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By C. R. DINES.
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I. Statement of the Problem.

In a memoir " On the Foundations' of the Theory of Linear Integral
Equations,"* Prof. E. H. Moore has discussed the foundations of a theory
of the general integral equation

(G)

including as instances the classical theory of integral equations and the
theory of an infinite (or finite) number of linear equations in an infinite
(or finite) number of variables. Later, in an address before the Fifth
International Congress of Mathematicians at Cambridge, August 1912,1
he has discussed the fundamental functional operation of the general
theory on the foundation which he has called 25, and has given other
instances of the theory. In each of these papers, results are stated and
used which are proved in an earlier paper by Prof. Moore. I We would
refer also to a presentation of this theory by Bolza,§ which offers a ready
approach to an understanding of the principles of the generalization.

In the system 25 we have as basis

e "U is the class of all real or the class of all complex numbers, ty is

• Bulletin Amer. Math. Soc, Ser. 2, Vol. 18 (1912), pp. 334-362. In reference to this paper,
it will be denoted by I.

t " On the Fundamental Functional Operation of a General Theory of Linear Integral
Equations," Proceedings of the Fifth International Congress of Mattiematicians, Cambridge,
August 1912. In reference to this paper, it will be denoted by II.

X "Introduction to a Form of General Analysis," New Haven Mathematical Colloquium,
1906.

§ Jahresbericht d. Deutschen Mathem.-Vereinigung, Vol. 23 (1914), pp. 248-303.
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a general range in the sense of the true general, SW is a class of functions
on $ to '21, St is a class of functions on the composite range $ $ to 91 and
is defined as the *-composite of the class Wl with itself, J is a general
functional operation on the class J? to 5f.* As Prof. Moore has shown
(I, p. 361), we secure the general Fredholm theory of the equation (G) by
postulating that the class 9)1 has the properties LCDDQ, and that the
functional operation J has the properties L and M. We denote the basis
with these postulates on its elements as the system 2£. We secure the
Hilbert-Schmidt theory for the complex-valued Hermitian kernel /c,
i.e., for a function ic(st) such that ic(st) = H(ts), by postulating that the
class 5( is the class of all complex numbers, that the class Wl has the pro-
perties LCDDQB, and that the functional operation / has the properties
LMHPPQ. The basis with these postulates on its elements is the system
25. Prof. Moore, in lectures at the University of Chicago, indicated the
desirability of removal of postulation of the property Po from the func-
tional operation, and had obtained Theorem I of this paper with its
corollaries before the author took up this question. The Hilbert-Schmidt
theory without postulation of the property Po on the functional operation
is carried through in § IV below. In these lectures Prof. Moore showed
also that the property H is a consequence of the properties L and P if the
class 2( is complex.

Among the instances Prof. Moore has cited, an important one is that
suggested by the analogy of the sphere and the ellipsoid which led to the
replacement of a unary operation Jp on a basis he denoted by 24 by the
binary operation Jst of the basis 25.t This instance does not derive its
importance from its application to equation (G) in the Fredholm theory,
but, from the standpoint of the Hilbert-Schmidt theory and of the
geometry of a function space, it leads to fundamentally new results. In
this instance, given a system of type 25, we define J as operative on a
function/c no longer as merely JK but as J(sU)(vt)K(st)w{2iv) and write (to
simplify, leaving out arguments) with no ambiguity as to meaning

If, now, o) is Hermitian, and further if w as to the operation J is of posi-
tive type, in notation coF, that is in case for every function fx of the class 2W,

?(1:0(34) £«/* > 0,

• Elements of the class 51 will be denoted by small Roman letters : a, b, c; of the classes
9)? and Jf by small Greek letters: fi, £, t), (, <p, ty and K, A, p, a, respectively.

I I, pp. 349-350, and II , 8 4 (c).
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and further, if w is definitely so, in notation t/°, that is in case

J(n) (34) ?wf = O implies £ = 0,

we have seeured for the functional operation /„, the properties LMHPPQ,
and J^ is operative as the functional operation for a new instance of
type 26.

Mercer* has discussed the positive Hermitian kernel and has shown
its importance from the standpoint of expansibility in a uniformly con-
vergent series of the characteristic functions. It is the purpose of this
paper to discuss the positive Hermitian kernel in the general analysis as
regards the instance cited above, that is the instance suggested by the
analogy of the sphere and the ellipsoid, together with certain other
problems in the general analysis connected with this problem. We set
before us then, the problem of determining conditions on the function o>
sufficient to secure the equivalence of the properties PJm and Pj for every
Hermitian function of the class Si. In other words, we wish to determine
conditions on w sufficient to secure the relation

:D : J%,KCO£^O (i) J2iKg^O (i)\ (I)

where in integration by the functional operation / adjacent variables are
integrated out in pairs.

II. Definition of Terms. The Systems 2£, 2y, and 27.

We first define the general systems we shall use in the discussion.
Dropping the postulate Po on the functional operation J of the system 25,
we obtain what we shall call 2£; viz.,

We obtain the system 2£ by introducing into the system 2s a new class 91,
with the properties LDQR, and having the class 3)1 as a sub-class.
Further, we postulate that / is operative on the class (5ftift)z. We thus

• Phil. Trans., A, Vol. 209 (1909).
t To be read: "For every Hermitian (H) function « (of the class St), it is true that

(:D:) J4Ta>Ka>t ^ 0 for every { of the class 3K is equivalent to (• ~ •) /2f«f ^ 0 for every { (of
the class 9JJ)."
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obtain

t 0

(<*•»>*) to

As to notation, we shall denote functions of the class 01 by
v, a, /3, y.

It is clear that any system of type 25 or 2£ is also of type 27, since
the class 01 may be taken as identical with the class 2N. Thus any
theorem which is proved on the foundation 27 is also true on the founda-
tion 25 or 2)5, functions of the class 01 being replaced by functions of the
class SK. The system 2J derives its importance from the fact that, on it
as foundation, we can prove certain theorems for a class with postulates
less restrictive than those placed on the class 2N, without disturbing the
postulates on the class Wl, and consequently the properties of the
class M.

Before setting up the system 27 we shall define certain properties of
sequences and of classes of functions other than the elementary ones used
in setting up the system 25. The properties named have been investi-
gated for the case in which the operation / is that of integration," but not
in generalization. These will be given on the foundation 2;, and then
the system 27 will be obtained by postulating one of these properties for
the class 91 of S7. In writing the definitions of these properties as well as
the theorems to follow, we shall use the notations of Peano as modified
and extended by Moore.. The properties here defined will also be written
out in full, t and by comparison of the two forms the reader will come to
a complete understanding of the few simple symbols we shall use and be
able to interpret readily statements made throughout the paper. The
more involved of the theorems will also be written out in full.

,,v 1 t complete for 91 . 9t _ T_ -^ T- T-
(1) \an\ . a # D * J aa = 2, J aand una,

* The property £09t is the property " is contained in the class 91."

t (1) A sequence {o,,} of functions a,, (of the class 91) is said to have the property " com-

plete for 9t," in case for every function a of the class 91 (cr*) it is true that ( O - )

Jaa = 2 Jau,, JaH a.



1915.] FUNCTIONS OF POSITIVE TYPE IN GENERAL ANALYSIS. 247

/Ov ( I general for 91 . 91 . . _ , ,
(2) \an\

6 .a . D . e - D - 3 (alt ..., an)

0— 2 anan)(ct— 2 a n a j < e,

/Ov r 1 closed as to 91 . 91 . __. T - n / \ —» T - A

(8) \an\ . a ID! t/aan = 0 («) O - /aa = 0.

A function w of the class St may have any of the following properties with
respect to functions of the class 91,

,,, positive as to 91 . 91 _ ri- «̂  n\4) wr : a • D • J acoa ^ 0,

/Kv closed as to 91 . 91 . _ . T_ ^ _ T_ n

(5; w . a . D . Jaw = U • D • Jaa — U,

(6) a,^tra-dosed as to 91 . Jl . ^ . J(jSto) (J^) = 0 • D • Jaa = 0,*

,_v definite as to 91 . 9i . _ . T 2 - A —i T- A

, o x general for 91 . 91 . _ . _ _ ^91 T7 f~Q~\i T Q\ ^

(2) A sequence {a,,} of functions a,, is said to have the property " general for 9 V in case
for every function a of the class 91 it is true that, given a number e (> 0), it is true that there
exists (3) a set (alt ..., a,,e) of numbers, the number of elements depending on e (n,), such that

a - 2 anan 1 I a - 2 a,,an ) <V e.
»•! 1 \ nml I

(3) A sequence {on} of functions a,, is said to have the property "closed as to 9V in case
for every function a of the class 91 it is true that the relation, Jaa,, = 0 for every n, implies
the relation Jaa = 0. •

(4) A function u (of the class j?) is said to have the property Iepositive as to 91," in case
for every function a of the class 91 it is true that J^awa ^ 0.

(5) A function a> is said to have the property " closed as to 91," in case for every function
a of the class 91 the relation, Jaw = 0, implies the relation Jaa = 0.

(6) A function w is said to have the property "ultra-closed as to 91," in case for every

function a of the class 91 it is true that the relation, J(Jaw)(Jaw) = 0, implies the relation

Jaa = 0.

* This property is equivalent, for a Hermitian function o> to the definite property for the
function Jww. If the operation </has the definite (Po) property, it reduces to ordinary closure
of the" function w.

(7) A function a is said to have the property "definite as to 91," in case for every function
a of the class 91 it is true that the relation J2au>a — 0 implies the relation Jaa — 0.

(8) A function u is said to have the property " general for 91," in case for every function a
of the class 91 it is true that given a positive number e it is true that there exists a function £

depending on e and of the class 91 {& ) , such that J (a—Ja>j8e)(a — /a>/3.) < e.
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The properties Cj and S, applicable to the class 91, are defined as follows :

<9) 9lc' : |.af) 3 L / ( ^ ^ ( a ^ - a j = 0 • D • 3 a91

mn

3 L / ( a - a J ( a - a n ) = 0,
n

<10) df : | a f } u a -(|an}3 2 an5n converges) o - 3 aw 3 a, =/ff^a (»),*
n

The property Cj is a closure property in that, if the class 9t has the
property Cj, it is closed as to convergence in the mean. We shall show
that the properties Cj and S are equivalent as applied to the class 9i of
£7. These properties are, however, not possessed by the class of all con-
tinuous functions on the interval (0, 1) with respect to the operation of
integration on that interval. They are possessed by the class of all func-
tions integrable together with their squares on that interval with respect
to the operation of integration in the sense of Lebesgue. This is the
primary reason for the introduction of the class 91 into the system £5.
But, with this introduction, the definite property Po of the functional
operation J does not obtain, and we are thus led to the removal of the
postulate of this property to secure the systems we have named. The
system 2, on which, as foundation, each theorem we state may be proved,
is obtained from the system 2; by postulating that the class 91 has the
property Cj. Thus we have

2 , : ( « j 9 ;

jLMHP on (<**>*) to «

The system 27 is introduced, as we have pointed out, to secure a class
91 with the properties Cj and S. In instance IV, the class >Jl may be
taken as the class of all functions integrable with their squares in the

(9) A class 91 is said to have the property Cj, in case for every sequence {a,,} of functions
a,, of the class 91, such that L /(a,,, — a,,)(am — a«) = 0, it is true that there exists a function a

HIM

of the class 91, such that L J(a—ii)(a—a«) = 0.
n

(10) A class 91 is said to have the property S, in case for every sequence {o,.} of functions
on, unitary and orthogonal [i.e. Jataj = 0 (i ̂ j), 1 (i =j)]> and (•) sequence {a,,} of numbera
an such that 2,anan converges, it is true that there exists a function a in the class 91 such

»
that o» = Jan a for every n.

It will be noted that the number of dots on a sign of implication indicates the order of
logical weight of the implication—the main implication having the greatest number of dots,
and the other implications punctuated in order.

* It is understood that in case there is only a finite number N of functions in the set
^o,,}, then there are exactly N numbers in the set {a,,},
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sense of Lebesgue on the interval (0, 1), while in instances IIn and IIIa,
the classes for 91 may be taken as identical with the classes Wl in the re-
spective instances. On the foundation 2 7 we shall prove the equivalence
of the properties complete, general, and closed, for a unitary and orthogonal
set of functions of 91, the relations being taken with respect to the class 9\.
On this foundation we shall also prove the equivalence, for a Hermitian
kernel function <*, of the properties, general for 91, ultra-closed as to SR,
and the existence of a unitary and orthogonal set of characteristic func-
tions of o> which is complete for % providing that there exists in the class
01 a function a such that Jaa ^= 0.

III. General Observations on the Problem with % as Foundation.

The problem as we have stated it in § I may be extended on the
foundation D7 to a problem in which the positive relations are taken with
respect to the class 9i instead of with respect to the class SW. We remark,
however, that by virtue of Theorems VI and IX the relations, positive as
to 91 and positive as to Wl, are equivalent. If we make this extension the
problem becomes, to obtain conditions on «, sufficient to secure the relation

H . _ . Pjm as to 91 Pj as to 91 , , *

Concerning this problem, the following relations are clear at once,

(a) For any Hermitian function w of the class St,

HPj as to 5K _ Pj as to 9t
K - D • K " ,

since Ja<a is a function of the class Wl for every a,* and accordingly,

K
H : D : Pfri > 0 (i) O • J'a: D : Pfri > 0 (i) O • J'aooKwa > 0 (a).

Thus our problem, as stated above, reduces to that of obtaining conditions
on to sufficient to secure the relation

We obtain such conditions in Theorem XIII, and equivalent conditions in
later theorems.

(b) It is clear that, in order to secure relation (2), the function w must

• Vide Theorem II below.
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be closed as to STO. For, suppose there exists in 3R a function £ such that
Jgg ^= 0 and J£w = 0. Choose K = — £f. We have, then, a function /c
such that J^wKcoa = 0 for every a, but there exists a function, namely £,

such that _ _ _

and accordingly relation (2) does not hold.

(c) Finally, in case, for a given Hermitian function w and a function f,

the equation Jaw = £ is solvable for a, we have at once

KH :-Dl J"4aco/cwa > 0 -D- J 2 J f c£>0 .

In case, then, w is Hermitian and such that we can solve for a the equa-
tion Jaw = ix for every function /x in the class 2K, we have

H . _ . i lP / as to 91 _̂  Pj as to 2K

Before taking up a discussion of the conditions on w described above,
we shall obtain generalizations of existence theorems concerning charac-
teristic functions and numbers, and for this the foundation 2r will be
sufficient. Then we shall take up the equation Jaw = £ in generalization.

IV. The Hilbert-Schmidt Theory for a Complex-Valued Hermitian
Kernel on the Foundation 2;.*

The first three theorems we shall prove are theorems of a general
nature, made necessary on the foundation 2;, because of the introduction
of the class 0}, and the fact that the functional operation is no longer re-
stricted by postulation of the definite property Po. They are of funda-
mental importance in consideration of relations on the foundation 2^

Tj&BOREU I — a.I'D'. Jaa = 0 • — • J'd(3 — 0 06).t

(A) That Ja/3 = 0 (J3) • D • Jaa = 0 is obvious.

(B) ' J aa = 0 • I> • Jtfi = 0 08).

* References to treatments of this theory in the classical instance IV would be too
numerous to mention. The treatment we shall give of a generalization of the.theory will
follow, in substance, that given by E. Schmidt, Math. Ann., Vol. 63. Changes are
necessary in the statements and proofs of the theorems since the functional operation is not
restricted by postulation of the definite property Po, and the classes entering are not restricted
so as to contain only real valued functions.-

•f " For any function o (of the class 9t) the relation Jda = 0 is equivalent to the relation
Ja/3 = 0 for every function £ (of the class 91)."
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(a) JUa = 0 • J/3/3 =£0 • D • Ja(3 = 0.

For, let
/3J/3a ,

= a~ T^> and so a =
J

Jpp

Then Jfiy = 0, and from (3),

and, since J has the properties H and P, we have

/a/8 = 0.

(b) Jaa = 0 . W = 0 • D • Ja/3 = 0.

For, let y = a—/3jj3a,

and we have /yy = —IJafiJfia.

Since / has the properties H and P, it follows that

Jufi = Jfia = 0.

COROLLARY I (Inequality of Schwarz).—

a • /3 • D • Ju/3J(3a ^ JaaJ/3(3.

If J/8/3 =£ 0, the relation is obtained from the substitution (8) of
the theorem since J has the property P.

If J"/3/3 = 0, we have from the theorem Ja/3 = 0 for every a,
and accordingly

0 = JafijPa = Jaa Jpfi.

COROLLARY II (Orthogonalization of a set of functions).—

(alf ..., an) -D- 3 (ft, . . . , /3J 3/A/3 = 0

n m

fii= I, aiM (i = 1, ..., m), at = 2 6yft (i = 1, ..., n).

THEOREM I I . — K • a •=>• (/a/c)Bo5W • • {JKa)B&.

The theorem follows readily from the definition of the class St.
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THEOREM III.—

K I'D'. /(13)(42)** = 0 • *•*/ • /(13)(42) O.VC = 0 (to) • ~ • J2<1K{3 = 0 (d/6).

2 — 2
PrOOf. (A) /(13)(42) KK = 0 • ~ • /(13)(42) 6MT = 0 (to).

For, in /<i3)(42), we have a functional operation which has the
properties LMHP on (&$.)L to 51.* Accordingly, we have this
operation as the functional operation for a new instance of 2;,
and can use Theorem I.

(B) J"o8)(42) «* = 0 («) ' ~ • /2a/c/3 = 0 (a, jS).

(1) «7"(?8)(42)««- = 0 "(») O • / 2 a ^ = 0 (a, J3).

Since w may be taken as £ • ij, where ^ and »; are arbitrary
functions of 2K, we have J2^ = 0 for every £ and >/.
Accordingly, for every £ Jf/c is a function of the class We,
such that J(J£K)(J£K) = 0, and by Theorem I, for every
function /3 of the class 91 we have J2iic/3 = 0. In an
analogous way we show J2ai<fi = 0 for every a and /3.

Q

(2) J aicp = 0 (a, p ) • D • «7(i3)(42) WK = 0 (a>).

To prove this relation we note that any function to of the
class St may be expressed as the limit of a sequence of
functions of the class (aftSW)/., uniformly convergent relative
to a scale function of that class, and the theorem follows
at once.

COROLLARY.—

KH : D : J(23)(41) KK = 0 • ~ • c7(23)(41) fW = 0 (to) • ~ • J"2aAf/3 = 0 (a, ^ ) .

THEOREM IV .—

: J = 0) 3 <£ = zo

* The proof of this statement is omitted. However, «7̂ 3)(4o) is immediately obtainable as
the functional operation in the instance Prof. Moore has called the *-composite of systems,
vide II, §4 (6). To prove that J^,,}^ has the property P, we use Corollary II, Theorem I.

t The notation <p - = 0 denotes the relation : <p is not identically zero. It negates the
relation : <p(p) — 0 for every p.



1915.] FUNCTIONS OF POSITIVE TYPE IN GENERAL ANALYSIS. 25$

a 0

L E M M A . — J(23){H)KK = 0 • ~ • J{23)^i)KrKr = 0,

where KT is.the iterated kernel

t7(23)(45) . . . (2r-2 , 2 r - l ) KK . . . K.
9 0

(A) T h a t <7(23)(41) KK = 0 • D • ^(23) (41) KrKr = 0 ,

follows at once from the Corollary of Theorem III.

cy a

(B) Jm(4i) /CrKr = 0 • D • /(23)(41) KK = 0.

(1) r = 2fc.

We have /(23>(4i) KrKr = 0 • D • J"2a/cri8 = 0 (a, /8)

• Z) • J(JaKr)(JaKj_) — 0 (a)

•D- J2aKL(3= 0 (a,/3)

• D • J(23)(41)f_r /C^ = 0 .
•2 2

Applying this result k times we have the desired relation.

(2) 2fc < r < 2*+1. Let r = 2*+1—s.
a (y

We have (̂23x41) Kr<r = 0 • D • ^23)(4i) Kr+sKr+s = 0

' D ' ^(23) (41) ^2* • 1 *"2* -1 = 0 ,

and, from (1), • D • J"(23)(4i) ff = 0.

Proof of Theorem IV*—

(A) KU ID'. /(23)(41) KK^O • D • 3 (20, 0 " = 0) 3 0 =

On the foundation 25 which secures the Fredholm theory and
includes 2£ as an instance, we have

f (4)
,l=o

where an = /(2i)f>t and D{z) is the Fredholm determinant

* We have diverged from the method of proof by Schmidt by introducing the Fredholm
theory. Cf. Kneser, Die Integralgleichungen, Braunschweig (1911), pp. 234-6 ; also Heywood
and Frechet, L'Equation de Fredholvi, Paris (1912), pp. 83-86.
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for K. Using the Schwarz inequality for the instance offered
by •-composition of systems 2'5* we have

"(13X42) Kn-\ Kn+1 "(13)(42) *n + l Kn-l ^ s c'(13)(42) * u - i Kn-l ^

01'

01' (fl2n)2 ^ a2n_2«2n+2.

Further, since /(23)(4i) KK =fc 0, we have, by the Lemma,

ain > 0 (n).

Thus au±1>_a^^

a n d s o > {)

The absolute value of the ratio of terms of two successive odd indices
in the last series of (4), is

I 21 a2n+2

&2?i

Thus, if we choose \z\ > W —, we see that the series (4) diverges.
V #4

Accordingly, D(z) has a root z0, such that | ^ 0 | ^ \ / » an(* from tbe

Fredholm theory on the foundation 20, the relation given in (A) follows
at once.

(B) KH : D : 3 (*0, ^ - = 0) 3 <f> = ^ 0 J /c0 - D • t7(2
23)(4i)KK J= 0 .

n

SuppOSe J(23)(41)KK = 0 .

Then, by the Corollary of Theorem III,

Jr(23)(45) KK<p = 0 ,

that is, //f̂ > = 0, and so <p = zQJtc(f> = 0,

which is contrary to hypothesis. Thus
2

/(23)(41) KK =f= 0 .

THEOREM V. KH • 3 (z0, </>- = 0) 3 $ = Z0JK</> • D • J$<p =£ 0.

Suppose J^0 = 0.

* Cf. H, §4 (6).



1915.] FUNCTIONS OF POSITIVE TYPE IN GENERAL ANALYSIS. 255

Then ZOZQJ(J4>K){JK^) = 0,

and, by Theorem I, ^02) (34) <K*" = 0-

Thus J<j>K = 0, and so 0 = 0, which is contrary to hj^pothesis.
Our assumption is untenable and </<£# =j= 0.

Note.—This theorem is of importance in that it enables us to
normalize a set of characteristic functions of a Hermitian kernel. That
is, given any set of characteristic functions, we can obtain an equivalent
set of which the functions are unitary and orthogonal.

THEOREM V I . —

K" - 3 (s0, 0 3 , / ^ > = £ O ) 3 <J> = Z0JK<P - D - * J - ( / a 8 t o 5 W D - z0>0).

Proof.— <f> = ZQJK<J> and so

<p = IZQJ^K and so

Thus ZQJ^^KQ = z0J
2(j)K<f) and z0 = i 0 .

Further, if K is of positive type as to the class 9J?, /2^«-0>O, and
* 0 > 0 .

Definition.—A set of characteristic functions of a Hermitian kernel K
is said to be complete for K in case every characteristic function of K can
be expressed linearly in terms of functions of this set. The proof of the
existence of such a set may be obtained as a direct generalization of the
proof by Schmidt.*

THEOREM VII.—

H ( . 1 U.O. complete for K < i characteristic numbers for K
f * \<j>n\ • 1 M

• 2 ^ converges (m ; St) :=>: o ) = ^ - 2 ^ ^ O - «7"(L)(4i)wo> = 0.

Proof.—Suppose (̂23)(4i) ww ^ 0.

Using Theorems IV and V, we secure the existence of a num-
ber c and function \Js such that /^i/r ^t 0 and \fs =. cJ*»s^r.

ty- Hldfl = 0.Then J&xfs = cJ&(Jaxfs) = c

* Loc. cit. pp. 444-G.
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But \fs = cJwxfs and so yp- = CJK\JS.

Since the set j <f>n) is complete for K,

n = l

HI _

Thus J\jr\fr = 2 anJ\fr<pn = 0,
n=l

which denies the property secured for \jr. Accordingly, we
have 2

<7(23)(41) « « = 0 .

THEOREM VIII.—

u i . i U.O. complete for K < i characteristic numbers for K

• a 3 J$aa = 0 (?t) O • /2i8/ca = 0 (fi).

Proof.—We have, without postulation of the property Po on the
operation J", the relations sufficient to prove that the set {<f>n\
is a complete characteristic set for JC4 with the corresponding
set \zl\ of characteristic numbers, and that

2 ^-f- converges

Thus, by Theorem VII,

Z D /(23)(41)
V ^ I^ f t —» T2 A

0) — *C4— Z j — ' D • t/(23)(41) Wft» = U.

By the Corollary of Theorem III,

J OKAO. = Z. . = 0,
n z

that is, . J(JaKj(jK2a) = 0,

and, by Theorem I, J2aic2a = 0,

that is, J(JaK)(Jica) = 0,

and, by Theorem I, «7"a/fea = 0 (/3

• Cf., Schmidt, Joe. ci<., pp. 447-451. The proofs of the relations we have stated may be
obtained as direct generalizations of the proofs given by Schmidt. The relative uniform con-
vergence is secured from the dominance of the class St by the class
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THEOREM IX.—

u . * . I U.O. complete for K < \ characteristic numbers for «

n Zn

Proof.—Let £ = JKB and 17 = £—2 fa J fag. (5)

The series on the right converges uniformly, relative to a
scale function of the class 2ft.* Then

Jfan — 0 (k),

and, by Theorem VIII,

s72y/c>7 = J2rjKy = 0 (y).

Bu t J">7>7 = JT/g = J2T]Kfi and so Jrjt) = 0. (6)

By Theorem I, JTjy = -7y^ = 0 (y),

and so Jag = 2 Jd<f>n J2^nK,6,

and so / 2 a ^ = 2

Thus we have secured the Hilbert-Schmidt existence theorems and
the Hilbert expansion theorem (Theorem IX) for a complex-valued
Hermitian kernel on the foundation 2f in which the functional operation
/ is not restricted by postulation of the property Po. The condition
K ~ = 0 in the classical theory is replaced by the condition /(23j(4i> KK =£ 0,
and the theory is, in general, the same.

V. The Non-Hermitian Kernel in General Analysis A

In the discussion of the equation Jaw = g, we shall use a generaliza-
tion of results obtained by E. Schmidt, in which he has discussed the
unsymmetric kernel in instance IV, the continuous case, in relation to
characteristic functions and numbers, and in which, for a continuous
function K, he has proved the existence of a set of numbers {ztl\ and of

* The proof of this statement is contained in that of the theorem in II, § 5 (I), in which
the property Po of the functional operation is not used.

t Cf. E. Schmidt, loc. cit., pp. 459-466.

SER. 2. VOL.15. NO. 1267. S
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functions {<f>n\ and of functions {yjrn\, such that

fi
<pn{t) = Zn \p-n(s

Jo

(
K{S, t)ds and \fsn(s) = zn K{S, t) <pn{t)dt,

Jo

for every n. In the present discussion, we shall generalize these results
not only by generalizing the range and the functional operation, but also
by extending them in application to a kernel function on a range which is
the composite of two ranges not necessarily the same. For this we shall
consider two systems 2' and 2" of type 1$. In this way we shall secure,
in case 2 ' = 2" = 2IV, the results given in the classical instance above.
However, by varying 2' and 2", we obtain distinctly new results. For
example, if we take 2' = 2IV, 2" = 2ir», our results are as follows : for a
given set of continuous functions (£, ..., £t) on the interval (0, 1), not all
zero, there exists a set of numbers \zi) and of continuous functions {<pi\,
and of numbers (xu, ..., xni), such that

n
= Zi 2 and xki = z{ <jn{s)ds {k, i).

,LMHP on Si' to a

We introduce, as we have said, two systems,

2 ' : (Ql; J)J'; ^ C W a n i P ' t o a . ^ = ( M % . j

2 " : (5i • qj" • wLCf)D°R on *"t 0 9l • jt" = (\K"a)i") • j " L M H P o n j l " t 0 ?l)

and form the system

2 :

Since 2 ' and 2" are of type 2£, it follows from the theory of *-composition
of systems that 2 is also of type 2£. Functions of the classes in 2' and
2" will be given single and double accents respectively, while those in the
classes of 2 will be unaccented.

THEOREM X.

. D . ' 2 T"2

3 0i =

U . O . j . " ) U . O . i

^ = znJ'£<pL (n).

Proof.—It is clear that the function J'ig has the properties H and
P with respect to the operation J", and that
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Accordingly, by Theorems IV, V, and VI, we have a set of
characteristic functions |<j>'n) for this function as kernel, which
we may assume to be unitary and orthogonal with respect to J",
and a corresponding set of positive characteristic numbers {z\ \.
Since the function <f!'n is, for every n, a characteristic function
for J'ii with characteristic number z\, we have

and if we let <f>'n = znJ"£(j>n {zn > 0 ) (n) ,

we have the desired relation except for the unitary, orthogonal
character of the set {$'„.)•.

To prove this, we have

and since the set \<$'n\ is unitary and orthogonal, so also is the
set \<p'n}.

THEOBEM XI.—Under the hypotheses and notation of Theorem X, we
have

j ,II | U.O. complete for J ' |{ < 2 i characteristic numbers for J 'J{

I , i \ U.O. complete set for J"{r < .> \ characteristic numbers for J"t F
• ~ ' \<t>n\ • \Z'n\

Proof.—Let <}>" = ^"(J'H)<f>".

We wish first to show that <f>' = z0J"£<p" is a characteristic
function of J"££ with characteristic number z\. We have

Thus we have proved that, with z\ and <p" assumed as characteristic num-
ber and function, respectively, of J'$£, the function 0' defined as z0J"£<f>"
is a characteristic function of J"££ with characteristic number z^.
Similarly, with z\ and <p! assumed as characteristic number and function

s 2
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°* J"€l> we can show that <f>", denned as z0J'g<f>', is a characteristic
function of J*$$ with characteristic number z\.

We wish further to show that, if we have given a unitary and ortho-
gonal set \<f>n\, complete for J'gg and obtain the set {<f>'nj by the relation
</>'„ = znJ"£</>'„ for every n, then the set \<j>'n\ is complete for J"£i. To
do this, we must show that any characteristic function <f>' of J"ii is a
linear combination of functions of the set \<f>'n}. We have

But we have shown that <p" denned as z0J'$(j>' is a characteristic function

of J'i£ with characteristic number z\, and since the set {0« [ is complete

for «Tf£ we have

n=l

Thus J"£<j>" = 2 cJ"^ = 2 cn &.
71 = 1 H = l Zn

But Ftp = J"£(ZoJ'£<t>') = z ^

Thus <f>' = z0 2 — ^ .
l ^n=l

That the set {$[} is complete for J'gg if the set {<£„[ is complete for
J"££, as well as the desired relation concerning characteristic numbers, is
proved in an analogous manner.

The unitary and orthogonal properties of the equivalence are proved as
is the corresponding property in Theorem X.

VI. The Equation Jaw = £ in Generalization.

As stated in § IIIC, the problem of determining under what conditions
on the function w we shall have, for every Hermitian function K, the
equivalence of the properties Pj^ and PJf suggests at once the problem of
the solution for a of the equation Jaw = £ The necessary and sufficient
condition for the solution of this equation, in instance IV, has been dis-
cussed by Picard.* While not so stated by Picard, his discussion really
involves the problem which, in generalization, becomes: to decompose a

• Rendiconti di Palermo, Vol. 29 (1910).
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function J into two functions r) and £ (that is, to determine *i and £ so that
i = *7+£)> where rj is in the space. a> (that is, there exists a function a
such that *i = Jaw) and £ is orthogonal to to (that is, J£w = 0). In case
w is closed as to dl, that is, Jfto = 0 implies J££ = 0, we have secured
the existence of a function t] which differs from g only hy one of the ex-
ceptional elements, viz., £ such that J££ = 0. In case J is restricted by
postulation of the property Po, the function a is a solution of the equation
since we have Jaw = f.

If, now, as in § V, we use as foundation the *-composite of two
systems 2' and 2", the problem reduces to a problem well known in the
geometry of a function space, by a suitable choice of the two systems.
For, if we choose 2 ' = 2£ and 2" = 211", the problem becomes : given a
set of continuous functions (£{, ..., f»); to decompose a continuous func-
tion £' into the functions *j' and £' where »/' is in the space (g[, ..., £')£

(that is, there exists a sequence of numbers (av ..., a,,), such that

*j = X di^'i) and £' is orthogonal to that space (that is, J'g'g'k = O for
t=i /

every k).
As foundation, we use two systems of type 2£ and 2f, respectively,

on Jt'to «

; r ; oi"Ln»R on'"t0 *: s M ; ^ = ( a r g j n # ;

^LJtfHP on ( ^ " f c ) to 3l\

and form the system

2 : (»M ; $ = qj'qj"; d» = (a»fgro")*; « = (St'SC); J = J'J").

As in § V, we use single and double accents to denote functions of classes
of 2 ' and 2", respectively, while functions of classes in 2 are unaccented.
The system 2 is of type 2£. To obtain the theorem we wish to prove, we
shall restrict the class 91" to classes having the property S, defined in § II,
above. As we shall prove that, if 9}" has the property Cj, it has also the
property S,* this restriction might be imposed by restricting 2" to be of
type 27.

* Cor.v Theorem XVI.
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THEOREM XII.—

3 (V, f) 3 P = n'+S' • 3 «" 3 i' = J"i"" • J"(J'f$W'W) = 0

ni' converges,*

where {<p'n\ is a unitary, orthogonal, complete set of characteristic func-

tions of /"££ and \z^\ is the set of corresponding characteristic numbers

for J"£g, as discussed in Theorems X and XL

LEMMA.— / " ( J ^ W f O = 0 -D- J ' ^ f = 0 (n).

For, by Theorem I, J""/'f'^0» = 0 and so / ' & £ ' = 0, for every n.

Proof of the Theorem.—

(A) £' = ,,' + £'., , '= /"fa" • J"{J'l'i){J'W) = 0 0 -

2znJ'g'<l>f
nJ'$'ng

f converges.

For, / ' S f = U

Thus J"4*cC = e%J'4>'R£' (71),

and, since by Bessel's inequality,!

^J"a"<}ILr"$'na" converges,

we have 2 ZuJ'^'tynJ'^',^' converges.

* If the class 31" has the property S, then for every function {, such that

^ ^ ^ 0.

and for every function {' it is true that the relation : there exist two functions TJ' and £' such
that {' = TJ' + (! and a function a", such that V = J"{a" and J" (J'Ct)(J'iC) = 0, is equi-
valent to the relation: 2ziJ'£<(>'„J'<t>'ni' converges,

it

I By Besssl's inequality, we shall understand the relation,

The removal of postulation of the definite property from the functional operation does not
affect the validity of the proof as given in II, § 5 (f).
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(B) 2zlJr€'<t>'nJ'$ni' converges - D - 3W, ?)9£'= rf+£'

Let x n = J'<j>'n£',

and so 2 ~xnxnz\ converges.

By the property S of the class dl", we secure the existence of
a function a", such that xnzn = J"<f>'na" for every n. Let
£i = J"£<*'{, and , I-I -t

Then, x; = J%{J"£d[) = J"{J'^£)d[ = e7"^>"°" .= ^n («).

Thus

Choose i»l = fl, r=f -^ ,

and we have J'^ai' = 0 (n),

and, by Theorem VIII,

In case J^XS-J) (̂23)(4i> ££€£ = 0, the decomposition suggested in fche
theorem is always possible, since J"(J'^'g)(J'££') = 0 by the Corollary
of Theorem III, for every function £' of the class 3R'. Accordingly, if we
choose t]' = 0, £' = f', and a" = 0, we have the desired decomposition.

Bemarks on the conditions of Theorem XII.

(A) It is obvious that, in case there are only a finite number of charac-

teristic numbers in the set {z\\, the condition 2 ! « ; / a i ^ J ' ^ a ' con-

verges, is always satisfied. This is the case, for example, in the instance

already cited in which 2" is 2n«. In this instance we can choose

and since J" has the property Po, the condition

reduces to J'^£r — 0.

Thus we obtain the theorem already cited ; viz., given a system 2' of type
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£5 and a set of functions (g{, ..., gl) and a function g', these functions all
being of the claes ffl, we can always decompose g' into a function of the
space (£', ..., g!,)z and a function orthogonal to that space. In this in-
stance, the condition

«Jr(l-J\34)«7(2S)(41) gggg = 0 ,

which leads to the trivial decomposition noted above, reduces to

for every i.

(B) In case there are an infinite number of functions, unitary and
orthogonal, in the classes W and 2N", we can always set up a function g
and a corresponding function g', so that the condition of the theorem is
not satisfied. Let \<f>'n\ and \<p',[\ be two unitary and orthogonal sets of
functions of the classes Wl' and SSI", respectively, each set containing an
infinite number of functions. Since 9W' and 2N" each have the properties
D and JD0, we secure the existence of functions <f>l and 0'J, and of sequences
\a'n} and {a"} of numbers greater than unity, such that

and a

and accordingly | <f>'n<j& | < an<p'o 0 j ,

where an is equal to a'na'nt and the relations hold for every n. Let

n = l -̂ Ti 11=1 'S'JI

where -?H is equal to w2an for every 71. Since the classes W and 2R' are
closed, the functions f and ^' belong to these classes, respectively. But
2 z'iJ'g' <p'iJ' <ft,ig' does not converge, since each term in the summation

is unity.

(C) If we choose $ ' = $", W — $1", and J' = J", and drop accents
throughout to obtain one system 2 of type 1'7, the decomposition becomes :
given a function to, to decompose a given function g into two functions >;
and £, such that >/ = Jwa and-J"(/a>£)(/«£) = 0. With special reference
to the instance IV, if we take dl" as the class of all functions integrable
with their squares on the interval (0, 1) in the sense of Lebesgue and in
all other respects 2 ' and 2 " as identical with 21V, we obtain the theorem
of Picard cited above. We show later that the class 91" so chosen has the
property S.*

• Vide § XI (A) together with Corollary to Theorem XVI, and footnote § XI (C).
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(D) Finally, to return to the problem suggested by the analogy of the
sphere and the ellipsoid as reduced in § IIIn, we make the reduction to
a single system as in (C) and assume that the class Oc (= 91") has the
property S. We see then, that, if a Hermitian function w of the class St,
definite as to the class Wl, and a function £ of the class SK, are so related
that the decomposition of the theorem is possible, we have

J4 a aurora > 0 (a) • D • J*€K£ > 0.

For, by the theorem, there exist functions rj, £, and a, such that

£ = >/+£, tj = Jcoa, and J(J£w)(Jw£) = 0.

Since to is definite as to Wl, this last relation is equivalent to

JU = o.
Using Theorem I, we have

P 2 i t 0.

VII. Conditions on w sufficient to secure the Equivalence of the Relations
K"FJ- and KIIPJ, on the Foundation Z7.

In this discussion we shall use the notion of a set of functions, com-
plete for >Jl, as we have already defined this relation, viz.,

I I complete for 91 . 5ft T - v T - T-

Using this definition on the functions a+/3, a—/3, a-\-ifi, a—i/3, in turn,
and combining results, we have immediately,

THEOREM XIII.—

wH 3 3 [characteristic functions of w] ' ' c o m p

. ^ . HV.i as to 9t _

Proof.—Denote the set of characteristic functions by (0lf ..., 0n, ...).*

* The set of functions may be either infinite or finite as, for example, in instance IV and
instance II,,, respectively. The summations occurring later in the paper, unless otherwise
indicated, are to be taken so as to include each one of these functions.
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(A) Given a Hermitian function K and a function a of the classes
Jt and 0i, respectively, let

an = Ja<pn and £n = JK<pn (n),

and ha = Jli <pj = J2 fa Kfr (ij).

By Bessel's inequality, we secure at once the convergence of
2 dnan. Also, since

and the class & is dominated by the class ($l*Dl), the series

2 (CILIH)R converges to a function which is dominated by a

nowhere negative function /*2, of the class (WIWI)M, and accord-

° ^ 2 I an£n I converges 0J3; jx)A
n

Also, since

we secure the convergence of

2 ( 2 kijlci-) = 2 kijkij.

(B) Since the set \<f>n} is complete for 91, we have

JCLK = ^LJa<bnJd>nK = 2 antn.
n ' n

Since, from (A), the convergence of this series is relatively

uniform,

J2aKa = 2 diJtiO. = 2 di 2 tT?i0jJr0;a = 2 <Zj 2 ^{,a;.
i " i j i j

Using the relations of convergence established in (A), we see
that the order of summation of this last series is immaterial,
and write T2- v 7 -

J aica = 2« aitCjjaj.

* The suffix R on a function of two or more variables indicates that the arguments of the
function are to be set equal.

t n , §2(fcs).
J This relation is stated in II , § 5 (k), and may be proved without postulation of the pro-

perty P o on the operation J.
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(C) Given any function (B of the class 3)t, we have

$ = 2 ^ Ji-frK

The proof of this statement involves relations similar to those
used in (B), and, accordingly, we shall omit the discussion of
questions of convergence, merely indicating the steps to be
taken.

J2/3WK = 2 J(jp<a) cj>iJ^iK ($ ; 3)0,

= 2

(D) For a given n we can solve for p* the set of equations

Jfi<pi _ hi {i= 1, ..., n)
^ ~ 0 {i > n)

n _

the solution being /3 = 2 Zjhjfy.

Since, by hypothesis, for every /3 we have

^ > 0,

we see that (bly ...,bn) D • 2 bik^b^ 0.
v

But, since

({at) 3 2 aidbi converges) • m & y [ r 3 2 A;o-̂ ,; converges)
\ i = l I \ ij ' I

1—51 1 — 00

D- L 2 aikjjd = 2 a-ik^ajt
a ij i

we have {at} 3 2 aiSi converges • D • 2 aikydj ^ 0.

Using the results obtained in (B), we have the desired rela-
tion ; viz., 2_

a • D • J a/ca ^ I).
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Remarks on the Conditions of Theorem XIII. Equivalence, for a
Hermitian Kernel Function w, of the Properties : General for 91;
Existence of a Unitary, Orthogonal Set of Characteristic Functions
of co, which is either Complete for 01 or General for dt*

Having, then, in view of § III«, this condition on co, sufficient to
secure for every Hermitian function K the equivalence of the properties,
Pj^ as to 91 and P./ as to 91, we discuss the meaning of the condition, that
is, for what functions of the class J? can we establish the existence of a
unitary and orthogonal characteristic set of functions, complete for 91 ? In
this discussion we use the definitions of § II.

THEOREM XIV.—

^T' en *, -a M r, T- - 0 - A • - * • H .-*. general for 9c

• ~ - 3 [characteristic functions of.co] " " genera or .

(A) w * 8en«al for » o .

3 [characteristic functions of co] " ' genera or ,f

By hypothesis,

a : D : e1 O - 3 fiex 3 J{a—Jo)pfl)(a

We see immediately that, by virtue of our hypothesis on the
class 91, there must exist in that class a function /3, such that

J2a«fi =£ 0,

and accordingly Jr(23)(4i)«« =̂= 0.

Thus we secure the existence of a set | </>„. [ of characteristic
functions of co, which may be taken as unitary and orthogonal.
Using relations (5) and (6) of the proof of Theorem IX, we have

p (7)
n Za

and JTjri = 0.

* For a discussion of relations in this connection obtained in instance IV, see Hans
Hahn, "Berichtiiber die Theorieder linearen Integralgleichungen," Jahresberichtd.Deutsclien
Mathem.-Vereinigung, Vol. 20 (1911), pp. 108, 109.

t Cf. Hilbert, Gottinger Nachrichten, 1904, p. 78, and Theorem XV, below.
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Using these relations and Theorem 1, we have

Given a positive number e, choose ^ = \e, and /i,. such that

Ja <frn J (f>n P c, [ J Ht\ ^>nJ <j>na " M*\ *i*hJ >PnPev

Z
• <el.

t

C h o o s e /3e = /3ei, a n = ?n- {n = 1 , ..., n t ) ,
zn

and we have the desired relation; viz.,

x I'D', e - D * 3 ((it, ..., Cbn)
 3 J I a— 2 and>n) [a— 2 and>tt) <C e.

\ n=l / \ n_l /

(B) oH • 3 [characteristic functions of w] U-O. general for 9< ^

general for 9i

Denote the set of characteristic functions by J0(if. Then, by
hypothesis,

^ ..., an) 3 / ( a — 2 an^,,.) (a— 2 an(f>n)a : D : e -D- 3 (a,, ..., an) 3 / a— 2 a«(6A)(a— 2 and>n) < e.

Thus, by choosing /3e = 2 anzn<j>n, we show that
n=l

a : D : C -D- 3 /8e
 3 J(a — Joofie)(a — Ja)(3e) < e.

THEOREM XV.—

( > U.O. _, ( > general for 91 ( , complete for 91

Iv4 ^ i v r * ~ ' iy«'
) U.O. general for STc ( \ complete for 91 ,

» , * - ^ ' i y» i r • *

* 2 is to be interpreted as 2 or 2 according as there are a finite number N of

functions in the set {<£»} or an infinite number.

| This relation is, in instance IV, due to Hilbert, GiiUiiujer Nachrichten, 1906, pp. 443-5.
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By hypothesis,

/ ^ \ / w* ^
a : D : e O - 3 («i, ...» aH) 3 J(a— 2 aByn)(a— 2 a n y , J < e . (8)

We wish to prove

a O • Jaa = 2 JaynJyna. (9)
n=i

Suppose this relation does not hold. Then, by Bessel's
inequality, we must have, for some function a,

Jaa !> 2 JaynJynci-

Let e = /aa— 2 JaynJyn.ct > 0,
n = l

and, by relation (8), determine ne and (a1} ..., a»e). We have,
however,

J\a— 2 Onyn) (a— 2 anyn)

= e-\- 2 t̂ ayn«^yMa"l~ 2 (Jayn—<

Thus our assumption is untenable, and relation (9) holds.

/ T j x ( »U.O. complete for SI _ ( i general for 91

(B) \yn\ * -D- \ynr

Under the hypothesis,

a O - Jaa = 2 JaynJyna;

we wish to prove

Let an = Jyna (w)

Then

J\a— 2 anyn) (a— 2 ^7^) = Jaa— 2 JaynJyna,
v n=i / V w=i / n=i
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and using our hypothesis, by a proper choice of ne, we have

J (a— 2 a»y»)(a— 2 a , ^ < e.
V H = l / \ ? l=l /

Thus, on the foundation 2'7, if w is general for % the relations
HPr as to 91 , HPj as to 9t . , , »

K - and K , are equivalent for every K.
We obtain in the next section, other conditions on a unitary and

orthogonal set of functions, equivalent to that of complete for 91, but these
are to be given on the foundation 27.

VIII. T/ie Equivalence, on the Foundation 27, of the Properties closed as
to 91 and General for 91, for a Unitary and Orthogonal Set of Func-
tions of 9i.* On the Foundation 27, the Equivalence, for a
Hermitian Function w, of the folloioing Properties : (A) General for
91; (B) Ultra-Closed as to 9c; the Existence of a Unitary and
Orthogonal Set of Characteristic Functions of w which is (C) General
for % (D) Complete for 91, (E) Closed as to 9c.

In this section, we continue the discussion of the content of the con-
ditions of Theorem XIII, and obtain properties of a unitary and orthogonal
set of functions of 91, equivalent to the property, complete for 91. To
secure these equivalences, we shall use the system 27, which we have
defined as follows :

. m . cnLD0R.Cj on 5} to 31

LMHP on ( ^ ) to ?l\

The closure property Cj for 91 has been defined as follows:

\cP\ 3 L J(am-an)(am-an) = 0 -D- 3 a ^ L J(a-a,d(a~an) = 0.
n inn ?i

Notationally, following Fischer, we write for the last relation

L an ~ a.

* These relations, in instance IV, have been obtained by Fischer, Comptes Rendus,
Vol H4 (1907), pp. 1148-51. Theorems XVI and XVII are there proved for this instance.
•Cf. also Hans Hahn, loc. dt.
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THEOREM XVI.—

(\an\ 3 2 anan converges) • | a n | u 0 - o - 3 a"

3 a ~ L 2 didi • an
 = «7ana (n).

11 i = l

(A) We have

(
n II, \ / V til \ H _

2 «jai— 2 cucii) ( 2 a,i<Xi— 2 Oiaij = L 2 a»ai = 0,
i = l i=:l / n=l i=l / w.n, «i<ii t=«i

Thus, since 9l has the property Cj, we secure the existence of
a function a in the class 01, such that

a ~ L 2 didi.
n r=l

(B) By the Schwarz inequality,

(n, k) *D* J I a— 2 didi) dkJa/c [d— 2

J (a— 2 dicti) (a— 2

Thus "LJ Id— 2 aiai) dk = 0,

for every k. But

n ^ h -~D- J (a— 2 didA di: = Judk—a>k.

Thus a,k = Jakd.

COROLLARY.—The class 01 of the system 27 has the property S de-
fined in § II.

m V-TTTT i i U . O . . _ . ( ) closed ( ) general
THEOREM XVII.— \an\ : D : \an\ - ~ - \dn\

,As i » U.O. closed f i general

Given a function a of the class 91, let an = Jdna for every n.
By Theorem XVI, we secure the existence of a function (3 in
the class 21, such that

L J (/3— 2 didi) ( / 3 - 2 dini) = 0 and an = Jdn/3 (n)* (10)
n \ i=i / \ i=i /
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Thus, for every n, J(a—fi)an = 0,

and, since the set \an) is closed,

J-(a-j8)(a-j8) = 0.

From relations (10), we have

L (.7/5/3- 2 a^) = 0. (ID

From the inequalit3r of Schwarz and the first of relations (10)>
we have

L J (/3— 2 dicti) a— 2 cfiaf) = 0.

Combining these relations, we have

L ijaa— 2 OiaA = Jr(i7=^8)(a—JS) = 0.

Thus, LJ la— 2 aiai) (a— 2 aia^j = 0,

and

a I D : 6 • D • 3 « < 3 J a — 2 CLidi) ( a — 2 «i«i) < ^ .
\ i=l / \ i=\ J

(B) ) a i ( } U.O. general o . j ^ j closed

Suppose \ an | is not closed, and let ft be a function such that

> 0 and Jftan = 0 for every n. Then

- 2 aia) U- 2 0*^ = J/3/3+ 2 ^0* > J"/8/8 > 0,
/ /t=i

for every sequence |a,-| and number n. Thus the set \an\ is
not general. Our assumption is untenable and the set \an\
is closed.

THEOREM XVIII.—
, - , „ _ < n _ T _ i _ / \ . - ^ . ff .—* ul t ra-closed as to SSI27-0i 3 3 a31 3 Jaa ^= 0 . .D. . «" :D: to

_ i- , , . ,. - ,• f -i U.O. closed as to 91
• ~ • 3 [characteristic functions of &>J

If a) is Hermitian and ultra-closed as to 91, the condition
we have imposed on the class 91 is sufficient to secure the re-

SEB. 2. VOL. 15. NO. 1268. T
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lation /(23)(«) nxnitO, and so, by Theorem IV, the existence of
a set of characteristic functions, which may be taken as
unitary and orthogonal and complete for w. Using Theorems
I and VIII, we have

n i , i U.O. complete for u .
ft) • \</>n\ a .3.

J{Jaw){Ju>a) = 0 • ~ • J$na = 0 (n.),

and the desired equivalence follows at once.

To summarize, then, the equivalent relations we have obtained in
Theorems XIV, XV, XVII, and XVIII, we state the following theorem.

THEOREM XIX.—On the foundation 27, if the class 91 be such that in
it there exists a function a such that Jaa is not zero,' the following pro-
perties are equivalent, for any Hermitian function w of the class St :
general; ultra-closed; the existence of a unitary and orthogonal set of
characteristic functions of w which is either general, or closed, or com-
plete. Each relation is taken with respect to the class 91.

We recall that, in order to secure for the operation /„ the properties
of the functional operation of the system 25, the postulates HPP0 were
placed on the function co. On the other hand, on the foundation 27, the
postulation of any one of the equivalent properties of Theorem XIX on a
Hermitian function w is sufficient to secure for every Hermitian function
K the equivalence of the properties, positive as to J and positive as to /„ .
Thus, neither of the properties P or Po on the function to is necessary to
secure this equivalence. However, in connection with the instance
suggested by the analogy of the sphere and the ellipsoid, the following
theorem is of importance.

THEOREM XX.—On the foundation Z7, if a Hermitian function « is
definite as to the class % then, for every Hermitian function K, the pro-
perties, positive as to J and positive as to Ja, are equivalent.

To prove this theorem, we note first that, if the class 91 is such that
for every function a of that class, Jaa = 0, we have the desired equi-
valence at once. If 91 is such that there exists in the class a function a
such that Jaa =£ 0, the hypothesis on o> is sufficient to secure the
existence of a unitary and orthogonal set of characteristic functions of w,
which is closed as to 91.

Since a Hermitian function a> which is definite is of either positive or
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negative type, we see that, in Theorem XX, we have again the close
analogy of the sphere and the ellipsoid in evidence, although the relation
here involves S7 with the class Di and the postulate C.r on that class.

IX. Instances of Systems S7.*

The theorems we have proved have been on foundations none of which
are more extensive than the system 27 and, accordingly, we give instances
of this system on which as foundation, each theorem holds.

(A) 21 = [all complex numbers] ; $ = $IV = (0—1);

01 =. [all functions of the form a+*/3, where a and /3 are real,
single-valued functions on the range U>, integrable to-
gether with their squares in the sense of Lebesgue],

SM = 9KIV = [all continuous functions of the class i>i],

St ~ ^Iv — (2M2)i% = [all single-valued, continuous functions
on the range

_ f
J,tK(st) = JSK{SS) — K(s$)ds,

J

Jvx v.2 = \ (ai+ifo) (a2+ifia) els
Jo

J Z atvi vi = Z, «i Ji'i v;.
i i

The only property of the elements necessary for us to discuss is the pro-
perty C.r for the class 01. Fischert has shown that the sub-class of $}
consisting of all its real valued functions has this property. To extend to
the whole class, we wish to prove

1 >>m \ 3
("1

L I (l'm — VjdiVm — Vn) ds = 0 'Z>'
mil J(\

3^3L f (J^j{v-vu) ds = 0.
n Jo

* Except as regards the classes 91, these instances have been cited by Prof. Moore.
Cf. II, § 1 and § 4 (a).

+ hoc. cit., pp. 1023-4.
T 2
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Let vn =

where an and /3n are real valued functions, for every n, and the hypothesis
reduces to

or

L [(am-an)
2+<j3m-l3n)

2]ds = 0, •
mn Jo

L \\aw-a,,)2ds = L T d3m-/3n?ds = 0.
iiwi Jo wit Jo

Thus, from the results of Fischer, there exist real valued functions a and
/3 in the class 91, such that

L f (a-anf ds = 0 and L [ (p-/3n? ds = 0.
n Jo n JO

Accordingly,

L [ [(a+^)-(a,l+^)l)][(a+^)-(a,,+^J«)]^ = 0.
u Jo

Choose v = a-\-i($, and we have the desired relation.

(B) S2l = [all complex numbers], $ = i^11- = (0,*l, ..., n),

*)\ = *Dl = 9KIT» = [all sequences of n elements from the class Ql],

.5v = (^2)?)*. = (aK11"^11")* = [all double sequences of n2 elements

oMl],
n v.

Jstx{st) EE JSK(SS) EE 2 K(SS) = 2 /.',•;.
S = l 1 = 1

That the class 0i of this instance has the property Cj is at once obtain-
able, since we have to consider only limits of a finite sum.

(C) 51 = [all complex numbers], «J3 = Q3111 = (0, 1, 2, . . .) ,

91 = Wl = 3)t1112 = [all infinite sequences {an[ of numbers an of 51,
00

such that 2 anaa converges],
M = l

X = (»K9K)# = (f»iTIIa3)JIIIa)* = [all infinite double sequences { {^j }•
of elements kij of 91, such that there
exists a function ja,} of the class
2tt, such that ', k^ \ ̂  | atdj \ for every
i and j],
CO O3

JstK(st) = JSK(SS) = 2 K(SS) = 2 r̂,-,-.
s=l i=l
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Again, the only property of the elements we need to consider is the
property Cj of the class Sft. The proof that 9t has this property has been
given b y E . Schmidt.* The notion of " strong convergence " which he
has used is, in this instance, equivalent to what we have called " conver-
gence in the mean."

X. The Equivalence of the Properties C.i and S for a Class >)}.

Since we are to discuss properties of a single class dl, we take as
foundation a system simpler than those systems we have considered
heretofore; viz.,

rtj,. £. . g^LD0B on $ to 91 . jLMHP on (SftSd)/. to ?L

On this system as foundation, we have

THEOREM X X I . - * 3 3 {a<^ U.O. complete for 91 ._>. ^ . _ ^
1 -a '

(A) 9tc' o - m\

This relation is proved as in Theorem XVI, and is given in
the Corollary to that theorem. It is clear that the proof
there given is valid on the foundation given above.

(B) 91 3 3 i a » | U . O . complete for K . ^ ^

To prove this relation, consider a sequence |/3«} of functions
of 91, such thafe

L J(/3.m-!3n)(l3m-l3n) = 0.
mil,

We have, then,

L 2 J(firil—ftn) ai Jai (J3m—/3n) = 0.
mu i

Let Jciifin = am (i, n).

Then 2 aitl ain converges for every n, and

L S (aim—Oitdiatm—ain) — 0.

Since, as we have shown in § IX (B) and § IX (C), the classes
2Jp» and WlIUt have the properties Cj, we secure the existence
of a sequence \ai} which is either finite or infinite depending

• E. Schmidt, Rendiconti di Palermo, Vol. 25 (1908), pp. 58-60.
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on the number of functions in the sequence {a,}, and such
that 2 aidi converges, and furthermore

L 2 («i—ain){at—aUl) = 0.

Since, by hypothesis, the class $1 has the property S, we
secure the existence of a function /3 of the class $1, such that
at *= Jcii/3 for every i. Then

L 2 J(p-(3n)ai- JatiP-Pn) = 0,
n i

or, since the set j at} is complete for 91,

L J(!3-pn)(/3-(3n) = 0,

and so we have

{P*} 3 L J(Pn-pj(p«-pn) = 0 • D • 3 P* 3 L -705=^08-^ ) = 0.

Thus, the class 91 has the property C/ as was to be proved.

XI. Summary.

Taking, then, as a guide for our discussion, the positive kernel in the
instance of the general theory suggested by the analogy of the sphere
and the ellipsoid, we have been led to a discussion of conditions on a
Hermitian function w sufficient to secure, for every Hermitian kernel
function K, the equivalence of the properties, positive as to / and posi-
tive as to Jo,. We have considered a system in which the functional
operation is not restricted by postulation of the definite property Po,
and have shown that the Hilbert-Schmidt theory as to theorems of
existence of characteristic functions and numbers, together with expan-
sion theorems, may be obtained on this system as foundation, the
expansion theorems being stated with respect to functions of a class 91
on which are placed postulates less restrictive than those placed on the
class 2J2 of the system 25. We have generalized the theory of the non-
symmetric kernel in the extended sense of a function on the composite
of two ranges not necessarily the same. Using these results and with
the same extensions, we have generalized a theorem by Picard on con-
ditions for a solution of an integral equation of the first kind.

We have next considered conditions on a Hermitian function w
sufficient to secure the equivalence stated in our original problem. We
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found as such a condition that there exists a unitary and orthogonal set
of characteristic functions of w which is complete for the class % and
showed that this is equivalent to the condition that w be general for Sd,
On the foundation 27, in which the class 9t is restricted by postulation
of the property of closure as to convergence in the mean with respect
to the functional operation / , we showed the equivalence of either of
these conditions on <o to either of the conditions: w, ultra-closed as to
% and the existence of a unitary and orthogonal set of characteristic
functions of co which is closed as to 21.

To connect with the instance of the general theory suggested by the
analogy of the sphere and the ellipsoid, we have shown that the con-
dition that co be Hermitian and definite as to 9i is, on the foundation
27, a sufficient condition to secure the equivalence, for every Hermitian
function K, of the properties, positive as to J and positive as to Jw.


