
Surfaces Analogous to the Surfaces of Bianchi. 

(By LuTH~ PFAttLV.R EISEI~ItART.) 

§ 1. INTRODUCTION. 

G i v e n  a pseudospherical surface referred to its lines of curvature. The 
parameters of these lines can be so chosen that the linear element of the 
surface takes the form 

d s 2 = cos * ~ d ,t ~ -+- sin ~ m d v ~ (1) 

and the linear element of the spherical representation is 

d ~' = s in  ~ ~ d u ~ + cos  ~ ~ d v ~  (2) 

where ~ satisfies the equation 

----= sin ~ cos ~. (3) 

Moreover, every solution of this equation gives a pseudospherical sur- 
face with the corresponding forms (1) and (2). 

We consider now the trihedron with vertex at the origin and rotating 
in such a way that its axes are always parallel to the tangents to |he lines 
of curvature and the normal of the above surface. Every solution of equa- 
tion (3) gives ri:e to such a tl'ihedron which we shall call the fu~damental 
trihedron of the solution and we shall denote by the fundamental plane that 
plane of this trihedron which is parallel to the tangent plane to the above 
surface. The line in this plane which passes through the origin and is par- 
allel to the tangent to the line of curvature v = c o n s t ,  we call the initial 
line. In the fundamental plane we draw through the vertex 0 of the trihe- 
dron the line 0 N which makes with the initial line the angle 0, where 
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is the angle determining a B/(CKI,'O~D transformation of the given pseudospher- 
ical surface with the linear element (1). This function ~ must be a solution 
of the equations 

sin ~ ~ ~ = s i n  0 cos ~,~ - -  c o s  ~ c o s  0 sin ~, 
(4) 

sin a ~ + Su] --~ - -  cos 5 sin ~ -k cos ~ sin 0 cos % 

where z denotes the constant angle between the tangent planes to the pseu- 
dospherical surface and its transform. 

Let S be any surface whose lines of curvature are represented on the 
sphere by the parameter lines in terms of which the linear element is given 
by (2). Denote by M the point of contact of the tangent plane which is pa- 
rallel to the fimdamcntal plane under consideration. In the plane through M 
normal to the line 0 N we draw the line which makes the angle a with the 
fundamental plane and denote by P its point of intersection with the latter; 
further we del~ote by R the point of intersection of the plane through M 
and the line ON. We designate by p, ?, r the respective lengths OR, 
R P, PM.  From the conditions of the problem it is found that these three 
functions must satisfy a system of four linear partial differential equations of 
the first order. In this paper we are concerned with the determination of 
certain particular solutions of these equations and the study of the corre- 
sponding A-surfaces (*). In § 2 we find the general equations of the 
problem. 

In § 3 we consider the case a ~  :j- and ? = 0 ,  and find that the cor- 

responding surfaces form one of the classes of surfaces which Br~,~cm called 
surfaces (~) of the parabolic type in his Memoir: Nuove ricerche sulle su- 
perficie pseudos]'eriche (Annali di Matematica, 1896). When p is a constant 
the surfaces satisfy the condition given by B~Axcm for his so-called sur- 
faces (Y) of the hyperbolic typ% but their coordinates have a form unlike 
any found by BIA~cm. If a correspondence is established between points on 
one surface of the first class and one of the latter class such tl~t tl~e tangent 

(*) Surfaces with the same spheric~l representation of their lines of curvature as pseu. 
dospherieal sur[aces. Amer. Journ., vol. 27, p. 113. - -  We  have called surfaces of this 
kind A-surfaces, for the sake of bvevify. 
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planes at these poirds are parallel, the locus of the point cutting the join in 
constant ratio is a surface of the hyperbolic type. 

In § 4 we fi,~d that we may take for p the function r for any A-sur- 
face S~, with the spherical representation determined by a solution ~ of 
equations (4) in which ~ is a right angle, and then the other functions p and r 
for the corresponding surface with the spherical representation (2).are de- 
termined by quadratures. When~ in particular, one takes for S~ a surface 
analogous to a surface of BT:~CHI of the parabolic type discussed in § 3, one 
finds that the corresponding A-surfaces are surfaces of BIANcnl of elliptic~ 
hyperbolic and parabolic types (*). Again, when the surface S, is of the hy- 
t)erholic typ% as previonsly discussed, a class of new surfaces entirely distinct 
from the former is found. Furthermore, it is shown that the surface for 
which p ~ 0  is a sphere of radius r. 

When a is any angle whatever and p : 0 ,  the determination of the 
functions p and r requires the solution of a partial differential equation and 
quadratures. His shown in § 5 that the surfaces corresponding to each set of 
solutions have the following property. We draw through the point M of the 
surface and in its tangent 

plane normal to M S  at M 

the normal; upon this line 
surface between the centres 

plane the line M S  parallel to O N  and in the 
v 

we draw the line making the angle -~---q with 

we project the segment of the normal to the 
of curvature; the sphere erected upon this pro- 

jeered segment as diameter passes through O. We call these surfaces lhe 
A-surfaces of the parabolic type, for they reduce to surfaces of BlAsCm of 
this type when a is a right angle. If one applies a generalized BAeKLUI~D tralJs- 
formation (**) to such a surface~ the new surface is of the same kind. 

In § 6 we prove by geometrical considerations that the fimetion r for 
any A-surface, S~, with the spherical representation determined by a solu- 
tion ~ of equations (4) may be taken for a solution p of the general equa- 
tions of condition. In particular~ we consider the case where S is a surface 
of the parabolic type, as defined in the preceding section. The corresponding 
surfaces are completely determined by quadratures and are of three kinds ac- 
cording to the value of a certain constant of integration ]e. If spheres are de- 
scribed in a manner somewhat similar to those in § 5, they cut the spher% 

(*) L. e., p. 367. 
(**) For definition see § 5; also Amer. Journal~ 1. c., p. 148. 
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of radius ~ k and centre at O, in great circles, when k is positive; they cut 

the sphere with the centre 0 and radius ~ '--k,  orthogonally, when k is ne- 
gat ive;  and when k is zero, the spheres pass through 0. As these surfaces 
are a generalization of the surfaces of BI,~cm, we refer to them as A-sur- 
faces of the ellipti% hyperbolic and parabolic types respectively. In § 7 we 
have shown that these surfaces possess another property similar to one known 
for the surfaces of BL~Ncm. 

B~ANcm has shown that the circles of the cyclic system for which the 
cyclic congruence is composed of the normals to a surface of BxA~CU, of the 
parabolic type pass through a fixed point. In § 8 we show that the normals 
to such a surface are the only-ones whose circles pass through a fixed point. 
The paper choses with a discussion in § 9 of a certain transformation by 
means of which one can determine from an- A-surface another A-surface 
with the same spherical representation of its lines of curvature. 

§ 2. GEI~ERAL FORMULAE. 

From the definition of the functions p, q, r, it follows that the coordi- 
nates of M with respect to the axes of the fundamental trihedron are 

p c o s ~ - - ( p + r c o s ~ ) s i n ~ ,  p s i n ~ 4 - ( p + r c o s ~ ) c o s ~ ,  r s in~ .  (5) 

From (2) it follows that the projections of a displacement of M upon 
the axes ( ' )  are 

d [p cos e - -  (~ + J' cos a~ sin ~] -t- r sil~ ~ sin ~ du - -  / 

.... \~ ~J ~ d v [p sin O -l- (p ~ r cos =) cos 6], 

d [ p s i n ~ + ( ~ + r c o s ~ c o s ( ] +  ~ (6) 

-I- ~ d u +  o ; d v  [ p c o s O - - ( o +  r c o s ~ ) c o s ~ ] , - - r s i n ~ e o s ~ d v ,  

sin ~ d r --  cos ~ [p cos 0 - -  (0 -{- r cos ~) sin ~] du + i 

+ sin ~ [p sin ~ + (p + r cos ~) cos ~] d v. 

(e) DAP, BOUX, Legons, vol. 2, p. 385. 
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It is 
give~ by 

In c(msequence of equal~;olJs (4) and since S is an A-surfilee (~) with 
the given representation of its lines of curvature, it follows from (6) that the 
fimctions P7 t ~, r must satisfy the equations 

bp _~_ sin~ cos0 bO 

+ sin 0 cos ~ [p cos 0 - -  (p + r cos ~) sin O] == % 

0p 0~ 
sin : cos 0 ~-~ - -  sin ~ sin 0 ~-~ + 

(7) 
+ c o s O s i n ~ [ p s i n 0 - ~ ( ? + r c o s a )  cose]---0~ 

O r  
sin a ~u ----- sin ~,~ [p cos 0 - -  (p -1- r cos a) sin 0], : 

O r  r sin~ov-- cos~[psinO+(~+rcos~)cosO]. 

found also that the coefficients of the linear element of S are 

Op 0_5~_ A ~ cosO O u - - S i n  Oou 

_ _  p sin~ 0 cos  ¢0 - -  (¢ cos  ~ -]- r )  s in  ~ + (~ %- r cos  ~) s in  0 cos  0 cos  
s in 

C--:sinO -}- cos0 0 v 

__ p cos 2, 0 sin ~ + (t~ cos z + r) cos ~ - -  (? + r cos ¢) sin 0 cos 0 sin o) 

(s) 

sin 
where 

d s  2 ~  A s d u  s + C s d v s .  

I f  we denote by Xi ,  Y~ Zi ;  Xs~ Ys, Zs; X~ Y~ Z the direction cosines 
of the axes of the fundamental trihedron with respect to a fixed trihedron 
with the same vertex~ the rectangular coordinates of the point M with re- 
spect to the fixed axes are of the form 

x ~ [p  cos e - -  (p + r cos o) sin ~] X~ + -  ) 

+ [p sin 0 + (p -+- r cos q) c o s ~ ] X ~ + r s i n : X ,  i (9) 

and similar expressions for y and z. 

(*) A surface with the same spherical representation o f  its tines o f  curvature as a 
pseudospherical surface i see article in American Journal, 1. e. 
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Moreover, fi'om the character of the preceding discussion it is quite cleqr 
that if we have any set of solutions whatever p, p, r of equations (7), tl~en 
the expressions (9) will define an A-surface whose linear element will have 
the coefficients given by (8) and the spherical representation of its lines of 
curvature will have the linear element (2). 

§ 3. SOLUTION fOR ~" .... ~-:* tO = COllSt. SURFACES Or BIA~cm. 

When z is a right angle, equations (7) reduce to 

Op O~ 
sin 0 ~ + cos 0 ~ -4- sin 0 cos ~ (_p cos 0 - -  p sin ~) : O, 

cosO U~v--sin 0 -t- cos Osin o~ (ps in  0 + p cos 6 ) - - 0 ,  

0 r  
- -  ----- sin ~o (p cos 0 - -  p sin 0), 
0 u 

- -  cos ~o (p sin 0 -4- p cos a); 
Ov 

(10) 

and by means of the above the coefficients A and C can be reduced to 

1 0 ~ _p oos ~ 4- r sin ~, t A : -  sinO Ou 

C =  cos0 ~v ps in  o ~ - - r  cos ~. ] 

(11) 

W e  consider first the case where /~ is zero and put 

p = e  -a ,  1 " = 7 ,  (12  

Then equations (10) reduce to 

~ - -  0 ~ - - s i n  ~ s i n  ~; u cos ~ cos 9, 0 v - -  

O_y_ __--- e_a sin ¢,) cos O, t a  
- -  cos ~ sin O, t 

(13) 
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which are readily found to be consistent. We have then an A-surface with 
the coordinates (9) 

x = e -~ (cos 0 X~ -}- sin 0 X~) + 7 X (14) 

and similar values for y and z. From (11) we get 

A ~ - -  (e -~ cos ~ - -  7 sin co), C ~ - -  (e-~ sin ~o + 7 cos ¢o). (15) 

If one denotes by 2 d the distance from the origin to the point M of 
the above surface and by 3 the distance to the tangent  plane at M~ it is 
found from (14) that 

2 d - - e  - ~ + ; ? ~  ~ 7 -  

From (2) and (15) it is seen that the principal radii of curvature have 
the expressions 

p , ~ - - e  -~cot~-{-7~ P~:= e-~ tan~-4-7 .  

I-Ience these functions salisfy the equation 

2 d - -  (p~ + p~) ~ + p~ p~ - -  O, (16) 

which is the condition that the sphere described on the normal to the sur- 
face and with the segment between the centres of principal curvature as 
diameter passes through the origin. Therefore, the surface defined by (14) 
is one of the surfaces considered by B~A~cm (*); in fact, the expressions for 
the coordinates are the very ones which he has given. Elsev~here (**) we 
have called the surfaces satisfying conditions (16) surfaces of  BL~cm of  the 
parabolic type. 

We consider now the case where p is a constant different from 
say c, and introduce an auxiliary function fi defined by 

zer% 

~ - -  e ~ cos a sin O, 0 ~ - -  e ~ sin ~ cos 0, (17) 
0 u - -  0v 

which are found to be consistent. By means of this function ft and ~, defined 

(*) Nuove rieerehe sutte supe~'fieie pseudosferiehe. Aanali di Mat., 1896, vol. 24, 
pgs. 347-386. 

(~*) Ame~'iean Journal, 1. e., p I15. 
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by (13), ~he first two of equaficms (10) van be integrated. The  integral is 

p - -  e -~ (~ c + h), 

where h is the constant of integration. Now we introduce the function r 
defined by 

0 ": b -: __ __ (7 e~ sin ~ - -  cos ~) cos 0. O--u ~ (7 e': cos ~ 4 sin ~) sin 0~ 0--~ 

The integral o:f ~he 1,ast two of ,equations (10) is found ~o be 

r----7(cf~ + h ) - - c ~ .  

The additive constant of integration has been neglected in this case for 
it only tends to replace the surfi~ce, with the above wlue  of r, by a parallel 
surface. From (9). we have for the coordinates of this new surface 

x ~ e -~ (/3 e + h) (cos 0 X~ + sin 0 X~) %- ) 

+c(--sin~X~+eos~X~)+[7(ci~+h)--c~]X, i (18) 

and similarly for y and z. The coefficients of the linear element are 

A ~- - -  e -~ (/3 c --~ h) cos ~,) 4- [7 (fl c + h) - -  c r] sin % ) 

C ~ - - - e ~ ( f l c { - h ) s i n ~ - - - [ 7 ( Z c + h ) - - c r ) c o s  o~. i (19) 

If one gives to the letters d and ~ the same interpretation as ,in the 
former ease 7 one finds that for the above surface 

This is the condition necessary and sufficient that the spheres described 
on the normal with the segment between the centres of curvature as dia- 
meter cut orthogonally the sphere 

x'- %- y; + z' ----- c ~. (21 ) 

BIA~o~I (~) has considered certain surfaces which have this .property and 
referred to them as of the hyperbolic type. We have given to all surfaces 
with this property the name surfaces of  BiAscm of  the hyperbolic type. 

(*) L. c., pg. 357. 
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We denote for the moment by ~, v, ~ the coordinates (14) and write 

Xo - -  e -~ l~ (cos ~ X~ -+- sin 0 X~} + ( - -  sin ~, -4- cos ~ X~) -t-- (7 2 - -  r) X (22) 

and similarly for yo and Zo. Now the expressions (18) may be written 

x - - h ~ + c ~ ' o ,  y - - - h ~ - ~ c y o ,  z = h ~ + c Z o .  

t tence we have the theorem: 
The segments joining points on a surface of BiA~cm of the parabolic 

type (14) and the corresponding points on the surface of BiA~cm of the hy- 
perbolic type ( 22 ) a r e  cut in co~lstat~t ratio by a family of surfaces of the 
hyperbolic type. 

7~ SURFACES Or" BIA~cm. CASE p ~ 0. § 4. GENERAL CASE OF a ~ - 2 - .  

If we introduce the functions ~ and /3 into the first two of equations (10), 
they can be given the form 

- - - -  - -  7 u sm 0 ~ u , 

~-~- e~ P ~ e~ sin O ~ ? -t- P ff-v " 
t~ v cosO Ov ' 

(23) 

The condition of integrability of these equations is reducible to 

_ 3 ~  __Dl°gsin0 0 j _ _ ~ l o g c o s 0 3 ~ . = 0 ;  
~ u ~ v  ~v ~u ~u ~v (24) 

moreover, every integral of this equation leads to a surface of the kind sought 
and the further determination of the functions fixing tbe surface requires quad- 
ratures only. We have seen elsewhere (~) that this equation admits as a par- 
ticular integral tile expressio n for the distance from the origin to the tan- 
gent plane of any surface whose lines of curvature are represented on the 

(*) Amer. Yourn.~ 1. e., p. 118. 

Annali di Matematica, Ser ie  III, tomo XII.  16 
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sphere by the parametric lines for which the linear element is 

d ~ ~ sin' ~ d u ~ -Jr- cos: 0 d v ~. (25)  

Hence every surface with this representation of its lines of curvature 
leads by quadratures to a surface with the spherical representation (2). I t  is 
clear that the surface with the represenlation (25) which gave rise to the 
surface with the coordinate values (1.8) is the sphere of radius c and centre 
at the origin. 

Consider now the A-surface S, with the spherical representation (25) and 
analogous to the surface defined by (14). For the general surface of this 
kind the functions ~ and 7, would be given by equations of the form (I3) 
and obtained from the latter by re~)lacing ~,~ and 0 by 0 and ? respectively, 
where ~ is any solution of the equations 

~ ÷ 0 0 ~ ~ ~ 0 cos ~ sin O. (25') 0 ,--5 ~v  ~ sin ? cos O, ~ -+- ~ u - -  

A solution of these equatione is ,~ ~ ~o -1- s ;  we take the surface S~ cor- 
responding to this value of ¢], then 

Hence the coordinates of the surface S~ are of the fi)rm 

x~ : - -  e ~ (cos ~ X ' i  + sin ~ X'~) - -  ~ X ' ,  c25") 

where the primed functions are the analogues for S, of the same functions 
without primes for S. The distance from the origin to the tangent plane to S~ 
is evidently --/3,  so that - - 2  is a solution of equation (24). When this 
value for p is substituted in equations (23) and they are integrated, one finds 

1 

where k denotes the constant of integration. Then r is given by the quad- 
rature 

[ 1 - -  cos ~ ~-  l e " -  e -~ (t~' + k) ] sin o - -  ~ cos  0 d v. 

(26)  
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From (9) it is seen that the coordinates of the new surface are 

1 le~ e_ ~ ) x - - - ~  (fl~ + k)[ (cos ~ X, + sen 0 X~) + (27) 

+ / 3  (sin 0 .¥~ - -  cos 0 X,) -t- r X,  t 

and similarly for y and z. When the above values are substituted in (11), 
it is found that 

1 e- ~ A ~ -~ ] e ~ + ( ~  + k)] cos ,~ + r sin ~, 
(28) 

1 (~' -Jr" k)] sin ~ r cos ~. C_-=-2-1g,+e-, 

One finds without difficulty that for the surface defined by (27) tile fol- 
lowing condition is satisfied 

2 d + k - -  (p~ + p~) ~ + ~ p, = 0. (29) 

When k is zero, this equation reduces to (16), and when k is negative 
it can be written in the form (20). When k is positive, the sphere described 
as in the two former eases cuts the sphere, with radius \/k-and centre at the 
origin, along a great circle. 

Hence equations (27) define surfaces of Bi~,l~CnI of the elliptic, parabolic 
o1" hyperbolic type according as k is positive, zero or negative: to within 
slight changes in notation they are the expressions given by Bi~.,~cm (*). 

If we denote by xo, yo, Zo; ~ ~, ~ the coordinates of the surfaces So, 
S'° of the parabolic type defined by (27) and (14) respeetively~ the coordi- 
nates of the surfaces of the elliptic and hyperbolic types as given by (27) 
may be written 

k k k 
x-----Zo~ ~ ,  y ~ y o ~ - ~ ,  z - - Z o ~  ~ .  

Hence we have the .theorem: 
The locus of the point which divides internally in constant ratio the 

segment joining the corresponding points on the surfaces So and S'o is a 
surface of BIAl~cnx of the hyperbolic type; when the division is external, the 
locus is of the elliptic type. 

(*)Loc. cit., p. 368. 
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We shall con.sider the surface, with the spherical representation whose 
linear element is of the form (25~ which is analogous to the surface defined 
by (18) and corresponding to the solution ~ - k  7: of the system (25'). If we 
denote by the same letters but with subscript one the functions for this sur- 
face similar to those appearing in (18), we find that 

and 

d z'~ - -  (~ e -~ cos 0 - -  sin 0) sin ~ d u - -  (`2 e -~ sin 0 + cos 0) cos ~ d v. 

The distance from the origin to the tangent plane to this surface is 

`2 (c~ 7 + h~) - -  c, ~-~. 

Substituting this value in (23) in place of o, we find 

1 e ~ ( c l T +  h , ) +  1 e-~ p ~ - -  -~- ~-  [(c, 7 + h~ ~ + k - -  2 c, 5 r,  - -  2 c, t ] ,  

where t is given by the quadrature 

d t = sin ~ [ l l e~ - -  e-" f~' I cos O + `2 sin O] d u - 

- - c o s  ~ [-~-I e~"--e " { ~ ' l s i n O . - - ~ e o s O ] d v ;  

from (26) it is seen that t is equal to the function r for a surface of BL~scm 
of the parabolic type. The function r for the present surface is given by the 
quadrature (10) after p and t~ have been given the above values. The coeffi- 
cients of the linear element of the new surface are readily found from (11) to be 

1 
A - -  2 cos ~ I e~ (c~ 7 + h~) -+- e -~ [(ci 7 + h,) $2 + k - -  

- -  2 c~ ,2 -¢, - -  2 c~ t I 4-- (r - -  c) sin % 

1 
C -- ~ sin ,,~ ] e ~ (c, 7 + h,) + e -~ [(c~ 7 + h~) ~' + k - -  

2 c~ `2 ~ ~ 2 c, t ] ~ ( r - - c )  cos  ~. 

It can be shown without difficulty that this surface satisfies equation (29) 
only in case c is zero. By continuing the foregoing process we can find by 
quadratures alone a large member of A-surfaces with the given spherical 
representation. 



to the Surfaces of Bianchi. 125 

W e  consider now the case where p ~ 0 .  Then  the first two of equa- 
tions (1()) are satisfied by p ~ 0  and the last two give r ~ -  const ; the cor- 
responding surface is evidently a sphere with centre at 0 and radius r. Ex-  
cluding the case where p is equal to zer% the first two of equations (10) 
may be writ ten 

COS to log p _~ cos 0 cos ~ - -  

0 u cos 0 

sin o) log ? + sin 0 sin o~ - - - =  - - - -  

0 v sin 0 

From (13) it follows that these equations are consistent only in case 

(sin o ) / =  ~ ( c ° s "  t 
U b v  . . . .  u ~eo~ 0 / 

One finds readily that this condition is not a result of equations (4) 
with ~ a r igh t -ang le ;  hence we have the theorem:  

The sphere of  radius r is the only surface determined by solulions of 
eqaations (10) where 19 ~ O. 

In a similar mauner  it can be shown that for p to be zero in the gen- 
eral equations (7) we must have p + r cosz equal to zero. Then  r is a 
constant and so also is p. One remarks  that this gives the same result as the 
preceding case if we replace r in (10) by r s i n ¢ .  From this fact it follows 
that the necessary and sufficient condition that two surfaces be determined 
by the same functions p is that the two surfaces be parallel. 

§ 5. WHEN ~ IS ANY ANGLE AND p ~ 0.  SURFACES OF THE PARABOLIC TYPE. 

When  ~ is any angle whatever  and p is a constant~ say c, equations (7) 
reduce to 

0p 
sin a ~ A- cos~ [p cos ~ - -  (c + r cos o) sin 0] --- 0, 

0p 
sin z ~-~ -~ sin ~ [ p sin ~ + (c -{-- r cos a) cos 6] --~ 0, 

(30) 
O r  

sin o ~ sin ~ [p cos ~ ~ (c A- r cos ~) sin O] = O, 

Or 
sin ~ ~-~ -t- eos~ [p sin 0 + (c -4- r cos ~) cos 6] = O. 



126 Eisenhar  t: Surfaces Analogous 

These equations can be shown to be consistent 
The expressions for A and C may be reduced to 

A ~ - -  p cos  co - -  ( c  cos  ~ + r )  s i n  

s i n  ~ 

C ~ - -  p sin o) -F (c cos  ~ + r )  

sin 

without any difficulty. 

(31) 

When c is equal to zero, the coordinates of the surface are 

x - -  (p cos ~ - -  r cos a sin 0) X~ + ( p sin S + r cos a cos S) X~ + r sin a X (32) 

and similar expressions for y and z. From these expressions and ( 3 1 ) w e  
find that this surface satisfies the condition 

2 d - -  (p, + p2) ~ -+- sin' a p, p~ --~ 0. (33) 

In order to give an interpretation to this equation we recall that from 
the general definition of the A-surfaces, as given in § 1, it is clear that 
for the surface under discussion the point M lies on the line which is per- 
pendicular to the initial line in the fundamental plane and is inclined at the 
angle a to the latter. The length of the projection upon this line of the seg- 
ment of the normal t o S  between the centrcs of curvature is evidently 

2 R ~ s i n  ~] p,--p.~ I. (34) 

The coordinates of the middle point of this segment with reference to 
the fixed axes are 

Xo ---- x - -  t cos ~ sin 0 X,  -~- t cos a cos 0 X~ + t sin = X, (35) 

and similar expressions for Yo and Zo, where we have put 

t --= sin ~ (~l + ~) (36) 
2 

If we denote by A the distance of this point fi'om the origin, we get 
in consequence of (32) 

/ , ,  = 2 d - -  (p, + + s,n % 

which reduces by means of (33) and (34) to 

~2 - -  R$, 
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Hence the spheres described on the projected segment as a diameter 
passes through the origin. We shall refer to all surfaces satisfying the equa- 
tion (33) as A-surfaces of the parabolic type for they are surfaces of BL~,~cm 
of this type when a is a right angle. 

We have shown (~) that if o:le draws in the tangent plane to an A-sur- 
face a lin% which passes through the point of contact M and makes an 
angle 0~ with the direction of the line of curvature v ~ const, and through 
this line passes a plane inclined at a constant angle ~ to the tangent plan% 
the former plane well envelope a new surface (A&)I provided 0~ is any so- 
lution whatever of equations (4). The, parametric lines on the new surface 
are the lines of curvature whose spherical representation is such that the 
linear element of the latter is 

d :? --" sin'  0, d u' + cos ~ 0~ d v ~. (37) 

The coordinates of the surface (A,) are of the form 

x~ = x -{- 0' cos6~- - t~  cosa sin 0,) X ,  + (), sin e, + ~ eos~ cos e~) X~-f -  ~ sin~- X~ (38)  

where 
). ---- sin q (A cos ~ + C sin ~), ! 

--- sin ~ ( - -  A sin ~ -I- C cos ~); ) 
(39) 

and the coefficients of the linear element have the expressions 

A,--~-sin~/,~u + Cju  ! + l 
\ 

(~ C A ~o))~,SillOl-~tJ.  eOS¢CosO, 1 

). cos 0t - -  y. cos ~ sin 0~ 
Sill ~ 

(4o) 

We now apply this transformation to the surface defined by (32) and find 
for the coordinates of the new surface S~ the values 

x, ~ [p (cos 6 - -  cos ~,) - -  r cos ~ (sin 0 - -  sin 0,)] X, ~ t 
(41) 

+ [p (sin e - -  sin ~) + r cos a (cos 0 - -  cos 0~)] X2 

and similar expressions for y~ and z,. The coefficients of the linear element are 

(*) Amer. Journ., 1. c., p, 148. 
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reducible to 
p (cos 0 - -  cOS ~) - -  r cos z (sin 0 - -  sin 0~) 

sin tr 

p (sin 0 - -  sin 0,) -~- r cos ~ (cos 0 - -  cos 0,) 
sin 

(42) 

D e n o t i n g b y  d, and c)~ the quantit ies for. this surface analogous to d and c) 
for S~ we find 

= [ l  - -  cos ( 6 - -  + r ' - c o s ' G  } 

~, -~-p sin : sin (~ - -  6,) - -  r sin ~ cos a [1 - - c o s  (e - -  0,)], , 

for it can be shown that  the following relations obtain between the func- 
tions X~, X , ,  X for S and the analogous functions X' , ,  X'2, X'  for S, 

X q  ~ - -  cos ~ (X~ cos 0 + X2 sin 0) + 

+ sin ~ [sin a X -+ cos a (--- sin 0 X,  + cos ~ X,)] ,  

X '2  - -  - -  sin ~ (X~ cos ~ + X~ sin ~) 
l 

cos ~o [sin ~ X -ff cos a ( - -  sin 0 X,  + cos 0 X,)],  1 
! 

X '  -'-- sin a ( - -  s in~ X ,  + cos 0 X~) ~ cos a X~ / 

(44) 

and similar relations between the Y and Z, 
One finds now that  the functions d~, G,  /~'~ and p'~ satisfy an equation 

of the form (33), hence the theorem which is a generalizat ion of a result 
we have found before (*), 

The most general BXCKLU~D transform of an A-surface of the parabolic 
type is a surface of the same kind. 

W e  have now to de termine  the lines on which to project  the segment,  
between the cenires of principal curvature ,  upon which the spheres are to be 

described as in the case of the surface S. W e  denote by ~ -}- ~ the angle 

which the projection of this line upon the tangent  plane to S~ makes  with 
the direction ~ ~ -cons t .  at the point. T h e  coordinates of the middle point  
of the projected segment  are of the form 

x~o ~ x~ - -  t, cos a sin cp X'~ + t~ cos ~ cos ? X'~ + t, sin z X ' ,  

(~) Amer. dourn., 1. c., p. 161. 
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where we have put 

sin ~ (p', q- ~'2) .  
tt = 

9 

In consequence of the relations (44) the above expression can be written 

x,o = x, q-- t~ cos a [(sin (? - -  ~)) cos e + cos a cos (7' - -  ~) sin 5) X,  -[- 

-}- (sin (9 - -  ~) sin 0 - -  cos a cos (y - -  ~) cos 0) X~] q-- t, sin a X ' .  

If  we denote by A~ the distance from this middle point to the origin, 
we find 

~ : 2  d , - - ( p ' ~  + p',)~,-¢- ('~" + ~'2) ~ sin' ~ + 2 t, cos ~ L,  

where we have put 

L - - - s i n  (~ - -  ~)  [ p  ] 1 - -  cos (0, ~ O) ] + r cos  a sin (0, - -  0)] -k- 

-~- cos a [cos (~ ~ ~) Jr 1] [p sin (0~ - -  O) - -  r cos a I 1 - -  cos (0~ ~ O) I ]. 

If  now we put 

2 R, - -  sin ~ ]/~'~ - -  p'~ I 

and recall that an equation of the form (33) is satisfied by S, it follows that 
when ~ is so chosen that L vanishes we have 

zx,~ : R ; .  

But L vanishes when ~,---~--t-7r, so that we know exactly how to 
describe for S, the spheres which pass through the origin. 

§ 6. A-SURFACES OF THE ELLIPTIC~ HYPERBOLIC AND PARABOLIC T~PEs, 

In considering the particular ease where ~ is a r ight  angle, it was found 
~ha¢ the expression for the distance from the origin t o  the tangent  plane to 
a surface Si with the spherical representation (25) affords a solution p 6f 
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equations (10) and then the other functions are given by quadrature. This 
property can be shown to exist for the cases arising for any value of 
and for the following reason. Given a surface S with the spherical repre- 
sentation (2) and effect upon it a generalized BXCKL~D transformation of 
angle t~ as previously explained. Denote by M T the line of intersection of 
the tangent planes to the two surfaces. From our definition of such a trans- 
formation it follows that the distance from the origin ~o the tangent plane 
to S~ is the projection of the length p for S upon the plane through the 
line M T and perpendicular to tangent plane to S~. Since the angle between 
these planes is constant, it follows that p is a solution of equation (24), 
when ~ in any solution of the system (4). Hence if we have a surface S~ 
in whose definition the same value of the angle o- enters which we put in 
equations (7), and if we denote by r~ the function for S~ analogous to r 
for S, a solution of (7) is given by 

p = r ~  

and the complete determination of the other functions p and r requires at 
most the solution of a par t ia l  differential of the first order and quadratures. 
"We have seen that when ~" is a right-angle this determination requires qua- 
dratures only and we shall fund presently a case where z is not a right- 
angle but for which the determination is of the latter kind. However, before 
w e  proceed to this investigation we want to call attention to the fact that it 
has just been shown that when one gives an A-surface S~ and ehoses the 
value of tile angle ~- there are an infinity of A-surfaces of which the former 
is a ~ransform by means of the generalized BACKLU~D transformation. 

The equations similar to (4) when the spherical representation of the 
surface S~ is written in the form (25) are 

sin a - ~ u  + 3 v / ~-- sin ~ cos ~ - -  cos  z c o s  ? sin t~, 

sin ~, ~ v + ~-u = - -  cos ? sin ~ + cos z sin ~ cos ~. 
(45) 

A solution of this system is ~ + . .  In terms of this solution the equa- 
tions similar to (7) for the determination of tile functions p , ,  p,, r~ which 
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determine a surface S, with the representation (25) are 

sin ~ sin ~ ~ / -  -4- sin ~ cos ~ 0 u 

- -  sin z cos 0 [p, cos ~ - -  (p, --i- r~ cos ~) sin ~] = 0 

sin o cos ~ ~ -  - -  sin ~ sin ,,~ 0 v 

sin ~ - -  
u 

sin a ~ 

- -  cos z sin 0 [p, sin 6~ + (p, -1- r~ cos a) cos ~] - -  0, 

sin 0 [p~ cos ~ - -  (p, -l- r ,  cos ~) sin ~], 

cos ~ [p~ sin ~ -t- (p, -I- r ,  cos ~) cos ,.,]. 

( 4 6 )  

Suppose now that we have given a surface S~ determined by functions 
satisfying these equations: As we have seen the function r~ may  be substituted 
for p in equations (4). W h e n  this substitution has been made and p, has been 
replaced by e" i n t h e  third of equations (46)~ by means of the latter the 
first of (4) may be writ ten 

9 ( 1 ) ~0~ oos~)s in '~eos~] - -  sin ~ sin ~ ~ -  e~p - -  y e ~ + p [sin ~ cos ~o ~ -1- (p, -I- r~ 

~ - -  e" sin ~ cos ~ sin ~ (r~ -1- r cos a) - -  0. - -  e a sin ~ cos ~, 

By means of the third of equations (4) this can be reduced to 

+ ( p , + r ,  eos  r + 

+ [cos o) (p  - -  e ~') - -  r sin ~] ~ ct ~ - = 0 .  

In a similar manner  the second of equations (4) can be given the form 

9 [  1 
cos z ~ e~p--- 2- e~a-~ -r~ z) ] + ( p , + r ,  cos r - -  

- -  [si,~ ~,, (p  - -  ea) + r cos ,,] -~-v- = :  0. 

W e  remark  that when P~ is constant~ the above equation can be re- 
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placed by 
1 p ~ - ~  lea- -e  -a [r~ -~- 2(t~-~- r~ eosa) r + k)l , (47) 

where k is the constant of integration. Now r is given by 

s in ,  ~--~ = sin ,,~ [p cos 0 ~ (ri + r cos a) sin 0], 

sin ~ r 1 ~--- - -  cos ~ [ p sin 0 -~- (r, q- r cos a) cos 0], 
(48) 

with p having the value (47); it is evident that r is given by two quadra-  
tures. Thus by quadratures alone one finds a large group of A-surfaces. Of' 
particular interest are those for which pi is zero, that is the surface S, is of 
the parabolic type. We shall consider these at greater length. 

For the sake of brevity we put 

b ~- r? if- 2 r, r cos ~ -~- k. (49) 

The rectangular coordinates of the surface are then of the form 

x - ~ - [ l  l ea- -e -ab l  cosO--(r~ + rcos~)sin~]X~ + 
(50) 

+ [ l l ea --- e-a b l sin ' + (r, + r cos ~) cos O] X2 -[.- r sin a X, 

where r is given by (48). Tile coefficients of the linear element of this sur- 
face a re  

A = = .  I 
sin 

C - -  s i n  

e" + e " b ] eos~ + r si,~ ~] ,  

e a + e  a b l s i n o ~ _ _ r c o s ~ : ] .  
(51) 

From these expressions one finds that the followi~g relation holds 

2 d + k - -  (p, + p~) ~ + pi p~ sin ~ ~ = 0. (52) 

In order to give an interpretation to this equation, we draw in the tan- 
gent plane to the surface S defined by (50), and through the point of con- 
tact M the line which makes the angle $ with the tangent to the line of 
curvature v-const., where the angle ~ has an interpretation to be given later. 
At  M we erect the normal plane to this line and in it take the line through M 
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inaking the angle a ~ith the intersectior/ of the normal and tangent planes. 
Upon this line we project the segment of the normal to S between the 
centres of curvature and with the projected segment as diameter we consh'uct 
a sphere whose radius will evidently be given, by (34). 

The coordinates of its centre ~o, }7o, ~o are of the form 

~0 ~ x - -  t cos ~ sin ? X~ + t cos ~ cos ~ X~ + t sin ¢r X (53) 

where t is given by (36). Denoting by 5 the distance from the origin to the 
centre of the sphere, we find that 

A,  _ ~  2 d - -  (p~ -}- p , )  ~ ~- sin ~ ~ - -  

- -  2 t cos , [-~- le" - -  e-" b] sin (? - -  0) - -  I (54) 

- -  (r, @ r cos a) cos (~ - -  O) @ r cos a] . 1 

We choose ~ so as to satisfy the equation 

1 T Ie"--e-abl sin ( ~ - - 0 )  - -  (r~ + r cos ~) cos (~ - - 0 )  -t- reos~  z 0 ;  (55) 

then in consequence of equation (52) the equation (54) may be replaced by 

A ~ ~ R ~ ~ k. 

From this it is seen that when k is zero in (,50) the spheres associated 
with the corresponding surface pass through the origin; when k is positive 

they cut in great circles the sphere of radius qlc and centre at the origin; 

and when k is negative the fixed sphere of radius x / - -k  is cut orthogonally 
by all the spheres. These surfaces are seen to be a generalization of the sur- 
faces of BI~.~cm of the parabolic, elliptic and hyperbolic types; in fact they 
reduce to the latter when {r is a right angle. On this account we shall call 
them the A-surfaces of the parabolic, elliptic and hyperbolic types. 

We consider in particular the surfaces of the parabolic type So given 
by (50) whose coordinates may now be written 

x , =  le~--e-a(r~ + 2tr ,  cos~)lcosG--(ri-[ - tcos~)sin~ Xl @ 

+ [ l  :e~ e ~(r:..t:.2tr, eos,)tsin, ,r (,. _l_tcosz)eosOlX~+tsin:X, ! (56) 
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where now t is given by two quadratures from 

O t  sin ~ [ 1  le,~ s in  ~ ~ u 

sin ~ ~ = - -  cos  ~ I 

e -~ (r; ÷ 2 r, t cos :[ cos 0 

-4- t cos ~) sin 0], 

e ~ ~ e -a (r~ -}- 2 r~ t cos a) l sin 0 -l- 

+ + t cos o) cos 
J 

(57) 

sin q ~ - -  sin ~o - -  e ~ ~ r, s cos ~ @ cos 6 ~ s cos ~ sin 0 , 

s in~S~v--  cos co [ - -  e-a (r, seos ~ - t - ) ) s i n ~  + s c o s ~ e o s O ] .  

A comparison of the expressions (56) and (59) shows that equations (50) 
may be replaced by 

x=~'o + kx'o, y = y o  + ky'o, z==zo + kz'o, 

provided r is equal to t @ k s, which condition is seen to be satisfied in con- 
sequence of (57)~ (60) and (48). We haw~ now the following theorerp: 

The locus of the point which divides internally in constant ratio the 
segmenb joimng corresponding points on the two surfaces of the parabolic 
type So and S'o is a surface of the elliptic type; and when the division is 
external the locus is of the hyperbolic type. 

(60) 

One finds without dimeulty that a solution of equations (30), in which c 
is zero, is given by 

p = - - e - ~ ( r ,  scos~ + l ) ,  r = s .  (58) 

Hence a surface S' ,  of the parabolic type is defined by 

X'o~[--e-a(r~scos~ + ~)cosO--scos~s in  ~] Xl + 
(59) 

[--e-a(r,  scos~ + l ) s i nO  + scos~eosO]X~-{- ssina X, 

and similarly tbr y'o and Z'o~ where s is given by 
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§ 7. ANOTHER PROPERTY OF SURieACES OF THE ELLIPTIC 7 

HYPERBOLIC AI~D PARABOLIC, T~PES. 

Let us consider an A-surface of the parabolic type S, with the spherical 
representation (25), where ~ is any solution of equations (4)~ and such that p~ 
is zero. Such a surface may be defined i)y 

x , - - - - ( p ,  cos~ , - - r ,  cos~sinz) X ' , - -  ' i 

- -  (p ,  sin ~ + r~ cos  ~ cos co) X~2 -4. r ,  sin ~ X ,  
(61) 

and similar expressions for y, and z,, where p~ and r, are any solutions of 
equations (46) after p~ has been put equal to zero. By means of the rela- 
tions (44) the expression (61) can be reduced to 

:c, ~--- ( t2, cos  ~ - -  r~ sin ~) X~ -4" (T~ sin ~ + r ,  cos  ~) X ~ .  (62)  

From the form of this expression it is seen that the point M, lies in the 
fundamental plane determined by ¢o. 

In this iundamental plane we draw a circle of radius R and centre at 
the point Mo (xo, Yo~ Zo) which passes through M, where the values of R and 
the coordinates of Mo will be determined by subsequent considerations. We 
denote by 1 the projection of Mo M~ upon the line in the fundamental plane 
which passes through the origin and makes the angle Jr wiih the direction 
v ~ c o n s t . ;  the ~ used in this connection is the function de{ermining the 
spherical representation of S,.  In consequence of (62) it follows that 

Xo= [(pi + l) cos ~ - - ( r ,  -~ m) sin ~] X~ + ) 

-{- [(p, + Z) sin e -4. (r, -4. m) cos el X~ ) 
(63) 

and similarly for Yo and zo. The necessary and sufficient condition that the 
above circle cuts a fixed sphere, with centre at the origin~ in diametrically 
opposite points or orthogonally is 

~. xo ~ ~ R ~ - -  k, (64)  

where k is positive in the former case and negative in the latter; further- 
mor% where k is zero the circle passes through the origin. Replacing lh 
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in (63) by e a as formerly, we can put (64) in the form 

1 

:Now the coordinates of Mo are of the form 

(65) 

e ÷ I 

We shall subject these circles to the further limitation that their axes 
form a normal congruence, and denote b y  x, y, z the coordinates on one of 
the orthogonaI surfaces, which evidently are A-surfaces. The coordinates of 
this surface are 

x--~xo-~-tX, y - y o ~ - t Y ~  z - - ~ z o + t Z ,  (67) 

where t is determined by the condition 

~Xdx-~O. 

When the above values for xo~ yo~ zo are substituted in this equation, 
it is found that 

From our definition of t and r it is evident that 

t = sin ~ r. (69) 

If  we substitute the values for xo, Yo, zo and this value for t in (67) 
and compare the result with the general expression (9)7 we see that 

P A- r cos  ~ - - :  r ,  + m .  

We introduce an auxiliary function n, defined by 

t~ --~ r, + n, m = r cos ~ + .. (70) 
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For this surface we have 

1 
P - -  ~- I ~'~ - -  e °  [,'~ + 2 ~'~ (r cos ,~ + n) + k] I • (71) 

If these values for p, p and r be substituted in the first two 
tions (7), we are brought to the equations 

On (e ~ cos 0 - -  r~ sin O) M = O, (e ~ sin 0 + r~ cos O) 0 n ~ = o ;  

of equa- 

fi.om this it follows that n is a constant. If we take n equal to zero, the 
expressions (67) are the same as (50). 

Suppose now that n is different from zero and consider the surface par- 
allel and at the distance n tan ~ from the surfac% for which p, t~ and t have 
the values given by (69), (70) and (71). Denoting by r' the function 1' for 
this new surface We have 

, '~i~ 

r :-- I"+ eos~ ' 

and the coordinates can be got from (50) by replacing r by r'. Hence the 
variation of the constant n gives only paraUels of the surface (50), and as 
these are evidently surfaces of the same type, we have shown that the A-sur- 
face of all three types, as defined by (50), can be got from an A-surface 
of the parabolic type in the same way that BL~onI has found his surfaces 
of all three types from a surface of the parabolic type. 

If we introduce the angle ¢¢ in such a way that the line OMo makes 
the angle ~ -]- 0 with the direction v - - cons t ,  of the fundamental trihedron, it 
is seen from (66) that 

1 

r, + r cos ~ '7  { e~ - -  e-" (r,' + ~ r~ r cos ~ + ~) } 
s i n  ~¢ - - -  ~ COS ~ ~ 

N N 

where 

/ [  1 ] 
N = (r~ + r cos ~)' + ~-  1 e " - -  e-" (r,' + 2 r~ r cos ~ + k) I' • 

Now equation (55) becomes 

r £ 0 s ~  
sin (~ -}- S--~) - ' -  N 
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Hence to construct the angle ? we draw through 0 and within the 
angle ~ +  ~ a line upon which we take a segment of such length that it 
anc] a segment of length r cos ~ are the sides of a right-angled triangle whose 
hypothenuse is 0 Me. Then ~ is the angle which the former segment makes 
with the initial line v = const. 

§ 8. NORMAL CYCLIC CON(~RUENCES WHOSE ASSOCIATED CIRCLES 
PASs THROUGH A FIXED POI~T. 

As we have pointed out before (*), it follows from the expressions (39) 
for )~ and a that for all of the A-surfaces S~, obtained from a given A-sur- 
face S by means of the generalized :B~.CKLUND transformations of the same 
angle ~, the points of contact corresponding to a point M of S lie in a circle 
whose axis is normal to S at M. Hence the circles cut the surfaces S, under 
the constant angle ~. When ,~ is a right angle these circles form a cyclic 
system; and cyclic systems of this kind are the only ones for which the as- 
sociated cyclic congruence is normal (**). 

BIA~cm has established the following theorem (***): 
Among the cyclic congruences with a common spherical representation 

of theb" developables there are an infinity whose associated circles pass through 
a fixed point. 

We shall determine the normal cyclic congruences whose circles have 
this property and for convenience we take the origin for the fixid point. I f  (~ 
determines the representation of these congruences, then all these congruences 
are known when we have found all the surfaces with this representation of 
their lines of curvature, that is, when we have solved completely equations (10). 

Suppose that we have such a surface; from 
transformation functions x and y. have the values 

cos o~ ~ ? sin o5 ~ 
sin0 ~u 

sino~ 00 +cosec0? 
~:= s~O Ou c o s 0 0 v  

(11) it is seen that the 

P, 

r. 
(72) 

(*) Amer. Jom'n., |. c., p. 152. 
(*'~) BIANOHI, Lezioni, pag. 333. 

(***) Ib., p. 335. 
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As all of the circles are to pass through the origin, it must be looked 
upon as a degenerate transform and the circle must lie in the fundamental 
plane; consequently ~,. must be equal to - - r ,  so that p must be a solution 
of the equaiion, 

cos 0 sin ~ ~-u + sin 0 cos ¢,) 0-~ = 0. 

This equation is satisfied when ~ is a constant, say c. From (72) we 
have that ), is equal to - - p ,  so that if we denote by M~ the point on the 
transform corresponding to M on the given surfae% the projection of OM~ 
on the axes of the fundamental trihedron are 

p (cos e - -  cos 0~) - -  c sin 0, p (sin 0 - -  sin 0~) + c cos e, 0, 

where a, denotes the angle of the transformation. In order that the circles 
may pass through the origin there must be a value for 0, such that these 
projections an always zero. If we put them equal to zero and elemente p ,  
we get 

c [cos (0 - -  1] = o, 

fi'om which it follows that c is zero. Hence the surface of Bm~cm of the par- 
abolic type (14) is the only surface furnishing a solution when p is constant. 

In consequence of (17) the above equation can be give the fi~rm 

= o ,  Ov~u 3uOv 

So that when p is not a constant it is a function of f3, say 

p = ~ (B). 

We have seen that p must satisfy equation (24) and also that ~ is a 
particular solution of this equation; hence we must have 

? "  (f~) --=0, 
so that 

p -=c~ ~ -4- c~, 

where c~ and c.~ are constants. From the form of equations (23) it is seen 
that by changing c, we get a homothetie system, and consequently these is no 
lose of generality, if we take 

p = + c). 
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When this value is substituted in (23), we get 

1 p - - ~ -  le~---e-~ (/3' + 2c/3 -+- k)l. 

From (72) it follows that 

1 
)~-- 2 te~+e-~(f32+ 2 c f l +  k)l" 

As in the preceding case, we determine the condition that there may 
exist a function ~ so that projections of 0 M~ may be zero; this gives-the 
equations 

1 1 
- -  e ~ (cos ~ ~ cos ~i) - -  e ~ (fl~ + 2 t3 c + k) (cos ~ + cos ~i) + 

+ (~ + . c ) s i n  e = O, 

1 1 
- -  e ~ (sin e ~ sin e~) - -  e--~ (f~: + 2/3 c + k) (sin e -4- sin e,)  
2 • ~ -  ' 

- -  (/3 + c) cos  0 • O, 

which may be replaced by 

sin (e.-- e~, cos (e - -  ~,) =- 
~ -  c, 

1 

1 

For the sum of the squares of these two functions to be equal to unity 
it is necessary that k be equal to c*; then 

When c is taken equal to zero, this gives the surface of BJ~scm of the 
parabolic type (27). From (25") and (27) it is seen that for values of c differ- 
ent fl'om zero, the surface determined by this value of p is the surface of 
BLANCH1 of the parabolic type derived from the surface parallel to the one 
given by (25/') and at the distance c from it. We have then the theorem: 

Given the spherical representation of the developables of a normal cyclic 
congruence; the infinity of cyclic congruences with this representation of their 
developables and for which all of the associated circles pass through a fixed 
point are composed of the normats to surfaces of BIA~cm of the parabolic 
type whose lines of curvature have the given spherical representdtion. 
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§ 9. T~E P.~RXI, LE5 TRAI~SFORMATION OF A-SURFiCES. 

The coordinates of an A-surface S, with the spherical representation of 
its lines of curvature determined by a solution 0, of equations (4) are of the 
form 

x, ~ [ - -  p~ cos ~ 4 (p, -l- r, cos ~) sin ~] X', - -  

- -  [ p, sin ,n + (p~ + r,  cos ~) cos ~] X'~ + r, sin ~ X ' ,  

where pi, p~ and r~ are solutions of equations (46) in v~hieh 6 has the par- 
ticular value 0~. By means of re]ations of the form (44) the above expres- 
sion can be reduced to the form 

x, ~--- [p~ cos 0~ - -  (p, cos z + r,) sin 0,] X, + ! 

-I- [p~ sin 0, -}- (pi cos q q- r~) cos ~,] X~ -~ p, sin a ..~. ) 
(73) 

From this it is seen that when p, is zero the points of the surface S~ 
lie in the fundamental plane of the corresponding position of the trihedron 
determined by ~. But we found in considering equations (7) that when p is 
zero, the corresponding surface is of the parabolic type. Hence we have the 
theorem : 

The A-surfaces with the spherical representation of their lines of curv- 
ature determined by any solution of equations (4) and whose points lie in 
the corresponding positions of the fundamental plane determined by ~ are 
surfaces of the parabolic type. 

We have seen that the A-surfaces of the parabolic type (32) are trans- 
formed by means of the generalized BJ~CKLV~D transformation into the sur- 
faces defined by (41). The latter surfaces are of the class just considered and 
consequently are of the parabolic type, as we showed before in considering 
them in particular. From the result obtained at the end of § 5 and the fact 
just noted, namely that p~ is zero for these transforms, it follows that the line 
drawn through M, and upon which the centre of the sphere lies is the line 
along which the distance ri is measured, when the surface is considered as 
obtained from the fundamental trihedron determined by ~,. Hence the BICI~LWD 
transform of an A-surface of the parabolic kype (32) is a surface of the par- 
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abolic type and the associated spheres for the two surfaces are constructed 
in the same manner. 

A comparison of (41) and (73) in which p~ is zero gives the following 
values for the p, and qi determining the surface (41): 

p~--~p [cos ( 0 - -  ~)  ~ 1] - - r  cos~ sin ( ~ ) ,  t 

r,  ~---p sin (0 - -  G,) + r cos ~ [cos (~ - -  ~,) - -  l ] .  ! (74) 

The results of § 5 suggest a transformation which changes any A- 
surface S into an A-surface S ~ With the same Spherical representation of its 
lines of curvature. Let .x ,  y, z denote the coordinates of S; we denote by S ~ 
the surface whose coordinates are of the form 

x '  ~ x + ( p  c o s  ~ - -  r c o s  o- sin ~) X ,  + ) 

+ (p sin e -]- r cos z cos 0) X~ + r sin z X, t (.75) 

where p and r are any solutions of equations (30) in which c has the value 
zero" The coefficients of the linear element of this surface are 

A ~ - -  A - -  p c o s  ~ - -  r s i n  o 

sin 
C' p sino~ + rcos (76) 

Sill  q 

:For convenience we shall refer to the above transformation as the pa- 
rallel transformation. 

Denote by ),' and t~' the B-~eKLU~D transformation functions for the sur- 
face S ~ analogous to the functions ),~ t~ for S. From (39) it follows that 

).' --~ ), - -  p) t~' ~ - - - t ~ r ,  (77) 

a relation which is evidently independent of the angle .~ determining the 
BJ~CKLUND transformation. We effect upon S'  a B.~CKLUND transforlnatlon of 
"~ngle ~ ,  which is a solution of equations (4) other than the function 0 ap- 
pearing in equation (75); the coordinates of the new surface S'i may be re- 
duced by means of (77) to the form 

x', ----- x + )~ (cos ~f X, + sin ~, X, ) - - -  

- -  ,~'. cos ~ (sin G~ X~ - -  cos 01 X~) + ,~ sin ~ X + [ 

+ [p (cos e - -  cos 0,) - - - r  cos ~ (sin ~--- sin ~,)] X, + i (78) 

+ [p (sin ~ --  sin ~i) + r cos ~ (cos ~ - - c o s  0~)] X~. : 
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This expression reveals the fact that the surface S i can be obtained also 
by effecting upon S the generalized BJ~CKLUND transformation of angle 01 and 
then by applying to its transform S, the parallel transformation of angle ~)+ r: 
and the values (74) of p, and ri .  Hence we have the theorem: 

The successive application of a parallel transformation of angle 0 and 
a BiCKLUND transformation of angle Oi is equivalent to a BACKLUND transfor- 
mation of the same angle and a parallel transformation of  angle ~ + ~. 

When in particular 0, and 0 are equal, the expressions for the coordi- 
nates of surfaces S'~ are independent of p and r, so that we have theorem: 

All the parallel transforms of a surface for which the transformation is 
determined by a certain angle 0 are transformed into the same surface by 
the generalized Bi, CKSWD transformation of the same angle. 

By geometrical considerations one sees that this result is an evident con- 
sequence of the respective transformations. 

In closing we state the following theorem which follows immediately from 
the form of equations (7): 

The necessary and sufficient condition that two A-surfaces with the same 
spherical representation of their lines of curvature are determi,ned by the 
same functions p and 0 is that the one is a parallel transform of  the other 
by means of this function O. 

Princeton University, May, 1905. 


