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18 Dr .  Booth  on the Rectification and 
per cent. 

F luor ide  of  calcium . . . . . .  1"86 
Soda  . . . . . . . . . .  1"08 
Chlor ide  of  sodium . . . . . . .  ~'4'2 
Magnes ia  and chloride of  magnes ium . 3"50 

Twelf th.  Analysis of  a port ion of  a recent  skull. 
per Cent. 

Organic  mat ter  . , . 33"~3 
Phospha te  of  l ime . . . . . . .  51 "11 
Carbona te  of  lime . . . . . . .  10"Sl 
Fluor ide  of  calcium * . . . .  1"99 
Soda  . . . . . . . . .  1"08 
Chlor ide  of  sodium . . . . . . .  '60  
Magnes ia  and phosphate  of  m a g n e s i a t  1"6'/ 

I t  is perhaps  unnecessary to add more  to these analyses 
than tim statement that  they have been per formed with g rea t  
care, and that  to these and congeneric  inquiries I have devoted 
some months ;  while pursued  as they were in the labora tory  
of  Univers i ty  College, I had the advantage of  most able advice 
and assistanceS, i am, &c., 

London, June 7, 1844. J. MIDDLETON. 

IV .  On the Rectification and Quadrature of the Spherical 
Ellipse. By the Rev. JAMES BOOTH, LL.D., M.R.LA., 
Vice-Princiflal of, and Professor of Mathematics in Liveq'pool 
College§. 

• " " " " h I N  the hvrazson of  the Journal de Mathematzques pubhs  ed 
1_ in Sep tember  1841, a pape r  is given on the quadra tu re  
of  the spherical ellipse, but  as the method there adopted,  
a l though the established one in inquiries of  this natm'e,  ap-  
pears  in the present  instance somewhat  complex,  and as the 
author ,  M. Catalan, has confined himself  to merely  reducing 
the quadra ture  to the evaluation of a complete elliptic func- 
tion of  the third order,  without  noticing or  appear ing  to be 
aware  of  the singular relation which exists between the lengths 

* So far as au inference may be drawn from qualitative indications, the 
bone of a f(etus of 6½ months contains as great a proportion of fluoride 
as that of an adult ; an interesting fact, and not, I believe, previously no- 
ticed. 

-~ If none of the magnesia existed in tim bone as phosphate, which there 
is much reason to doubt, the phosphate of lime would be increased about 
I per cent ; the fluoride of ealcidm ivould be therefore proportionally di- 
minished. 

$ [The results of M.M. Girardin and Preisser's analyses of ancient and 
fossil bones will be found in Phil. Mug. S. 3. vol. xxiv. p. 18.--E~'r.J 

§ Communicated by the Author. 
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Quadrature of the Spher&al Ellipse. 19 

and areas of those curves, nor of the striking analogies which 
connect together the plane and spherical ellipse, an investiga- 
tion of the same problem, conducted on different principles, 
and leading to some very curious results, may not he unac- 
ceptable to the mathematical reader. 

The method here pursued is founded on two general theo- 
rems, which may be enunciated and proved as follows : - -  

I I .  Theorem (1.). The area A of any portion of a spherical 
surface bounded by a curve may be determined by the formula 

=/'2rCd~o//P---- d ¢ . [ s i n c ] , . .  (1.) A 

where ¢ is the arc of a great circle intercepted between a fixed 
point P which may be termed the pole, and any variable point 
s assumed within the curve on the surface of the sphere, p the 
spherical radius of the curve measured from the pole and pass- 
ing through the point s, ~ the angle, which the plane of the 
great circle passing through the points P s makes with the 
fixed plane of a great circle passing through the pole P. 

Let O be the centre of the sphere, 
P tile pole, s the assumed point, P Q 
the great circle passing through 
them; through P let a great circle 
0 P Qr be drawn indefinitely near 
the former, d ~0 being the angle be- 
tween those planes; through s let a 
plane be drawn perpendicular to 
O P, meeting the great circle O P Qr 
in s r, Let a point u be assumed on 
the circle P Q indefinitely near to s, 

Fig. 1. 

P 

Q Q' 0 

and through u let a plane be drawn perpendicular to O P, 
meeting the great circle O P Qr in u t ; it is clear that  the whole 
area to be determined is the sum of the indefinitely small tra- 
pezia, such as su sru ~, into which the required portion of the 
spherical surface is thus divided. To compute the value of 
this elementary area, we have s s I = sin 0- d w, s u =  d ¢ ; hence 
the area of the trapezium s u s t d = de0 sin 0- de; and the whole 
area A round the pole P, and bounded by the curve, is there- 
fore given by the formula =Z2¢ ~ZP A d d o- [sin o-]. 

Integrating this expression between the limits p and O, 
___Z 2~r 

A d~0 [1 -- cose] . . . . . .  (e.) 

I I I .  Theorem (9.) To find an expression for the length of 
a curve described on the surface of a sphere. 

C ~  
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20 Dr. Booth on the Reet i j fca t ion  and  

Let s and s t be two consecutive Fig. 2. 
points on the curve, P s, P s I two 
great circles passin~ through these J---=~..-.._ 
points and the pole P, reclined to ~ / ~  
each other by the angle d o~; through / /  / /  
s let a plane be drawn perpendicular / / / 
to 0 P .  meeting the gr'eat'circle P s' / /  o ~ 
in u; then ultimately s s t u  may be / .~ /~/~  
considered asa right-angled triangle. [ / / / 
Hence ( s s t )  2 =  ( s u )  ~ +  ( g u )  ~, but ] / I o 
s st = d s, P s = e. s u = sin t ~ d °~' sl u 
----de; or (ds)~-- - ( d p )  ~ + (sinpd~0)L 

Integrating this expression and taking the limits P1, P0, 

arc = / : ~ d p  E1 + ( s inpd°£]~]  ½ 
d e l  J .  . (s.) 

IV. Def. A spherical ellipse is the curve of intersection of  
a cone of the second degree with a concentric sphere. 

Let  2 ~ and 2/3 be the greatest and least vertical angles of 
the cone, which may be termed the jorincipal  angles of the 
cone, the origin of coordinates being placed at the common 
centre of the cone and sphere, and the real axe of the cone 
assumed as the axis ofz meeting the surface of the sphere in tim 
point P, the centre of the spherical ellipse, which point may be 
taken as the pole. Let the mean axe of the cone be in the 
plane of x z ,  the least in that o f y  z ; /0 being the are of a great 
circle drawn from P to any point Q of the ellipse, o~ the angle 
which the plane of this circle makes with the plane of x z, in 
which the semiangle ~ of the cone is placed, then the polar 
equation of the spherical ellipse is 

cos ~ to sin ~ to 1 
tan  + = . . . . . .  (4 . )  

T o  show this, through the point P let a tangent plane be 
drawn to the sphere, intersecting the cone in an ellipse, which 
for perspicuity may be termed the elliptic base of the cone; let 
the great circle passing through P and Q cut this ellipse in 
the central radius vector r, a and b being the semiaxes of this 
section, and c the radius of the sphere ; then we have fi'om the 
common equation of  the ellipse, 

cos ~ ~o sin ~ co 1 
a ~ + ~ = 7--~, 

~n being the angle between r and a, but a = e tan ~, b = c tan/3, 
r = ¢ tan p; making these substitutions, 

c o s  ~ o~ sin ~ o~ 1 
- - - 1  I -  
tan ~ g ~ t a n  ~ ? 
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Quadrature of the Spherical Ellipse. 21 

Now this equation may be written in the form 
s i n  2 ~o . ] --  sin ~ p c°sg-~to (1 --  sin 2 at) + ~ (1 -- sin ~/3) --  

sin ~ at sin 2 p 
cos ~ to sin s to 1 

or  sin s at + sin ~/3 --  si-~p' . . . . .  (6.) 

which is the equation of  the spherical ellipse in another  form. 
V. Dividing (4.) by (5.), and reducing, there  results 

tan s ~ 
~V/¢1 + ta--n~ tan to 

cosp = cos a ~ / i  sin~ at . . . . . .  (6.) 
+ ~ tan~ to 

Substituting this value of  cos p in (2.), integrating, and putt ing 
A for the area of  a quadrant  of the spherical ellipse (for, as 
the surface of  this spherical ellipse evidently consists of" ]bur 
symmetrical  quadrants ,  the length or area of  one quadrant  is 
one-fourth of  the length, or  of  the area of  the whole), 

E V / 1  + ta-n # t a n  ~o / 

+ tan 
VL Now this definite integral is an elliptic function of the 

third order,  as may be thus shown. Assume 

tan to --  t an#  tan ~, . . . . . .  (8.) 
tan at 

d to tan a tan t3 
then ~ = tan 2 at cos ~ q~ + tan ~/3 sin ~ q~ . . . .  (9.) 

In t roducing the relations established in (8.) and (9.) into (7.), 
the resulting equation becomes 

~r tan/3 cos t, f 2  F 1 -1 A =  ~ - - -  tan~ J 0  a ~ [ _ { 1  / s ~ . ~ - s i , ~ \ . ~ _ ; . / ~  , ' a i . ~ - s ~ n ~ ' , .  : C  0°') 
-- (, ~-V-.-~¢o-o~-~ ) s~ * ~ ' ¢ "  - t,- ~ )~'n~L.I 

VII. Le t  two r ight  lines be drawn from the vertex of  the 
cone in the plane of  x z, or in the plane of  the principal angle 
2 a, making equal angles e with the real axe of" the COIle, so 
that  

c o s  at 
cos~ --  ~ . . . . . . .  (11.)* 

* The most accessible treatise to which I can refer the reader desirous 
of information on the subject of cones and spherical conics, is a translation 
of two Memoirs of Chasles, lately published by the Rev. Charles Graves, 
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'2~ Dr .  Booth on tke Rectifcation and 

These  lines are termed locals, and the points in which thl~y 
meet  the surface of  the spherical ellipse, are analogous to the 
foei of  the plane ellipse. 

Le t  e be the eccentricity of  the plane elliptic base of  the 
cone, then 

e e = a s _ b e tan ~ at - -  tan e ~ _ sin ~ a - -  sin e/3 
a :  --  tane~ --  sine at cos~ /3 , . (1~.) 

sin e a - -  sin e 
and by  (11.) sin% = 

cos e 
In t roducing  the relations established in (1 I . ) and  (1~.) into 

(10.), we find 
¢g 

A =  ~r t a n / 3 c o s a p T d c r  1 ] (13.) 
2 tan a d o L (1 --e%in~9) C 1 --  sin% s~ne9 

a complete elliptic function of  the third order,  whose para-  
meter  is o f  the circular form, as might  be easily shown. Th is  
appears to be the simplest shape to which the quadra ture  
of  the spherical ellipse can be reduced,  the parameter  and 
modulus being the eccentricities o f  the plane and spherical 
ellipse respectively. 

VI I I .  T o  find the length o f  an arc o f  the spherical ellipse. 
In  this case it will he found much simpler to integrate 

the equation (S.) with respect to p, instead of  ~0, the independ-  
ent variable in the last p roblem;  for this purpose,  then, solving 
equation (5.), we find 

sin 2 B f s i n  2 at - -  sin a p '~ 
sin 2 ~0 = si-~p L s i n  ~ at - -  sin ~/3.J 

sina at f s i n ~ e  --  sina/3-/,. 
cos e co --  ~ [_sin ~ a t _  sins f3J"  

Differentiating (14.) with respect to co and p, 

sin co cos c0 ~ = --  sin2 g sine/3 cos p 
de sin s p (sin e at - -  sin e/3) 

• (:4.) 

(15.) 

Dividing this equation by the square root  of  the product  o f  
(14.) and (15.), we obtain 

d ~ --  sin a sin/3 cos 
"- sinp C s i n ~  --  sinap v/sin~p --  sin~/3" (16.) 

Substi tut ing this value of  d~o in tile formula (3.) for the rec-  
dt~ 

M.A., Fellow of Trinity College, Dublin, who has enriched his version with 
very valuable notes, and an appendix containing amongst other original 
matter a new theory of rectangular spherical coordinates, which is likely 
to become a powerful instrument of investigation in researches of this 
nature. 
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$ - - -  

Quadrature of the Spherical Ellipse. 2S 

tification of the are of a spherical curve, the resulting equation 
becomes 

arC=ZoP~d,~,  s i n ' v / c ° s 2 '  "c°s2~e°s~/3  "7 
~/si-~ ~ :  si%~=PSv/sin---q~P : -  sin=-=~ CA' " (17.) 

the are being measured from the minor axis towards the major. 
IX.  Let  s be the arc of a spherical quadrant, then 

Z" ~" sln'+c°s<~P--c°sIac°s~i~]" (18") 
s = d p Wsin ~ ,t -- sin ~ p Wsin e p -- silF 

This is a complete elliptic function of the third order, which 
may be reduced to the usual form in the fbllowing manner. 

s i n 2 a c ° s ~ +  sln~/3sln~ . (19.) 
Assume c°s~ P -- tan ~ a cos ~ ~ + tan 2 fl sin ~ ~'" 

the limits of integration being changed from a and/3 to 0 

and -:-, or (changing as well the order of integration as the 

aign) from ~- toO. Differentiating (19.) and introducing the 

relations assumed in it into (18.), there results the equation 
71" 

--~-~ s i n f l f  d l  tan < J o  (20.) 

X. Let  T denote the angle which the plane of one of the 
e.ircular sections of the cone makes with the plane elliptic base, 
then it may be shown with little difficulty that 

cos y sin/3 
= s in~;  . . . . . .  (21.) 

or sift 2 T = sin~ a -- sin ~ # Introducing this relation into (20.)~ 
sin ~ ~t " 
~r 
- 1 tan f l s in /3Z2d~ ~( 1 e ~ q S--" 

tana -- s in~) ~/1 -- s i n 2 y s i n ~ ,  
a complete elliptic function of the third order, whose para- 
meter is also of the circular form. 

XI .  Let £ and/3t be the principal semiangles of the sup- 
plemental cone *+, and s I the length of a quadrant of the spheri- 
cal ellipse, the curve of intersection of this cone with the sphere, 
then 

* A cone is said to be supplemental to another when their prind~al 
angles are supplemental. 
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94 Dr. Booth on the Rectification and 

t t a n # '  . ~,  f ~  I 
s =tana-----IsmPJo d9 E{l_d%in~9)  , / i ~ s i n ' T ' s i n ' ~ "  (23.) 

Now as the cones are supplemental, 
a + / 3 '  ~ ,r 

= - ~ ,  t 3 + £  = ~-, sinfbr=cos,t, s ind=cosfb ;  

hence tan 13' tan/3 d = e, sin - / =  sin ~. (2¢.) 
tan £ - tan---~' 

Making these substitutions in (25.), we find 
71" 

d - -  tan/bcosa f 2  do[" 1 
t ana  . /0  .L{l_e~sin:q~ } C l _ s i n % s i n e ~ _ .  (23.) 

Adding this equation to (13.), we obtain the very simple re- 
lation* 

A + s' ~r (26.) 

or taking the whole surface S of the spherical conic, and the 
whole circumference E r of the supplemental, conic, introducing 
c the radius of the sphere, we obtain the remarkable theorem 

S + c X 1 = 2 c% . . . . . . .  (27.) 
Now c X t is twice the lateral surface of the supplemental cone, 
measured in one direction only from the centre, and may be 
put equal, to 2 L t, hence we deduce that 

XI I .  The spherical base of  any cone, together with twice the 
lateral surface of  the supplemental cone, is equal to the surface 
of  the hemisphere. 

X I I I .  Let  S t denote the spherical base of the supplemental 
cone, and L the lateral surface of the given cone contained 
within the sphere, then from the preceding equations we have 

S + 2L'  = 2c~,5 S' + 2 L  -- 2c~r ;  . (28.) 
adding these equations, 

(S + 2 L )  + (S' + 2 L') = ¢c~,r; . . . .  (29.) 
subtracting S -- S' = 2 (L -- L'); . . . .  (30.) 
or, 

XIV.  I f  any two concentric cones, supplemental to each other, 
be cut by a concentric sphere, the sum of  their spherical bases, 
together ~xith twice their lateral surfaces, is equal to the surface 
of the sphere. 

And the d(fference of their bases is equal to twice the differ- 
ence of  their lateral surfaces. Hence also this other theorem : 

* The discovery of this remarkable relation between the length and area 
of a spherical ellipse is due to Professor MacCullagh, to whom mathema- 
tical science is so much indebted for many new and beautififl theorems in 
this department of geometrical research. 
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Quadrature of the Spherical Ellipse. 25 

XV. Let a cone whose principal angles are supplemental be 
cut b 9 a concentric sphere, the sum of  the two spherical bases, 
together with twice the lateral surface comlorised within the 
sphere, is equal to the surface of  the sphere. 

XVI.  W e  shall now proceed to establish some other ana- 
logies between plane and spherical ellipses. 

To investigate the formula s = f p  d ~, + u for the rectifica- 
tion of a plane curve, where p is the perpendicular from any 
assumed point called the pole on a tangent to the curve, ~ the 
angle between this perpendicular and any fixed line drawn 
through the pole, u the portion of the tangent intercepted 
between the point of contact and the foot of this perpendi- 
cular. 

Let  Q be the centre of 
curvature of the arc at A, 
A B a tangent at A, O B a 
perpendicular from thepole 
O upon the tangent, O C a 
perpendicular upon the ra- 
¢lius ofcurvature Q A, then 
A B----- 0 C; assume a point 
a indefinitely near to A ;  let 
ab be a tangent at a, 0 b a 
perpendicular from 0 upon 
this tangent, 0 T a perpen- 
dicular from 0 upon the 
radius of curvature Q a ;  
let 0 C cut the radius Q a 

Fig. 3. 

in t, and through t let t n be 
drawn parallel to the radius Q A, then A a = differential of 
the are = d s  = A n  + na;  now A n = C t  = O T - -  O C = a b  
- - A B  = du, and na  = n t  x ~ a t  n-=-p dh;  hence 

ds  du 
d--~ = p + ~ . . . . . . . .  ( sa . )  

It  will be seen that in the proof of this theorem the radius 
of curvature is assumed as being greater than p; should it, on 
the contrary, be less, the expression becomes in that case 

d s d u 
d---~ = T - - d x ,  

hence generally s = / p d x  + u. . . (31".) bis. 

It is obvious also that when the perpendicularp is equal to 
du 

the radius of curvature, at that point of the curve ~ = 0, or 

u is there a maximum or a minimum. 
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26 Dr.  Booth on the Rectification and 

From these considerations it easily follows that u, the por- 
tion of the tangent between the point of contact and the foot 
of the perpendicular, is either a maximum or minimum when 

du 
the radius of curvature is equal to T ; for then ~ = 0. 

I t  is also manifest that dp 

for t T = T a  - - t a = T a - - c A = p r - - p = d T ,  
and O T = u + d u ,  b u t O T x  L. tOT-- - - tT ,  t O T = d , x ;  

dp 
hence u = ~--~, since d u d ~ is of the second order. 

XVII .  To apply this formula to the rectification of the 
ellipse, let the centre be the pole, ~, the angle between the 
perpendicular 19 from the centre on the tangent, and the major, 
axe; then, as the perpendicular is greater than tile radius of 
curvature towards the vertex of the curve which lies on the 
major-axe, 

s=jFpdx-u; n o w p = a C 1  e~ sin~ ~.; 

s = C d  ~. V' 1 -- e 2 sin 2 h -- u . . . . .  (38.) hence 

On the major and minor axes of the ellipse as diameters let 
circles be described, and let a common diameter making the 
angle ~ with the 
minor axis be drawn 
cutting the circles in ~ ~ ,  
m and n ; let fall the f l \  
ordinates ms and nt, 
then m s = x = a s i n ~ ,  
and nt  = 9  = bcos~. 
Now these, it is easy 
to show, are the co- 
ordinates of the ex- A , , 

Fig. 4. 

\ 
" \  

tremity of the are B Q of the ellipse measured from the vertex 
of the minor axis. Differentiating x and 9, ¢ being the inde- 
pendent variable, and substituting the resulting values in the 

d s ~ / ~  d.y 2 
common formula for rectification ~ = - -  + ~-~, we find 

s t = afdq~ V'l -- e~sin2~ . . . . .  (3~.) 
I f  now the integrals in (33.) and (34.) be taken between the 

same limits for ~. and ~, the values of the expressions under 
the sign of integration will be equivalent, equal to K suppose~ 
hence s = K - - u ,  s t = K ; 
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Q u a d r a t u r e  o f  the  $ f l h e r i e a l  E l l i p s e .  2 7  

therefore s t - -  s = u . . . . . . . .  (35.) 
H e n c e  we may  take on an elliptic quadran t  two arcs mea-  
sured from the extremit ies  of  the minor  and major  axes respect-  
ively, whose difference shall be equal to a r ight  line. 

X V I I I .  I t  is not  difficult to show that  the extremities of  
these arcs are the points of intersection of  the given ellipse 
with two hyperbolas  having the s a m e f o c i  as the given ellipse, 
one passing th rough  the extremity" of  tile arc measured  f rom 
the minor  axe, whose axes A, B, are  given by  the equations 

A = a e s i n ~ , ,  B - - ~ a ¢ c o s T , ;  . , (36.) 
the other  passing th rough  the ex t remi ty  of  th0 arc measured 
fi'om the major  ax% its semiaxes A I, W being deduced from 
the equations 

At a e cos x W = b e sin h (37.) 
- -  v ' i  - -  e~sin~h ~ ~/1 - -  e~sin~h" " 

X I X .  T o  de termine  the general  value of  u, 

d p = el h a ~, i - -  e ~ sin ~ ~,, U = a e~ s in  h c ° s  ] e ~ sin~ h" 

W ~  may hence deduce some remarkab le  relat ions between u, 
a,  b, A , 'B ,  M,  W ;  ,for by  the help of  the preceding  equations 
it is easily shown that  

B B t b 
a u = A A  I, b u = B B ' ,  A A  I -  a"  . (88.) 

L e t  ~ 0 and 2 ¢ be  the angles between the asymptots  of  those 
h~perbo!as,  then 

B b 
tan a = -~- = cot ;~, and tan 01 = --a tan h;, . ($9,) 

b 
hence tan 0 tan ~ = - - ,  

a 

a result  independent  o f  x. 
X X .  L e t  r I and  r '  be the semidiameters  o f  the ellipse mea-  

sured a long these asymptots ,  then 
cos ~ ~ sin 20 1 

a ~ + y  = rr--h; 
or put t ing for cos 0, sin 0 their  values deduced from (89.), we find 

a ~ b ~ a u b u 
r I~ 

a ~ cos ~ ~ + b ~ sin ~ ~. - -  _p~ • 
In  like manner  it may  be shown that  

r "~ = a ~ cos ~ x + b ~ sin ~ ~. = p~;  
hence r I r" = a b~ . . . . . .  (4~0.) 

a result  also independent  of  ;,. 
W e  have thus  the remarkab le  resul t  t ha t  the segments  of  
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28 D r .  Booth on the tlect~cation and 

the asympto ts  between the centre  and the curve are, the one 
a fourth proport ional  to the perpendicular  and the semiaxes,  
while the other  is equal to the perpendicu la r  itself. 

X X I .  T o  find when the difference of  the elliptic arcs  is a 
du  

m a x i m u m ;  in this case u is a max imum,  or  ~-£ - -  0, bu t  

dp ;  
u = ~ hence 

d~p d ~ . 
d 7.~ = 0, or  ~ - ~  a C 1 - -  e ~ sin s 7. = 0. 

F r o m  this equat ion we find 

a (41.) tan s 7. = -ff . . . . . . .  

D e d u c i n g  fi'om this value of  tan ~. the values o f  sin 7., cos ;~, and 
subst i tut ing in (36.) and (37.), we find 
A = a  (a--b), B - - b  ( a - -b ) ,  At- -a  (a - -b) ,  B = b ( a - - b ) ,  . (42.) 
or  A = A r, B = B t. 
In  this case, then, when the difference of  the elliptic arcs is a 
max imum,  the two confocal hyperbolas  become identical, and  
therefore the two elliptic ares  consti tute the quadran t ;  this is 
the wel l -known theorem of  Fagnani .  

T o  find the  corresponding value of  u, as 
a u = A A 1 = a ( a - - b ) ,  u = a - - b ;  . (430 

also as d = r", and r tt = p ,  _ps = a b ; • • (4¢ 0 
hence the semidiameter  of  the ellipse along the asympto t  is 
equal to the perpendicular  f rom the centre.  In  this case the 
whole quadran t  is divided into two arcs whose difference is 
equal to the difference of  the s~miaxes, and this point may ,  
for the sake of  distinction, be called the point  o f  linear section. 

T h e  locus of  this point  for a series o f  eonfocal ellipses may  
be shown to be  the curve whose equation is 

a ~ e s -_- (x~ - -  fig) (x i  + 2yk) ~. 
L e t  tangents  be drawn to tile ellipse at the point of linear 

section and produced  to meet  the adjacent  axes ;  calling the 
segment  o f  the tangent  terminated in the minor  axe t, the other  
te rminated  in the major  axe t t, it can be easily shown that  

t = tan ~. CaS cosST. + b s sin s ;~, 
b s tan 7. 

t t _  
Ca~cos~7. + b:sin~7. ; 

a e ~ sin 7. cos 7. 
hence t - -  t r -  u . .  . (¢4~.)bis.  

V 'a  s cos s 7. + b ~ sin s 7. 
X X I I .  I t  would be easy to show, were it not too wide a 
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Quadrature of the Spherical Ellipse. 29 

digression from the main subject of this paper, that if a series 
of concentric ellipses be described having coincident axes, and 
the sum of their semiaxes constant equal to L suppose, file locus 
of their points of linear section will be a hypoeycloid, concentric 
with the ellipses; the radius of whose generating circle -- L, 
and the radius of whose rolling circle is = ¼ L ; and also that 
the difference between the elliptic arcs is to the difference be- 
tween the corresponding hypocycloidal arcs in the constant 
ratio of 2 : 3. 

X X I I L  A formula analogous to (31.) may be established 
for the rectification of any curve on the surface of a sphere 
formed by the intersection of this surface with a concentric 
cone of any order. 

In the first place, let the cone be of the second degree, and 
let a plane be drawn perpendicular to the axis of this cone, 
touching the sphere and cutting the cone in the elliptic base; 
let a tangent plane (T) be drawn to the cone, cutting the plane 
of the elliptic base in a right line u, a tangent to this ellipse, 
and the surface of the sphere in an arc of a great circle, touch- 
ing the spherical ellipse; let tile distance from the centre of 
the sphere to the point of contact of the tangent with the 
ellipse be R ; through the centre of the sphere let a plane (H) 
be drawn perpendicular to u, then as u is a right line as well 
in the plane (T) as in the elliptic base, the plane (H) is per- 
pendicular both to thc tangent plane (T) and to the base of 
the cone ; hence the plane (H) passes through the axis of the 
cone and the centre of the plane ellipse, as also of the spheri- 
cal ellipse, cutting the former in a perpendicular p from the 
centre on the tangent u, and the latter in an arc ~" of a great 
circle, perpendicular to the tangent arc to the spherical ellipse; 
for the two latter srcs must I~e at right angles to each other, 
since the planes (T) and (H) are at right angles. Let  P be 
the distance from the centre of the sphere to the point where 
the plane (H) cuts the right line u, r the distance from the 
centre of the plane ellipse to the point of contact of u with it; 
then to any one attending to this construction it will be mani- 
fest that (c being the radius of the sphere} 

R e = c e + r  e ' p 2 = c  e + P e ,  R e - - P ~ + u  e. (¢5.) 
X X l V .  Let d s be the element of an arc of the ellipse be- 

tween any two consecutive values of R indefinitely near to each 
other, c do- the corresponding element of the spherical ellipse 
between the same consecutive positions of R ;  then the areas 
of the elementary triangles on the surf:ace of the cone between 
these consecutive positions of R having their vertices at the 
centre of the sphere and their bases an element of the arc of 
the ellipse and of an arc of the spherical ellipse respectively, 
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30 Dr.  Booth on the Rect~cation and 

are as their bases multiplied by their altitudes ; calling these 
areas M and N, we have 

M : N : : d s x  P: cdo" x c; 
but these areas are manifestly as the squares of the sides of the 
elementary triangles, or 

M : N : :  R~:c% 

P d s (~6.3 Hence do- = ---ff~, . . . . . . .  

an expression for the element of an arc, the intersection of a 
concentric cone with a spherical sm'face whose radius is 1. 

ds d~ (~1,) the value of Substituting in the formula ~ = p + 

ds in terms of d~- d'--£ ~-~, we find 

d~r Pp  P du 
d--£ = - ~  + K~ 2-£ 

Now nr being the are which p subtends at the centre of the 
sphere, p = P sin ~" and P~ -- R ~ -- u ~, making these substi- 
tutions in the last formula, the resulting equation becomes 

d-'-~ = d ° "  sin~r + ~1  ~_ p ~ _ £ d U u ~ s i n ~  . 

Now 
dp, du d~P and P d P  dp~ (47.) sin ~" = P ,  u = ~-£ ~--£ = dk-- ~ ~ = p~-'~, . 

rtlakit~g these substitutions in the preceding equation, 
d o" = s i n  ~ + 1 c d~p tl P dp-~ 
d-2 -i~ ~ P -d-~ d x ?12_~ • (48,) 

X X V ,  W e  now proceed to show that the last term of this 
equation is the differential of the are with respect to ~, ~ub- 
tended by u at the centre of the sphere. 

Let  this are be u, then tan o = p~ cos o = R ;  differentia- 

ting the first of these equations and eliminating cos o by the 
aid of the second, 

( d P )  du d~p dp;  do 1 d u u -d-~ but = u =  
d--~ = ~ P d--~ - ' ~ -d-~ ~' 

du 1 ¢- d~p d P  dp'~ (49.) 
hence d---~ = ~ dl_P -d'-~ d h d h j . . . .  

Subtracting (¢6.) from (45.), we find 
de  do 
d---£ =sinn~ + ~-~, or 0- = f d h  [ s ina i  + ~, . (nO.) 
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Quadrature of the Spherical Ellipse. 31 

a formula  for the  rect i f icat ion of  curves on the surface of  a 
sphere  analogous  to (31.). 

As in none of  the  successive steps o f  the  p reced ing  demon-  
s t ra t ion is any reference  made to the  pecu l ia r  p roper t i e s  of  
curves or  cones of  the second degree ,  it  is c lear  that  the pre-  
ceding formu]a will hold  for the rect i f icat ion o f  any curve upon 
the surface o f  a sphere ,  tile intersect ion o f  this surface with a 
concentr ic  cone o f  any  order ,  and  as a curve t raced  liberd 
manu on the surface o f  a sphere may  be const i tuted the base 
o f  a cone whose ver tex  shall  be at  the centre  of  the sphere,  it  
is plain that  the  above  formula  may  be  app l ied  to the  rect i-  
fication o f  any curve upon the surface of  a sphere .  

H e n c e  as an a rc  of  any  plane curve  may  be expressed by  
means of  a definite integral  and a finite r igh t  line, so may the 
are  of  any  curve descr ibed  on tlle surface of" a sphere  be ex -  
h ibi ted  by means  of  a definite in tegra l  and  an are  of  a circle.  

X X V I .  To apTl 9 this formula to the rectification of the 
spherical ellipse. 

Le t  a and b be the semiaxes of  the el l ipt ic  base, r the cen-  
t ral  radius  vector  drawn to the poin t  of contac t  of  the tangent  u, 
jo the pe rpend icu la r  from the centre  on the tangent ,  u the in- 
te rcept  of  this t angen t  between the po in t  of  contact  and the 
foot of the p e r p e n d i c u l a r ;  let a , /3,  ?, ~-, u be the angles sub-  
tended at the cent re  of  the sphere whose rad ius  is c by the lines 
a~ b, r, T, u, then 
a = c t a n a ,  b = c t a n f l ,  r=ctan?~p-- c t a n w  and u = P t a n v .  

Now in the p lane  e l l i p s e p  ~ = a : e o s ~ x  + b ~ sin~,x; hence 

tan ~ w = tan ~ a cos ~ x + tan ~/3 sin ~ h, 
and  1 - -  cos ~ h + sin ~ h. 
A d d i n g  these equat ions together ,  

see ~ ~r = see ~ a cos 2 h + see ~/3 sin ~ ~.; 

d iv id ing  the former  equat ion by the lat ter ,  

sin ~ w = tan~ a cos ~ ~. + tan ~ fl sin ~ ~. (51.) 
see ~ ~ cos ~ ,~ + sec ~ fl sin ~ ~. . . . .  

Subs t i tu t ing  this value o f  sin ~" in (47.), we obta in  the equat ion 

f d  / t a n 2  ~ c°s2h + tan2# sinUS" 
^ ' W ~  ~ see ~ fl sin ~ ~. + o . .  (5~.) 

X X V I I .  T o  invest igate  another forraula for rectification. 
Assume  sin ~ p = sin ~ ~ sin ~ ¢ + sin 2/3 cos ~ q ; • (5~.) 
hence cos ~ p = cos 2 a sin u @ + cos ~ t3 cos ~ q, 
Subs t i tu t ing  these values in (18.)7 we find 

_ , / t a n  ~ a cos ~ @ tan ~ f~ sin ~ 
= f d + + • 
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82 Dr. Booth on the Rectification and 

Now if the integrals in the last two equations be taken be- 
tween the same limits of ~. and ~, their values will be equal, 
hence, subtracting the former from the latter, 

u dp  dp  
Now as sin o ---- "P and u = ~-~, sin o = p ~--~, and as neither 

P p  
P nor p pass through infinity or zero, they always retain the 
same sign +~ hence the sign of sin u will depend upon that of 
d p  
~-~, but pe = a e cos ~ ~.+ b e sin ~ ), ; hence 

d p  p ~ = -- (a e -- b e) sin ~. cos ~, 

therefore sin o is negative, and as u is always less than ~t, u is 
negative, and may be written -- ~; making this change in the 
last formula for rectification, 

~-I _ 0" = o ,  . . . . . .  ( 5 5 . )  

a tbrmula precisely analogous to (35.). 
Thus as the difference of two elliptic arcs may be exhibited 

by a right line, so may the difference of two arcs of a spheri- 
cal ellipse be represented by an arc of a great circle. 

X X V I I I .  To show the geometrical interpretation of the 
assumption made in (53.). 

In the first place we may observe, Fig. 5. 
that if OA,  O B  are arcs of great eir- B ~ B  
des at right angles, a point P on the 
surface of the sphere may be referred 
to those axes either by the arcs P m, 
~P 11, which are secondaries to the arcs P 
O A, O B, or by the arcs O m, 0 n ; 
let P m = ~ ,  P n = ~ ,  Om- - -~ ,  

o O n = , / ,  O 1 3 = P ,  and the angle 
~POm= ~; we shall then have by the 
common rules for right.angled spherical triangles, 

s in~=sinpsin~o,  s in,~=sinpcos~-~ . (56.) 
tan ,~ = tan p sin c0, tan ff = tan p cos co_)' 

hence sine~ + s i n ~  = sinep, taneE + tane~ = tanep 
W e  may easily establish a relation between ,~ and if, ~ and 7, 
for in the preceding equations, eliminating the functions of ~o, 
we find 

smx = tan/~eosp, stay" v = tan,jeose; 
by the help of these equations we may pass from the one 
system of spherical coordinates to the other. 

I f  now, between equations (4.), (5.) and (56.), we eliminate 
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Quadrature of the Spherical Ellipse. 33 

sin ~, cos ~0 successively, we shall obtain for the equations o f  
the spherical ellipse, 

sin e .~ sin e 3~ t ane ~ tane 'J 
sine a + s i n e  ~ - -  1, ~ + t a n e - - - - -  ~ = 1 .  . (57.) 

On  the major and minor  axes o f  the spherical ellipse as 
diameters, let circles be described (see the fig. page 26), and 
let a great  circle be drawn th rough  the centre of the ellipse, 
making the angle ¢ with the minor  axis and meeting the cir- 
cles in the points m and n ; th rough  m and n let arcs of  great  
circles m s and n t be drawn at r ight  angles to tile spherical 
axes O B, O A ;  then as O m s  is a r ight-angled spherical tri- 
angle~ sin m s = sin a sin ¢, in like manner  sin n t  = sin/3 cos ¢, 

sin e m s sin 2 n t 
+ - - - - 1  it follows then that  m s  a n d n t a r e  or  sin~ ~ sin~ # ; 

the coordinates o f  a point on the spherical ellipse. 
Le t  pt be the central  radius vector o f  this point, then sin e pw 

• --- sin e m s + sin ~ n t m sin e a sin e ~b + sin e fl cos e ¢, but in (55.) 
sin e p --  sin ~ a sin e ¢ + sin e fl cos e ¢, hence p--pt, or in (58.) p is 
the central radius vector of  a point  of  which the coordinate s 
are sin a sin ~, and sin/3 cos ~ respectively. 

X X I X .  T o  find when o is a maximum.  
do dp dP  dep 

In  this case ~ = O, or  from (49.) ~ ~ = P ~-~. . (58.) 

Now p= Caecos~7` +besine~, P =  Cce+aecose~+b%ine7`; 
hence d p  = - -  (ae--b ~) sin 7, cos 7, 

d 7, C ~ c o s  e 7, + b e sin e 7,,' 
d P - -  (a e -  b e) sin 7, cos 7, 
d 7, = -,, 'c e + a e cos e 7, + b e sin e ~' 
dep --(a~--b e) (aecosaT,--besin47,) 
d7,2 - ' -  {aecose7 , + besineT`}~ 

Mak ing  these substitutions in (58.) and put t ing tan a for -~ ,  

b 
tan t3 for -~-, we find 

tan a sec a sin a (59 . )  
tane ~" --  tan/3 sec fl --'-- ~ sece e, 

a result analogous to (41.). 
X X X .  T o  find a general expression for the value of  u; as 
e u~ ueP e (ae -- be)e sin 7`cos 7  ̀

tan u = - ~  = p ~  = (a e cose 7, + b e sin e 7,) (c e + aecoseT, + b%ineT`),r, 

we shall have, in t roducing the relations tan a tan t3 --  -~-, 

Phil. ]flag. S. 3. VoL 25. No. 163. Jul 9 1844. D 
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S~ Dr .  Booth  on the Rectification and 

and those given in (11.) and (le.) ,  
e ~ sin a sin ~ cos ~. 

tan u = C1 --e%in'2ha/i--sin%sin~. (60.) 

X X X I .  H a v i n g  already exceeded the conventional limits 
o f  a mathematical  paper  in this Journal ,  it may suffice to give 
the enunciations of  a few theorems on the spherical ellipse 
analogous to those which have been already established on 
the plane ellipse~ postponing their discussion to a future oc- 
casion. 

T h r o u g h  the extremities of  the arcs o f  the spherical ellipse 
two spherical hyperbolas may be drawn having the same focus 
as the spherical ellipse ; calling the axes o f  the one nearer  to 
the minor  axe 2 A and '2 B, the axes of  the other passing 
through the extremity of  the arc measured from the major axe 
2 A '  and 2 B I, we may with little difficulty establish the fol- 
lowing relations : - -  

sin 2 e sin 2 h 
tan 2 A = 

1 - -s in  s e sin s ;~' 

tan ~ e cos ~), 
tan ~ A t _ 

1 - -  e 2 sin ~ z, 
W e  may hence show that 

sin ~ ~ cos 2 ~. 
tan ~ B --  i - -  sin ~ ~ sin ~ ,x' ' (61 .) 

tan ~ B I = e~c°s%sin~/3sin~;~ (62.) 
i - - ~  " 

tan u tan fl cos a = tan B tan Br~¢ 
tan o tan a cos/3 tan A tan At.~ , . (68.) 

tan B tan B r tan/3 sec/3 
tan A tan A t ---- tan a see a '  

results analogous to (38.). 
In  the spherical hyperbola d being the eccentricity, we shall 

find 
tan u A + tan ~ B tan 2 d = 

. 1  - -  tan ~ B ' 
A and B being the semiaxes, while e being the eccentricity of  
the spherical ellipse whose semiaxes are ~ and/3,  

tan2a - -  tan ~ fl 
tan u e ---- 

1 + tan2/3 
Le t  d t be the eccentricity o f  the hyperbola  whose semiaxes are 
A r and B I, we shall find, putt ing for A,  B, A I, B I, their values 
given above, 

e ~ e I ".-- e II .  

W h e n  o is a maximum we have found for the cor respond-  
ing value o f  tan ~ ,x the expression 

sin 
sin/3 sec~ e. 
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Quadrature o f  the Spherical Ellipse. S5 

Substituting the values o f  sin ~,, cos ~, thence derived in (61.) 
and (6~2.), there results 

tan~A ---- tan a see ct (sin ~t - -  sin/3)- I 
tan ~ B - -  tan/3 see/3 (sin a --  sin/3) ~_ 
tan e A t = tan t~ see ct (sin a - -  s i n / 3 ) f  ; (64.) 
tan e B I - -  tan/3 see/3 (sin a - -  s in /3) . )  

hence A - - - A  t, B = Br; or  when u is a maximum the two hy-  
perbolas coalesce, and the arcs of  the ellipse have a common 
extremity,, or  constitute the quadrant ,  and this point may be 
termed the point o f  circular section. 

X X X I I .  T o  find the value o f t  when u is a m a x i m u m ;  as 
tan o tan a cos/3 = tan A tan A r = tan e A = tan a sec a (sin ~t - -  sin/3) 

tan u = see ~t see/3 (sin a - -  sin/3). . . (65.) 
X X X I I I .  T o  find the values o f  the arcs o f  the asymptotic 

circles to the hyperbolas  contained within the spherical ellipse. 
The  asymptotic circles to the spherical hyperbola  are the 

great  circles whose planes are parallel to the circular sections 
o f  the cone, o f  which these hyperbolas are sections. 

Le t  2 0 be tim angle between the great  circles which con- 
stitute the asymptots o f  the byperbola passing through the ex- 
tremity of  the are measured from the minor  axe ; then, as tile 
asymptotic circles are parallel to the circular sections of the 
cone, and whose principal semiangles are a t and/31, of  which 
the given hyperbola  is a section, we shall have (see (21.)), 

sin e/3r 
sin e 0 = sin~ at ; 

but  it may be shown that  
sin/31 = cos ~. and sin a t = cos A ; 

COS e h 
henee sin ~ 0 = c o ~ "  

Substituting for cos ~ A its value derived from (61.), we find 
COS/3 

tan 0 = = cot ~, . . . . .  (660 
COS 

Eliminating 0 between this equation and the equation o f  the 
cos e 0 sin ~ 0 1 

ellipse ~ + ~ ..~ si--n p' there results 

t an~ac°s2x  + tane /3 sine h - -  sin~asine/3" . (67.) 
sec e a cos e ~, + sec ~/3 sin e ~, --  sin e/~ ' 

but  it has been shown (51.) that the first member  o f  this equa- 
tion = sin e ~ .  

Making  this substitution, 
sin a sin/3 (68.) 

• • ° • • • • sinp -- sin~" 

D ~  
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36 Dr .  Booth  on the Rec t i f i ca t ion  and  

X X X I V .  Le t  201 be the angle between the asymptots o f  
the spherical hyperbola  passing through the extremity of  the 

arc measured from the major axe, then, as before, sin Or= sin/3" sin ~tt, 
d I and/3" being the princil~al semiangles o f  the cone of  which 
this hyperbola  is a section. 

I t  may with little trouble be proved that  
-it _ tan B t 

tan/3 --  ta--~l, sin a" = cos A t. 

Substi tut ing for the functions of  A t and B ~ in these equations 
their values given in (69.), we find, after some obvious reduc-  
tions, 

sin ~ ~l = tan ~ fl sin ~ x 
tan ~ a cos ~ h + tan ~ fl sin ~ h' 

tan ~ a cos 2 h 
cos ~ ~t _ 

tan * a cos 'z ~. + tan ~ fi sin ~,x ' 

hence tan 0 r tan/3 = t-ann~ tan ~. . . . . . . . . . .  (69.) 

Mult iplying (66.) (69.) together,  we obtain 

tan 0 tan 0 t = sin 13 . . . . . . .  (70.) 
sin ~' 

a result  independent  of  x, and in strict conformity with (39.). 
In  the polar  equation of  the ellipse, substituting the values 

of  sin 01 cos 01 given above, pr being the corresponding radius 
vector,  we obtain the resulting equation 

sin ~ pt _. tan~ a cos ~ x + tan ~/3 sin ~ 
see~o~cos~ h + seC~s in~  z ,  . . (71.) 

hence sin p sin t~ I = sin ~ sin/3 . . . . . .  (72.) 
a result also independent  of  x. 

W e  have thus pr = w; or the semidiameter of  the ellipse along 
the asymptot  o f  this hyperbola  is equal to the perpendicular  
from the centre  on the tangent  to the ellipse drawn through  
the point  R of  intersection of  the ellipse and hyperbola.  See 
fig. ~. 

X X X V .  L e t  ~- and ~s be the semidiameters of  the spherical 
ellipse passing through the points m,/~, in which the ordinates 
o f  the extremities of  t he  elliptic arcs being produced meet  the 
circle on the major  axe;  let ~ and ~ be the angles which ~ and 

~r 
make with the major axe (fig. 4), then ~ = ~-  - -  ~, and the 

value o f  h' may  be thus found;  calling H the spherical coor- 
dinate o f  the point  t~ on the circle, 

tan ~ ~ tan ~ H 
tan~ a + ~ = 1 in the circle, 
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Quadrature of  the Spherical l~llipse. 37 

and tan~ ~ tan~ ~/ 
t an~a  + ta--nfi = 1 in the ell ipse; 

tan H tan 7. 
hence 

tan a tan /3 '  
and by the rules for r ight-angled triangles, 

tan ~ H 
tan ~ a - -  sin~ at' 

or  sin ~ bt tan ~ ~ tan u/3 sin ~ h 
- -  tan u/3 - -  tan e a cos u h + tan ~/3 sin e ,~" 

El iminat ing ~ between this equation and the polar  equation 
of  the spherical  ellipse, 

tan ~ ~ - -  tan ~ a cos ~ h + tan ~ t3 sin ~ ~.; . (73.) 

and a s ~ = ~ - 2  - - h '  

tans ~ = tan s a tan ~/3 
tan ~ a cos ~ h + tan ~/3 sin ~ X' 

or  tan ~ tan jr = tan a tan/3 . . . . .  (74.) 
X X X V I .  Resuming  the values o f  the angles which the 

asymptots  of  the spherical  hyperbolas ,  as also the diameters  
o f  the ellipse th rough  the points m and ~ on the circle make 
with the major  axe,  we find 

tan 0 = cos t3 cot ;~, tan ~ = cot X 1 
cos ~ ~ .  (75.) 

tan 0' = tan/3 tan X, t a n ~  = ~aann~tan X 
tan a 

W e  may  here  perceive a r emarkab le  interrupt ion of the 
analogy which has been found hi therto to exist between the 
propert ies  of  p lane and spherical  conics, while in the plane 
section the asymptots  to the confocal hyperbolas  coincide with 
the diameters drawn through  the points m F, as is also true of  
the spherical hyperbo la  adjacent to the major  axe ; the asymp-  
tot o f  the hyperbola  nearer  the minor  axe does not  coincide 
with the d iameter  th rough  the point  m;  in o ther  words, while 
0t = ~t  0 is not  equal  to 4. 

X X X V I I .  T w o  tangents  being drawn to the spherical  
ellipse at the point  o f  circular section and produced  to meet  
the adjacent axes, to find the values of  those circular arcs. 

L e t  n be the coordinate  of this point  a long the axis of  Y, 
and z the point  in which the tangent  arc r cuts the minor  axis ; 
let oz = ~, then t a n ~ t a n ~ =  tan2/3; and as :', ~ and (~--~) 
are  the sides of  a r igh t -angled  spherical  tr iangle,  
cos~ ---- cos.~ cos (~ - -  ~) = cos ,~cos  ~cos~ + cos ~ s i n  ~sin 7. 
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38 Rectification and Quadrature of the Spherical Elli2se. 

tan ~/3 
Now as tan  g - -  t - - ~ '  we may,  e l iminat ing  ~ from the  las t  

equat ion,  f ind 
cos ~ sin ~ see s 

cos ~" = C t a n  4 [3"+ t a n ~  ' 

and  ,~ be ing  the common ord ina te  of  the  ell ipse and hyperbo la ,  
sin s B cos s x 

tans ~ = cos s • sin ~ h + cos ~/3 cos ~ h : 

we have also sin ~ = sin ~ sin ~,. 

M a k i n g  the  necessary  subst i tu t ions  deduce d  from these 
equat ions,  we obta in  

f t a n  s ~ cos ~ ~. + tan s/3 sin ~ h~ .  
t a n %  ----- tan s X I . s e c  ~ cos ~ x + seC ~ sin s £ J '  

o r  tan ~" ~ tan ~.. sin g ~ '1  - e 2  sin2 h (76.) 
C 1  - - s i n  ~ ~ sin 2 h 

L e t  r t be  the  segment  o f  the second tangent  between the  
po in t  o f  circular section and the major  axe,  adopt ing  nea r ly  the  
same nota t ion  as in the la t te r  case, we shall  have 

• v 

c o s  r t - -  - s i n  ar  c o s  ~ s e e  s a~ 

C t a n  4 ~ + tan ~ ~ '  
t a n  4 ~ c o s  2 h and 2 o _ 

tan x - -  tan2 o~ cos 2 h + tart ~/3 sin s k '  

tan 4/3 sin 2 h 
sin s ~ = tan~a~sec%~cos~h+ tanSfi see2/Jsin2~." 

By the  he lp  o f  the  last  two equat ions,  e l iminat ing  the  func- 
tions o f  d~ and  ~, we find 

tan ~ tan s/3 cos g a~ 
tan ¥ = .. /¢- 1 - -  e ~ s i n  ~ ~. ; " ( 7 7 . )  

sm a~ ~ / , ]  ~ s s i ~ - ~ - n ~  x 

e ~ sin ~ sin ~. cos x 
hence  tan ( r - - ~ d ) =  C l _ e ~ s i n ~  " C l - - s i n ~ s i n ~ x ;  (78.) 

but  this  last  express ion  is equal  to tan o, see (60.) ; 

hence ~- - -  -d = u, 
a resul t  p ree ise ly  similar to (44,*.). 
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