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FUNCTIONS OF POSITIVE TYPE AND RELATED TOPICS IN
GENERAL ANALYSIS

By C. R. Dines.

[Received August 21st, 1915.—Read November 11th, 1915.)

I. Statement of the Problem.

In a memoir *“ On the Foundationg of the Theory of Linear Integral
Equations,”* Prof. E. H. Moore has discussed the foundations of a theory
of the general integral equation

£ = n—2Jxy, @)

including as instances the classical theory of integral equations and the
theory of an infinite (or finite) number of linear equations in an infinite
{or finite) number of variables. Later, in an address before the Fifth
International Congress of Mathematicians at Cambridge, August 1912,+
he has discussed the fundamental functional operation of the general
theory on the foundation which he has called Z;, and has given other
instances of the theory. In each of these papers, results are stated and
used which are proved in an earlier paper by Prof. Moore.; We would
refer also to a presentation of this theory by Bolza,§ which offers a ready
approach to an understanding of the principles of the generalization.
In the system =, we have as basis

(25 85 m; &= @w,; J),

where ¥ is the class of all real or the class of all complex numbers, ¥ is

% Bulletin Amer. Math. Soc., Ser. 2, Vol. 18 (1912), pp. 334-362. Inreference to this paper,
it will be denoted by I. :

t+ ¢ On the Fundamental Functional Operation of a General Theory of Linear Integral
Equations,’’ Proceedings of the Fifth International Congress of Mathematicians, Cambridge,
August 1912, In reference to this paper, it will be denoted by II.

1 ‘‘Introduction to a Form of General Analysis,”’ New Haven Mathematical Colloquium,
1906.

§ Jahresbericht d. Deutschen Mathem.-Vereinigung, Vol. 23 (1914), pp. 248-303.
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a general range in the sense of the true general, M is a class of functions
on P to A, £ is a class of functions on the composite range BV to A and
is defined as the *-composite of the class M with itself, J is a general
functional operation on the class & to A.* As Prof. Moore has shown
(I, p. 861), we secure the general Fredholm theory of the equation (G) by
postulating that the class M has the properties LCDD,, and that the
functional operation J has the properties L and M. We denote the basis
with these postulates on its elements as the system Z;. We secure the
Hilbert-Schmidt theory for the complex-valued Hermitian kernel «,
t.e., for a function «(sf) such that «(st) = k(¢s), by postulating that the
class A is the class of all complex numbers, that the class M has the pro-
perties LCDD, R, and that the functional operation J has the properties
LMHPP, The basis with these postulates on its elements is the system
Zs.  Prof. Moore, in lectures at the University of Chicago, indicated the
desirability of removal of postulation of the property P, from the func-
tional operation, and had obtained Theorem I of this paper with its
corollaries before the author took up this question. The Hilbert-Schmidt
theory without postulation of the property P, on the functional operation
is carried through in § IV below. In these lectures Prof. Moore showed
also that the property H is a consequence of the properties L and P if the
class 2 is complex.

Among the instances Prof. Moore has cited, an important one is that
suggested by the analogy of the sphere and the ellipsoid which led to the
replacement of a unary operation J, on a basis he denoted by Z, by the
binary operation J, of the basis 2;.+ This instance does not derive its
importance from its application to equation (G) in the Fredholm theory,
but, from the standpoint of the Hilbert-Schmidt theory and of the
geometry of a function space, it leads to fundamentally new results. In
this instance, given a system of type Z;, we define J as operative on a
function « no longer as merely J« but as Ty o k(s w(uv) and write (o
simplify, leaving out arguments) with no ambiguity as to meaning

2
J,,,K = J(l3)(42) Kw.

If, now, w is Hermitian, and further if w as to the operation J is of posi-
tive type, in notation w”, thatis in case for every function u of the class I,

2 -
Jaz (s mop 2> 0,

* Elements of the class 9 will be denoted by small Roman letters: a, b, c¢; of the classes
i and & by small Greek letters: u, ¢, u, {, ¢, ¢ and «, A, p, w, respectively.
t I, pp. 349-850, and II, § 4 (c).
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and further, if w is definitely so, in notation ', that is in case
Jgn 1) Ew€ = 0 implies £ =0,

we have seeured for the functional operation J,, the properties LMHPP,),
and J, is operative as the functional operation for a new instance of
type Z;.

Mercer* has discussed the positive Hermitian kernel and has shown
its importance from the standpoint of expansibility in & uniformly con-
vergent series of the characteristic functions. It is the purpose of this
paper to discuss the positive Hermitian kernel in the general analysis as
regards the instance cited above, that is the instance suggested by the
analogy of the sphere and the ellipsoid, together with certain other
problems in the general analysis connected with this problem. e set
before us then, the problem of determining conditions on the function w
sufficient to secure the equivalence of the properties P; and P, for every
Hermitian function of the class £. In other words, we wish to determine
conditions on w sufficient fo secure the relation

Falt= J“wawf} 0 () e~ JEkESO0 (O d)

where in integration by the functional operation J adjacent variables are
integrated out in pairs.

II. Definition of Terms. The Systems Z;, 2;, and Z,.

We first define the general systems we shall use in the discussion.
Dropping the postulate P, on the functional operation J of the system Z,,
we obtain what we shall eall X ; viz.,

on P to A.LCDD,R
’

f = (MMW)y ; JLMHP on & to w)

PO (52['; B; M

We obtain the system Z; by introducing imto the system =} a new class R,
with the properties LD,R, and having the class ® as a sub-class.
Further, we postulate that J is operative on the class MN);. We thus

* Phil. Trans., A, Vol. 209 (1909).

t To be read: “ For every Hermitian (H) function « (of the class R), it is true that
(:D:) J*Ewrwt = 0 for every ¢ of the class M is equivalent to (- ~+)J2Ext = 0 for every ¢ (of
the class IM).”
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obtain

LCDD,R.B,

IDRon% o g

24:(%1;53;92 R.og= @), ;

JLMHP on (m.g})‘) to 9[) *

As to motation, we shall denote functions of the class 9 by
v, 4, ﬁ, Y-

It is clear that any system of type Z; or Zj is also of type =%, since
the class M may be taken as identical with the class M. Thus any
theorem which is proved on the foundation Z; is also true on the founda-
tion Z; or Z;, functions of the class % being replaced by functions of the
class M. The system Z; derives its importance from the fact that, on it
as foundation, we can prove certain theorems for a class with postulates
less restrictive than those placed on the class M, without disturbing the
postulates on the class M, and consequently the properties of the
class .

Before setting up the system =; we shall define certain properties of
sequences and of classes of functions other than the elementary ones used
in setting up the system ZX;. The properties named have been investi-
gated for the case in which the operation J is that of integration, bat not
in generalization. These will be given on the foundation X7, and then
the system Z; will be obtained by postulating one of these properties for
the class % of £7. In writing the definitions of these properties as well as
the theorems to follow, we shall use the notations of Peano as modified
and extended by Moore. The properties here defined will also be written
out in full,t and by comparison of the two forms the reader will come to
a complete understanding of the few simple symbols we shall use and be
able to interpret readily statements made throughout the paper. The
more involved of the theorems will also be written out in full.

(1) {a"}complete for M. R 5. Jaa = %J(_IU",J(I“(I,

# The property B, is the property *‘is contained in the class R.”

t (1) A sequence {a,} of functions a. (of the class N) is said to have the property “ com-
plete for N’ in case for every function a of the class N (am) it is true that (-D-)

Jda = 3 Jaa, Jan a.
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) {an}generalfor‘ﬁ . a‘Jl :Die D 3 (ay _“,a"a)

3J(a— 2‘ ana,,) <a— 5:‘ anaﬂ) <e,

n=1 n=1
8) {antod@soR . R 5 Jaa, =0 () D Jaa = 0.

A function w of the class & may have any of the following properties with
respect to functions of the class R,

4) wposmve as to N . am -5 J%wa >0,
B piosedastoR . R 5 Jhe=10 D Jaa=0,

) oUtraclosedasto R (N5 J(J5w)(Jaw) = 0 +D+ Jaa = 0,*

(1) wdeﬁniteasmm : am:DZJzﬁwaZO +D: Jaa =0,
Q) Seneralfor R caio e - 38N T@—TaB)(a—JwB) < e.

(2) A sequence {a,} of functions a, is said to have the property ¢ general for i,"" in cuse
for every function « of the class i it is true that, given & number e (> 0), it is true that there
exists (J) a set (ay, ..., an,) of numbers, the number of elements depending on e (»,), such that

e e

(3) J (a"‘ 3 auan )(a_ 3 auau) <e.
n=l

nal
(8) A sequence {a,.} of functions «, is said to have the property “ closed as to 0," in case
for every function a of the class 90 it is true that the relation, Jaa, = O for every n, implies
the relation Jua = 0. :

(4) A function w (of the class ) is said to have the property  positive as to N,’” in case
for every function « of the class N it is true that J%awa = 0.

(5) A function w is said to have the property ¢ closed as to i,”’ in case for every function

a of the class N the relation, Jaw = 0, implies the relation Jaa = 0.
\

(6) A functioh w is said to have the property ‘‘ ultra-closed as to N,” in case for every
function « of the class M it is true that the relation, J(Juw)(Jaw) =.0, implies the relation
Jaa = 0. = )

* This property is equivalent, for a Hermitian function w to the definite property for the
function Jww. If the operation J has the definite (Py) property, it reduces to ordinary closure
of the function w. :

(7) A function w is said to have the property *‘ definite as to R,’” in case for every function
a of the class N it is true that the relation J%awa = 0 implies the relation Jaa = 0.

(8) A function w is said to have the property “ general for i},"”’ in case for every function a
of the class N it is true that given a positive number e it is true that there exists & function g8
depending on ¢ and of the class N (B?l), such that J (a—JwB)(a—JwB,) < e.
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The properties C, and S, applicable to the class %, are defined as follows :

@ 9% : {ad} 3 L Jlam—an)am—a) =0 D+ J a*

2LJ(a—an)(a—a) =0,

(10) 9 : {a2} V0 ‘({an} 2 %a,.&,. converges) - Ja 3a, = Ja.a (),*

The property C; is a closure property in that, if the class %t has the
property C,, it is closed as to convergence in the mean. We shall show
that the properties C; and S are equivalent as applied to the class R of
27 These properties are, however, not possessed by the class of all con-:
tinuous functions on the interval (0, 1) with respect to the operation of
integration on that interval. They are possessed by the class of all func-
tions integrable together with their squares on that interval with respect
to the operation of integration in the sense of Lebesgue. This is the
primary reason for the introduction of the class 9t into the system Zj.
But, with this introduction, the definite property P, of the functional
operation J does not obtain, and we are thus led to the removal of the
postulate of this property to secure the systems we have named. The
system Z, on which, as foundation, each theorem we state may be proved,
is obtained from the system Z; by postulating that the class %t has the
property C;. Thus we have
pI (’21; B; 9

kLD‘,RC.yon P to 9(; m

LCDDR.BR, o _ @M

(MMN)
JLMEP on ( b L) to m>.
The system Z, is introduced, as we have pointed out, to secure a class

N with the properties C; and S. In instance IV, the class N may be
taken as the class of all functions integrable with their squares in the

(9) A class N is said to have the property C,, in case for every sequence {a,,} of functions
a, of the class N, such that L J(am—a.)(am—as) = 0, it is true that there exists a function a

mn .

of the class 0, such that L J(a—a.)(a—as) = 0.

(10) A class M is said to have the property S, in case for every sequence { an} of functions

an, Unitary and orthogonal [i.e. Jaia; =0 {i Fj), 1{i =j)], and (*) sequence {a.} of numbers
a, such that =a.d, converges, it is true that there exists a function a in the class | such

that a» = Jana for every n,

It will be noted that the number of dots on a sign of implication indicates the order of
logical weight of the implication—the main implication having the greatest number of dots,
and the other implications punctuated in order.

# Tt is understood that in case there is only a finite number N of functions in the set
{an}, then there are exactly N numbers in the set {a.},
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sense of Lebesgue on the interval (0, 1), while in instances II, and III,,
the classes for  may be taken as identical with the classes M in the re-
spective instances. On the foundation =, we shall prove the equivalence
of the properties complete, general,and closed, for a unitary and orthogonal
set of functions of N, the relations being taken with respect to the class R.
On this foundation we shall also prove the equivalence, for a Hermitian
kernel function w, of the properties, general for M, ultra-closed as to N,
and the existence of a unitary and orthogonal set of characteristic func-
tions of w which is complete for N, providing that there exists in the class
N a function a such that Jaa % 0.

II1. General Observations on the Problem with 2 as Foundation.

The problem as we have stated it in §I may be extended on the
foundation Z; to a problem in which the positive relations are taken with
respect to the class R instead of with respect to the class . We remark,
however, that by virtue of Theorems VI and IX the relations, positive as
to M and positive as to M, are equivalent. If we make this extension the
problem becomes, to obtain conditions on w, sufficient to secure the relation

KH232 KP;.astom e~ KP;asto*Jt. )

Concerning this problem, the following relations are clear at once.

(@) For any Hermitian function o of the class &,

P,
xH 7 a8 to M ..

Py astot
K

since Jaw is a function of the class M for every a,* and accordingly,
PLET JE€>0 (§) D Jawkwa>0 (a).

Thus our problem, as stated above, reduces to that of obtaining conditions
on o sufficient to secure the relation

H . Pr astoMN
K K

o (Trasted @)

.3.

We obtain such conditions in Theorem XIII, and equivalent conditions in
later theorems.

(b) It is clear that, in order to secure relation (2), the function « must

* Vide Theorem II below.
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be ciosed as to M. For, suppose there exists in M a function £ such that

JEEF 0 and J&w = 0. Choose k = — ££. We have, then, a function «
such that J*awkwa = O for every a, but there exists a function, namely &,

such that - S _
T k€ = —JEEEE = —(TEEP <0,

and accordingly relation (2) does not hold.

(¢) Finally, in case, for a given Hermitian function w and & function ¢,
the equation Jaw = £ is solvable for a, we have at once

k2 1D T awkea >0 o J¥%kE>O0.
In case, then, » is Hermitian and such that we can solve for a the equa-

tion Jaw = u for every function w in the class M, we have

)
KH:D:KHP;wastoJl . KP;astoéDl'

Before taking up a discussion of the conditions on « described above,
we shall obtain generalizations of existence theorems concerning charac-
teristic functions and numbers, and for this the foundation Z¢ will be
sufficient. Then we shall take up the equation Jaw = £ in generalization.

IV. The Hilbert-Schmidt Theory for a Complex-Valued Hermitian
Kernel on the Foundation Z;.*

The first three theorems we shall prove are theorems of a general
nature, made necessary on the foundation 2, because of the introduction
of the class N, and the fact that the functional operation is no longer re-
stricted by postulation of the definite property P,. They are of funda-
mental importance in consideration of relations on the foundation Z:.

TaeoreM IL.— «:D:Jaa=0 -~ JaB=0 (B).t
(A) That JaB =0 (B) -D- Jaa =0 is obvious.
(B) " Jaa=0 -2 JaB=0 (B).

# References to treatments of this theory in the classical instance IV would be too
numerous to mention. The treatment we shall give of a generalization of the. theory will
follow, in substance, that given by E. Schmidt, Math. 4nn., Vol. 63. Changes are
‘necessary in the statements and proofs of the theorems since the functional operation is not
restricted by postulation of the definite property P,, and the classes entering are not restricted
so as to contain only real valued functions.:

t ** For any function a (of the class N) the relation Jda = 0 is equivalent to the relation
Jas = 0 for every function B (of the class N).”
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(@) Jaa=0 - JBB+<0 -D- JzB =0.

For, let

and 80 a = y+ @. (8)

JBB

y=a—

BJBa

JBB’

Then JBy = 0, and from (8),

JaBJIBa
JBB

and, since J has the properties H and P, we have

0 = Jaa = Jyy+

JaB = 0.
® Jaa=0 .JBB=0 -D- JaB=0.
For, let v = a—BJ Ba,
and we have Jyy = —2JaBJBa.
Since J has the properties H and P, it follows that
JaB = JBa = 0.

CoroLLarY I (Inequality of Schwarz).—
a - B -2 JaBfJIBa < JaaJBB.

If JBB # 0, the relation is obtained from the substitution (8) of
the theorem since J has the property P.
It JBB =0, we have from the theorem JaB = 0 for every a,

and accordingly _ _
0 = JaBJBa = Jaa JBB.

CororLary II (Orthogonalization of a set of functions).—

(@y ooy an) "D 3 By .oy Bw) 3IB:B =0 @F£J,

Q;jay ('I/ = 1, ceey 771,), a; — b,'j,@j (& = 1, ceey n)
i=1

=

Bi =

AVE

J

Taegorey II.— « + a *D- (JaK)BOsm . (JKa)B°sm.

The theorem follows readily from the definition of the class R.
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Taeorem 1II.—

x 2. Jgg)(m)l_(l( =0 b J(zla)(n)w!( =0 (w) e JZGKB =0 (aB).

P’I‘OOf.——(A) J(%s)(u) k=0 -~ Jfla)(qg) wk =0 (w)

For, in Jisum, we have a functional operation which has the
properties LMHP on (fK); to A.* Accordingly, we have this
operation as the functional operation for a new instance of X,
and can use Theorem I.

B) J(Z;s)uz) wk =0 () ‘~ J2xB=10 (qa, B).

(1) J(?g)(u) wxk =0 (w) D J%WxB=0 (a, B

Since w may be taken as £.5, where £ and 7 are arbitrary
functions of M, we have J2fkn =0 for every £ and .
Accordingly, for every &, Jék is a function of the class %,
such that J(J£x)(J€x) = 0, and by Theorem I, for every
function B of the class M we have J26kB=10. In an
analogous way we show J%ax3 = 0 for every a and §.

@ JPaxB=0 (a0,8 O Jiyunpex=0 (v

To prove this relation we note that any function o of the
class & may be expressed as the limit of a sequence of
functions of the class (MM);, uniformly convergent relative
to a scale function of that class, and the theorem follows
at once.

COROLLARY.—

K” e J(zgs)(“) kk=0 -~- J(gs)(“) ko = 0 (w) e JnﬂKﬂ =0 (a, ,B)

TrEOREM IV.—

Piliie J(Zg)(n)KK:#O c~- 3 (Zo, ¢—=0)3¢=ZOJK¢.1:'

* The proof of this statement is omitted. However, Jf,a)“.z) is immediately obtainable as
the functional operation in the instance Prof. Moore has called the %-composite of systems,

vide I, §4 (b). To prove that J(zm)u'z) has the property P, we use Corollary II, Theorem I.

t The notation ¢ - = O denotes the relation: ¢ is not identically zero. It negates the
relation : ¢ (p) = O for every p.
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LevMMa.— J(Qza) apkc =0 - ~- Jés)m) krky = 0,
where «, is.the iterated kernel
J{?;)l(45)...(‘.’r—2, 2r—1) KK ... K.
(A) That  Jayanxc =0 -D- Jasuny ks, =0,

follows at once from the Corollary of Theorem III.

2 2
®) J(zs)(u) keky =0 D J(zs)(u) ke = 0.

(1) r = 2%

We have Jéa)(u) krky =0 D J*ax,8 =0 (a, fB)
-D- J(JaKL)(JaxL) =0 (a)

D Jlaxk, B=0 (a,B)

2
"D Jeyunkrkr = 0.
2

Applying this result % times we have the desired relation.

Q) 28 < r << 281, Lt rr = 2Ft1—s,

2 2
We have Jesyny krky =0 + D J(zs)(u) Kpyskepe = 0

o J(Zs)(u) Kakel Kk el = 0,
and, from (1), YU AUmp—

Proof of Theorem 1V *—
(A) K” - J(‘zga)(“)vl(l(¢ 0 D 3 (Zo, (I)- = 0) 3 ¢ = ZOJK'¢.

On the foundation =5 which secures the Fredholm theory and
includes X} as an instance, we have

1 4

D(2) dz

where a, = Jay«» and D(2) is the Fredholm determinant

D)= Z ZnJ(21)K11+1= pX An412". 4)
n=0 0

n=

* We have diverged from the method of proof by Schmidt by intreducing the Fredholm
theory. Cf. Kneser, Die Integralgleichungen, Braunschweig (1911), pp. 234-6; also Heywood
and Fréchet, L' Equation de Fredholm, Paris (1912), pp. 83-86.
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for . Using the Schwarz inequality for the instance offered
by *-composition of systems Z;,* we have

J(gs)«z) Kn1 Kut1 J(zl)s)az) Rn+1Kno1 S J(213)(42) Kp—i Kn—1 J(Qm)m) Ky 41 Knt1s
or ek < Jkon—2Kante,
or (@20 < Gano2@ansas

Further, since Jés)m) kk # 0, we have, by the Lemma,

ag, >0 (n).

Q2n 42 as
Thus i =
Qan Qop—2

2

QAop+2 a
and so L
a2n az

(n).

The absolute value of the ratio of terms of two successive odd indices
in the last series of (4), is
I 22| Agn+2
Qon ’

Thus, if we choose |z| > \/%, we see that the series (4) diverges.
4

Accordingly, D(2) has a root z, such that |z| < 'V/aﬁ' and from the
4

Fredholm theory on the foundation Ef, the relation given in (A) follows
at once.

B) « :D: 3 (2, p~=0)3 ¢ = 20Jx¢p -D- Ty kx F 0.
Suppose Jég)(.ﬂ) kx =0,
Then, by the Corollary of Theorem III,
Tonas ke = 0,
that is, Jk¢p =0, andso ¢ = 2,Jxk¢p =0,
which is contrary to hypothesis. Thus
T kx 3= 0.
‘TreoREM V. «7 -3 (2, ¢~ =0) 3 ¢ = 2,Jx¢p ‘D J$¢p F 0.
Suppose J¢¢p = 0.

* Cf. II, § 4 (b).
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Then 2920 (J k) (Jkgp) = 0,
and, by Theorem I, ,7(?2)(34, oxx = 0.
Thus J¢x = 0, and so ¢ =0, which is contrary to hypothesis.

Our assumption is untenable and J¢¢ F 0.

Note.—This theorem is of importance in that it enables us to
normalize a set of characteristic functions of a Hermitian kernel. That
is, given any set of characteristic functions, we can obtain an equivalent
set of which the functions are unitary and orthogonal.

TreoreM VI.—

k-3 (2, p2Tpp F0) 3 ¢ = 20Jxp - D+ Rl . zo > 0).

0
Proof.— ¢ = 2,dx¢p and so JGp = zyJ Pk,
¢ =7z Jpx and so JPp = 7, J Prp.
Thus  2yJ%¢kp = z,J¢x¢ and z, = z,

Further, if « is of positive type as to the class M, J2gxp > 0, and
2o > 0.

Definition.—A set of characteristic functions of a Hermitian kernel «
is said to be complete for x in case every characteristic function of « can
be expressed linearly in terms of functions of this set. The proof of the
existence of such a set may be obtained as a direct generalization of the
proof by Schmidt.*

TreoreM Vil.—

}U.O. complete for v {z }characteristic numbers for x
n

KH * {(i)n

- 2 Padn converges (PP; &) D! w=—23 $un "D J(gg)m, wew=0,

n Zﬂ. n 'Z’n

Proof.—Suppose Jés)(m ww 0.

Using Theorems IV and V, we secure the existence of a num-
ber ¢ and function V such that Jyy 30 and = cJmfr.

Then J@b = cJ G (Jwy) = ¢ [J(J@,.K)\/,- J";_’k‘/’] =o.

* Loc. cit. pp. 444-6.
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But Y =cJoy andso v =cJky.

Since the set {¢,} is complete for «,

m

Y= Z aupn
n=1

m

Thus Yy = = a.Jy¢, =0,
n=1

which denies the property secured for . Accordingly, we
have 0
J{23)(41) oww = 0.

TreorEM VIII.—

KH o { ¢n}U.O. complete for x {Zu } characteristic numbers for k

ca 3Jppa=0 n) D JBra =0 (B).

Proof—We have, without postulation of the property P, on the
operation J, the relations sufficient to prove that the set { ¢}
is & complete characteristic set for «, with the corresponding
set {z:} of characteristic numbers, and that

%%@ converges (BP; K).*
Thus, by Theorem VII,
w = K4—§ %L (e X J(Qgs)(“)ww = 0.

By the Corollary of Theorem III,

Jlanga = .?.;: ———Ja‘p"{(ﬁ"a =0,

2,
that is, A J Ty Jxga) = 0,
and, by Theorem I, J %akga = 0,
that is, J (Jax)(Jka) = 0,
and, by Theorem I, J ’,31:& =0 (B.

® Cf., Schmidt, loc. cit., pp. 447-451. The proofs of the relations we have stated may be
obtained as direct generalizations of the proofs given by Schmidt. The relative uniform con-
vergence is secured from the dominance of the class £ by the class (IM).
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TreorEM IX.—

l’ U.O. complete for {5 characteristic numbers for «
L)

KH . {¢n

'3: (a, B) -O- Jﬁaxﬂ_—@w

Proof—Let ¢=JkB and 5= f-—-% oud Pal. (5)
The series on the right converges uniformly, relative to a
scale function of the class M.* Then

Jin =0 (k),
" and, by Theorem VIII,
J¥ykn = Jiky =0 (y).

But Jin = Jné = J%kB andso Jiy =0, (6)
By Theorem I, Jry=Jyn=0 (y),
and so Jaf = § Japn I 2Pux3,

Tiad =3 T2 P

Zn

and so .

Thus we have secured the Hilbert-Schmidt existence theorems and
the Hilbert expansion theorem (Theorem IX) for a complex-valued
Hermitian kernel on the foundation X! in which the functional operation
J is not restricted by postulation of the property P,. The condition
x~ = 0 in the classical theory is replaced by the condition Jéa,(u) xkk 0,
and the theory is, in general, the same.

V. The Non-Hermitian Kernel in General Analysis.t

In the discussion of the equation Jaw = ¢, we shall use a generaliza-
tion of results obtained by E. Schmidt, in which he has discussed the
unsymmetric kernel in instance IV, the continuous case, in relation to
characteristic functions and numbers, and in which, for a continuous
function «, he has proved the existence of a set of numbers {z,} and of

* The proof of this statement is contained in that of the theorem in II, § 5 (I), in which
the property P, of the functional operation is not used.

t Cf. E. Schmidt, loc. cit., pp. 459-466.
SER. 2. VOL. 15. ~o. 1267. S
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functions {¢,} and of functions {\/,}, such that
1
() = 2, 5 V() k(s, )ds  and  ru(s) = anI K(s, t) pa(t)dt
0 0

for every #. In the present discussion, we shall generalize these results
not only by generalizing the range and the functional operation, but also
by extending them in application to a kernel function on a range which is
the composite of two ranges not necessarily the same. For this we shall
consider two systems Z' and X" of type Z;. In this way we shall secure,
in case X' = X" = I, the results given in the classical instance above.
However, by varying 2' and X", we obtain distinetly new results. For
example, if we take X' = X! =" = Z'., our results are as follows: for a
given set of continuous functions (£, ..., &) on the interval (0, 1), not all
zero, there exists a set of numbers {z;} and of continuous functions {g¢;},
and of numbers (zy;, ..., ), such that

n 1 _
¢i=2z Z z;§; and Ty = 2 So Ex(s) i(s)ds (K, ).
Jj=1

We introduce, as we have said, two systems,

3. ( %' ‘,LCDDOR on P’ to N | J,LMHP on &' to “l)

; R= Mg
s . (?l- g, quLCPDRonS 0% gy _ gy _J—,,LMHPonR”to‘.‘l)

3

1)

and form the system
(A B =BG W= W)y K= ®R); T =TT").

Since 2’ and Z" are of type Z;, it follows from the theory of *-composition
of systems that Z is also of type £5. Functions of the classes in ' and
2" will be given single and double accents respectively, while those in the
classes of 2 will be unaccented.

TaroreM X.—
€120 Jiney Jeonan ECEEFEO D+ 3 ({ph} VO {gn} U0 {2 >0})
3 @h = 2. J"Epn + pn = 2d ' Epr ().

Proof.—1It is clear that the function J’¢£ has the properties H and
P with respect to the operation J”, and that

I yary (J'EE)T'EE) 0.
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Accordingly, by Theorems IV, V, and VI, we have a set of
characteristic functions {¢,} for this function as kernel, which
we may assume to be unitary and orthogonal with respect to J",
and a corresponding set of positive characteristic numbers {z%}.
Since the function ¢, is, for every », a characteristic function
for J'££ with characteristic number 22, we have

$n=2J"TEen ),
and if we let ¢n = 2ud"$pn (20> 0) (),

we have the desired relation except for the unitary, orthogonal
character of the set !¢ !.
To prove this, we have

T $ugpn = 2nzmd (J"Pn ) (J"Epm)
= zazn " g J'EL) pm

P
= J"$ ¢,

z m

and since the set {¢.} is unitary and orthogonal, so also is the

set {¢n}.

TreorEM XI.—Under the hypotheses and notation of Theorem X, we
have

4 411 U.0. complete for'J Tt 2| characteristic numbers for J'Z ¢
{@n} - {2 }

n

U.0. complete set for J''¢¢ characteristic numbers for J"E(_. ’

[ ,2)
< 1%ni

s~ Al
Proof.—Let 9" = 22 J"(J'E€)g".

We wish first to show that ¢' = z,J"£¢" is a characteristic
function of J"££ with characteristic number Zi. We have

¢ = ZTETTEHP] = 2TET'E) = 2T T'EDH .

Thus we have proved that, with 22 and ¢" assumed as characteristic num-
ber and function, respectively, of J'€€, the function ¢' defined as z,J"¢g"

is a characteristic function of J"££ with characteristic number 7.
Similarly, with 27 and ¢’ assumed as characteristic number and function
s 2
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of J'€€, we can show that ¢”, defined as 2,J'Z¢’, is a characteristic

function of J'€£ with characteristic number 2.
We wish further to show that, if we have given a unitary and ortho-

gonal set {¢n}, complete for J'££ and obtain the set {¢y} by the relation
¢n = 2, J"Ep,, for every n, then the set |¢,} is complete for J"6E. To

do this, we must show that any characteristic function ¢' of J'EE is a
linear combination of functions of the set {¢n}. We have

¢ =2 (J"EE)'.
But we have shown that ¢” defined as z,J'€¢’ is a characteristic function
of J'€£ with characteristic number 2%, and since the set {¢.} is complete

for J'€£, we have "
"= = codpn.
n=1

Thus J"EP" = E cnd"Edn = % Cu't‘
= = 1 ,
But TEH = T B9 = 207 TEDY = 1.
-m e
Thus ¢' = Zo ¢n
n=1 &n

That the set {¢,} is complete for J'££ if the set {¢n} is complete for

J"EE, as well as the desired relation concemmg characteristic numbers, is
proved in an analogous manner.

The unitary and orthogonal properties of the equivalence are proved as
18 the corresponding property in Theorem X.

VI. The Equation Jaw = £ 1n Generalization.

As stated in § IIL, the problem of determining under what conditions
on the function w we shall have, for every Hermitian function «, the
equivalence of the properties P, and P, suggests at once the problem of
the solution for a of the equation Jaw=¢. The necessary and sufficient
condition for the solution of this equation, in instance 1V, has been dis-
cussed by Picard.* While not so stated by Picard, his discussion really
involves the problem which, in generalization, becomes: to decompose a

* Rendiconti di Palermo, Vol. 29 (1910).



1915.] FuNCTIONS OF POSITIVE TYPE IN GENERAL ANALYSIS. 261

function £ into two functions » and { (that is, to determine » and ¢ so that
£ = »+§), where 5 is in the space. o (that is, there exists a function a
such that » = Jaw) and ¢ is orthogonal to w (that is, J¢w = 0). In case
w is closed as to 9, that is, J(w = O implies J{¢ = 0, we have secured
the existence of a function 5 which differs from £ only by one of the ex-
ceptional elements, viz., { such that JC¢ = 0. In case J is restricted by

postulation of the property P,, the function a is a solution of the equation
since we have Jaw = &

If, now, a3 in §V, we use as foundation the *-composite of two
systems ' and X" the problem reduces to a problem well known in the
geometry of a function space, by a suitable choice of the two systems.
For, if we choose X' = Z} and =" = I, the problem becomes: given a
set of continuous functions (£, ..., f,',); to decompose a continunous func-
tion £ into the functions »' and {' where »' is in the space (&, ..., &
(tha,t is, there exists a sequence of numbers (a,, ..., @y), such that

=2 ai£§> and {' is orthogonal to that space (that is, J'C'€, =0 for
i=1
every k).
As foundation, we use two systems of type Zf and X!, respectively,

> (QI gt ; grECPDROn B 0N, o0 quiguny . qiBMHP on &' to ”1)

S ( B 2,,L]) bR on B to N ; meCDD o BBy N" DR = (D) ;

goLMEP on (PVI2) 4o 91) ’
and form the system
S (A B =W M= QUW); &= (®'R); T=TT").

Asin § V, we use single and double accents to denote functions of classes
of ' and 2", respectively, while functions of classes in Z are unaccented.

The system 2 is of type Z5. To obtain the theorem we wish to prove, we
shall restrict the class R" to classes having the property S, defined in § II,
above. As we shall prove that, if i" has the property C,, it has also the
pr opelty S.* this restriction might be imposed by restricting X" to be of
type Z,.

% Cor., Theorem XVI,
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TreorEM XII.—
NS D0 €3 Iy 0 d iy ECEEFO - €D
3@, 38 =n+{ -Fa"3y =" - J'TEEHIE) =0
T~ 22 L J'E¢, I g€ converges,*

where {¢,} is a unitary, orthogonal, complete set of characteristic func-
tions of J"¢ € and {22} is the set of corresponding characteristic numbers
for J"£E, as discussed in Theorems X and XL

Lemua— J"J'EEHT'EN=0 D J'gl' =0 (.
For, by Theorem I, J"J'§' £¢n = 0 and so J' &' = 0 for every n.
Proof of the Theorem.—
) € =7'+{ o =T - JITHTEN =0 D
Vz J & ¢nd &' converges.

For, J'¢u€' = '@un'+J' " =J'Gun’ = J' $ud "€u”

Thus J"¢nd" = 2T $uE (), -

and, since by Bessel’s inequality,t

2 J"a" ¢ud " ua’" converges,

we have . Z z,,J’§'¢ J'$.£" converges.

* If the class it has the property S, then for every function §, such that
2 103 -
J(,m(u) Joayny EEEE F0,
and for every function ¢’ it is true that the relation : there exist two functions ' and {’ such

that & = o' +¢{’ and a function o”, such that #' = J'ga" and J' (J'TEWJE) = 0, is equi-
valent to the relation: 22 J'g ®, J'qp,.{ converges.

+ By Bessel’s inequality, we shall understand the relation,
{a."}uo ’” D zJH—IIaIIJII“II " S J"a"u”.

The removal of postulation of the definite property from the functional operation does not
affect the validity of the proof as given in IT, § 5 (f).
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B) %zﬁJ'E’q&{,J’JLf’ converges -D- I (v, {")3£' = o'+’
-3a"3y = J e T ETTEE) = 0.
Let Lo =J' gu ',
and so % ZaZn2: cOnVerges.

By the property S of the class %", we secure the existence of

a function aj, such that z,z, = J'" ¢rai for every m. Let

r— gn r/, d )
& &, an = J'all ).

Th Vo it e vt oy o _ I pnal

en, I, = J' g.(J"Ea)) = J"(J &)l = — = o ().
Thus S g = T g1

Choose =46, {'=§—4, o =d,

and we have J'$.{'=0 (),

and, by Theorem VIII,
J (Jrs?-'l f)(Jlé‘g-/) =0.
In case s JeaayEEEE =0, the decomposition suggested in the
theorem is always possible, since J''(J'{'£)(J€¢") = 0 by the Corollary

of Theorem III, for every function {’ of the class W'. Accordingly, if we
choose 7' =0, {' = &', and «'' = 0, we have the desired decomposition.

Remarks on the condrtions of Theorem XI1I.

(A) Tt is obvious that, in case there are only a finite number of charac-
teristic numbers in the set {22}, the condition %?z,: J @npnd Pra’ con-

verges, is always satisfied. This is the case, for example, in the instance
already cited in which =" is Z™+. In this instance we can choose

=W =,
and since J'' has the property P, the condition
TTHUES) =0
reduces to J'EL =0.

Thus we obtain the theorem already cited ; viz., given a system Z’ of type
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T; and a set of functions (£, ..., £)) and a function £, these functions all
being of the clags M, we can always decompose £’ into a funection of the
space (&1, ..., &)z and a function orthogonal to that space. In this in-
stance, the condition

1 ) < F
Janan Jenun EEEE = 0,
which leads to the trivial decomposition noted above, reduces to

FEE =0
for every <.

(B) In case there are an infinite number of functions, unitary and
orthogonal, in the classes M' and M"’, we can always set up a function &
and a corresponding function £', so that the condition of the theorem is
not satisfied. Let I} and {¢,} be two unitary and orthogonal sets of
functions of the classes M’ and V"', respectively, each set containing an
infinite number of functions. Since M’ and MW"’ each have the properties
D and D,, we secure the existence of functions ¢y, and ¢, and of gequences
{an} and {a.} of numbers greater than unity, such that

lpn| < aigy and ¢l << angy,
and accordingly | pnpn | < @n i,

where a, is equal to a,a,, and the relations hold for every n. Let

0 =N @ ’
E= 2 —¢’:¢" and &' = = Pu
<n

?
n=1 n=1 Zn

where z, 18 equal to n’a, for every n. Since the classes ® and M' are
closed, the functions ¢ and £’ belong to these classes, respectively. But
ST E ¢nT '@, &' does not converge, since each term in the summation
n

is unity.

(C) If we choose P’ = B, W' =MW", and J' = J", and drop accents
throughout to obtain one system = of type X7, the decomposition becomes :
given a function w, to decompose & given function ¢ into two functions
and ¢, such that y = Jwa and-J (ﬁ—{)(J w{) = 0. With special reference
to the instance IV, if we take '’ as the class of all functions integrable
with their squares on the interval (0, 1) in the sense of Lebesgue and in
all other respects =' and ="' as identical with ='V, we obtain the theorem
of Picard cited above. We show later that the class 9"’ so chosen has the
property S.*

* Vide § XI (A) together with Corollary to Theorem XVI, and footnote § XI (C).
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(D) Finally, to return to the problem suggested by the analogy of the
sphere and the ellipsoid as reduced in § III,, we make the reduction to
a single system as in (C) and assume that the class 9t (= %") has the
property S. We see then, that, if a Hermitian function o of the class &,
definite as to the class M, and a function £ of the class M, are so related
that the decomposition of the theorem is possible, we have

Jawkwa >0 («) D J2EcE> 0.
For, by the theorem, there exist functions #, ¢, and a, such that
E=n+{ n=Jws, and JU{)JTwi) = 0.
Since w is definite as to M, this last relation is equivalent to

JEE=o0.
Using Theorem I, we have

J%ké = Jkn = Jawkwa > 0.

VII. Conditions on w suffictent to secure the Equivalence of the Relations
P .
1. and «"F1, on the Foundation ).

In this discussion we shall use the notion of a set of functions, com-
plete for ¢, as we have already defined this relation, viz.,

let N — - —
}compeeform ta D- Jaa= SJa¢p, Jpa.

I ¢7L "
Using this definition on the functions a4, a—@, a+{B, a—183, in turn,
and combining results, we have immediately,

fga} RN 52 (0, §7 D TaB =S Tag, IpuB.

TreoreyM XIII.—

o™ 3 3 [characteristic functions of ] U-0. complete for 3t

HP; as to N PjastoN
K - K .

g D

Proof.—Denote the set of characteristic functions by (¢y, ..., ¢a, ...).*
* The set of functions may be either infinite or finite as, for example, in instance IV and

instance II,, respectively. The summations occurring later in the paper, unless otherwise
indicated, are to be taken so as to include each one of these functions.
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(A) Given a Hermitian function « and a function a of the classes
& and N, respectively, let
a; =Ja¢, and = Jk¢, (n),
and k,‘j = JE“PJ' = J2($1K¢j (Z:j).
By Bessel’s inequality, we secure at once the convergence of
% a,a,. Also, since
TEL (§u E’n)ll = (JKK)E)*

and the class & is dominated by the class (M), the series
%‘.(f,‘fn)g converges to a function which is dominated by a

nowhere negative function u?, of the class (MiM)g, and accord-
ingly S| awlu| converges (B; w).t
Also, since

2(S kyky) = £ JG6 =2 Tk T gi) < Jan Jem o

we secure the convergence of

2;4(% kyky) = %: Kk

(B) Since the set {¢,} is complete for RN, we have
Jax = ZJagnd Guk = 2 anta.
Since, from (A), the convergence of this series is relatively
uniform,
Jiaka = §aiina = ; a; ]2 J & i ia = IZal- JE kija;.
Using the relations of convergence established in (A), we see

that the order of summation of this last series is immaterial,

and write - - _
Jraka = 2 aikia;
1 7] -

* The suffix R on a function of two or more variables indicates that the arguments of the
function are to be set equal.

t H, §2 (hs)- .

1 This relation is stated in II, § 5 (k), and may be proved without postulation of the pro-
perty P, on the operation J.
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(C) Given any function B of the class i, we have

J4Bwkwf = E ﬁ;fqu@xgbj —‘Eﬁ
£j
The proof of this statement involves relations similar to those
used in (B), and, accordingly, we shall omit the discussion of
questions of convergence, merely indicating the steps to be

taken.
T*Bux = ZJ(TBw) ¢pid fix (B D),

T BureB = 2 J(J Be) ¢ $i(J g 45, x0B) = = —J.f—_‘/ii T$: 2 Teg J§; (JuB)

= 37885 0G0, LB = 5 TB0 pag , TBE
) ] '}

i

(D) For a given n we can solve for 3 the set of equations

JB@ _bie=1,...,n
zz 0 @>n) ’

ws

20; ;.

the solution being B =
i

Since, by hypothesis, for every 8 we have

J*BwkwB >0

1—-n

we see that (b, ...,0n) "D - Z bikyb; > 0.
But, since

-0 _
({az; 3 2 a;a; converges) . ({ {kst 13 2 kijky converges)

i=1

1-n
‘D L Z a;kja = E a;k;a;,

woi
we have {a;} 3‘§ai6i converges *D- Z aikia; > 0.
Y

Using the results obtained in (B), we have the desired rela-

tion ; vig,
’ ’ a D J¥aka > 0.
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Remarks on the Conditions of Theorem XIII. Equivalence, for a
Hermatian Kernel Function w, of the Properties : General for t;
Ezistence of a Unitary, Orthogonal Set of Characteristic Functions
of w, which is either Complete for N or General for N.*

Having, then, in view of §III, this condition on o, sufficient to
secure for every Hermitian function « the equivalence of the properties,
P, as to N and Py as to N, we discuss the meaning of the condition, that

is, for what functions of the class & can we establish the existence of a
unitary and orthogonal characteristic set of functions, complete for #? 1In
this discussion we use the definitions of § II.

TaeEOREM XIV.—

T3 Tat 3JaaFE 0 00 of 1D peneraior M

- ~+ 3 [characteristic functions of.w]L"O' general for

(A) wH general for R 5.

3 [characteristic functions of m]U‘O' general for 31
By hypothesis,
a:D:e D I By 3 J(a—Jub.)(a—Juwb,) < .

We see immediately that, by virtue of our hypothesis on the
class N, there must exist in that class a function 8, such that

J%awB + 0,
and accordingly Jég)(.u) ww £ 0.

Thus we secure the existence of a set {¢.} of characteristic
functions of w, which may be taken as unitary and orthogonal.
Using relations (5) and (6) of the proof of Theorem IX, we have

Jwtetl = '7+§ ¢nJ2¢nw,B¢l = ;]+,21 ¢"JQZHBt , (7)

and Jan = 0.

* For a discussion of relations in this counection obtained in instance IV, see Hans
Hahn, * Bericht iiber die Theorie der linearen Integralgleichungen,’”’ Jahresberichtd. Deutschen
Mathem.-Vereinigung, Vol. 20 (1911), pp. 108, 109.

+ Cf. Hilbert, Géttinger Nachrichten, 1904, p. 78, and Theorem XV, below.
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Using these relations and Theorem 1, we have

a:Die D 3B, 3 J(a-—z én J"’"B“)( —Z ¢ J¢“'8")<e1.

Given a positive number ¢, choose ¢; = %e¢, and 7, such that

'2 JH¢"J$"60|+JB¢|¢"J$N ]Bel‘/)nJl/)n,Bel

n=n Zn 2n Z'

*
l'

Choose B, = B, An = ii;LB‘ m=1,..,n),

and we have the desired relation; viz.,
n,

a:lDie D I (ay ..., ay) 2 J(a— 2 a,.¢,,) (a— b a-,.¢>,;> <e
n—1

n=1

L. . 9
(B) wf - 3 [characteristic functions of w] U.0. gencral for %

gencral for M
© .

Denote the set of characteristic functions by {¢.;. Then, by
hypothesis,

a:D:. e D 3 (a,l, . a'n(,) 3 ](a— i an¢,z,) (a‘ E: an.¢n) <e.

n=1 =1

Thus, by choosing 8, = E AnZn¢pn, We show that

n=1

a:D: ¢ D 3B, 3 Ja—JwB,)a—JwB) <e.

THEOREM X.V.—

U.0. eral for N complete for SJI
fyab 77 120 {7} ¥ eyl PR
(A) {y": U.0. general for %t 5. I‘Yn \’ complete for N 4

. N
* X isto beinterpreted as 3 or 3 according as there are a’ finite number N of

n=n nan nan
=Ne, Ve, €,

functions in the set {¢,} or an infinite number.

t This relation is, in instance IV, due to Hilbert, Gittinger Nachrichten, 1906, pp. 445-5.
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By hypothesis,

)Le

a:Die D @y ..., q)3 J(a—- > any,,) (a—— a,.'y,,) <e. (8)
n=1 1

n=

We wish to prove

a D Jaa= X Jaqu%a. 9

n=1

Suppose this relation does not hold. Then, by Bessel's
inequality, we must have, for some function q,

Jaa> 3 Jay.Jvna.

n=1

Let ¢e=Jaa— 3 Jay, I yna >0,

n=]
and, by relation (8), determine n, and (a,, ..., @,). We have,
bowever, '

N,

J(a;- n%l an'y,,) (a—— 21 a,,,;y,,,)

n=

=et 3 JayuJyat S Taya—adTya—a)>e.

n=n,+1 n=1

Thus our assumption is untenable, and relation (9) holds.

(B) i')’n} U.0. complete for N {y" }genetal for m. :

. D .
Under the hypothesis,

a D Jaa= = Jay,Jyna;

n=1

we wish to prove

a:dl e D B(al, ceey a,,) 3J<a— 2"' an‘)’n) (a—' EE an')/n) <e.

n=1 n=1
Let an = Jyna (n).
Then

J(a-— EC a,.y,,) (a— Ee a,,'yn) = Jaa— Z' Jay. Iy a,
1 n=1 1

n= n=
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and using our hypothesis, by & proper choice of 7., we have

J (a—— 23 a,Ly,,) (a— z:r anYn) <e.
2 K 1

=1 n=

Thus, on the foundation X7, if w is general for R, the relations

HP; asto N HPjas to N .
Kl and « 7 , are equivalent for every «.

We obtain in the next section, other conditions on a unitary and
orthogonal set of functions, equivalent to that of complete for 9%, but these
are to be given on the foundation Z,.

VIIL. The Equivalence, on the Foundation Z,, of the Properties closed as
to N and General for N, for a Unitary and Orthogonal Set of Func-
tions of N*¥  On the Foundation Z; the Equivalence, for a
Hermitian Function w, of the following Properties : (A) General for
N; (B) Ultra-Closed as to N; the Exzistence of a Unitary and
Orthogonal Set of Characteristic Functions of w which is (C) General
for R, (D) Complete for N, (E) Closed as to .

In this section, we continue the discussion of the content of the con-
ditions of Theorem XIII, and obtain properties of a unitary and orthogonal
set of functions of N, equivalent to the property, complete for N. To
secure these equivalences, we shall use the system Z,, which we have
defined as follows :

(’2[; B ?)}LDOR.CJ on P to N ; !mLCDDoR-13'055l DR = (MM g ;

JLMHE on ((”‘3”‘) to m)_

The closure property C, for %t has been defined as follows :
{a?}} 3 #J(am-an)(aan"au) =023 att 2 :!:LJ J(@—ay)(a—a.) = 0.
Notationally, following Fischer, we write for the last relation

La,~ a.
n

* These relations, in instance IV, have been obtained by Fischer, Comptes Rendus,
Vol 144 (1907), pp. 1148-51. Theorems XVI and XVII are there proved for this instance.
Cf. also Hans Hahn, loc. cit.



272 Dx. C. R. Dines [Nov. 11,

TaEOREM XVI.—
({au} 3 2 @,8, converges) - {an}V :D- 3 o

n
3a~L 2 aia; - an = Ja,a ().

n =1

(A) We have

m " L3 n
> ai a;) ( a;a;— P afia-") = L > Cl,'(_ll' = 0,
i =1 1=1 mn,mn i=n

L JQémW—

mn, m<n i==1
Thus, since N has the propérby C,, we secure the existence of
a function a in the class R, such that

a~L 2 a;a;.

n izl
(B) By the Schwarz inequality,

m, k) D J(a— é (Lia,;> axJay (a— % a,-ai>
=1 A

i= =1

< J(a-— é a,-ai> (a— s a‘ag).
it ~

i= i=1

"

Thus L“p-zmqw=q
n ‘1

i=
for every k. But

1L>k i N J<a— > am;) a;; = Jaa.—ay.
t=1

i=

Thus ar = Japa.

CoroLrary.—The class R of the system X, has the property S de-
fined in § II.

) general
Ay |

V0. ..

. ‘au}closed e~ {

Treorey XVIL.—{q,}

{ ) general

.0. closed
{a,.}UO close D+ ay)

(4)
Given a function a of the class N, let a, = Ja,a for every n.
By Theorem XVI, we secure the existence of a function 8 in

the class N, such that

I: J (B—él a;ai) (B-—él a.;a.-) =0 and a,=Ja,B @) (10)
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Thus, for every =, J@—pB)a, =0,

and, since the set [u, is closed,

J (a—B)(a—B) = 0.

From relations (10), we have
L (J_B,B— s a,iai) = 0. (11)
" {:l

From the inequality of Schwarz and the first of relations (10},
we have

LJ (B— z aiai) (a—— b (lia;) =0.
n i=1 i=1
Combining these relations, we have

L (Jaa— > ai&,-) = J@=B)a—B) = 0.

2® i=1

Thus, LJ (a— 'Z a.-,ai) (a-— é aias) =0,
n i=1 ic1

and

a . e "D 311,3J(a— 2 alia,-) (a— Z a.-a,») < e.
i=1 i=1

i=

(B) {a,, } U.0. general 5. { | closed

)

Suppose {a,} is not closed, and let B be a function such that
JBB >0 and JBa, = 0 for every n. Then

T(B= 2 aia) (6 2 was) = 788+ = aia > TR >0,

for every sequence {a;} and number n. Thus the set {a,} is
not general. Our assumption is untenable and the set {a}
" is closed.

TaeEOoREM XVIII.—

- tra-clos 9
S,M3Ta%3JaaFE0 SO0 of 1D ireclosedastodt
o s . .0. sed N
-~ 3 [characteristic functions of w]U 0. closed as to 3t
If w is Hermitian and ultra-closed as to R, the condition
we have imposed on the class 9 is sufficient to secure the re-
SER. 2. voL. 15. ~o. 1268. T
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lation Jé,)m) ww ¥ 0, and so, by Theorem IV, the existence of
8 set of characteristic functions, which may be taken as
unitary and orthogonal and complete for w. Using Theorems
I and VIII, we have

}U.O. complete forw

o - {¢n a :D:

JJaw)Jwa) =0 - ~- Jg,a =0 (n),

and the desired equivalence follows at once.

To summarize, thén, the equivalent relations we have obtained in
Theorems XIV, XV, XVII, and XVIII, we state the following theorem.

TaeoreM XIX.—On the foundation Z,, if the class N be such that in
1t there exists a function a such that Jaa is not zero, the following pro-
perties are equivalent, for any Hermitian function w of the class & :
general ; ultra-closed ; the existence of a unitary and orthogonal set of
characteristic functions of o which is either general, or closed, or com-
plete. Each relation is taken with respect to the class M.

We recall that, in order to secure for the operation J, the properties
of the functional operation of the system Z;, the postulates HPP, were
placed on the function w. On the other hand, on the foundation X,, the
postulation of any one of the equivalent properties of Theorem XIX on a
Hermitian function  is sufficient to secure for every Hermitian function
«x the equivalence of the properties, positive as to J and positive as to J..
Thus, neither of the properties P or P, on the function » is necessary to
secure this equivalence. However, in connection with the instance
suggested by the analogy of the sphere and the ellipsoid, the following
theorem is of importance.

TaeoreM XX.—On the foundation Z,, if a Hermitian function » s
definite as to the class R, then, for every Hermitian function «, the pro-
perties, positive as to J and positive as to J., are equivalent.

To prove this theorem, we note first that, if the class % is such that
for every function a of that class, Jaa =0, we have the desired equi-
valence at once. If 0 is such that there exists in the class a function a
such that Jaa= 0, the hypothesis on  is sufficient to secure the
existence of a unitary and orthogonal set of characteristic functions of o,
which is closed as to M.

Since a Hermitian function w which is definite is of either positive or
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negative type, we see that, in Theorem XX, we have again the close
analogy of the sphere and the ellipsoid in evidence, although the relation
here involves X, with the class 9t and the postulate C, on that class.

IX. Instances of Systems Z,.*

The theorems we have proved have been on foundations none of which
are more extensive than the system Z, and, accovdingly, we give instances
of this system on which as foundation each theorem holds.

(A) A = [all complex numbers]; T = RV = (0—1);

9N = [all functions of the form a+%3, where « and B are real,
single-valued functions on the range %, integrable to-
gether with their squares in the sense of Lebesgue],

ny = [all continuous functions of the class 0],

ﬁ]

V= @), = = [all single-valued, continuous functions
on the range $%],

I

(1]

1
Tex(st) = Jox(ss) = j «(s5) s,

1
Jvyvy = S (a1 +28) (ap+ifBp) ds
0
1 R {1 N
= [ watsti[ || @potBiadas || Biguds;
0
JE_a,,-Q;Fi = S‘ (l,iefxl:i;;.

The only property of the elements necessary for us to discuss is the pro-
perty C, for the class Rt. Fischert has shown that the sub-class of 9

consisting of all its real valued functions has this property. To extend to
the whole class, we wish to prove

1
{V?nz} 3L 5 ("m-l’n)(l/m"‘l/n) ds=0 -D-
mi J o
v 1
3 3L G—r)—w)ds = 0.
% J0

* BExcept as regards the classes 9, these instances have been cited by Prof. Moore.
Cf. II, § 1 and § 4 (a). :

t Loc. cit., pp. 1028-4.
T 2
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Let Vp = an+";:8m

where a, and B, are real valued functions, for every n, and the hypothesis
reduces to

L Sl [(“m_an)2+(18m—,8n)2] ds = 0,

mn Jo
1 i
or L 5 (amn—a)ds =L j (Bn—PBn)?ds = 0.
mn Jo mn JO

Thus, from the results of Fischer, there exist real valued functions « and
B in the clags N, such that

1 1
LJ ((1_(1")2 ds =0 and L 5 (B__.B")‘.} ds=0.

n Jo 0

Accordingly,

1
LS [(a+7',3)—(an+7'6n)][(a+z;8)_(an+7fﬂu)] ds = 0.
n Jo
Choose v = a+1f, and we have the desired relation.
(B) % = [all complex numbers), P = B"»= (041, ..., n),
N = M = MW" = [all sequences of n elements from the class 2AJ,
£ = DMy = (MM, = [all double sequences of n? elements
of AJ,

Tar(st) = Fxlss) = = xlss) = = ki
s=1 i=1

That the class :M of this instance has the property C, is at once obtain-
able, since we have to consider only limits of a finite sum.

(C) A = [all complex numbers], V=V =(0, 1, 2, ...),
N = M = W' = [all infinite sequences {a,} of numbers a, of %,

such that ¥ a.a, converges],
1

n=
& = DM)x = M), = [all infinite double sequences { {k;! !
of elements %;; of %A, such that there
exists a function {a;} of the class
M, such that | k;;| < |a:a;]| for every
7 and j],
Tk (st) = Tk (s8) = 21 (ss) = Z ki

i=

-
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Again, the only property of the elements we need to consider is the
property C; of the class 3t. The proof that %t has this property has been
given by E. Schmidt.* The notion of *strong convergence ”’ which he
has used is, in this instance, equivalent to what we have called * conver-
gence in the mean.” '

X. The Equiwvalence of the Properties C, and S for a Class M.

Since we are to discuss properties of a single class N, we take as
foundation a system simpler than those systems we have considered
heretofore ; viz.,

9
©; B; 9 LD,,R on P to N JLMHP on (NN)y. to A

0

On this system as foundation, we have

U.0. complete for 9N .,

TreoreM XXL—N 2 3 {a®} O NG o~ N

(A) N D NS,

This relation is proved as in Theorem XVI, and is given in
the Corollary to that theorem. It is clear that the proof
there given is valid on the foundation given above.

(B) N323 {a‘g}}U.O. complete for 9t e T )

To prove this relation, consider a sequence | B.} of functions
of N, such that
L I(lem Bn)(ﬁm ,Bu) =0.

mn

‘We have, then,
LZ J(/Sm ﬁ'n) a; Ja; (ﬁm_:Bn) =0.

mn i

"Let Ja; B = ain @, n).
Then 2 @i, a:i, converges for every n, and

L 2 (atm a'iu)(aim_'ain) -_— O

Since, as we have shown in § IX (B) and § IX (C), the classes

M and MM have the properties Cj, we secure the existence
of & sequence {a;} which is either finite or infinite depending

* E. Schmidt, Rendiconti di Palermo, Vol. 25 (1908), pp. 53-60.
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on the number of functions in the sequence {a;}, and such
that 2 a;a; converges, and furthermore

L 2 (a;—aw)(ai—a) = 0.

Since, by hypothesis, the class M has the property S, we
secure the existence of a function 3 of the class 9, such that
a;= J a@f3 for every <. Then

L 2 J(_B;,Bn) a; Jd—i(ﬁ_,Bn) = O:

n o

or, since the set {a;} is complete for N,
L J(,B_,Bn)(B_Bn) = 0:

and so we have _
{18?3} 3 ;&b'](ﬁm_ﬁfn)(ﬁm_ﬁn) =0 -2 3 B% 3 %J(ﬁ—,ﬁin)(ﬁ"ﬁu) = 0.

Thus, the class M has the property C, as was to be proved.

XI. Summary.

Taking, then, as a guide for our discussion, the positive kernel in the
instance of the general theory suggested by the analogy of the sphere
and the ellipsoid, we have been led to a discussion of conditions on a
Hermitian function o sufficient to secure, for every Hermitian kernel
function «, the equivalence of the properties, positive as to J and posi-
tive as to J,. We have considered a system in which the functional
operation is not restricted by postulation of the definite property P,,
and have shown that the Hilbert-Schmidt theory as to theorems of
existence of characteristic functions and numbers, together with expan-
sion theorems, may be obtained on this system as foundation, the
expansion theorems being stated with respect to functions of a class ¢
on which are placed postulates less restrictive than those placed on the
class M of the system =;. We have generalized the theory of the non-
symmetric kernel in the extended sense of a function on the composite
of two ranges not necessarily the same. Using these results and with
the same extensions, we have generalized a theorem by Picard on con-
ditions for a -solution of an integral equation of the first kind.

We have next considered conditions on a Hermitian function
sufficient to secure the equivalence stated in our original problem. We
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found as such a condition that there exists a unitary and orthogonal set
of characteristic functions of w which is complete for the class R, and
showed that this is equivalent to the condition that w be general for .
On the foundation Z,, in which the class 9 is restricted by postulation
of the property of closure as to convergence in the mean with respect
to the functional operation J, we showed the equivalence of either of
these conditions on w to either of the conditions: w, ultra-closed as to
N, and the existence of a unitary and orthogonal set of characteristic
functions of @ which is closed as to N. )

To connect with the instance of the general theory suggested by the
analogy of the sphere and the ellipsoid, we have shown that the con-
dition that w be Hermitian and definite as to R is, on the foundation
Z,, a sufficient condition to secure the equivalence, for every Hermitian
function «, of the properties, positive as to J and positive as to J,.



