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On iterated limits of multiple sequences. 

By 

E. L. DoDv of New Haven (Connecticut). 

P r ingshe im*) ,  London**) and Bromwich***)  have discussed 
iterated limits of double sequences. In this paper, I shall discuss the iterated 
limits of multiple sequences of any order r ~ 2. With Pringsheim, I 
shall make extensive use of iterated lower limits and iterated upper limits. 
Certain theorems will be assumed, which have been proved by Prings- 
helm for double sequences, and which may be proved for sequences of 
higher order, by a similar method of reasoning. By an r-fold sequence, 
A = {a,,~...,,,.}, I shall mean an aggregate of terms a,,...,~, where a~,...~r 
is a real number (or + or, o r -  oo), defined for each set of positive 
integral values of ~'1, v~, - - .  v,. 

{}1. 

I terated  l i m i t s  o f  m o n o t o n e  sequences.  

A sequence, A~ is said to be monotone, if 

a~...,; ~ a~, ""~r whenever v~___ vx, v ~  v~,-. ,  v ~  v,. 

T h e or em L The limit and iterated limits of a monotone sequence 
all exist, finite or infinite, and are equal. 

Proof.  With vl, vs , . . .v~_ 1 fixed, the simple sequence {a,....~} is 
mono~ne,  and thus 

% . . . , =  lira %.. . , ,  = lira % . . . , .  
~ r  ~ " r  ~ ~ r  = ~  

~) M~emat~che Annalen, B~ ~ (1900) p. 289. 
~'~) M.~emat~che An,ale~, ~ 53 (1900) p. 322. 

~ )  ])roe. of the London Math. Soc, Ja~ 8,-1904, p. 76. 
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The r-fold sequence { a, . . . ,~} being monotone, it follows that  the (r--1)-fold 
sequence {lira a,~ ...,~} is also monotone, and hence 

" r  

lira lira a,~... = lira lira = lira lira 

and thus, finally 

lira �9 -- lira a , , . . . , ,  = lira . . .  lira a,  . . . , , -~ lira �9 �9 - lira a,~...,, 
v I vr r I v f  v I ~ r  

But, for any sequence, 

lira a,~. "r < l i m . .  l_im a,, . ~ lira lira ,< lira 
"" ~ " "" " r  " " " av l  ""~s - -~-  a ~ x "  " ~ r "  

lV 1 - . -  IS#. ' ~  qlPf 'lW 1 lt*f 1~' 1 - , -  l l ' f  

And moreover, since A is monotone, it follows that  

l!m a,, . . . , =  lira a,~ ""'r = lira a,, . . . , .  
%' I �9 �9 �9 1~f  M """ IV~ lV 1 �9 �9 �9 IV r 

Hence 
lira ..  �9 lira a,~...,~ = lira a,, ...,~ 

IF I l ' f  Ir I �9  I~ t .  

and by the same method of reasoning, any other iterated limit may be 
shown to be equal to the limit of the sequence. 

C o r o l l a r y .  If the limit, and any iterated limit of any sequence 
exist, they are equal 

w  

P r o p e r t i e s  of  i t e r a t ed  lower  l imi t s ,  i t e r a t ed  uppe r  l imi ts ,  and 
i t e r a t ed  l imi t s .  

Certain conditions will be used repeatedly, so that  it seems con- 
venient to have abbreviated expressions for them. 

(c) 

(D) 

Suppose that,  when ~ > 0 is assigned, it is possible to find 
ha, such that if u 1 be taken arbih-arily, but > hi, it is then pos- 
sible to find n~, so that for v~>n~,  there, will now exist ns, etc.,-. .  
there being finally an n,., such that  for any Vr>  nr, 

a,, . . , >  
In this ease, I shall say that  under the condition (C), 

Suppose tlmt~ for any �9 > 0, and any nl, large at pleasure, it 
is possible to find ~/t .:> ~ ,  so that now taking ns large at pleasure, 
there well t~e some ~ 2 > ~ ,  .so that  :etc. , . . . ,  tlnally for any nr, 
there is a vr > nr such that  a,~...~r~_ b -  ~. In this case, I shall 

say t.h_~ under the condition (D),  

b -  



I~m~d limitz. 97 

By saying ~ a t  under the condition (C'), % . . . ,  > G, I shall 
(C') mean that G > 0 is to be chosen, large at pleasure, and then it 

is to be possible to find hi, n s , . . . n  ,. as in (C). 
By saying that under the condition (D'), % . . . , >  G, I shall 

(D') 
mean that it is possible to find vl,  V s , . . .  % as in (D). 

�9 Suppose now that 1 ~_~ 20 < r, and that ' i ,  is , '  " " it, i , + i , . . ,  i, 
is any permutation of the r integers, 1, 2 , . . . r ;  where moreover 
i~ < i s < - - .  < i~, in case p > 1. �9 Let us alter the condikion (C), as 
follows. In (C), we required that rig§ 1 exists, and permiL-bd vi~+l 

(F) to be taken arbitrarily, but > n~+l. Suppose now, that n~+l is to 

be taken large at pleasure, and that we require the existence of 
v~+, > %+i" Let us make a similar alteration upon (C), for 

n~+~, vg+~,., n~., v~. The condition, thus obtained~ I shall call (/ '). 

Theo rem  H. (a) I~ under the condition (C), 

%. . . ,  > b - - ~  

where b is finite, or infinite, then 

(1) t i m - - ,  limm a,,-..,, ~_ b. 
5 

(b) If, under the condition (D), 

%..., < b + ~  
~hen 

then 
@ 

then 

(4) 

l i r a . . ,  lira G,...,~ =< b. 

(c) If, under condition (c), 
a,,...,~ __< b + 

lira--- lira =< b. 
1 r 

(d) If,  der the  ondition (D), 
%...~ > b - - ,  

l ira-.,  b. 
v 

X r 

Proof.  In (a), suppose, first, that b is finite. With ,, vl, vs,-.- *'~-1, 
ehosen in accordance with (C)~ there exists an integer n~ s u c h t h a t  
a,1 . . . , , _  b - ,  if v~ 2> ~ .  This shows that the lower limit w i ~  respee~ 

to v~ cannot be less than b -  e, for these values ~of vt ,  v ~ , . . . % , _ ~ .  But 
the lower limit with respect to v r exists, finite or infinite. Thus with 
*, vz, v~,--- v~_ 1 chosen under condition (C), l i  m a,~ .v~ ~ ~ b - -  ,,  The 

tr 
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same method of reasoning applied now to the ( r - -1 ) - fo ld  sequence, 
{ l ima,1 . . . , r} ,  yields the result,  that  with e, v z , . - . v ~ _  ~ chosen under 

condition (C), 
lira l~m a, ...~, > b - -  E. 

Finally, for any ~ > 0 

lira �9 -- lira a,. ...~, ~ b - -  ~,  
y Y 

1 r 

li_m. �9 �9 lim a , , . . . , t  ~ b. 
1 r 

Here b was supposed t o  be finite. I f  b = - -  oo, then (1) is at once 
satisfied. I f  b = -{- oo, then for ~, vz ,  v~, �9 �9 �9 v , . 1  chosen unter condi- 
tion (0), there exists an n,., so that  f f  v , . >  n,., then a , , . . . , , ~  b - -  ~, that  

is, a , . . . , t  = -t- oo, and thus lira a~ ...,~ = q- oo. Finally 

li__m -- �9 lira a~ . . .~  = q- oo ---- b. 
V 

Thus (1) is satisfied, whether b is finite or infinite. The proof of (b) 
is analogous. Wi th  e, v ~ . - . v ~ _  1 chosen under condition (D), and n~ 
large at pleasure, there is always a v , . >  n,., such that a , z . . . , ~  b q-E, 

and hence lira a,~ . . . ~  b q-e" This method of reasoning leads to 
vr 

l i ra .  �9 �9 li_mm a,. . . . ,~ ~ b + 
Wr 

from which (2) follows. 
the way, (e) and (d) are pro ea. 

T h e o r e m  HI. The following are necessary and sufficient condi- 
tions that  

viz., for 
(a) 

@ 

lira - - -  lira a , , . . . , ,  = b, finite or infinite, 

li-m �9 . .  li--m a,~.. . , ,  = b, finite or infinite, 

b~ finite. 

b=- -oo .  
w 

Under condition (C) 

and under condition (D) 

Under condition (C ~) 
G. 

Under condition ~D') 

and hence 
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(s) 
(d) 

(9) 

(lo) 

(11) 

(12) 

b, finite. 

(e) ~ = + ~ .  

( f )  ~ = - o , , .  

P r o o s  

al~ 1 � 9  $,~. 

Under condition (C) 

a~ . . . , ~ $  § ~ 

and under condi~on (D) 

a , , . . . , ~  :> b - -  ~. 

Under condition (D') 

> G .  a, ,  ...** 

Under condition (C') 

a,1...,~ < - -  G. 

First~ to prove that (a) is necessary. 
then, that 

(13) 

or if we set 
(14) 

then (13) becomes 

05) 

The hypothesis is 

l ira ( l i r a . . .  l ira a,,, ...,,,.) *= b f in i te  
I' 1 ~ ~7" 

l ira - .  �9 l ira a ,  . . . ,~  =- a , ,  
~'2 vf 

l i ra  art  ~--- b .  
1 

From (15), it follows, that for any ~ ~ 0, there is an n~ so that  

(16) a , , ~ b - - ~  if % > n  1. 

Let some par~ieu 'lad" % ~ ~a be chosen, and suppose that a,, is finite, for 
this % set 

lira- �9 �9 lira a,  ...,r ~ a~ ,;._ 
vr 

Thus, by (14), 

g 

and hence there is an n2, such that for v~ ~> 

(17) 

In case a,~ is in6nite, ~t cannot equal - - ~  on account of (16). If  
a ~ + co, then a ,  "s ~ b --  2~ can be obtained, a fortiori. 

By contiuuing thi.~ process~ we find the numbers, n~, n2, . . . n , ,  that 
occur in condition (C). Thus~ under condition (C), 

7* 
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Moreover, from (15), it follows that for any ~ >  0, and n 1 large at 
pleasure, there is a v 1 > hi, such that 

(18) _% =< b + 
If n~ is sufficiently large, this _a,1 is finite, on account of (16). In 

fact, from (16) and (18), it follows that with n 1 large at pleasure, there 
is a v 1 > n~, such that~ 

(19) 

If  now n~ is large at pleasure, we can find v~ > n 2 such that 

t % -  a,,,,l=< 
In this manner, we finally establish (6). 

To prove that ( b ) i s  necessary, we suppose that G > 0 is assigned 
at pleasure. Then there is an nl, such that, if  v, ~ Ul, 

a , , >  rG .  

With v 1 fixed, it is possible to find n~, so that, if v~ > n~ 

a , , , , >  a , l - -  G > ( r -  1)G 

and, step by step, we are led to (7). 
The treatment of the other cases is analogous. 
We have yet to show that the conditions are sufficient. Let us sup- 

pose, as in (a), that under condition (C) 

and that under condition (D) 

a,, ..V:_< b -~- e 

Then, by Theorem II (a), (b), 

Yl YT" 

l i m . .  �9 l i ra a,, ...,, =~ b 

HeIloe 
l i r a - - ,  lira a , . . . , ,=/2_ 

To prove that (b) is sufficient, we have only to notice that with 
G, vl, ~s , ' "  "v~-l,  chosen in accordance with (C'), there exists an n~ such 
that a,,1.. ,,,. ~ G,~ ff v, ~ n,., and hence lira a,,l...,,,. ~_ G. Finally 

a, 

where (~ is large a~ pleasure. Hence 

1~, , , . . .  !ira % . . , =  + oo = b. 
5 "," 
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T h e o r e m  IV. 

viz. for 
(a) 

(~o) 

(21) 

(~) 

The  fo l lowing are necessary  condi t ions  tha t  

l i m . . ,  l ira a,~.,.,~ 
v t Vr 

-= b, finite or infinite,  

b finite. Under  condi t ion (C) 

!b-%...,,,I<=~ 
(b) b = + cr  Under  condi t ion (C o 

> G .  
a~ i"  "*r 

(c) b - - -  ~ .  Under co~di~on (C) 

< - G  at, "'" ~r 

Moreover, i f  l i r a - - - l i r a  is known  to exist, the  above condi t ions  are 

illustrated by. ~he 

'Here (a) is sa~d~ed 

and ConsequentlyJim lima,~,,  does no~ exist. 

l ira lira �9 �9 �9 lira a~t...~r ~- b 

and  the  condi~on  is sufficient.  

W h e n  r > 1,  (a) i s  no t  i n  i t se l f  sufficient~ as 

do,ble ~ , e , ~  of t e ~ ,  ~,, ,= (-1~-,+,,{• + Q .  

if  we take b ..~ O, but ]ira a.~.,, 

lira l i r a -  �9 �9 lira a, t . . . ,~ b =- lira lira. - �9 lira a , . . . ~  

Thus 

l ira �9 �9 �9 li____m a~. . ,~r  = b =- l ~ m . .  �9 l im  a ,  . . . ,  . 
9' 1 ~'~. l* 1 i' F 

(5) and  (9) are now appl icable ,  g iv ing  (20). This  shows the necess i ty  

of  (a). Suppose on the other  hand  tha t  (20) is satisfied, and tha t  

1 ~ . . .  ~ ,  %...,, e~s~.  From (5), (S), (9) and (10) we conaude th~ 
v2 ~T 

l ira �9 �9 �9 l ira a~1... ,~-- b = l i r a . -  �9 l ira a~, . . . ,  . 
$'I Yr Yl ~r  

Moreover, since l i r a . . ,  l i ra a,~...,,, exists, 

l ira - �9 l ira a,1. . . ,~-~ l i r a - .  �9 l im  a h . . . , r  ~ l i r a .  �9 �9 l ira a ,1 . . . , ,  

and hence 

Then  

V 2 Vf 

The proof  of  this  theorem rests upon the  preceding  theorem 

sufficient.  

P r o o f .  

For  example,  suppose tha t  

l im �9 �9 �9 l i m a  A" .,~ = b, finite. 
Vr 
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Before taking up the next theorem~ let us consider a particular case 
of it. Write 

lira lira lira a,~, ,, = _lira lira O_im a,~,,,,). 
Yl lr~ Y-a V 1 v a 1"~ 

The subscripts, 1, 3, of the indices, vl, vs, outside the brackets, increase 
from left to fight. Set i1=- I ,  i s = 3 ,  i s---2. Thus /1<i~.  We shall 
now show that, if under the condition (F)  

(23) a , , , , ,  _< lira a,,,,,, q- ~, 
*a 

then 

(24) lira lira lira a~ , , ,  < lira lira lira a,,~,,.  
1V 1 1r $'~ 1'1 $'~ "P2 

Let us suppose that v I and v~ are chosen in accordance with (F).  Then 
{a,l,,,o} and {lim a, . ,~, .+ ~} become simple sequences for which (23) is 

ra  

valid, if v 3 > nz, and hence 

(25) lira a,,,,,. _~ lira (lim a,, ,,,, q- e)~- lira lira a,,,,,, -Jr e. 
Yl +l+'a Y2 l $ !'2 

Thus, if v I is chosen in accordance with (F)  and ns taken large at 
pleasure, there is a vs > ns for which (25) is valid, and hence 

(26) lira lira a~,,,~, ~ lira lira a,,,,,, n C ~; 
1#2 Yl It' I 'I'~+ 

for as soon as +,+ is chosen or fixed, the right-hand member of (25) is 
a constant, whereas the lef%hand member depends upon re, and repeated- 
ly assumes values less than or at most equal to the right-hand member. 
Now (26) is valid for every v 1 greater than some nl, and hence 

(27) ]irn ]ira lira a,,,,,. __< lira lira lira a,,,,,, -}- e; 
~t ~ffi l'a r l  "~ 1'a 

since a im arbitrary, (24) follows from (27). 
Inasmuch as the condition (C) is more restrictive than (F), we can 

conclude, also, from the foregoing discussion~ that if under the condition (C) 

then (24) will follow. 

(2S) 
then 

We now consider the general case of an r-fold sequence. 
T h e o r e m  V. (a) If,, under the condiLion (/ ') ,  

a ~ ' l  "" "~'r  �9 - , 

",~,+t " , ~  ,~-, 
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(30) 

then 

(31) 

(b) If, under the condition ([ '),  

a t  . . . t~  > t i m .  �9 �9 l i ra  at ,  . "r  

vlp+ 1 "l~i r 

lim .- �9 lira at ...,,. > lira �9 �9 �9 lim at ...,,,.. 
~1 ~r ,,it tit 

Proof .  Suppose that ~, v l ,  v 2 , . . . v , . _  1 are chosen or fixed in accor- 
dance with (F).  If v, occurs among the indices v ~ + l , . . . v i , .  , then the 
right-hand member of (28) is a constant, v1 ,  v ~ , . . . v , .  1 being fixed. 
By (F)  now, we know that,  however large n, is, there is a v~> n~, 
rendering (28) valid. Hence 

(32) lira a, ...t r < lira .- �9 li_m a, ...t, + ~. 
t r  tl/~+l ~i r 

We may write this in the form 

(33) lim at , . . . , ,  ~ lim ( l i fo . . .  li_m a,,...~,) + ~, 
tr tr "iv+ l v," r 

for an examination of the definition of an iterated lower limit will show 
that an operator, lira, when required to operate a second time, produces 

*r 

no alteration, just as lira produces no air, ration when applied to a con- 

st~nt, e. g. lira 5 = 5. 
~r 

If, on the other hand, v, does not occur among the indices v ~ , + l , . . . v i , .  , 

then, when v l ,  v ~ , . . . v , . ~  are fixed in accordance with (P) ,  both sides 
of (28) are simple sequences, such that (28) is valid for every v~ greater 
than some n,. From this fact, (33) follows. Thus in both cases, (33) i s  
valid for v , , . . . v , . _ t  chosen in accordance with ( r ) .  Now just as (33) 
was derived from (28), we can derive from (33) the following inequality, 

(34) lira lira a, . . . . , .  < lira lira (lira lira at . . . ,~) + �9 
~r--1 t r  rr--1 t r  ~i~+I t*r 

which will be valid, if % , . . . v ~ _ ~  axe chosen in accordance with (/ ' ) .  
Proceeding step by step, we eonchde that 

(35) l i r a . - .  1.ira a,...,,__< lira �9 �9 �9 lira ( J im-- .  l i m a , . . . , )  + , .  
~t ,'r ~t ~,. ,'iv+ t ,i,. 

In the right-hand member, let us remove from the se~; of opers~rs,  
Jim, | i r a , . . .  |ira, those which axe redundant, namely, li__m,.., llm, which 

lv 1 V t t r  t ip+ l ! / r  

have already operated. The operators which remMr~ are lira, ".lira,... |im~ 
% % ,ip 

which, moreover, occur in *his order, because of the hypothesis flm$ 

< . . .  < io. 
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Hence (35) may be wri t ten 

(36) l i r a . . ,  lira a,,  . . . ,  ~ lira �9 �9 �9 ~m (lim �9 �9 �9 lira a,, ...,~) + ~. 
v I Vr r i ~ip+ 1 r* r 1 ~i'p 

Now since ,~ is arbi t rary,  (29) follows from (36). The proof  of 
analogous. 

(b) is 

w 
Condi t ions  for  t h e  e q u a l i t y  o f  two  i t e r a t e d  l i m i t s .  

T h e o r e m  VL If  l i m . . - l i m a , ~ . . . * *  and l i m - - - l i m a t .  
~1 v r 1' i l 

finite or. infinite, and if under  condition ( F )  

(37) f ... l i r a . .  Jim . . , , . i s  
~1,~ v r ~ " a v  1 

' v i p + l  ~ i r 

then 
(38) 

"" ~r ex i s t~  
vi  r 

]ira . -- l ira a ,~ . . . , , -=  lira �9 �9 �9 lira a , . .  , , .  
vi r I ~r I lvt'r 

P r o o f .  Since, by  hypothesis ,  l i m . ' . l i m  a~ ...,~ and l i r a . . ,  tim a,, . , 
�9 g l  vZ' r ip+ l VJr 

exist, i t  follows tha t  

(39) lira lira a,1 . . . .  = l im lira . - -  l i r a - ,  lira 
- = " " " s r " " " a v l  " ' V r - -  " a ~ l ' " ~ r  ~ 
vi r + l  v"r vlp+ L ~ir ~ip+ t ~ir 

(40) l i r a . . ,  lira a~l . = ]ira - - -  tim av~ ' , r  = i i m . . ,  lira a,, , ,  ., . � 9  $,~ �9 . .  - 

;J1 1,'7. Vl ~ P  Vl V f  

Now (37) being satisfied, it  follows f rom (39) that  (28) and ( 3 0 ) a r e  
s is ea, from (e9) (St) foUow. The e, with (40), give 
(41) l i r a - .  �9 lira a , , . . . ~ _ <  lira �9 �9 �9 lira a~.. .~,  

v I v r  Yi  '"  1 $ sr 

(42) l i r a . . ,  lira a,~ . . . , .  ~ t i m . . ,  i i m a , ,  .... , . .  
~ l  r r  ; ' i  '" 

1 ;;r 
But 

lira - - - l i r a  a,, ...v, ~ l i r a . . ,  lira a,, ...,~, 
vi " ~i " I V$F I ~tr 

and thus the inequali ty sig~s must  be removed from ( 4 1 ) a n d  (42). 
... exists, by-hypothes is ,  i t  follows ~hat N o w  since lira . .  �9 lira a,, ,~ 

v:. Vir 

(43)  l i r a . - -  1Lm a , 1 . . , =  l i r a . - ,  lira a,t ,,---- lira �9 - �9 lira a ~ . . . ~ ,  
1r i t .  ~' .  1r ~ ' .  ~'. 

t~ s r ~l Sr  ~tt t r  

this wi th  (41) and (42) gives 

llm �9 . .  lira a t . .  . , =  lira l i r a . . ,  lira a t . . . , ,  = ~ lira �9 �9 lira a ,~. . . , ,  
5" ,~. ,. ,. ,'. v ,~. 

from which (38) follows. 
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We have just proved that if lira-.,  lira a , . . . , ,  and lira. . ,  lira a,~...~, 
"t' V , .  ~ ,  
1 r ~I *7" 

were known to exist, then (37) was a sufficient condition for (38). It 
will now be shown that (37) is a necessary condition for (38), in case 
the iterated limits of (38) are finite. We shall prove that from (38) it 
follows that under condition (C), (37) is valid, and hence, a fortiori, 
(37) is valid under condition (r), 

T h e o r e m  VII. If 

(44) lira. - �9 lim a,,...,~ = lim �9 �9 �9 lira a, ...,~ 
vi i  r .  r 

exists and is finite, then, under the condition (C), 

(45) t%. . . , ,  

Proof.  Let us set 

( 4 6 )  

Then by hypothesis 

(47) 

- tim.., lira} ~ ,. 
�9 . ". 

~j~ +I ~r 

lira--.,, lim,. b,i ...,/p b 

where b is finite and ~lso 

(48) lira �9 �9 �9 lim a, ...,~ = b. 
v 

1 r 

Then from Theorem IV, it follows that under condition (C), 

(40) !5 - %.. . , ,  

and also that under condition (C), 

(5o) Ib_b, , . . .  ", < 

It will be evident that (50) is valid, if we remember that 
;, < . . .  

Inasmuch as b,....,;p does not possess theindices %+t,""  %, the 

choosing of v,,+ v . . . v i , ,  in  no way affects the sequence {b,,,...% }, and 

thus in (C) for (50), we may take n~+t '  or let us my 

n ~  + ,  = %,+~ . . . .  == nl,. = 1 .  

Let us suppose, now, that a positive ~ is given. By (C), there exists 
an n~ for (49) and an n~, say, for (50). Let n~' be the larger of the 
t w o ,  and take  vl  :> n~, s imi lar ly  r6' can n o w  be  f o u n d ,  and t h e n  v~ > ~" 
be taken arbitrarily. And finally n~" can be found, and .ff ~ , >  r~'~ 
then both - 

. lira �9 �9 - lira % . . . , ,  = b,;, . . . .  . 
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and 

and hence 

i 

[b--b,, I<. 

~2~. l a,,...,~ b,:,...,,~l = 
This with (46) gives (45), after making the ~ivial change from 2~ to ~. 

In Theorem VI, we supposed for the sake of definiteness~ that 
l i r a . . ,  lira a,~ ...,~ was known to exist, and enquired about the existence 

1 r 

of some other iterated limit. In practice, however, the iterated limit 
which was known to exist, might be, for example, lira lira lira a,~,~,.,, and 

we might wish to know about the existence of lira lira lira a,~,~,. It is 

obvious that the theorem could be restated, with the proper change among 
the indices throughout, to obtain our desired criterion. Another method 
of procedure is possible, which can be easily justified. Form a new 
sequence with terms, b,,,,~,-= a,,,~,. Then 

lira lira lira a,,,,,, = lira lira lim b,,~,~, =- lira lira lira b~,~,.,, 

where #~ =--v3, #2 ~-v t ,  ~ts = vs. The problem is now to find whether 
lira lira lira b~.p, m exists, and for this purpose, Theorem VI is applicable. 

P t  P t  P~t 

We shaU now apply Theorem VI to double and ~riple sequences. 

w  

Application to double and triple sequences. 

If hm lira a,~, and lira a,~,~ exist, finite*) or infinite, and ff for any 
r~ ~ r t 

positive ~, and any nl, however large, there is a v a > n 1 and an n2, 
so that ff ~s > ~ ,  

lay.,, - tim a,i,. l <= 
vt 

then 
lim lim a,~,~ = lim Jim a,~, .  

We suppose now that  

vx r~ 

finite or ~finite, and give the criteria that each of the other five iterated 
timlts should exist and equal b. 

*) For another proof of this, in the case when lira lira a,~,~ and l;m av,,2 are 
finite, see Bromwich, I.c. "~ ~, ", 
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(a) l im l im lira a,.,~,. = b, 
~'x *'* va 

if lira lira a , , , . , ,  exists (finite or infinite), and ff for any ~ ~ 0 there is 

an rh, such ~hat for any v , > n ~  and any n, ,  there is a v , ~ n ,  and 
an n~, such that  if  va ~ na 

I au , , , ,  - -  lira a , , , , , ,  i s e. 

(a') lira lira lira a,~,,.,,. = b,  
v~ r~ ra 

exists, and if for any ~ 0  if  hm lira a,, , ,~..  
~'~ "~  

for any r ~ > n ~  and any n~, there is a v ~ ,  so 
there  is a v~ ~ n~, such tha t  

there is an n~  such tha t  

that  for any n~, 

(b) 

i f  lira lira a, , , , , ,  

a n d  a l l  ~ $ ,  s o  

such that  

lira hm lira a,,,,,,,, = b,  

exists, and if for any ~ ~ 0  and any n~ there is a v~ ~ n a 

that  for any v 2 ~> n~ and any n3, there is a v:~ > n~, 

�9 a 1, a 

(c) lira hm lira a~,,,,. -~ b, 
"a ~, *l 

if  h m  hm a~,~,~, exists, and if for any e ~ 0  and any nl ,  there is a v 1 ~ n 1 
"a  e l  

and an n~, such that  for any v~ % n~, there is an n s so tha t  for any v s > n s 

lr I 

(c') lira lira lira a,,,:~, 
r9 ra rL 

if  lira lira a,~,,~, exists,  and ff for any ~ 0  
"itll ~'1 

and an n~, such tha t  for any v~ ~ ~ and 
such t~at  

i a , l , s , a  

~ - b ~  

and any n x there is a v t ~ n a 

any n, ,  there is a v s ~> n3, 

- l i r a  l i r a  a,, , , , .  [ < 
, ,  "z 

(d) lira lira !ira a , , , , , ,  ~ b, 
ca ~1 ,a 

if  lira lira ~, , , , , ,  exists, and if  for any ~ ~ 0 and any nt,  there is a vz ~ h ,  
vl r~ 

so that for any ~ ,  there is a v~ > 'b and an ~ such that for any v~ > 
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(e) lira lira lim a,~,,,, -=- b, 
v a v= ~l 

if lira lira a,~,,,, exists, and if for any ~ > 0 and any hi, there is a r 1 > n~, 

so that for any n~ there is a v~ > n~ and an n s such that for any v a > n 3 

~'2 r t  

For the ease where b is finite, these conditions have been shown to 
be both necessary and sufficient. 

w 

Application to infinite series. 

Let S be an r-fold infinite series, with terms apl . . .~ .  

If lira a,,,...,.. 
I r 

Let 

avl'"~r ~ ~ t ~ / ~  .. .pr. 
l - . - I  

= s ,  then s is said to be the sum of the series g. I t  is 

customary f~ require that s be finite*). Here, however, I shall permit s 
to be finite or infinite. I t  can be shown that the necessary and sufficient 
condition that 

is that 

~ ,~ ' , "  "~,-%1...~,.=b, 
1 1 1 

(finite or infinite) 

lira lira �9 �9 lira a,, ...,,. = b. 
1 �9 r 

Thus the criteria, just obtained for the equality of the iterated limits 
of r-fold sequences, are criteria for the equality of the iterated sums 

of infinite seri~s. 

New H a v e n ,  Ct., U. S. A., June 1904. 

*) Cf. London, 1. c. p. 359. 


