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1. The abstract form of the known simple group of order 25920
was determined by the writer in the Proceedings of the Society,
Vol. xxxi., pp. 40-45. The present paper gives a simpler method of
solving the problem. Furthermore, it has direct contact with the
developments of Jordan on the group of the equation for the 27 lines
on a cubic surface.* We first set up the abstract form of a sub-group
of order 960.

2. THEOREM.—The abstract group Cr00 generated by the operators Ev

Et, E3 with the generational relations

is put into holohedric isomorphism with a linear group Lm by the
following correspondence of generators ;—

Indeed, the abstract group is holohedrically isomorphic with the
alternating, group on five letters.f

3. THEOREM.—The abstract group Ow generated by the operators #„
Bo. B*, B4 with the generational relations

(3) JB5 = I, BtBj^BjBi (t,i=l,2,3,4)

is holohedrically isomorphic with the commutative linear group

* Jordan, Traitc des Substitutions, pp. 316-329 ; Dickson, Comptes Rcndus,
Vol. CXXVIII. (April, 1899), pp. 873-875.

f Moore, Proc. Xo«rf. Math. Soc, Vol. xxvin., pp. 357-366.
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where d denotes the linear substitution

ct: £ = - 6 , $ = G (i = i,...,5;jgfco.
We may set up the following correspondence of generators:—

(4) Bt ~ 0,0,, Bt ~ C,C8, £,

4. THEOREM.—The abstract group generatedby tJie operators Ev E^ ES}

Bly Bif Bs, Bt with the generational relations (1), (3), and

(5)

is of order 960, and is holohedrically isomorphic with the linear group
LyfoOn the indices £,, ..., £5, ĝ 'ven as Me product of the permutable
groups Li0 and L^.

The permutable groups Lw and Lm, having only the identical sub-
stitution in common, generate a group of order 16.60. The iso-
morphic groups Gi0 and Gm subject to the relations (5), generate
an isomorphic group Gm.

E

(6)

5. THEOREM.—The abstract group Gm is generated by the opera
v 2?3, Es, Bx subject to the generational relations

6) E* = El = El = B] = I, (EM* =(!!&)*=&&? = I,
(E,Esy = (B&Y = (EW = I.

From the relations (5) we derive at once the following :—

(7) B, = E,B,E\, Bt-E^XB^E^ Bt = E.E.B.E.E,.

The relation E'l
xBlEx = B,£2

then requires (BXEXY = I.

Also, by (5), Bx is commutative with E% and Es. It follows that the
operators Ex, JG72, E$, Bx of Gm are subject to the relations (6). In
order to prove that they are subject to no relations independent of
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(6), we proceed to show that the relations (5) can be derived from
(6) and (7). Koting then that 2?2, J53, Bt are expressed in terms of
Elt E3, Et, JBj by (7), our theorem will be proven.

B& = B^B^l — E\BlEl [since BiEl is of period 3].

Replacing E\E%E\ by JB73JE71J573 and interchanging BXE2 with

[since B^Ex is of pei'iod 3]

upon setting B ^ = ^2B,, BlE\B1E1 = E

Hence E22?3 = EJB\Efix13J3x E2 - E,E<i
lBlE1 E2

since

But

Hence B3B4 = .E,EJEJBJ
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Using the last result, we find

-E!j B^E^ = E3B3E3 = B3BV

To prove that K%si = B«

we note that E^1 (E3B3E3) Ex = Ex~
l (B3Bt) Ex,

or E3EXB3EXE3 = BiB3.El BiEl.

But the first product equals

E3BXB,B3E3 = 2?2B3B4.

Finally, E~lBtE3 = E3E,E3B3E3E2E3 = EJS3

6. The general orthogonal group on five indices with coefficients
taken modulo 3 has a sub-group O25020 given by the extension of the
group i060 by the following substitution w of period 3:—*

£ = £-£,-£-£, 6 = *,-*,+&+&,
£ = *,+*,-*,+& fi = 6+6+6-6.

We note that w2 and w"1 both have the form

£= 6+6+6+6, 6'= -6-6+6+6,
6' = -6+6-6+6, 6'= -6+6+6-6.

If (12) (34) denote the linear substitution (2) corresponding to Eir

we readily verify that
C3Ct = w (12) (34) w-1.

Hence the simple group O-,i0i0 is generated by the linear substitutions
(2) (which generate L^) together with to.

7. TiiEOKEM.f — The abstract group 0 generated by the operators

J5,, E2, E3, Bx, W subject to the generational relations (6) and

(8) TF 3 =1, W-'E,

(9)

(10) (WE3E2E1W)E3 = E\EJH3E,EX (WE3E2EXW),

•is simply isomorphic with the linear group 025o2o-

* American Journal of Mathematics, Vol. xxi., pp. 193-256.
t For simplicity Bn, B3, and B4 have been retained in the formula?, but arc, in

fact, to be eliminated by (7).
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In virtue of the correspondences (2), (4), and W~w, we may
verify that the corresponding relations for the linear substitutions
all reduce to identities. If therefore the order of 0 be proven to be
< 25920, the holohedric isomorphism between 0 and O^m w^^ be
established. To do this, we consider the following twenty-seven sets
each of 960 operators of 0, those of the first set being the operators
of G = Gm :—*

Bt = GW

Rsit = GWE^W

B.3t == GW'EJSJV*

RsU =

(* = 0 , l , 2 \
\ s = l , 2 /

It will be proven in §§ 8-11 that the generators! Eu J?2, JES, Bv IF,
and hence an arbitrary operator of 0, give rise to an interchange of
our 27 rows when applied as a right-hand multiplier. But the first
row contains the identity. Hence the product I.g = gr, where g is
an arbitrary operator of 0, lies in one of the 27 rows. It follows
that the order of 0 is at most 25920. In particular, it follows that
the 27 rows form a rectangular table for 0 with (?000 as first row.

We note the following formulre derived from (8), (9), (10) :—

W2E» = B^jTT, WE, = BXEXW\ W2BX = BSBXE,W\

WE2 = B3W, WE, = B.E.E.W, WBX - BSE3W,

WBS = E2B,W, EXW - WBXEV E\W = %

E2W
3 =

8. THEOREM.—JE7. gives rise to the folloioing substitution upon the 27
rows when applied as a right-hand multiplier :—

where s — 1, 2.

* The notation Bt, i?«« for the 27 rows is that used for the corresponding rows
of the rectangular table for O2592«

 a 8 given by the writer in Gomptcs Rendus,
Vol. cxxvm. (April, 1899), pp. 873-5.

t We may drop the generator 2?! in virtue of the relation
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= OB,W = GW = B,,

since- (11)

since (12) E^E^E^ - B

R,l0E2 - GWE^E\E% = GW'EiExE%Ex

E-3ô 2 = GW'E^.E, = W # s = El40.

Emi72 = GW'E.E.E.W'E, =

since E3E2ElEiBl =

Hence, by (9), i2 ĴG?2

E^W* = GWE3W> =

= GWB,BiE3EiW= GW*E3E3W = i?231.

9. TFAew applied as a right-hand multiplier to the 27 rows, E± gives
rise to the following substitution :—

where s = 1, 2.

# , # , = 28,, -R,30^, = GW'E3E%EX = E420, 155,,,,̂ ! = GW'E3E2 =

E,,,^, = GW'E3EiElWEl =

= QWE3EaEl.EtElW=

using (12).

#.3i-Ei = GWE3EtWEx =

= GW'B3BiE3E,.E,ElW=
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= Bt32.

= GW'E3E,E,E\W = ^ W ^ J ^ = R.u [using (11)].
J?J40.E, = GWE3EX = GW'E\E3 =

10. TF/iew applied as a right-hand multiplier, W gives rise to the
following substitution upon the 27 roios :—

[PT] : (JBo^iy (Brfoî JB.,,) (« = 1, 2; » = 1, 2, 3, 4).

11. "PF/iew applied as a right-hand multiplier, E3 gives rise to the
following substitution upon the 27 rows :—

-u0Bm) (E2]0B

We h ave B.,E3=G W'ES - Bm,

Zi\]0J?8 = GWESE2E% = GWE.E^E, = EJ20,

J2MlJg?3 = GWE,E2E,WE3 = GWE3EiElW= Rm [by (10)],
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BmE3- GWE3E,WE3 - G W E f r

- GWE3EiE1W.ElB1 -

= GW>E3W = Bm [using (12) and (5)],

HmE3 = GW'E.E.W'E, = GW*ESW
3BSES =

= QWEJB&T/PE&

= QWtEaEl.BlW
iElE,

&W = JBm [by (12)1,

3. W*B3E3=

= BmE3B3Bt =




