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Abstract.

In a paper communicated to the Society and printed in the Proceedings,
Ser. 2, Vol. 5, pp. 885-341, it was shown that when the real part of
v—a—{ is negative, then, in general, the sum of s terms of the series
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was asympfotic with @ B—y) Ma—DITE—
l.c., p. 889.

The proof given did not, however, apply to the special case in which
vy—a—f is a negative integer, and it did not apply when y—a—g is
equal to zero.

The object of the present communication is to show that the formula
given above does hold when y—a—f is a negative integer, but that,
when y—a—f is equal to zero, then the sum of s terms is asymptotic with

II(a4+B—1)
I (e—1) II(B—1)

This last result was obtained in the first instance by taking the expression
given in Art. 4 of the former paper, putting y = a+B-¢, and equating
the terms independent of e. The difficulty of obtaining a thoroughly
satisfactory proof by this method led me to build up an independent
proof.

The method adopted has a point of interest.

Calling the terms of the original series T+ Tp+...+T%, certain factors
z 2
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Uy, U, ..., U, are obtained, such that U,T. can be put into the form
Vo—V,.-1. From this it follows that

Ul T1+ UQ T2l+... + UsTg = Vs— Vo.

The factors U, U,, ..., Us depend upon an integer 7, in such a way that
when 7 is increased to infinity, these factors all tend to unity.

To sum the series T+ ...+ T, all that remains is to make » infinitely
great in V.;— V,, and then determine the simplest expression with which
Vss1— V, is asymptotic. The result is as given above.

Thus the only discontinuity in the formula takes place at the value of
y which separates those series which are convergent from those which
are divergent.

1. With the notation used in the former paper, and also the following,
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e =t e T T T st 0, T T =D @t B s T Dy’

Wy s = tl,sul,s+ t2,3u2,5+---+ tr,s“r,s;

it will be proved that
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Dividing out by (—s_-—l;%,’ it is necessary to prove
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2. It may be immediately verified for v = 1, 2,_.., and then, by
induetion for all values of v, that

(a+8)(B+S) —thy, — | “va
s@tBts) T T =1 @tB+e.

8. Hence the equation to be proved is
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4. Hence the equation to be proved is
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Now t avﬁv + Ay—1 ,Bv—l
“s.w—=1! (@+B+s)y ' @—1)! (a+B+s),
a, 8, a+B+2v—2 a+B+s+20

= 5.0—D! (@+B+9, LaFo—D Bo—D v(a+B-+s+v)
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av,B avﬁv .
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The third and fourth of the above terms are obtainable from the first and
second by increasing v by unity.
When v =1, the formula is

¢ aB + 1 l aB ,_a,3 .
M @B T aFBFs s s@tB+e  sa+B+e,’
therefore
< Qy ,Bv Ay-1 ,Bv—l
z (s 5= @FBF9, T o= (a+B+s)v)

i

=_1___ arB'r — avBr
s s.rl@+B+s)r  s.r—=D!a+B+8)rn’

Hence the equation to be proved is

l—(l—— B a, B, __ SUp s )
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which 18 correct.
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5. There is no difficulty in applying the demonstration of equation (I.)
to the case s = 1.

But for the first term s = 0 a separate proof is required.’

In this case the terms -1 and w, . disappear, and it might be
expected that the identity to be proved reduces to

- ar,Br _ a,ﬁ, _ (1,3
1= TGtB. T aFBim — atB Y aw

To prove that this is so

© Wy 0= by,0%, 0 to, 0%, 0F ...+ Er, 0 %r, 0-
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_ (D B+
r—D'a+B+D’

by the result in Art. 5, (a), of the former paper. Also
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The third and fourth of the above terms come from the first and second
by increasing r by unity. Also

1 11 1
tl,Oul,O— a + B 1 a+8+1’
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therefore
Wy, 0 = by, 0%, 0t 2, 0%, 0F ... Ly, 0 Uy, 0

— _1_+ _}_ - (a+1)'r—l (,8+ 1), (a+ 1)1 (,3+ l)r—
a "B r=DIa+BFD, rlatB+1) b

1— arﬂr _ arB'r -
r—=D'@+Bhn r!@+p)’

therefore B Wy, 0 =

a+R

which is the equation (IL.) to be proved.

6. Hence, by means of equations (I.) and (IL.) together, it follows that

_ arﬁr — ar,Br
=1 @+B)rsr  r!a+P)

+ é a;Bs (1_ arfr - a, Br : : su,. 81 )
s=1 8! (a+PB), rla+B+s), (¢—D!a+B+8)n a-l-,3+s+'r

w,, o+ 2 (Mw”_ —“”3—’——w,.,,_1)

+,3 s! (@+Bsn s—=1)!a+P)s

—_ as+lﬁs+l
= Tt 0 @+ B Wy, 5 | (I11.)

In this result it is necessary to make 7 infinite.

arBr _— II(T, a+ﬁ_1)
r'(a+B).  r.I@ a—1)II(, B—1)’

Now

and therefore tends to zero as r tends to infinity. Similarly

a’rﬁr arﬁr arﬁr
=D a+Brn’ 7rla+B+s)," r—1)!(@+B+8)n

all tend to zero as » tends to infinity.

Also u, -1 i8 a convergent series and therefore finite, and therefore
sur,a—l
a+B+s+r
infinity, the left-hand side of equation (III.) tends to

tends to zero as » tends to infinity. Hence, when # tends to

aaBs
42 et
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Next As+1 Ba+1 —_ II (S+ 1, G+B—'1) R
stat+PBs  M6+1,a—1) I (s+1,8-1)°
and hence when s is large it will be agymptotic with

I (a48—1)
MEe—-1IIB-1)"

It remains to examine 1w, ,.

Wr,s = tl,s'ul,s+t2, su2,3+~n+tr,sur,s

= tl,a+t2,s+ . --+tr,s+-t1,s (ul, 3—1) +t2,s (u2,s_1) +---+tr,a(ur,c—1)-

Now
—_1 = af3 ay 8 ar-18r1 .
el S A T (a+B+s+.1)_2+"‘+ ¢—D!@+B+s+D’
therefore :
Ur, s—1 . (a4 1)(18+ 1) (a+1)r—2 (48+ 1)r—o
(e S atprsts Tt e—DiarBrstd, o
a4B+4s+1 4

Now when s is large the right-hand side of (IV.) tends to the limit 1.
Suppose that the right-hand side of (IV.) lies between 1—e and 1+,
where ¢, n are two functions of s which tend to zero as s increases.
It follows that

tl, s(ul, [ 1) + t2,s(u2, 5T 1)+ (XX + tf, s(ur,s-_ 1)
. B
lleg between m (st s4...F 4,001 _,e)

a8
i Btsii Bettast. . Fin )1+,

and

. Now tl,,+t2’s+...+t-,-’v3
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_ (L 11 1y, L 1
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Ly 11 14,1 1
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+...
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_ 3 _a=1@=Dl«t+B+20—1)]
r=1 7 at+r—1)(B+r—1)(a+B+r—2)’

and is therefore & convergent series with a finite sum, when r is infinite.
Next

1 1 s+2
P R wrks SO o A |

and therefore tends to zero as 7 tends to infinity.

1
a+p5—1

i8 asymptotic with log, s. Hence

Next

TS s T

a+f a+.3+s

tl,s+t2,s+--- +tr,s

is asymptotic with log,.s, whilst

af3
a+B+s+1

a3
at+B+s+1

(tl,s+---+tr,s)

tends to the value

log. s;
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and is therefore very small when s is large ; therefore
b,s(ur, s—1D) ...+t s (U, s, —1)
is very small when 7 is infinite and s is large; therefore w, , is asymptotic
ith
v S O SR

and therefore with log.s. Hence

aa+l;Ba+l

s! (a+B)s+1

. .. I —1
is asymptotic with e _(:11-;- IBI (,Bll) log, s.

Wr, s

_afs
Hence 1-|- 2 ' STa+0)

is asymptotic with I (?ial_;-ﬁél—) ) log, s.

7. Consider now the case where y = a+4B—n.
Putting v = a+B—n, t=n—1,
in equations (V.) and (VL), p. 887, of the former paper, it follows that

G(a, B, atB—n,s) = (‘“ n):‘?; ‘f ﬁ_’n)“ G(a B, at+B, 9

as+lﬁs+ .
+o (a+13_1n)3+1f(a, B, a+B—n,s,n—1)

where fla, B, a4B—n, s, n—1)

(a—n)(B—n) + (a—n)y (B—n)y
(—n4Da+B—n+s+1)  (—na+1), (a4B—n+s541),

(a'—”)n—l (;8 —MW)p_1
(=n41Dn1 @+ B—n4s5+1)ny

as+lﬁa+l — II(s+1, U-+:3—7"—1) (s+1) .
n.s! (a4+B—n)y1 I(s+1,a—1) U (s+1,8—1) =«

and is therefore, for a large s, asymptotic with

H(a-’r-,@—n—l) (9+1)"
II(«—1) II(B— n

=1+

+...

+

Now

Also f(a, B, a+B—n, s, n—1) tends to unity as s increases.
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Further, G(a, 8, a+ 8B, s) has been shown to be asymptotic with a finite
multiple of log, s, which is very small compared with (s41)*, when = is a
positive integer and s a large positive integer. .

Consequently G(a, 3, a+B8—mn, s) is asymptotic with

Me+B—n—1) (s+1)*
M(a—1) II({B—1) n ’

which is the value assumed by the expression

IT (y—1) (s 1)*+F-Y
(a+B—y) I(a—1) II(B—1)

given in Art. 4, on p. 839 of the former paper, when y = a+B—n.




