateral triangles,
that is to say, become diameters of the circle ABO through the
augular points of the equilateral triangles. Therefore in any triangle
the circles of Apollonius cut one another at an angle of 60°.

The circle of inversion in this case is at the isodynamic point—in
other words, is concentric with the circle

a2+/32 + y2+2/3y ( c o s 4 ± ^ 3 s i n 4 ) = 0 .

[The — sign gives the inner point (F) , the + sign the outer point
(T7)]. A circle concentric with this must have an equation of the
form

2a2 + 2/3y (cos A±^3sinA) + h ($a sin AY = 0.

If this be also of the form (4),

I sin A = 1 + h sin2 A,

in sin B = 1 + h sin2 B,

n sin 0 = 1 + h sin3 C,

— I sin A cos A + m sin B cos A + nsinGcos A

= cos -i =fc A/3 sin A + 2h sin B sin G,

and also from above = cos A [ 1+ h ( — sin2 A + sin2 B + sin" C) ] ;

whence

h [cos A (sin2 A - sin2 B—sin2 C) + 2 sin B sin C] = =F </3 sin A,

o r h = . ^ ^ 3
2 sin A sin B sin C'

and the equation of the required circle becomes

Sa»+2/Jy (cos A± v/3 sin A) =F jr-r~r^ « ~ ~A (2« sin A)* = 0.
2 sin A sin B sin 0

The upper signs will give an imaginary aud the lower a real circle,
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showing that the inversion is in the first case across the point, in the
second away from it.

The centre of the circle

a2+/32 + y2 + 2jfiycosJ. = 0

was found to be the symmedian point Kx, and its radius

p = R tan u) v/( —3).

Again, if we draw the chord AKA' of the circle ABC, the product
AK. KA' is equal to

(where p' is the radius of the Brocard circle, i.e., of the Schoute
circle for which \ = cot w) = B2—B2 ( 1 - 3 tan2 w), by (10),

This proves that, if we invert with K as centre of inversion, and the
radius of this impossible circle as the radius of inversion, the circle
ABC will invert into itself; consequently, all circles orthogonal to it
will invert into circles orthogonal to it, and the three-ring circles of
the triangle ABC will invert into the three-ring circles of the co-
symmedian triangle; as this is a co-Brocardal triangle, the system of
Schoute's circles must invert into one another as circles cut one
another at the same angles as their inverses. It also follows that
K is the internal centre of similitude of each pair (±X) of Schoute's
circles.

We can by means of this result obtain the equations of the six-ring
circles which are orthogonal to the circle ABC, and are cut at equal
angles by each of the Schoute circles. For, drawing the chords
AKA', BKB, OKC of the circle ABC, A', B', C must, by our last result,
be the points where the six-ring circles at ABC meet the circle ABC
again ; and as the coordinates of K are a : b : c, the equation of A'K is

/3 sin C = y sin B,

and the equations of A'B, A'C are found by eliminating /3 and y from
the equations of A'K and the circle ABC; therefore the equation of
J/jBis

2a sin O + y-eJnA — 0 ;

and therefore, by equation (4), a ring-circle of the six-ring through
A'B will have for its equation
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and the equations of a complete ring of the six-ring circles will be

The value of X for the Schoute circles that touch the six-ring
circles is

The general equation of a member of the six-ring circles can be found
by taking an arbitrary point 0,, on Lemoine's line, drawing the lines
OnA, OnB\ and finding where these meet the circle ABC again, and
forming the equation of that chord of the circle ABC; whereupon we
at once know the equation of the corresponding ring-circle, and pro-
ceeding in the same way we can find the equations of all the circles
of any six-ring system.

We will briefly indicate how the same can. be done for any other
ring. The chords common to the circles of the ring and the circum-
sci'ibed circle form a harmonic polygon (Casey's " Sequel to Euclid,"
199-200), and always touch an ellipse of a family of which Brocard's
is the best known example. Their centres lie on another ellipse whose
foci are the centres of a ± \ pair of Schoute'a circles.

To determine the value of X for the tangent circle to any ring,
formula (11) shows us that the angle at which anyof Schoute's circles
outs the three-ring circles depends only on the value of X,and not on the
angles A, B, C; so we can determine the value of X for an equilateral
triangle.
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Now, for any ring of r circles, we must have in the above figare—
where Ox is the centre of PTQ one of the ring-circles, and P, T, Q
are the points where the ring-cirole meets the \-Schoute circle, the
circle ABO, and the —X-Schoate circle—

tan — = tan G,OT = OxTj </(0P. OQ) = \ (OQ-OP)/ </(0P. OQ),
r

and therefore, taking the values of OP, OQ from equation (10) with
due regard to sign, and remembering that X < v/3 numerically, and

cot w = </S,

have tan ^ = A- ( — L _ - j - ^

_ cot<u y^3

we

</(X8-cot*w) ~ v/(X9-3) '

X* = 3 cosec8 —-,
r

X = ± v^3 cosec —,
r

and for the six-ring circle

The general relation between 2, m, n, when a circle belongs to the
ring of r circles, is found by substituting the values

cos 6 = 1 and X = ± y 3 cosec —
r

from above in formula (11), and can be written

(21 sin A) tan — = y/S. J(51% flin9 A - 22mn ain J5 sin 0) ... (12)
r

and this is, consequently, also the relation between I, m, n when

mft + ny = 0

is a side of an harmonic polygon of r sides belonging to the same
system.

The locus of the centres of the ring-circles of any series is plainly
an ellipse or other conio of which the foci are the centres of the ± \
circles that touch all the members of that ring.

For, if 0u 0, be the centres of the =fcX circles that touch at P and
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Q the ring-circle whose centre is Ou then

= a constant = 2AEv/(\a-3)/(\9-cot2w).

However, we can find the equation of this locus more readily by
finding the locus of the pole of

la + mfi-\-ny = 0,

subject to the condition (12), which may be written in the form

(SZsin;!)2 ( tan 2 - - + 3 ^ = 62?sin24.

Since a, /3, y, a point on the locus, is the pole of

la + m/3 + ny = 0

with respect to the circle ABC,

I m n
fey + 0/3 ay + ca afi •+ ba'

and the locus of the pole must therefore be given by the equation

{2 (aby + acfl) j 2 (tan1— +3^ = 65 (aby + acp)*,

(226ca)1 (tan1 — + 3 ) = 122 ( t W + aa&e,<3y),

2 ( / W + 2a'6e/3y) (tan2— +3) = 32 (6ac

262cV tan* -̂ - + 2a26c/3 y (2 tan2 ~ + 3) = 0.
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It is plain that the sides also of the harmonic polygons, being the
polars of these centres with respect to the circle ABC, must envelope
an ellipse.

Its equation, being the envelope of

la + mft + wy = 0

subject to the condition (12), is

S&Wtan 2 - - (tan2 — + 3 ^ %a?bcfty = 0.

Both series of ellipses belong to the same family

2&Va2 + /u2a26c/3y = 0 (13),

and the values of /i for a pair of them are connected by the relation

The usual formulae for the foci of the conic

Aa>+Bft* + Cy2 + 2Dpy + 2Eya + 2FaP = 0

are a2 {A'a? + BV + Cc2 + 2B'bc + ZE'ca+2 F'ab)

c& + aA'

= two like expressions in ft and y, where A', B", &c. are the minors of
A, B, &c. in the determinant

A F E

F B D

E D C

(Whitworth, p. 269).

In the present case these equations reduce to

a2 {/x(-5a4+2S6V)-25a4}

-4Aaa {(&2+c2-aa)/z-2a2}-4A2a2(/* + 2) = &c.

Putting each of these = K, and rearranging,

} -4Aaa {^2a2-2 (/* + l ) a2}

and two like equations.

Eliminating from these the ratios
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we obtain, as the equation of the locus of the foci,

(a2aJ-2Aa)2, a22a4 = 0,

(y2a2-2Ac)2, y22a*-4Ac8y+4AV,

which, on expansion, yields the two factors

26c(6J-c3)o and aic2a2-2a8/3y.

For the locus the real foci are on the straight line KO,

and the imaginary ones on the Brocard circle

abcSd* = 2a8/3y.

Since the equation (13) can be arranged in the form

( 2 6 c a ) 2 + ^ 2 2a26c/3y = 0,

the family of ellipses (13) have imaginary double contact with one
another and the circle ABO where they meet the line

2&ca = 0. '

There is one parabola belonging to the series, which is the locus of
centres of circles that touch Brocard's circle and Lemoine's line, and
then ft = tan2w—3.

(Lemoine's line)2 is given twice over by making the discriminant
vanish, and we also obtain Lemoine's point as a particular case of
these conies.

To find the general equation of a circle of Apollonius, we know that
it is orthogonal to the circle ABC, and therefore its equation is of
the form (4),

I sin A. Ax + in sin B. Bx + n sin 0. Gx = 0.

To be a circle of Apollonius it must also pass through the point
sin (4 + 60°) : sin(i? + 60o) : sin (0 + 60°).

Making these substitutions for a, ($, y in Au we obtain, for

a2 —fty coa A + ya cos B + a/3 cos G,

•^ {sin8.4+ 3 cos2.4—cos .4 (sin I? sin C7 + 3 cos2? cos O)

+ CO8 B (sin A sin 0 + 3 cos A cos G)

+cos 0 (sin A sin B + 3 cos A cosU)}

+ £\/3 (2 sin A cos A—sin A cos./1 + sin J5cos J9+sin(7cos 0}

= £ {l+cos.4 cos I? cos 0-f \ /3 sin .4 sin 2? sin 0} ;
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therefore, in this case, ^1, = 2?, == Gu

and the necessary condition for the above equation (4) to represent
a circle of Apollonius is

I sin A + m sin B •+• n sin (7 = 0.

The particular one through the angular point A of the original
triangle must satisfy (4), when we put

a : 0 : y = 1 : 0 : 0;

Ax becomes 1, J9, = 0, = 0,

therefore I = 0,

and the equation reduces to Bx = Gv

Hence Bx = 0u 0x = -4,, Ax = Bx

are the three primary circles of Apollonius. Any other can be
found by making (4) pass through some other point on the circle
ABC The circle on VW as diameter is plainly the smallest of all
these circles, and its equation can be found by making its centre lie
on OK whose equation is

%a (&'-c*) « = 0,

or, more simply, by making the common chord with the circle ABC,

Za + m/3-fwy = 0,

parallel to Lemoine's line. The condition for this is

1
a

a,

ib

TO,

1

T'
b,

n
1
c

c

= 0,

(ci-ai)+nc(ai-b2) = 0.or Za (t2—cl

And the equation to this circle may be obtained by eliminating
2, m, n from the three equations

IBUIA . ^ , + msinB.B, + nsinC. Ox = 0,

Zsin̂ 4 +msm5 +wsinO = 0 ,

Zsin ̂ 1 (sin2 JS—sin8 0) +w sin B (sina 0—sin" 1̂)

+n sin O (sinM-sins B) = 0.
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Its equation, therefore, is

1, 1, 1

sin8 B — sin8 0, sin2 C—sin8 A, sin8 A—sin3 B

or Ax (2ai-bi-

= 0,

= 0.

We have previously omitted to remark that, if we take any other
point anywhere, and invert with the tangent to the circle ABO as the
radius of inversion, we shall obtain a new set of harmonic
polygons, ring-circles aud Schoute's cii'cles; as is evident, since all
curves cut at the same angle as their inverses.

It is worthy of notice that the circles ABO, BOW, CAW, and ABW,
being the inverses of the circle ABO, and of the sides of an equilateral
triangle, intersect at angles of 60°, and the circles of Apollonius round
VAWy VBW, VOW, being the inverses of the bisectors of the angles
of the equilateral triangle, intersect at 00° and bisect the angles
between the circles BOW, OAW, ABW.
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APPENDIX.

Mr. Basset points out that the following corrections should be
supplied in his investigation of the stability of Maclaurin's Spheroid
(Vol. xix., pp. 52-54):—"The correct result, which was first obtained
by Biemann, is that for an ellipsoidal displacement, the spheroid
becomes unstable, when the excentricity exceeds the root of the
equation

e (1-e2)* (3+4e9) = (3 + 2es-4e«) Rur'e,

which gives e equal to about -95." See his work on " Hydrodynamics,"
Vol. ii., p. 124.

The following recently published papers bear upon the subject:—
Love, Phil. Mag., Vol. xxvn., p. 254.
Bryan, Phil, 'brans., 1889, p. 187, and Proa. Oamb. Phil. Soc,

Vol. vi., p. 248.

Thore is a paper by H. Weber in the Math. Annalen, Band xxxin.,
Heft. 3, p. 391, " Zur complexen Multiplication elliptischen Funk-
tionen." (See Prof. Greenhill's paper on " Complex Multiplication
Moduli of Elliptic Functions," Vol. xix., p. 362.)




