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The Geodesic Geometry of Surf aces in non-Euclidean Space. By

A. N. WHITEHEAD. Received and read March 10th, 1898.

Introduction.

The present paper is concerned with the properties of geodesic
lines drawn on surfaces in elliptic and in hyperbolic s'pace. There
are two forms of elliptic space, which have been named by Burnstde
the " single " and the " double " forms. They have also been named
the " polar " and " antipodal" forms. The antipodal (or double)
form has also been called " spherical." In this paper the polar form
of elliptic space will be the only one considered. Thus, both in the
elliptic and the hyperbolic geometry of this paper, two straight lines
in a plane intersect in one point only; and, in hyperbolic geometry,
this point may lie in antispace (also called "ideal space").

Now the relations between the properties of geodesies on surfaces
and non-Euclidean geometry, as far as they have hitherto been in-
vestigated, to my knowledge, are as follows :

It has been proved by Beltrami that the " geodesic geometry " of
surfaces of constant curvature in Euclidean space is the same as the
geometry of straight lines in planes in elliptic or in hyperbolic space,
according as the curvature of the surface is positive or negative.

The geometry of great circles on a sphere of radius p in elliptic
space of " space-constant" y is the same as the geometry of straight

lines in planes in elliptic space of space-constant y sin — .

The geometry of great cu?cles on a sphere of radius p in hyperbolic
space of " space-constant " y is the same as the geometry of straight

lines in planes in elliptic space of space-constant y sinh —

The geometry of geodesies (that is, lines of equal distance), on a
surface of equal distance, <r, from a plane in hyperbolic space of space-
constant y, is the same as that of straight lines in planes in hyper-
bolic space of space-constant y cosh— .

Finally, the geometry of geodesies (that is, limit-lines), on a limit-
surface in hyperbolic space—which may be conceived either as a
sphere of infinite radius or as a surface of equal, but infinite, distance
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from a plane—is the same as that of straight lines in planes in
Euclidean space.

The preceding four propositions are due directly, or almost directly,
to John Bolyai, though, of course, he only directly treats of hyper-
bolic space. I have given demonstrations of them elsewhere.* .

From the popularization of Beltrami's results by Helmholtz, and
from the unfortunate adoption of the name " radius of space curva-
ture" for y (here called the space-constant), many philosophers, and,
it may be suspected from their language, many mathematicians, have
been misled into the belief that some peculiar property of flatness is
to be ascribed to Euclidean space, in that planes of other sorts of
space can be represented as surfaces in it. This idea is sufficiently
refuted, at least, as regards hyperbolic space, by Bolyai's theorem
respecting the geodesic geometry of limit-surfaces. For a Euclidean
plane can thereby be represented by a surface in hyperbolic space.

f Added, May, 1898. It is to be noticed that the comparison of the
lengths of the space-constants of different " spaces " is nonsense. A
space-constant can only be said to be of length y in comparison
with the length of some arbitrary unit straight line in that space. No
comparison exists between lines in different spaces. But we may
compare space-constants when we are really, as above, discussing the
geodesic geometry of surfaces in a space of three dimensions; for, in
this case, the test of congruence can be applied so as to compare the
length of a geodesic on one surface with the length of any other line
in the complete space.

All non-Euclidean geometry can be interpreted as geodesic geo-
metry (allowing space of four dimensions). The preceding argument
of this preface is directed against the assumption that this is the
necessary interpretation, the refutation being based on the fact that
Euclidean geometry can also be interpreted as geodesic geometiy in a
non-Euclidean space.

In the application of geometry to the interpretation of phenomena
the idea of a fourth dimension is useless, as we have no such intuition.
But the comparison of the space-constant y to our empirically given
units, such as a mile or the earth's diameter, is the fundamental
problem of applied geometry. In pure geometry a disembodied mind
is contemplating a possible idea of space. To such a mind thei-e are
only three kinds of geometry: namely, hyperbolic, Euclidean, elliptic
(polar and antipodal). But in applied geometry there is the mini-

* Cf. A Treatise on Universal Algebra,^ 262.
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mum length which can be perceived—some small fraction of an inch,
—and a maximum length—namely, the distance of the furthest fixed
star. These are empirically given lengths, and the properties of
space in relation to our experience will be different according to the
ratio of the space-constant to some intermediate empirically given
standard length, such as the Earth's diameter.

It has been stated that any value of the space-constant maybe
assumed, since the laws of nature can be altered to suit. This is
untrue if the possibility of measuring lines apart from any assump-
tion of a special geometry is allowed. Thus the" ratio of the circum-
ference of a circle of radius r to its diameter is 7rysinr/y, TT, and
Try sinh r/y in the three geometries respectively: accordingly, it is
possible to determine y by actual measurement without any de-
pendence on the more hypothetical laws of nature. The practical
accuracy which can be thus attained is not to the point; the possi-
bility of the experiment proves that y is not arbitrary. ]

It is the object of this paper to extend and complete Bolyai's
theorem by investigating the properties of the general class of sur-
faces in any non-Euclidean space, elliptic or hyperbolic, which are
such that their geodesic geometry is that of straight lines in a
Euclidean plane. Such surfaces are proved to be real in elliptic as
well as in hyperbolic space, and their general equations are found for
the case when they are surfaces of revolution. In hyperbolic space,
Bolyai's limit-surfaces are shown to be a particular case of such
surfaces of revolution. The surfaces fall into two main types, of
which figures of meridian sections are given; the limit-surfaces form
a transition case between these types.

In elliptic space there is only one type of such a surface of revolu-
tion ; but it may have a finite or an infinite number of sheets ac-
cording as a certain number is rational or irrational. The simplest
surface of this type is one-sheeted, and a figure of it is given. Its
equation, referred to the most convenient rectangular axes, is

3 (?+$»g = 3

The same principles, only more laborious in their application,
would enable the problem to be solved of the discovery in any kind of
space of surfaces with their " geodesic " geometry identical with that
of planes in any other kind.of space. The distinguishing character-
istic of surfaces is found, but I have not worked out the problem in
detail.
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As a preliminary to these investigations some general theorems are
proved. If a family of geodesies and its orthogonal curves be traced
on a surface in Euclidean geometry, Gauss has proved that the
formula for an element of arc becomes

where the curves <p = constant are the geodesies, and the curves
p = constant are the orthogonal family. Such curvilinear co-
ordinates are dalled in this paper " semi-geodesic orthogonal co-
ordinates." Polar geodesic coordinates form a particular case of such
coordinates. It is shown in this paper that all the well-known
general properties of semi^geodCsic orthogonal coordinates also hold
for non-Euclidean space. In particular, the important equation

where — and— are the principal measures of curvature of the
Pi Pa

surface at the point, becomes in elliptic space

op*

and in hyperbolic space

|S+(_L_2.)n-a
op* VPiPs y* I

In this connexion it is necessary to note that in non-Euclidean
geometry a distinction has to be drawn between the inverse of the
measure of curvature of a curve, which may be called the radius of
curvature, and the radius of the circle through three consecutive
points on the curve, which may be called the radius of the circle of
curvature. If Sa be a small arc, and £e the angle between the
tangents at its extremities, the radius of curvature is the limit of
2a/Se. Also, if this be called c, and /u be the radius of the circle of
curvature, then it is easy to prove * that

. tan jx_
' tanh y '

according as the space is elliptic or hyperbolic.

* Cf. Universal Algebra, § 288 (4).
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I^he condition that a curve, drawn on a surface in non-Euclidean
space may be a geodesic is investigated, and this condition is put into
different forms. Thus, if any point on the surface be denoted by
curvilinear,coordinates 6 and <p, the condition, that the curve

0 = / ( r ) , fi = F(r)

is a geodesic, is found in the form of a differential equation involving,
0,(p,6,<p,d,f : this equation is the same equation as that which holds for
Euclidean space. In particular, if p and ^ be semi-geodesic orthogonal
coordinates, and p be taken as the independent variable, the simplified

form of the differential equation of a geodesic, involving p, <p, - ^ , -r-j,
CLp CLp

is found. This is also the same as the corresponding equation for
Euclidean space.

Hence the proof given by Darboux for Beltrami's theorem on the
geodesic representation of surfaces on planes is found to hold for non-
Euclidean space; vthus the theorem is extended to non-Euclidean
spacer The theorem is as follows:

Surfaces of constant curvature are the only surfaces for which
geodesies can be transformed into straight lines when the surface is
represented point for point on a plane. Surfaces of constant curva-
ture are here named elliptic, parabolic, or hyperbolic, according as

in elliptic geometry 1—- is positive, zero, or negative, and
Pi Pa 7

according as in hyperbolic geometry is positive, zero, or
negative. - Pi Pi 7

The " geodesic " geometry of an elliptic surface, of constant curva-
ture would be that of a plane in elliptic geometry; of a hyperbolic
surface of constant curvature would be that of a plane in hyperbolic
geometry. But these cases are not here considered in detail. The
case of parabolic surfaces of constant curvature is considered in
detail, with the results already mentioned.

The elementary theorems respecting the curvature of surfaces in
non-Euclidean geometry, and the application of Gauss' curvilinear
coordinates to such surfaces, are given by Darboux, Theorie generate
des Surfaces, Livre vu., chapter xiv. I have also developed them
by the same methods and notation as are used in this paper, in A
Treatise on Universal Algebra, Book vi., chapter vii.

The theorems in this paper are proved by the use of Grassmann's
" Calculus of Extension." A sketch of the method of this Calculus,



280 Mr. A. N. Whitehead on the Geodesic Geometry of [March 10,

especially in relation to non-Euclidean space, has been given by
Buchheim in the Proceedings of this Society; cf. Vol. xv. The Cal-
culus is also investigated in detail in the previously mentioned
volume (Universal Algebra), and I have ventured to shorten my paper
by reference to it for results assumed.

The brevity and facility of reasoning gained by the use of Grass-
mann's methods are very great. They can be immediately trans-
formed into ordinary equations; but, by their use, the theorems of
non-Euclidean geometry can be proved analytically even more easily
than those of Euclidean geometry by ordinary methods.

1. Let the small italic letters repre-
sent points. Thus, let e be the origin of
coordinates, and eev ee3, ee8 be three
mutually rectangular axes. Also, let
e, ej, e3, e8 be a set of four quadrantal
points; so that, if y be the "space-
constant," the distance between any two
of these points is ^n-y, being half the
complete length of a straight line. Let
x be any point, let the length ex be p, the angle xees be 0, and the
angle between the planes eteea and xees be f. Thus p, d, <j> are
analogous to the polar coordinates of Euclidean space. Also it is
well known that, if we assume £, £lt £s, £8, so that

cos — sin -£- sin 8 cos <p sin — sin 6 sin 0 sin — cos 6
7 7 7 7

then I, £j, £s, £8 have analogous properties partly to. rectangular
Cartesian coordinates; and partly to quadriplanar coordinates in
Euclidean space. All the equations can be made homogeneous, and
equations of the first degree represent planes. When the above pro-
portions are turned into equations, so that

£ = cos p/y, &c,

then E,£i,£3,t3 will be called the rectangular coordinates of the point z.
In this case they satisfy the equation



1898.] Surfaces' in non-Euclidean Space. 281

The symbols which represent points are combined according to the
laws of Grassmann's " Calculus of Extension." Thus, if x and y be
any two points,

xy = —yx and cex = 0.

Also xy is called a " linear element" or a " force." Again, if z
and u be two other points,

Also,

xyz = yzx = zxy = — yxz = &c.

xxy = 0.

A product of three points, such, as xyz, is called a " planar element."

' (xyzu) = — (uxyz) = (zuxy) = &c.;

such a product is treated as an ordinary algebraic quantity, a mere
number.

The relation of the point x to the points e, e,, ea, e3 is expressed by
the equation

x = ê

where £, £„ £2, £8 are the quantities already defined by reference, to the
geometrical relations of x and the axes ee15 ee2, ee8. Then the products
xy,xyz, (xyzu) can be expressed in terms of the products of e, ev ea, e8,
taken respectively two together, three together, and four together.
But the mention of (eej'eae8) is avoided by the convention that in
elliptic geometry ,

• J (
and in hyperbolic geometry

Thus, if & ea+£8 e3,

u=ve

then a;?/ = ( ^ - +&o.,

ft ft, ft
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and

V,

& tr.
v> vv V2» va

Accordingly xyz = 0 denotes that x, y, and z are collinear, and
(xyzu) = 0 denotes that x, y, z, u are coplanar.

Also in elliptic geometry

(X I y) = ^7? + 'l'7i + 2̂7?2 + ̂ 3?/s>

and in hyperbolic geometry

Furthermore, the following formulae always hold:—

(xy | zu) = (a; | z)(y \ u)-(x \ u)(y \ z),

(xyz | uvvi) = (x I u), (x I v), (x I w)

(y I *0i (y I")» (y I ^)

(Z I W), (2 | V), (Z | W)

The most important special cases of these formulro arise in the
evaluation of the forms (xy \ xy) and (xyz | xyz).

If £, ily ^j, £s are the coordinates of the point x, then (a: | as) = 1.
The point x is said to be at unit intensity. But, if £, $lt £2> ̂ 8 a r e

only proportionals to these coordinates, then •+• -J(x \ x) is called the
intensity of the point x. It will usually be convenient to work with
points at unit intensity.

The polar plane of a point x with respect to the absolute is the
planar element | x, the pole of a planar element P is [ P, the polar
line of the linear element xy is | xy. Also 11 x = — x, 11 P = — P,
| | xy = xy, and \xy=\x.\y.

These formulae, and others, are more particularly explained in the
work (Universal Algebra, Books iv. and vi.) already referred to.
But the preceding explanations will enable any reader unacquainted
with the calculus of extension to translate the reasoning into the
language of ordinary algebra.

Hence, with the notation of the calculus of extension as applied to
this subject (cf. Universal Algebra, Book iv., chapter Hi., also
§§ 204, 210), the distance xy between two points x and y is given by

xycos -^ =



1898.] Surfaces in non-Euclidean Space. 283

2. Now (qf. Universal Algebra, Book vi., chapter vii.) let x be any
unit point on a surface, so that throughout the subsequent reasoning
we assume (x \ x) = 1. Also let the position of x on the surface be
defined, according to Gauss' method, by two curvilinear coordinates
6 and 0, which are not to be identified with the 61 and <p of the previous
explanations respecting rectangular axes. Thus the equations
6 = constant and </> = constant represent two families of curves
traced on the surface, and the ordinary algebraic quantities which
define x are functions of 9 and f.

r , , , o dx P 32aj £ ox j . o2x £ o2xLet tc, stand for —, au for —-, x2 for —, xn for ^ - r - , an for —>
dO d0 2 dtf> dOdf d<p*

and so on for partial differential coefficients of a higher order. Thus,
if x be written in the form

and similarly for xn, and so on. Then, by differentiating the equation

which is to hold for all positions of x on the surface, we find

(x | ar,) = 0 = (» j aj2),

also (ajj | Xy) T" \x | x^j ^^ U,

and so on.

The tangent plane at x is represented by the planar element xxx x3

>[cf. Universal Algebra, Book rv., chapters i. and ii., and § 293 (5)] ;
the normal at x is represented by the linear element [x^ ; the tan-
gent lines to the curves <p = constant and 6 = constant through x
are arxl and xx3 respectively.

The angle between these tangent lines [c/. Universal Algebra,
§ 295 (2)] is

C O S ' 1 ^ ' I **'

The length (̂ rr) of the element of arc joining the points x and x + Sx
on the surface, where a? + &c corresponds to the values 6+ $9 and
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0 +fyof the coordinates, is given (cf. Universal Algebra, § 293) by

£ = fa fa

Thus (KJ I Xy), (xt | aj3), and (xt | aj2) are the quantities which in
Gauss' theory of surfaces are usually denominated by Ft, F, and G,
respectively. Also

H2 = EG-F2=(xl | xjfa | xj-fa | cca)
8= (»!»,.| a^).

The advantages of the forms (^ | icx), &c, are that they are nearly
as short as the single letters E, F, G, and at the same time they
express completely the rules for their formation and transformation.

Also, if — and — be the principal measures of curvature of the
Pi Pa

surface at x, then [cf. Universal Algebra, § 294 (3)]

Pi Pa

3.

with similar meaning for the other terms of similar form; and Al

and A3 stand for the determinants

A, =

A,=

I ar8), (a-, | «? , ) , -£ (ar, | cc8),

I ^2), i fa | *a)a

I » 8 ) ! - i fa | a;,),, 0

x | a,), £ (a-, | a,)

(A) <Y> 1 JL f /*» I O* I I)

M I ^l/SJ 2 \~* I **"2/U u

3. The equations 6 = f (r), 0 = F(T),

where T is some independent variable, and / and F are functional
signs, define a curve on the surface.

Let the point (at unit intensity) corresponding to the value T-\-ST
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of the variable be denoted by

then

and so on. Hence

X =

Also the length of an element of arc (£*r) on the curve is given by

Thus, if r denote the length of the arc of the curve measured from a'
fixed point, then in this special case

(x I a;) = ^ - ,

since Sr = ha.

The osculating plane of the curve is [cf. Universal Algebra,
§ 287 (6)] xxx ; the tangent line is xx.

Let o> be the angle between the normal section at x containing the
tangent line xx and the osculating plane of the curve. Then the angle
between the tangent plane at x and the osculating plane at x is
\n—W. Thus (cf. Universal Algebra, § 221)

. (xxx I ax&ffn)
sin (o i= ^ ! — ^ ^

Now, if — be the measure of curvature of the curve, that is -r-,
K oa

where 8e is the angle of contingence, it is easily proved [c/.
Universal Algebra, § 288 (1)] that

•y8 _ (xxx | xxx)
V~ (x j xf

Also (xx^Xz | a;aJiOJ2) = (x^ \ tc,a;2),

since (a | tcj == 0 = (x \ x%) ;
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and similarly (xxx \ xxxxt) = (xx \

Thus sin * =

Let be defined as the geodesic curvature of the curve, and let

it be written —. Then

_ 1 _ (aca; | a, a-,)

The condition for a geodesic is that

(xx | as, as,) = 0 (2)

may hold at every point of the curve. For this condition secures
that the osculating planes of the curve are normal planes of the
surface ; also, since the geometry of infinitely small figures becomes
ultimately that of Euclidean space, the condition is thereby secured
that the length of each element of arc of the curve is a minimum
distance (on the surface) between its extremities.

This equation can be put into another form, which explicitly re-
lates 0 and <j> and their differential coefficients with respect to r. For

x =

x =

hence xx = (Of —

Hence the equation (xx | a;,a52) = 0

becomes

+ {2 foas,, | xxx^ + (xtxu | a^as,)} 6>

+ [ 2 (a;2!B,j | a3,a;2) + (asja^ | as,a^)} 0if+ (a-jas^ | as,as,) / = 0.

The coefficients can easily be expressed in terms of the differential

coefficients of (a;, | a*i), («i | «a)> (a's I xa)- ^ o r

(«,»„ | 35,3!,) = (as, | ar,)(xxl | as,)-(a>1 | as,)(a!1 | a;,,)

= (a1! I «!,)(»!, I a!8),-^(a-l | a;1)(a;l | x ^ - ^ ^ \ x,)fa\ a:,),,
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and 2 (xxxl%

with similar equations for the coefficients of 6<f>% and of p8.

Hence equation (2) can be written in the form

2 (6<j>—6$)(jrxx% J

- {3(a?! I «,)(«, I a-,)i-3 (ar, | a!s)(a!l | a-̂

It is easy to verify that this equation for geodesies on surfaces in
elliptic space is the same as that for Euclidean space given by
Darboux in his Lecons sur la Theorie ginirale des Surfaces, Livre v.,
chapter iv., § 314. It is obvious that equation (3) must be the same
in Euclidean and in non-Euclidean geometry; for, in each case, it is
the immediate expression of the fact that 2?20I + 2FBdty + Gtyt is a
minimum. Equation (3) is practically an interpretation of equa-
tion (2) in terms of ordinary algebra, and is, therefore, useful when
it is required to integrate it or to discuss it in any way in connexion
with the theory of differential equations.

The equation of a curve on a surface can be put into the form

^ {6, <j>) = constant,

thus avoiding the use of an auxiliary variable T. The preceding
formula can be transformed into this notation. For

x — x16+sri<p,

w here zr~ v H—— p = "•

Now let x^ , -^- be denoted by ip, and fa respectively. Then
CO d<p

0 (f> ^_ (T

where a stands for - • .
ttr
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Now, following Beltrami's notation for Euclidean space, put

Hence — = - ^ = —r- • = T , say
ft * { ( | ) A * } * A

where X = y {(^i^j

Hence, choosing r so that o = 1,

A A

Now let I stand for the symbolic operator

Then ac = i -
A

also (JC | ac) = —s = — (Sx

Similarly, a: =

Hence xx =

— S — &e4 —j 22aS &e4 j
A A A

&xh*xxx =

Thus — =

also ^ - =

The condition for a geodesic is given by

(ZxPx | â ajg) = 0. (4)

Thus, in the special case in which \f/ = $, then ^g = 1 and ^ = 0; hence

3 becomes ^-. Thus the condition for <j> = constant being a geodesic
dd

is that (xx a
1,, | x^) = 0 at all points of it.



.1898.] Surfaces in non-Euclidean Space. 289

4. Now assume that the curves 0 = constant are a family of
geodesies, and that the curves 6 = constant are the family of curves
cutting the geodesies at right angles.

Then the condition that the two families are everywhere ortho-
gonal is , . .

The condition that the family <p = constant is geodesic is

{x^n | x^) =0;

that is, («, | x,)(xn | xj-fa \ x.2)(^ I »u) = 0.

Hence, using the condition of orthogonality, we find

But, hy differentiating (xt \ x3) = 0 partially with respect to 0, we
find

(as,, |as,)+(»i | a12) = 0 .

Hence (xl \ xn) = 0.

But (a;3 | a:,,) = i (a?, | a;,),. •

Hence (a;, | a;,), = 0 ;

that is to say, (a;, | a;,) is independent of 0. Now

But, since (a;, | xt) is independent of <f>, we may write

and use p and 0 as coordinates instead of 0 and 0. The curves
p = constant and 0 = constant are the same as the curves $ = con-
stant and <p = constant. Also let the subscript 1 denote for the
future partial differentiation with respect to p. Then

Thus, if a family of geodesies be cut orthogonally, the distance be-
tween any two of the orthogonal curves measured along an orthogonal
geodesic is the same for that pair of curves whatever geodesic bo
chosen. For consider the pair of curves p = Pi and p =z pi; and lot

vor,. xxix.—NO. G30. u
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the geodesic he <p = a. Then an element of arc along the geodesic is

3<r = Sp.

Then a = p, ~ pv

Let p% ~ Pi be called the " geodesic distance between the curves."

5. Conversely, assume that the curves <j> = constant are a family
of geodesies, and that the length of the arc of any geodesic 0 = a,
between any given pair of curves 6 = 6t and 6 = 6V is. the same for
all values of a. It is required to prove that the two families are
orthogonal, if any particular curve 0 =a 0O is orthogonal to all the
curves <p = constant. The conditions are

fa^ | xxx^ = 0,

and that (<c, | â ) is independent of <f>. For then the element of the
arc of <p = a is given by

to = 7 S fa | ̂ i)^,
and is independent of a.

It follows from the second condition, by differentiating with
respect to <j>, that

{xl | a-,,) = 0.
Hence (x, | a;,), = (a-,, | xa) + (xl \ xlt) = (xn \ xt).

Again, the first condition becomes, after performing the multiplica-
tions indicated,

(as, | xj(x3 | xir) — fo | x2)(x1 | xn) = 0;

that is, (o5j | a;,)fa | aOi~£ fa \ x-Jfa \ a;,), = 0.

Hence, 2 ̂  I ̂  = (S-Lal.
(aa I xj fa | a:,)

Hence, by integrating, we find

fa I a?)* = * (a:, | a:,) ;

where * is a function of 9 only. But, by hypothesis, when 0 = 00,

faK) = o,
for all values of <j>. Hence

* (*i I xi)e=e0 = °»

for all values of <p. But (a;, | a;,) cannot vanish, for an element of
the arc of any geodesic <£ = a at the point (0O, a) is

ca = y (x1 I a;,) 16.
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Thus $ = 0 for all values of 0. Hence

(xt | as,) = 0
at all points of the surface.

6. Collecting results, we see that, if the coordinate curves are
geodesies and their orthogonals, and if the length p of the geo-
desic arc from a given orthogonal be taken as one coordinate, then

(x | a;a) = — , (x, | x3) = 0.

To these must be added the general condition that as is a unit )̂oint»
namely, / i \ i

(x\x) = l.

Also all equations hold which can be deduced from these by partial
differentiations with respect to p or <{>.

Any element of arc £<r takes the form

(fc)1 = WW (*, I *2)(W = V+?2n3 (fy)2, (5)
where II2 is written for («2 | x.2). Let this type of coordinates be
called " semi-geodesic orthogonal coordinates."

7. A special form of such coordinates can always be found as
follows:—Let the family of geodesies be the geodesies issuing from
any point c on the surface ; let p be the arc of the geodesic through
the point x, measured from c, and let (j> be the angle which that
geodesic makes at c with a given geodesic of the family.

Let such coordinates be called geodesic polar coordinates; and let
the curves p = constant be called "geodesic circles centre c," and
the curves <f> = constant be called the " geodesic radii from c."

It is easily seen that the orthogonal family to the geodesic radii is
the family of geodesic circles. For, by § 5, we have only to prove
that one of the geodesic circles is orthogonal to the radii. But
it is obvious that a geodesic circle with an infinitely small radius, p,
is orthogonal, since the figure becomes ultimately a plane figure.

Since geodesic circles with small i*adii are ultimately plane, and
since the properties of small figures are ultimately the same as those
of figures in Euclidean space, it follows that an element of arc of the
circle p = o, when a is small, takes the form pS<p. Hence the limit of
II, when p is small, is p/y. This result is only necessarily true for
polar geodesic coordinates.

U 2
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8. The formula (1) in § 2 for — becomes, using the semi-geodesic
PiPi

orthogonal coordinates of § 6 and simplifying,

where , , a i ,

Hence ( - ^ l ^ = *(*« I a-,),- ^ 1 ^ - | fo | *•,)(*, | *,)„•
p\Pt y

Now II3 = (a;, | a-g).

Therefore, substituting and reducing, we find

=o. (6)

This is the analogue in elliptic geometry of Gauss's well-known
equation in Euclidean geometry for the measure of curvature at any
point of a surface in terms of semi-geodesic orthogonal coordinates
(c/. Salmon's Solid Geometry, 3rd ed., § 329,. and Darboux, § 524.
Darboux also considers for Euclidean space semi-geodesic orthogonal
coordinates, Livre v., chapter v.). If y be made infinite, the equa-
tion reduces to the Euclidean form, as it ought to do.

9. Now, transforming equation (3) into the special form which
it assumes when the semi-geodesic orthogonal coordinates (p, ̂ ) are
substituted, we obtain as the equation satisfied by geodesies, after
division by 5II9/y4,

(Pt~P9)=-r= ~~ P'?- -=- 3 - pf-TJ—f. (7)
11 dp n d̂> op

Also p can be taken instead of r as the independent variable. Hence

Thus the equation (7) becomes

• — n TP*-HT9*-UTp9- (8)

This is the same as the equation for Euclidean geometry given by
Darboux, § 598.
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10. Beltrami's theorem, that the surfaces of constant curvature are
the only surfaces for which geodesies are transformed into straight lines
when the surface is represented on a plane, can now be proved by
exactly the same method as is employed by Darboux (cf. § 598) to
prove it for Euclidean space.

The following proof is substantially taken from Darboux:—
Let the point e0 on the plane correspond to the point e on the sur-

face. Then the straight lines through e0 correspond to the geodesies
on the surface through e. Also, if p0 and 6 be the polar coordinates
of any point on the plane, and p and <p the polar geodesic coordinates
of the corresponding point on the surface, we must have

where 6 and <p are measured respectively from a corresponding pair
formed by a straight line through e0 and a geodesic through e. But
the general equation of a straight line is

+ = 0.
y

Hence a + /3fi + &r = 0,

where fi is a function of <p only and a is a function of p and 0, is the
general integral for geodesies on the surface.

But the differential equation (8) can be written, substituting /* for
f as the coordinate,

n op ii dfj. op

But, differentiating the integral form, we have

Pi*—2((r1 + tr2/i) = 0 ,

/3 ft + S (<ru + 2cr,j /i + O-22 /u2 + o-s /u) = 0.

Eliminating /3 and ?,

ence jx = 2

Accordingly, by comparison,

ar^ _ __ ̂  3 l l 20^2 _ _ jl_ 9 l l <r2, _ _ n ?I1
o-i II dp o"i II «V o-i dp
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From the first two of equations (9) we deduce

n v — —' no-2 - A

where * and P are arbitrary functions of /* and p respectively. Hence

n-p - *n

Thus cr =

where M is another arbitrary function of p only. Hence, from the
third of equations (9),

* f ^ + - _ ^ P Pi J Pi

Differentiating both sides with respect to p,

= _ -I ± (L
PJ *8 dp \ P

Hence *»«I>a = _ P » A (SL) .
ap \ P /

But the left-hand side is a function of ft only, and the right-hand
side is a function of p only. Hence both sides are constant. Thus

The second equation can be written

p dp VP / P 8 '

Hence, by integration, £ U = - — + »̂;,

where IJ is constant. Hence

Therefore PjP^zr^PP,, Pn = »yP.

Now, from equation (6),

JL^n__/]_ J_\
n ?3 l ' j "

But
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(10)

therefore = = IJ.
Al Op* ?

Hence = —17 =.
Pi Pi y

Thus the only surfaces for which the geodesies correspond to
straight lines are surfaces of constant curvature.

11. There are three types of surfaces of constant curvature,

according as 1—-is positive, negative, or zero.
Pi Pi 7*

Let J_+-L = -L, _ J j , or 0,
Pi Pi 7 « «

in the three cases.

In case (1) II = o- sin (£- — r J

in case (2) II = <rsinh f •£• — r J

in case (3) II = <rp + r

where, if semi-geodesic orthogonal coordinates be used, <r and r are
functions of <£ only.

Let the surfaces of type (1) be called " elliptic surfaces of constant
curvature," of type (2) " hyperbolic surfaces of constant curvature,"
of type (3) " parabolic surfaces of constant curvature."

12. If geodesic polar coordinates be used, it follows from § 7,
by making p small, that r = 0 and a = e/y for the elliptic and

hyperbolic surfaces, and r = 0, «r = — for the parabolic surfaces.

Hence, with these coordinates,

II = — sin £- for elliptic surfaces,
r e

II = — sinh £- for hyperbolic surfaces,
y «

II = -£- for parabolic surfaces.
7

Conversely, if the limit of II be ^ , when p is small, then the
e

ourves p = constant are geodesic circles.
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For, if &r, be an element of the arc of one of these curves, for which
p is a small constant,

&r8 = — pS<fy.
e

Now write i/r = -2- ad<f>, remembering that <r is a function of <f>
e J

only. Then

Hence the length of arc [cjl*9 is very small, when p is small. Thus

the limit of the curve p = constant must be an evanescent curve
round a point. Hence p and ip are polar geodesic coordinates.

13. The only surfaces in elliptic space on which two orthogonal
families of geodesic Curves can be drawn are parabolic surfaces of
constant curvature. For, by the collected results of § 6, if
we take these orthogonal geodesies as curviliuear coordinate curves,
it follows that we may write

(*, I <O = y = (a* I «»), and (*, | xt) = 0. (11)

Here the orthogonal curves are the families £ = constant and
IJ = constant, and the element of arc 2c takes the form

also the suffix 1 denotes partial differentiation with respect to £, and
the suffix 2 with respect to »y.

It follows from equations (11) that

(a-j | a;,), = 0 = (.Tj | Xi), = (za | xa\ = (xt | » , ) s = (re, | <BJ), = (a;, | a;,),.

Hence the equation (1) in § 2 for becomes
Pi Pa

1 _ 1
pi p* ya

This proves the proposition.

14. Conversely, two orthogonal families of geodesies can always be
drawn on any parabolic surface of constant curvature so as to include
any given geodesic as a member of one of the families. For, from
each point of the given geodesic, draw the geodesies cutting the given
geodesic at right angles. Let the length of the geodesic arc drawn in
this manner to any point x be p. Let the family of geodesies so
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drawn be denoted by the equation <f> = constant; Then (by § 5 above)
p and <p are semi-geodesic orthogonal coordinates; and, of the curves
p = constant, one curve, namely, p = 0, is a geodesic. We will
now prove that all the curves p = constant are geodesies.

For, from §§6 and 11, we have

(*i I *0 = — . («i I «i) = °> (^ I x%) = (*P + r)f«

where o and T are functions of </> only. Also, by § 3, equation (4),
the condition that the curves p = constant may be geodesies is that
(scjffjj j «J{BJ) should vanish at each point of the surface. Now

xxx%) = (

But (â 3

and

Hence

Therefore

1 ̂ ) + 0»i

(^argj 1

1 %)
i I xi)

1 «iw)

xtxt)

= MV1 «0,.
1 fl^)l-

But, when p = 0, by hypothesis,

( o : , ^ | aj,a!g) = 0 .

Hence or' == 0.

Now, if r=sO, the curve p = 0 is, by § 12, an evanescent circle,
and is, therefore, not a geodesic, contrary to hypothesis.

Hence, o = 0; and, therefore, at all points of the surface

(x%xi% | a-1ars) = 0.

Thus, the family of curves p = constant are geodesies.
Thus, on parabolic surfaces of constant curvature, and only on such

surfaces, geodesic orthogonal coordinates are possible; and the co-
ordinate curves can be chosen so as to include any assigned geodesic.

14. On any parabolic surface of constant curvature let geodesic
orthogonal coordinates be chosen. Let the curves £ = constant
denote one family of geodesies, and the curves IJ = constant denote
the orthogonal family of geodesies. Also choose £ and ij so that 8$
denotes an element of arc of a curve rj = constant, and Sri denotes an
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element of arc of a curve t, = constant. Then, by § 6,

0*1 I «l) = — = 0*2 I *s),

and (#! | xt) = 0.

Hence W = W + (W- (U)

The identity of the geodesic geometry of parabolic surfaces of
constant curvature with the geometry of straight lines in a Euclidean
plane follows immediately from, this equation. It may be convenient
to some readers to illustrate this identity by the following investiga-
tion, occupying the remainder of this article (14).

Let any geodesic be given by

and let differentiation with respect to r be denoted by £, rj, and so on.
The condition for a geodesic has been given by equation (3) of § 2.
This now takes the special form

Integrating the form -f— ~- — 0,

we have rj = a£ (12)

Integrating again, n — a£+/9. (13)

This is the general equation of a geodesic in terms of orthogonal
curvilinear coordinates. The tangent line at any point x of the
geodesic (13) is zx. But

xx = x (Xii+Xjr)) = x (ajj + aa:,,) &

Hence x(x1 + ax%) is the tangent line. The tangent line to any other
geodesic

n =

through the same point ar, is xfa + a'x,). The angle 0 between these
lines is given by

cos 0 =
fo-f cue,)} [xfa + a'
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that is, tan 6 = ;.
1+aa'

Thus the angles that the geodesies severally make with >? = 0 at their
points of intersection with it are tan'1 a and tan'1 a'.

15. We will now find the equation of the general type of those
parabolic surfaces of constant curvature which are also surfaces of
revolution. By so doing we also prove the important proposition that
parabolic surfaces of constant curvature in elliptic space are real
surfaces.

Let ee8 be the axis of revolution, and let e, elt e2, e8 be a set of unit-
normal (or quadrantal) points e8 [cf. Universal Algebra, § 223 (1)
and § 245]. Then the three lines eeu eeit ees form a system of three
axes mutually at right angles, origin e.

Any unit point x = $e + $xex + £2 e% + £8e8

satisfies the condition (x \ x) = 1,

that is, £2+£ + £+£ = 1;

and £, £, £a, £3 are the ordinary rectangular coordinates of elliptic
geometry.

The meridian curves of the surface of revolution lie in planes
through ee8, and are geodesies of the surface. The parallels of
latitude are curves (not geodesies) which cut the meridians ortho-
gonally. Take these two families of curve.8 to define a system of
semi-geodesic orthogonal coordinates. In accordance with the nota-
tion of § 6, let a point x on the surface be defined by p, which
is the geodesic arc measured from some fixed parallel of latitude, and
by <}>, which is the angle between the plane eeax and the plane ee8e,.

Then, from § 11, equation (10), we have

n = ap+/3, (14)

where a and ft are constants, since the surface is one of revolution.

Also, since the surface is one of revolution, we may assume

x = ie-rfi focos $> + e2sin ^) + |8e8, (15)

where £, /u, and £3 are functions of p only.

Also, since (x \ x) = 1,

wo have ? + /*'+"? = 1- (16)
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Since (a?, | «,) = —,

•SWSM
Since (xt \ xt) - II9 = (ap+/3)9,

we have /ua = (ap+/3)9;

that is, /u = ap+(3. (18)

The condition (a1, | a,) = 0 is satisfied identically.

From (17) and (18) we find

Hence for a real surface we must have a9 < —̂ . Put

cos 5
a =

7

Also equations (16) and (18) give

say. Assume ^ = a cos tr, ^8 = <r sin nr, (20)

where w is a function of p only. Hence equation (19) becomes

Thus ^ = ^

dp <r

Now, put ap + /3 = r,

so that ff' = l—r*.
Then tsr = sec 51 ^—; j — ^ - dr.

J l - r

The argument of the integral is rationalized by the assumption
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Finally, we find

801

-—e = tan"1 in'S-(pcos
5

cos 0

-.sec S tan"1 ^ (20)

where we have written y/3 = *c,

and e is an arbitrary constant.

Thus the required surface is given by

x -

cos tor, (21)

and to- is given by equation (20).

If we measure p from the parallel of latitude which in equations
(21) is denoted by

p = — K sec S,
the equations become

= te-f-

« = J l -

(ej cos <p + e8 sin

cos vr,

sin tar,

. 1w—e = tan .•
p COS*

sec 2 tan"1
: 5
ft COS O

(22)
The equation of the surface can also be put in the form

ton-i-. = ten- {»»tf »-<-<?} -swS ta-> {Bin-a-ij-gj', (23)

The equations (22) and (23) can be conceived in two different ways,
which are not quite identical in their results. Equation (23) may be
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taken as the fundamental equation; and p must then be conceived as
standing merely for the analytical expression

seed f>j ,j|(
y l *i '

Then the equations (22), together with the equations

± p cos 8 t p cos £ . _,
Si = • cos 6, £, = sin <b,

y y

define the coordinates £, £ls £2, £8 in terms of the auxiliary variables
p and 0. The surface will be found to consist of many sheets, and the
geometrical meaning of p must be varied to make it appropriate to
each particular sheet.

The second method of conceiving equations (22) and (23) is the
one by which they have been attained; namely, p is conceived as the
arc of the meridian geodesic measured from a given parallel of
latitude. This method is appropriate for studying the properties of
any one particular sheet of the surface; and, since the different
sheets are merely repetitions of each other, which arise owing to the
multiple values of the inverse tangents in equation ('23), this will
be the convenient method for us to continue to adhere to for the
present. I t will save confusion if, during our adherence to this
geometrical definition of p, the surface is called " the sheet." The
change of name is appropriate, for we are considering one sheet of
the surface obtained by the first point of view.

16. The parallel of latitude p = 0 is an evanescent circle surround-
ing and coinciding with some point on the axis ee8. Let this point be
called "the conical point of the corresponding sheet," and let the sheet
be considered as consisting of all that part of the complete surface
denoted by equation (23) which is represented by equations (22)
when the ambiguities of the inverse tangents are so determined that
p represents the length of the meridian geodesic drawn from their
conical point.

Firstly, let p be assumed to be positive, and let X and /i be positive
acute angles such that

j y!sin8 <5—pscos3dH ) >2 sin8 <$ — p* cos* $\*
cot A. = - -.— — , cot n =.— L , cot n = 1~.

p cos"d p cos o
Then the most general expression of the last of equations (22), without
any determination of the ambiguities, is

vs — e = (wr-|- \ir — A.) —SCC h ( W T f \v — ft),
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where m and n are any two integers, positive or negative^ Now let

e = iff ( s ec3 -1 ) . (24)

Then the equation for xa becomes

vT = (n—m) 7T—2we—fi sec S—X. (25)

The only equations in which xs is used are the following:—

(, pa cos2 $") * / , ,.,,_,„ (, pa cos3 5) i < n i * \ •>
= j 1—£ £— ^ cost:r = ( — 1)" '" j 1—-—j— ^ cos{— 2me+fiBeco—X]

(26)
Secondly, let p be assumed to be negative and equal to —p', and let

X' and fi' be positive acute angles such that

,w (y2 sin2 a-p'2 cos2 2}* , , (y2sin2a-p'8cos25l4
COt A = SJ. ; £— i_ , COt /U = — ; ^— _ i _ .

p COS 0 p COS 0

Then X' and fx' are respectively the same functions of p as X and ft
are of p.

Hence the last of equations (22) becomes, when p is negative,

ur—e = (wV + T̂T•+• X')—sec 5 (mV+ £ir+/•'),

where m' and w' are any integers, positive or negative. Hence,
using equation (24), this equation becomes

xs = (»'-•vi') 7r-2m'e-/z' sec S + \'. (27)

Substituting in the other equations (22), we find

_ P ^ ! ! i | J
C0SCr = (-iy-™ i l-Pl^fl] isin{2m'e + Ax'secS-X')

(28)

The factor ( — I)"""1 in equations (26) and (—1)"'"'"'in equations
(28) maybe omitted. For the points (±£i±£ 8 , £„ ^a), that is to
say, the points (£, 8̂, ± ^ , =fc£s)i a r e ^o^1 on the surface if one of
them is.

17. Now, when p is small, so that p2 is neglected,

s2
x p cos2 3 p cos 3 t \ P sin
X = r . , /A =*- . , / ' sec2-X = c

ysino sin o y
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Hence equations (26) become

= cos 2me 4- sin 2me

(29)

£8 = — sin 2me + cos 2me
y

Similarly, when p is small, equations (28) become

(30)

n , p sin o . o » %
= cos 2m £— sin2TOe

y

> • n * p'sin £ o /£8 = — sm2m e— - cos Zm c
y

Hence the series of conical points on ee8 are given by

$ = cos 2me, £8 = — sin 2me (m = 0, ± 1, ±2,. . .) .

Let these points be denoted by d0, d^, d_u diy d_2, ..., so that

dm = e cos 2me—e8 sin 2me, d.^ = e cos 2me-f e8sin 2me;

also d0 is the point e. The distance between any two consecutive
conical points, such as dm and dm+1 is K, where

V

= cos 2niecos 2w, + 2e + sin 2me sin2w+ 2 e = cos2e.

Hence K = 2ye, where, since the whole line is of length 7ry, a num-
ber of complete circuits of the line may be included. If e/ir be a
rational number, that is, if cos 2 be a rational number, there are only
a finite number of conical points to the surface. But, if cos 8 be an
irrational number, there are an infinite number of conical points to
the surface.

18. Let us now study the sheet of which e, that is d0, is the conical
point.

Putting m = 0, equations (26) become

(31)
A ( i P2 COS O~) * . r * » )
£, = j 1 — ' — — > sin {/LI sec o—A. j
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where X and /u are positive acute angles given by

p cos o , pcos o
tan X — —7, tan fx zzz — _ .

Also, when p is small and pa is neglected, equations (29) become

£=1, i^tml. (32)

Also putting m = 0, equations (28) become

* C , p'2cos23) * c , <* \n \{ = 1 - - — s — > cos \ u sec o — X \
7 , (33)

£ 8 = } 1 — - — , — \ sin[/x'sec5 —X']

where X' and p are positive acute angles given by

, \> p' cos2 h , , a cos B

tan X = -7—^—;—*•- . , tan p = , 8 . a\, ; TsTi •

Also, when p' is small and p'2 is neglected, equations (30) become

£=1, £ 8 =- e J r-^- (34)
y

Hence, from equations (32), (34), and the first of equations (22), a
point x on the sheet in the neighbourhood of e is

. p cos £ , , , • J \ , p sin 5 / O E N

x = e+ (ej cos <p+e2 sin «p) + e3; (35)
y y

and this equation holds whether p be positive or negative. Hence,
in the neighbourhood of e,

cos 8 f , , • i\ , sin S />PN

^ = (et cos <p+e, sm 9) H e.. (30)
y y

Hence (c/. Universal Algebra, § 293) the tangent at e to the meridian

geodesic in the plane 9 is the line exu that is,
cos B f , . - I N , sin h(ee, cos 9 + ee3 sin 9) H ee3.

y y
Now the angle \ between exx and ee8 is given by

COS Y = ; I ' l l » = s i n $

since (eej | ee8) = 0 = (eea | ee3), and (ee3 | et}3) = 1.

Hence X = $»r — 3.
VOL. xxix.—NO. 631. x
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Hence the tangents at e to the meridian geodesies form a cone of
revolution of semi-vertical angle \n—S.

It is now easy to state the relation of the semi-geodesic coordinates
p and <j> to polar geodesic coordinates p and 6. For the two geodesies
<j> and q> + 8<p make an angle SO with each other at their point of
intersection e. Now let p and p be two points respectively on these

geodesies, and at the same small geodesic distance p from e. Draw
the perpendiculars pq and pq to ee8. Then, remembering that the
properties of small figures are ultimately those of Euclidean space,

pp' = ep .$6 = pZO.

Also pp' —pq.ty=. p cos SSf.

Hence oB = c o s S S<j>, d = <j> c o s S.

Hence, if Bo be an element of arc at any point of the surface,

and this agrees with § 12 and with the formula of Euclidean plane
geometry which holds for the geodesic geometry of this sheet.

19. Recurring to equations (31), note that, as p increases from 0 to
y tan B, \ and p increase from 0 to \v; and that, when p > y tan S,
X and n are imaginary. Hence, for p positive, the sheet is real only
when p< y tan B.

Thus, as p increases from 0 to ytan S, £ decreases from ] to
cos 5 cos e, 53 increases from 0 to cos $ sin e.

The plane of the parallel of latitude through x is perpendicular to
ee8, and is, therefore, the plane x&^ev

Hence the centre of the circular parallel of latitude is the point
xbxe^. ee3, that is, (xele%e^)e — {xele%e)eii that is, |e + |3e8.

Hence, as p increases from 0 to y tan S, the centres of the successive
parallels of latitude of the sheet occupy successive positions on the
line ee3 between the point e and the point ecose-l-e3sine, which is
the centre of the extreme parallel of latitude on the sheet. Let
e cos c + ft3sin e be called the point c.
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The distance between e and c is ye. But, in § 17, it is proved that
the distance between e and d.i is 2ye. Hence c bisects the intercept
between e and d.u of which the length is 2ye.

Similarly, when p is negative, and equal to —p', equations (33) and
(34) show that the remainder of the sheet is, in all respects, a
reflexion in the plane eel e2 of the part of the sheet for p positive. Thus
there is an extreme parallel of latitude, of which the centre is the
point e cos e — e8 sin e ( —c', say), and the point c bisects the intercept
between e and dx which is of length 2ye.

The perpendicular distance, £, of any point x on the sheet from the
axis ee8 is given (c/. Universal Algebra, § 226) by

> •) p c o s o(xees = •{(« (38)
7 \f I I O" I 0*1 i 00 I 00 1

Hence, as p increases from 0 to y tan S, the radii of the correspond-
ing parallels of latitude increase from 0 to Sy.

Though the real part of each sheet is bounded by the two extreme
parallels of latitude corresponding to p2 = y2 tan2 S, the complete
surface denoted by equation (23) is not discontinuous. For, since c,
bisects the intercept between e and d_u the point c is also the
centre of one of the extreme parallels of latitude of the sheet cor-
responding to the conical point d_u and the two parallels of latitude
centre c coincide. Thus, at the termination of one sheet, another
sheet commences, corresponding to the next conical point given by
the series ... d_2, d_i, d0, dx, dv .... It will be proved that the junc-
tion of two sheets forms a cuspidal line on the surface.

20. The simpler properties of the meridian curves can now be
easily stated. Consider the meridian curve in the plane ee2es. Take
any point p on the curve and draw pq perpendicular to ees.

f

d,

x 2
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Let ep denote the distance between e and p, and p the length of
the arc ep of the curve. At e the curve cuts the line ees at an
angle l^r—5. From equation (38),

. pq p cos <5 arc ep. cos 5
v y y

This may be looked on as the geometrical definition of the curve.

The angle ty, which the tangent at̂ > makes withjpg, can be 'found
from this equation. For, let p' be a neighbouring point to p on the
curve; draw p'q perpendicular to ee8. Let pm be an arc of the circle
of equal distance from ee8. Then the arcpm is ultimately a straight
line perpendicular to pq. Also

p'm = p'q—pc['

Hence, by differentiating equation (38),

pq p'm __ Sp cos & _ pp cos 8
y ~y — y y

Hence cos^ = Lt. £ ? = - ^ 1 = r c o s g . (39)

The angle xf/ increases with p; hence the curve is convex to the
axis ee8.

The value of i}/ is imaginary if

y cos B ,

that is, if p > y tan S.

This agrees with § 19.

"When p = y tan 2, ^ = 0. Hence the tangent at / , the extreme
point of the curve, is perpendicular to the axis ee8. Hence, as pre-
viously stated, the junction of two sheets is a cuspidal line.

The inverse measure of curvature (px) of the curve at p is most
easily found from the formula

PiPi ~ y8 '
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which expresses the condition that the curve is a meridian geodesic
of a parabolic surface of constant curvature.

% s

For draw the normal pg cutting ee8 in g. Then, from Napier's
formulae for right-angled triangles,

t a n ^ = t a n ^ s e c (90°-^) = tan£S cosec tf.
y y y

Hence, from equations (38) and (39),

y {y2 sin2 a-p2 cos2 3}»

But pg is the radius of circular curvature at p of the line of curva-
ture perpendicular to the meridian; this must be distinguished [cf-
Universal Algebra^ § 288 (4)] from the inverse measure of curvature
o2. The relation between the two is

pa y
y

Hence p3 =
 ypcoa*

{ 3 i 8 a a

_ ya y{ysina-pcos8}i . . . .
Hence Pl = — i - = — LI 1 L . (40)

p 3 pcoso
Therefore p decreases numerically from oo at e to 0 at / .

21. The distance between successive conical points of the complete
surface is (cf. §17) 2ye, that is, 7ry (sec 8—1). But the length of a
complete straight line is ny. Hence, if cos 2 = | , that is, if S = §vy

the surface has only one conical point. In this case the surface has
only one sheet, and the two extremities of the sheet, for p positive and
p negative respectively, coincide along a parallel of latitude of radius
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|7ry [cf. equation (38)]. The total length of a meridian arc,
measured from e, is y tan |ir, 'that is, v/3 . y.

The accompanying figure, of course, cannot, in Euclidean space,
represent the form of the meridian section of the surface in elliptic
space; but it may help the imagination to realize the geometrical
relations of the parts. The two lines fe3f, at the extremities of the
figure, must be conceived as coinciding—thus the figure may be
wrapped on a cylinder so that these lines become the same generator.
The lines are tangents, so that the surface in elliptic space has a
cuspidal line.

With the notation of the end of § 18, 0 = 0 cos 3 — £<|>. Now <p
varies from 0 to 2n\ Hence, each half of the sheet of a single-sheeted
parabolic surface of revolution of constant curvature corresponds to
a semi-circle of radius ^ 3 . y on a Euclidean plane in Euclidean space.

The equation (23) can be rationalized in this case, since £ = §•*,
e = 7̂r. Thus, the equation of the one-sheeted parabolic surface of
revolution of constant curvature is

=? 3

May, 1898.—Professor Burnside, who has kindly read over
this paper in manuscript, has pointed out that the detailed mention
of the simplest case of all has been omitted. For in equation (16)
put a = 0, so that 7r = /3; this is equivalent to putting h = \ir.
Hence the equation for vr becomes

dxs 1 p + e
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Thus, instead of equations (21), we find

x = (l-j3a)J cos ^ + e e+/3 (ej cos </> + e2 sin <j>

311

Thus the surface is a surface of equal distance from ee3, and the con-
stant distance from ee3 is y sin"1 /3. Professor Burnside makes this
surface the basis of a synthetic treatment of the subject of this paper
which is appended to this paper.]

Geodesies on Surfaces in Hyperbolic Space.

22. The preceding results can now easily be adapted to hyperbolic
space ; it will not be necessary to repeat the proofs in detail.

Let e be the origin of three mutually rectangular axes eev eea, ee3;
and let e, ex, e2, e3 be a system of mutually normal unit points. Then
(c/. Universal Algebra, Book vi., chapter iy.) eu e2, e8 are points in
antispace, and

(e | e) = 1, (e, | e j = — 1 = (e2 | e2) = (e3 | e8).

Also, if x be any point, it can be ex-
pressed in the form £e -f ̂  + £2e2 -f |8e3.
If it be a unit point in (hyperbolic)
space, as distinct from antispace,

= sinh -£- sin 6 sin <A,
y

Also, if p be the distance ex, 6 the
angle &ee3, (f> the angle between the
planes xees and exee%, then, x being a
unit point,

$ = cosh 2-, £ = sinh -£- sin 8 cos <
y y

S3 = sinh ~ cos 0.
y

Hence y is the " space constant" of the hyperbolic space.
Also let x, as before, be a unit point on a surface, defined by

curvilinear coordinates 6 and <f>, distinct from the 6 and <£ of the
previous explanation. Then (x | x) = 1. The formulae remain
substantially unchanged from those of elliptic space; they can be



312 Mr. A. N. Whiteheadow the Geodesic Geometry of [March 10,

derived from the " elliptic " formulae by writing y </( —1) instead of
y. Hence formulae not involving y will be absolutely unchanged,
others involving y2 will have their signs changed, and some trigono-
metrical functions will be turned into hyperbolic functions. Then

Also - / { f a l«i)(g» I vj-fa K ) }

X { ( « H I « s ) 8 - ( » i I O f a I ») + ( ! | O u K ! I a ) n i ( i I
(41)

where Ax and A2 have the same meanings as in the corresponding
formula (equation 1) for elliptic geometry.

The condition that the curve 9 = / (r), <£ = F (r) may be a geo-
desic is

(xx | x1x3) = 0. (42>

This can be expressed in the same form as equation (3).

23. The investigations of §§ (4), (5), and (6) hold for hyperbolic
space; that is to say, all the properties of semi-geodesic orthogonal
coordinates. Thus, if the curves <fy = constant be the geodesic family,
and the curves p = constant be the orthogonal family, we have

(«! U ) = ~ ^ , (3, | *,)=(>. (43>

Also 0*)* = (Sp)a-y2(*2 | a.) ( W = (ap)2 + ysn8(^)2, (44)
where n3 = — (aj2 | as3).

The special properties of polar geodesic coordinates also hold, and
with these coordinates the limit of II, when p is small, is p/y.

Equation (6) of §8 becomes, with semi-geodesic orthogonal

coordinates, ^ 5 + / _ L _ J_\ n = 0. (45)

Also equations (7) and (8) of § 9 for geodesies hold without any
change of form. Hence Beltrami's theorem respecting the geodesic
representation on planes of surfaces of constant curvature can be
proved as in § 10. Also, as in § 11, putting

1 1 1 l n

a = — , or j - , or 0,
PiPi 7 * «
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equations (10) hold without modification. Let these surfaces, as in
elliptic space, be called respectively " elliptic," " hyperbolic,' and
" parabolic " surfaces of constant curvature.

The theorems of §§ 13 and 14 also hold, namely, the only surfaces
in hyperbolic space which admit of two families of geodesies being
drawn on them mutually orthogonal are parabolic surfaces of con-
stant curvature, and, conversely, on any such surface two such
familieB can be drawn, of which one family includes any assigned
geodesic.

Let £ = constant denote one such family of geodesies, and let
JJ = constant denote the orthogonal family. Let the subscript 1
denote differentiation with respect to £ and a with respect to TJ.

Then we may assume

(x, | a?,) = -2 = (a;3 | Zj), (x1 | x2) = 0 ;

and (Sof

Thus, as in elliptic space, it may be seen that the geodesic geometry
of the surface is Euclidean.

24. To find the equation of the general type of surfaces of revolu-
tion which are also parabolic surfaces of constant curvature. It
may be noticed that Bolyai's limit-surfaces must be included as a
special case of such surfaces.

Let ees be the axis of revolution, and let eev ee2, ee3 be three
mutually rectangular axes of origin e. Let e, ev e2, e8 be a set of
mutually normal unit points ; thus eo e3, e3 are antispatial. Any unit
spatial point . . . .

x = & + £& + £& + £&

satisfies the condition (x \ x) = 1,

that is, ? _ £ _ g _ 3 = 1 |

and i, £, £2, £, are the ordinary rectangular coordinates of hyperbolic
geometry. Now, as in § 15, take meridians and parallels of latitude
as a system of semi-geodesic orthogonal coordinates. Let the length
of the arc of the meridian through x, measured from a fixed parallel
of latitude, be p, and let <f> be the angle between the planes xeea and
ejee8. Then, as in § 15, we have, since the last of equations (10) holds,..

and n = ap+/3, (46>



Mr. A. N. Whitehead on the Geodesic Geometry of [March 10,

where a and (3 are constants, since the surface is one of revolution.
Also, since the surface is one of revolution, we may assume

x = fe + /u(e1cos^> + e2sin^) + ^8e3, (47)

where £, /u, £8 are functions of p only. Also, since

(x | x) = 1,

we have £—p—%\ — !• (48)

i Idu\^ , /dc<t\ Idi
we have I T / " M J J — I'J'

Since (x2 | a?2) = — II3 = — (ap+/3)2,

we have yu=ap + /3. (50)

The condition (x^ \ x3) = 0 is satisfied identically. From equations

(48) and (50) we find

= <T2, say. (51)

Assume £ = a cosh tir, £8 = o- sinh is, where w is some function of p
to be determined. Substituting for p., £, £3 in equation (48), we find

tha t is, g g = < y
n , 2 7 ; - (52)

Hence these cases arise for examination according as

(Case I.) a = —, (Case II.) a < —, (Case III.) a > —.
y y y

25. Case I.—Let a = —.
y

Equation (52) becomes

dp
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where te/y is written for J3. Hence

ne = log {y2+ (P + K)2}1 + constant

where <5 is the constant introduced by integration. Hence

£ = — cosh trr =
7

— sinh rs =

£, = COS <f>
y

315

(53)

Now measure p from the evanescent parallel of latitude, which
has hitherto been denoted by p = —if, and choose e to be the point in
which ees cuts the axis ee3, so that 8 = y, and we find, without
diminishing the generality of the type of surface,

= — cos = — sin
y

Hence

But (c/. Universal Algebra, § 299) this is the equation of Bolyai's
limit-surface, which passes through the point e, and has its centre
at the point e + e3 on the absolute.

26. Case II.—Let

Equation (.52) becomes

cosS

y2sin2
cos

dp" y(l+/) TJp^osB

Integrating by means of the transformation

*'2 sin8 8 + (p cos B + c)2 = £2 (p cos
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we find
* {^sinS + Ojcosa + K)2}1

= secocoth * i --=; —
pcos O + K

—cotn
: —•

(p cos 8 + K) COS 5
Hence, measuring p from the parallel of latitude hitherto denoted by

p = — K sec 3,

we find the following set of equations to determine the surface,

x = sin

o8 coss 8")* . ,5— >• sinn
v J

ZJL
pcoso

- c o t h " 1

• (54)

j ^ — —
p COS8 0 '

The parallel of latitude p = 0 is the evanescent parallel surround-
ing the point in which the surface cuts the axis eeg. Let this point
be the point e; then this assumption determines e by. the equation

e = sec S coth"1 oo — coth'1 oo = 0.

Also, in the neighbourhood of the point e, when p2 is neglected,

( dvr\ p sin d

and hence

~P\dp),,.o

t — 1 t — psind

Thus, in the neighbourhood of e,

cos 8_ e_j_ r """ " ^ c o s ^^_g2 s i n <£) ̂ _ Pj gs

y y

Hence cos <f> + e3 sin sin
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Thus the tangent line at e to the meridian curve in the plane <£ is
denoted by the line element ex1, that is, by

cos §
(ee1 cos <f> + ee2 sm

sin3
ee8.1 2 £) 8

7 7
Hence (r/. Universal Algebra, §§ 244, 248) the angle between this
line and the axis is given by

(ee8 | ex,)
cosy = = sin

Hence the tangents at e form a cone of semi-vertical angle %v—5,
and the point e is a conical point on the surface. By putting —p
instead of p in the equations it is easily seen that the surface is
symmetrical with respect to the point e.

The plane of the parallel of latitude through the point x is per-
pendicular to ee8, and is. therefore represented by the planar element
xexe^ that is, by the planar element (iee^ + ̂ e^e^. The centre of
the parallel of latitude lies on ees, and is therefore the point xex e%. ee3

But xe^e^. ee 3 = i e e ^ . ees + £ 3 e 8 i 2

= (& + £8
 es) (eex e2 e3) =

• ees

e3,

omitting the numerical factor.
The distance d of this point from e is given by

Hence <2 = cry.

The radius (£) of the parallel of latitude is the perpendicular dis-
tance from x to the line ee8. This is given by [c/. Universal Algebra,
§254(5)]

1 J-fr* ' Te\ ^ (55)
Now in the figure let a; and x' be two neighbouring points on a

d'
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meridian, let xd and xd' be the perpendiculars on to ee8, and let xp be
the arc of the curve of equal distance from ees, which is ultimately a
straight line perpendicular to xd'. Then ultimately

xx =• x'p =

Also, if ip be the angle which the tangent to the meridian at x makes
with xd, we have ultimately

. x'p d£ cos 8cos if, = J£ = Jt = ,
^ cosh —xx

from equation (55). Thus
. y cos S

COS l/r = j (56)

The form in hyperbolic space of the' section of the surface by any
meridian plane is suggested by the annexed figure. Both branches
go to infinity at both ends. By putting B = 0, the surface becomes
the limit surface investigated in Case I.

[Added May, 1898.—Here again, as in elliptic space, the simplest
case has beeu omitted, namely, when <$ = | T . Then the equations
become

£ = /3 cos <p, £3 = /? sin 0.
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Thus the equation of the surface is

319

This is a surface of equal distance from the line ees. ]

27. Case III—Let a = c o s h * .
y

Equation (52) becomes

dp

Integrating by means of the transformation

(p cosh H « ) J - y 1 sinh8 3 = £* (p cosh a + K)S,

we find

= sech o tanh-1

—_
pcosh c +

—tanh -. r—5—r ^-K •

(p cosh 8+K) cosh o
The generality of the surface will not be impaired by assuming

= 0 = e. Then the following set of equations determine the surface

^ cos

C i . pg cosh* B1 * ,
= < 1 + s [ cosh tar

( y3 )

it = j 1 +

tsr = sech 5 tanh '

sinh cr

c o s l 1 S—Vs s i

p cosh 5
i

- tanh-1 -1
p cosh4 $

(57)

The value of sr is imaginary if p lie between ± y tanh 8 ; hence the
surface does not cut the axis ee3 in real points.

Also tsr = 0, when p = ± y tanh S ; and xs is real as p increases
numerically from ± y tanh 5 to ± 00.
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Also, as p increases from y tanh $ to + oo,

dv _ {p% cosh9 3-y8 sinh8 £}*
dp ya+p8cosh8<l

and is therefore always positive. Hence vr continually increases, and

**(„-•) = sech S tanh"11—tanh"1 [sech 5] = oo .

Hence when p is infinite, the limit of £/£8 = 1.

Negative values of p give the same numerical values of tx, with
the opposite sign, as the numerically equal positive values of p.
Hence, for negative values of p, £/£, runs through the same numerical
series of values only with the opposite sign, and the limit of £/£3,
when p = — co, is — 1.

The perpendicular distance of x from ee8 is given by

sinh 1 =1 = /
y V (

As p increases from y tanh 5 to oo, £ increases from 5y to co.

The centre of the parallel of latitude through x is the point
xe&.eev that is, the point £e+£8e8. As vs varies from 0 to co, this
point moves from e to e+e8, a point on the absolute on ee8; and, as vr
varies from 0 to — oo, this point moves from e to e—e8, the other
point on the absolute on eea.

Let x and x' be neighbouring points on the same meridian curve,
and draw xp and x'p perpendiculars to eet. Let \J/ be the angle

between the tangent at x and xp. Then, by the same construction as
before,

, dt cosh I y cosh Icos w = —- = = ' .
du , t l"^*-Urt

annali»Ai*cosh I
y

Hence, when p = y tanh 5,

i/f is zero, and as p increases to oo, \p increases to | T .
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Thus the form in hyperbolic space of a meridian curve is suggested
by the annexed figure.

There, are two detached branches, AP and A'P, which both go to
infinity; AA' is the tangent to the curve both at A and at A'. The
arc.AP = p—ytanh3, where the parameter, p defines the point P ;
also, if p be negative and is written — p\ and if it defines a point P'on
the other branch, then the arci4'P' = p— y tanhd. The surface is
formed by revolving this figure round eet. A meridian section is
shown in the annexed figure.

When S = 0, the surface becomes a Bolyai linrit-surface.
VOL. xxix.—NO. 632. Y



322 Mr. A. N. Whitehead on the Geodesic Geometry of [March 10,

APPENDIX.

Synthetic Proofs of some of the above results, communicated to me by
Professor Bumside, F.R.S., April, 1898.

At Mr. Whitehead's request I have written out for publication at
the end of his paper a note which the latter part of the paper sug-
gested to me when I read it in manuscript. The note is the outcome
of an attempt to approach the subject dealt with in the last half of
Mr. Whitehead's paper from a synthetical point of view.

The locus of a point whose perpendicular distance from a given
straight line is constant is called an equidistant surface; the given
line is the axis of the surface, and the constant distance the radius.

An equidistant surface is clearly self-congruent for all translations
along and rotations round the axis, and also for rotations through two
right angles about any radius of the surface.

If the section of the surface by a plane through the axis be called a
meridian, and that by a plane perpendicular to the axis a circular
section, then, by every displacement for which the surface is self-
congruent, a meridian is changed into a meridian and a circular
section into a circular section. The distance between any two given
circular sections (or meridians) measured along a meridian (or cii"cular
section) is, therefore, the same at all points.

Consider now a curve on the surface which meets all the meridians
at a constant angle. Through a given point A on the surface, one, and
only one, such curve can be drawn to meet the meridians at a given
angle a (0 ^ a<7r). If the surface be rotated through two right
angles about the radius through A, the surface, and, therefore, also
the curve, is changed into itself. Hence the osculating plane of the
curve at A must contain the radius through A; in other words, the
curve is a geodesic.

The geodesies on the surface are, therefore, the curves which meet
the meridians (and circular sections) at a constant angle..

An infinite number of geodesies can clearly be drawn to join any
two points on the surface. Among these, the shortest will be
that one for which the (acute) angle « is least. Suppose, now, that
any three points A, B, 0 on the surface are joined by shortest
geodesies AB, BG, GA. Since each of these makes equal angles with
each meridian it meets, it immediately follows that the sum of the
angles of the geodesic triangle ABC is equal to two right angles. The
infinitesimal geodesic geometry of the surface is, therefore, the same
as that of the Euclidean plane.
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The radius of the equidistant surface considered may be any what-
ever; and therefore itv follows that a portion of the surface of one
equidistant may be cut out and applied without stretching or tearing
on an equidistant of different radius.

The existence of surfaces, in elliptic or hyperbolic space, whose in-
finitesimal geometry is the same as that of the Euclidean plane being
thus demonstrated, their form, when surfaces of revolution, may be
determined by the consideration that, in. a given space, a portion of
any one such surface must be applicable on any other.

Let the figure represent a finite portion cut out from an equi-
distant surface; APB, CQD, EBF being a set of geodesies which
meet in a point on the surface, while AOE,PQB, BDF are a family of
curves on the surface which meet the set of geodesies everywhere at
right angles. Since the geometry of a finite portion of the surface is
the same as that of the Euclidean plane, such a set of orthogonal
curves must exist, and the relations

AP = CQ = EB,

arc PQB-&rc ACE = a . AP,

must be satisfied for each curve PQB of the family, o being a
constant.

Now bring opposite edges to coincidence so that A and E, P andl?,
B and .F coincide, while ACE, PQB, BDF become circles with their
centres on a straight line and their planes perpendicular to it. The
surface will then form a portion of a surface of revolution whose
infinitesimal geodesic geometry is that of the Euclidean plane.

Let AB be a meridian section of the surface so formed, and ah flic
Y 2
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axis of the surface ; Aa^Bb being the perpendiculars from A and B
on the axis.

8/

Then, taking suitable units of length, the meridian section is
given (i.) in elliptic space by

sin Bb—sin Aa = —- arc AB;

and (ii.) in hyperbolic space by

sinh Bb — sin

It will be found that for elliptic space the relation

sinh Bb — sinh Aa = £- arc AB.
2TT

is necessary in order that the surface may be real; and that, when a zf=. 0,
the surface necessarily cuts the axis. Beckoning the arc s from a
point where the curve cuts the axis and representing the ordinate by
y, the equation is

sin y = —

In hyperbolic space there is no limitation on a. If a*<47r9, the
curve cuts the axis ; and, with the previous notation, the equation is

sinh y = —.

If a*>47rs, the curve does not cut the axis. In this case, writing

cosh /3 for £- , the equation can be put in the form

sinh y — sinh /? = s cosh /?.

The dividing case a = 2ir gives the limit-surface, as it obviously
should ; for the limit-surface may be regarded as the equidistant of a-
straight line whose only real points are at infinity.




