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punctum T attingit lineam rectam quae tendat ad eandem plagam
cum infinitis cruribus Parabolicis figurae, si modo pro z sumatur una
aequalium radicum.

107. In praefatis doterminationibus supposui primum terminum
aequationis y* non deesse. Quamobrem si terminus ille dcsit et dx9

non desit, debet y fieri basis figurae et x ordinata, et caetera peragi
ut supra. Sed si uterque torminus simul desit sed 6 et c non dcsunt,
ffigura erit Hyperbola triformis cujus una Asymptotos determinatur

capiendo AB = —,

et ad B erigendo lineam parallelam ordinatis, altera determinatur

capiendo B8 = *-
c

et ducendo per 8 lineam parallolam basi. Nam istae parallolae erunt
Asymptoti. Tertia attingetur a puucto 8 sumendo

b bb b c

Denique si terminorum etiam b et c alteruter puta c desit, ffigura vel
Hyperbola Parabolica erit vel Hyperbolismus aliquis cujus determi-
nationem supra satis explicuimus.

On the q-Series derived from the Elliptic and Zeta Functions of
\Kand \K. By J. W. L. GLAISIIER, SC.B., F.E.S.

[Head Dec. llth, 1890.]

1. In a paper on the function II (n)* which denotes the excess of
the number of divisors of n which = 1, mod. 3, over the number which
= 2, mod. 3, it was shown that the g-series having H («) as the
coefficient of its general torm, n denoting any integer, was expressible
by means of a zeta function of arg'ument \K, and that tho g-series in
which H (m) was the coefficient of the goneral torm, m denoting any
uneven integer, was expressible by means of an elliptic function of
%K. These results suggest that it would be of interest to obtain tho
developments in ascending powers of q of the complete system of

* Vol. xxi., p. 395.
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g-series which ropi'esent the sixteen elliptic and zeta functions of
in order to determine the nature of the arithmetical functions which
form their coefficients. The principal object of the present paper is
to examine these arithmetical functions ; but the elliptic functions of
•iJJL, the changes produced by the change of q into g8, and other
matters that arise in connexion with the g-series, are also considered.
The concluding sections (§§39-56) relate to the elliptic and zeta
functions of \K and \K.

Developments of kp sn \K, fyc, in ascending powers of q. §§ 2-7.

2. Six of the sixteen functions of %K are expressible by means of
the function E (n), which denotes the excess of the number of divisors
of n which = 1, mod. 4, over the number of divisors which = 3, mod. 4.
These expansions may be written:

kp sn \K = lep cd IK - 22? E (m) g1'" + 62? E (w) g*1",

kh'p sd \K = kp en \K = 22? ( -1)»(m'X)E (w) g»m

p ns \K = 9 dc f K = 2 + 22f E (n) g" + 62? E (n) q3n,

P ds \K = k'p nc f X = 2•+ 22? ( - 1 ) " J57 (n) g" + G27 ( - 1 ) " ^ («) g3",

= pdn \K = 1 - 2 2 r -&' (n) g" + G2? JS (») g3",

p dn £# = fc> nd §JC = 1 - 22f ( - 1 )n # («) 2" + 02? ( - 1 ) " B (w) g3",

2/vwhere p denotes —, and in and n denote, as throughout this paper,
7T

any uneven number, and any number, respectively.

3. Five others are expressible by means of II (n), defined as in § 1,
and by IV (n), defined as denoting the excess of the number of
divisors of n which = 1 , mod. 3, and have uneven conjugates, over
the number of divisors which = 2, mod. 3, and have uneven con-
jugates. These expansions are

kp cd \K = lep sn l-K = 2 VS 2? It ("0 24"\

kp en \K = kk'p sd IK = 2^/3 2f (-iy{m'1]H (m) g*m,

• * Tho complete uyHtcin of ^-scries for kp sn u, &c., is given in the Messenger oj
Mathematics, Vol. xvn., pp. '2, 3. Tho four zeta functions zn«, ZSM, ZCM, zdt« are
there denoted )>y %(n), Zx (u), %.<(u), Z3 (n).
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- p zd }K = p zn IK = 2 7 3 X H' (») <?M,

4. Two of the elliptic functions of ±K are expressible by means of
a function / ( « ) , defined as denoting tho excess of the number of
divisors of n which = 1, mod. 6, over the number of divisors
which = 5, mod. 6 ; viz., we have

When n is uneven, J(n) is evidently equal to II (u), so that in the
first two formula) of §3 we may replace II(in) by J(m). Theso
formula) may, therefore, be written :

kp cd AK = hp sn IK = 2 / 3 X J («0 24"\

JcP en$K = kk'psd ^A" = 2 x/3 2^ (-I)*""-" J(m) 2*'".

5. Denoting by I (n) tho excess of the number of divisors of n
which == 1 or 2, mod. G, over the number of divisors Avhich = 4 or 5,
mod. 6, we find

p zs l-K --pzc IK - v/3 {1 + 2 X I (w) j 3"}.

I£ n be uneven,
J ( n ) = / ( n ) ;

if rt be even,

We may therefore express this formula also by means of the
functions / and 11 as follows :

6. Tlie remaining two functions, sc and cs, may bo ex]>resscd by the
formula)

p cs J A' = fc'p sc • A" = y.3 •[ I — 2 ̂ T i (̂ u) (/'•'"},
vor,. xxn.—NO. 408. i,
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where
h(n) = II'(n)-E"(n),

i (n) = I' ( « ) - ! " (n).

The function ZT (») has been defined in § 3; and R" (n) is defined
as the excess of the number of divisors of n which = 1, mod. 3, and
have even conjugates, over the number of divisors which = 2, mod. 3,
and have even conjugates. The functions I ' (w) and I" (n) stand to
I (n) in the same relation as H' (n) and H" (n) to II(«•).*

7. The arithmetical functions, which servo to express the coefficients
in tho sixteen series, arc, therefore, seven in number, viz. :

E(n), II (»), IV (n), II" (n), J(n), I (n) , i (n) ;

but the first of these, E (»), occurs in the series for />, Zrp, A'p, &c, in
ascending powers of q, and is not specially connected with the
argument ±K.

When n is uneven, II" (n) is zero, and all the other functions
become equal, so that

B(m) = II (m) = II' (m) = ,T(m) = I (in) = i (w).

Functions II, IF, II", i. §§ 8, 9.

8. Let » = 2'w,

w being an uneven number, and let 1, a, &, ... , in bo all the divisors
of in which = 1 or 2, mod. 3; these are tho divisors upon which the
value of II(m) depends. Now, in 2rm, tho divisors which have
uneven conjugates aro 2'', 2ra, 2rb,... 2rm\ i.e., they are tho former
divisors each multiplied by 2'". Now, by multiplying a divisor = 1,
mod. 3, by 2, we produce a divisor = 2, mod. 3, and vice versa. Thus,
evidently,

If (2m) = -IV (m), IV (4m) = H(m),

and in general
JZ'(n) = ( - l ) r J / (w) .

* In the caso of the functions .7/" and / , tho einglo accent indicates that in forming
tho function only tho divisors whoso conjugates are uneven aro to ho taken into
account, and tho douhlo accent indicates that only divisors whoso conjugates aro
even aro to bo taken into account. The accent in A'(M) (§31) has a different
meaning.
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9. If r be uneven, II (n) = 0;

and if r bo even, II (n) = II (m).

"We may therefore write

and, since H' (w) + iZ" (w) = IT(n),

we find JK"(n) = £ { l - ( - l ) » - } H(m).

This latter result may be independently established without
difficulty ; for the divisors of n which = 1 or 2, mod. 3, and have
even conjugates, are 1, o, 6, ... , m; 2, 2a, 2b, ... 2m; ... • 2*""1, 2r~'a,
2r"16, ... 2r~'m. Thus there are r systems of such divisors. The
divisors in each system are opposite in character to those in the
preceding system ; so that, if

r = 2, H"(n)=0;

if . r = S, E" (n) = J/ (m) ;

and, in general, .H" (n) = 0 or II (in),

according as r is even or uneven.

We have also

h (n) = E' (n)-II"{n) = -J. {3 ( - l ) ' - l } II(m).

The Functions J, I, I', i. §§ 10, 11.

10. If, as before, we put

n = 2rnv,

we have J(n) = II(m).

Since (§ 5), if »i be even,

and (§ 9), Jf (Jn) = | {.1- (-1) '} JT (m),

wo find

11. It is easy to see that, if « bo even,

r 00 = #'(*«),
2 L
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and I"{n) = J

We thus find

The complete set of Functions. §§ 12,18.

12. It thus appears that all tho 77, J and /functions of n admit of
boing expressed in terms of 77(TO), where in is the largest uneven
divisor of n. Arranging thd formnlre in one group, we have, if

n = 2rm}

then ,T(n) = 77(m),

h (n) = i {8 (-l)'-l} Jff(m) = (-l)-I(n),

I(») = J {3-(-l)r} H(m) = (-l)'h (n),

I » = (-1)'-1 If (m) = - U » ,

i(n) = - * . { l + ( - l ) ' } H(m) = -871 (n),

it boing supposed, in tho values of I' («), I" (n), i («), that n is even,
i.e., that r is not zuro. If, thcrcforo, r bo oven, then

II00 = IT' («) = h (W) = I(n) = - 2 ' (n) = H(m), JJ" (n) = 0,

I " (n) = 27f (m), i (n) = -HJ/ (HI) ;

if r bo unovon, thou

-H'(u) = IT"(n) = I'(n) = J"(n) = 7i"(m),

- h (n) = I (n) = 271 (m), JT (n) = 0, i (n) = 0,

and (§ 7), in tlio cnse of un unovon numbor in,

H(m) = It («») = h (TO) = I(m) = 7' (m) = i (TO) = 77(«i),

77"(TO) = 0, 7"(TO) = 0 ;

while, for all values of n,
,/•(«) = 27 (MI).
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13. Since i (n) is equal to If (n) when n is even, and is equal to
— $11 (n) when n is even, we have, for all values of n,

In the group of formuloo at the beginning of the preceding section,
all the functions were, exhibited in terms of the exponent r and
a single function if(m). In such a' mode of expression, it is
perhaps preferable to take -J(n) instead of iT(m) as the single
function. The two functions are equal as regards numerical value,
but the former is more fundamental in definition and depends upon n
instead of m.

The Series f or pos^K, k'p BO $K, pza$K. §§ 14, 15.

14. By substituting for i (n) its value in terms of If («), given in
the preceding section, wo obtain for pcs $K (§6) the formula

p CB$K = k'p BO PC = ^3" {1 - 227 II (w) g3"' + GSf II (2w) qin],

or, as we may write it,

(-1)"} H(n) 2
2 " ] .

15. Since h (n) = 211' (») - JI (w),

and . I(n) s=3JI(n)-2H'(n),

we may express the series for k'p &o.\K and pza JIC by means of the
functions H and H'} in the forms

fc'p BO iff » P cs IK = ^ [ l - 6 S : { 2 i r (n)-IT(n)} 9
2 " ] ,

-2JET'(n)] g2"].

The Functions II and ,T. § 16..

16. It may be observed that, since

wo may express all the sixtoon elliptic and zota functions of ĵ Jv us
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series of powers of q by means of the three functions E, JET, J. Six of
the formulne involve E only, six involve II or J only, and four involve
both H and J.

The six formulsB which involve E. §§ 17, 18.

17. Since

4Sr E (in) q*m = 42r ( -I)1 0""1 ' E (m) q*m = kp,

and 1 +42r # (w) 3" = p, l + 4 2 f ( - l ) " ^ ( w ) g" =

it follows from the formulro of § 2 that

kP sn \K-\hp = 61*E (m) q*m,

-kk'pad i Z + ^ p = 6Sr ( - l ) 1 ' " ' - 1 ^ (w) g}ni,

p ns Jif-fp = f + 62r i1 («) gs",

pds \K-\k'P = ^ + 6Sf ( - l ) " ^ ( n ) q3",

k'p nd i/C+fp = £ + 62? ^ (n) j 3 " ,

18. If we denote by /c3, itj, p8 the quantities into which k, k', p are
converted by the change of q into g8, these equations show that

kp an 4 K" =

pns JJT = | P

Elliptic Functions of \K. §§ 19-24.

19. In the twelfth volume* of the Messenger of Mathematics, Mr.
Burnside has given, in a very interesting form, the values of sn'fiTi

The Elliptic Functions of \K, &c," p. 154.
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sn2 %iK', &c. Mr. Burnside's formulce lead directly to the following
results:—

cda |If =

i = 7c' {v/2(l-v+v2y + 2-v +

7c2 \ >
w h e r e X

In the formula for en3 %K, the upper or lower sign is to be taken
according as k< or >Jc.

20. Applying Jacobi's general formula) of transformation to the
.case n = 3, we find

K K&**iK

M " sn«fir ~ s n b"iCdc ¥ c> if " p'

These formuloa give

3 ^ = n82pTcd2p:, ^-rsfcan'iiC, | / = 2 d n " | ^ ,

whence S*k = *od-W s&^^JT.

Substituting the values of cd2 i/f and cs9 %K from the last section,
we find

3 !fe =

21. By the change of q into g2, 7c*p is converted into |7cp, and
k'2 . 27c'
— into — j and by the change of q into qh, fc'V is converted into lop,

k* 2k
and — into -;„. By making these changes in the two formulae,
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respectively, we find

3 ^ 2 =

3 Ml2* - y27"l~"t; + i;8)» + 2-t; + ^ 1+7,

»=(-y, HP)1-
2kBy changing the sign of q, we convert k'p into p, and •• fi into 2iW.

The second formula, therefore, gives

3 Ps =
P

where

The upper or lower sign is to be taken according as k< or >fe'(§ 23).

22. The formula) of § 18 may be written in two groups, as follows:

3*2Pa = 2 s n . U r - l ,
kp

3 ^ d s p : l

-^2- - 2 ns $K-1',
P

ns J7C-/r/ndJ.7T = l.

Of the three formula) in the second group, any two are deduoible at
sight from the third.

23. By combining the results given in the two preceding sections,
we obtain the following system of formula? for six of the elliptic
functions of $K:—

sn iK = i {1 + \/2 (1 -"

sdp: = $ {1- s/2 ( l -
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ns pT = \ { 1 + ^

}-
rC

-I
fc

where • = (f)', — (W)\ «=(p)'.

In the two middle formuloB, the upper or lower sign is to be taken
according as k< or >k\ as in the second of Mr. Burnside'e formulae.
That this must be so is evident on putting & = 0 and k = 1. In both
cases to vanishes ; but, when k = 0, the value of ns §K is 2, and when
k = 1 it is unity.

24. In the volume of the Messenger* already referred to (§ 19),
Dr. Forsyth has obtained the value of sn \K in the form

where c8 = ;

the sign of the radical (1 — c)1 having been determined by putting
k = 0. This result is equivalent to

which is the same as the third of the above equations, when h<k'.

System of values of pit ktpit 8fo. § 25.

25. From § 20, we find at once, by multiplication,

and, by combining this equation with Mr. Burnside's seoond formula

• "Tho Elliptlo Functions of $K,U Vol. xn., p. 134.
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(§ 19), and collecting all the results into one group, we have

3 te = >/2(l-A + A3)* + 2 - \ - y i T \ = h cd81R,
k*p

3 ̂  =

3 te = </2(l-
fcp

= k* sna ^ cd9 i/f = 2 sn J Z - 1 ,

3 &- =
p

= ns3 JJS: cd2 pT = 2 ns £ # - 1 ,

n3 i7T — — da *-K— 1 •'IX aZi- — y U B a-"- -1 >

( 9V\ I /9h\ I

I — Wl?'M — i i
/c / \k I

so that Au = 1, fiw = 1, VM = 1.

The case of k = —^. § 26.
v 2

26. Putting fc = k' = —— in the formula) for sn §K, &c, in § 23,

we find that, in this case,

sn hK = —
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. 1 7 r _ l + 3sd ±K =

ds îi. =

^ i g -ns a A —

,
2*

The values of ns $K and ——• nd JJST present themselves in the forms
v 2

and ± {-l + (2ys+3)»},

which are reducible to the expressions given above by observing that

I had obtained the numerical values corresponding to the case of

before finding the general formulae in § 23, so that the former afford
a verification of the latter.

Systems of q-series involving E. §§ 27-29.

27. From § 17, we have

E (») 23» = i (2 ns | Z - 1 ) p,

)"^ (») 2s" = * (2 ds p : - r ) P,

J5 (m) g*m = A (2

in which equations the values of the coefficients of p and kp in terms
of k and k' may be at once written down from § 23.

28. The corresponding formulas, in which g8 is replaced by q, q* or
q*, are easily obtained ; and, combining them with the above results,
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we have the following groups of equations :—

E(n)qn =P,

E(n) 2
3" = i (2 us pT-1) p,

H-4Sr(-l)"JS7(n)3» = k'p,

r (-1)" J0 (n) 2
3" = 5 (2

r (-l)nE (n) g4" = —

-K (m) 2*'" = H 2 sn ^ - 1 ) kp,

29. The three kinds of ^-series may be expressed as series of the
form S" 0 (2") by means of the identical equations:—

sr E 00 2" = ^ ^

Taking the first of the two forms, we may write

1 +42r E (n) 2n = 2!.« sech na,

1+42T (-1)" E (n) qn = S:,, (-1)" sech na,

427 -E7 (»») 2W = 2 ! . sech ma ;

where a = ——•.
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The case of h = -^. § 30.

30. Denoting IT */2 by w, where IC is the value of K when

so that a) is the quantity so designated by Gauss in his posthumous
papers on the Lemniscate functions,* we find

2"» sech wt = 2' —,

?« sech 4mr =

(-1)" sech 4wr = 2"* (1 +2i)»— ;
7T

and 2*« sech

1, sech |mir = (2*3-»-3-») - ,
7T

J*x 8ech2?H7r = (2~* + 2 " a —2"5) —-
7T

Guuss, irerku, Vol. in. , p. 413.



158 Dr. J. W. L. Glaisher on the q-Series from [Dec. 11,

Developments of ky S"2 y-̂ > #"c., i>n ascending pouws of q. §§ 31-33.

31. The g-series for the squared elliptic functions of \K do not lead
to any new arithmetical functions, being expressible by means of the
functions A' (n-), £ («)» "" (n) which occur in the developments of JR.,
Rgi Bt.* The system of formula) is as follows:—

hY an^K = JcY od^K

= -22, + 42r(-l)"A/(w)3"-362r(-l)"A'(«)g3",

kY cnJ $K = kVcY sd8 l-K

(-l)-A'(n) ?
8»,

(-l)nA'(w)38";

A'(H) 2"-362rA'(») qin,

= &V en2 § If = 12, - 427 A' (w) 2" + 362? A' (n) g3",

2r A'(«) 3
3'1;

pans'̂ JBT = p2 dc2$K = - B i +4-42T f (») S () 2

p8 ds8 \K = i'V3 nc' fJiT = - Bg + 4 - 42? £ (w) gs" + 3627 t (n) gc",

P8 cs8 iJC = A;'V sc81K = - E e + 4 - 4 2 r 4:0) ffto + :J6Sr f («) 9°" ;

p3 dc8 iJf = p8 ns2 |-Z = - Jit + {•+427 o" («) 3-"-362r o- (n) 5°",

r-p8 n c 8 ^ = p2 ds2 «-7T= _Bff + A + 4S- ( r (W) ff»»_3«sr«r (n) r/»,

A; V 8tj2 " ^ = P8 cs3 %K = - It. + -4.4- 42r <r (n) j 8 " -3627 <r (n) gfi".

The functions o-(n), A'(»), £(w) donote, respectively,the sum of the
divisors of n, the sum of the divisors of n which have uneven con-
jugates, and the excess of the sum of the uneven divisors of n over
the sum of the even divisors of n respectively.f

* The symbols id,-, ltf, Jt. are used to denoto 4hJ, AKG-, - A - respectively,
If" 7T2 IP

whoro / = Ji— A'and G = E—k'^K. (Quart. Journ., Vol. xx., p. 352, or l'roe. Camb.
Phil. Sac, Vol. v., p. 191.)

f Messenger, Vol. xvm., p. 2.
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32. By means of the formulae

£ (») <f, #. + ^ + R. = 1 ~ 24^r o- (w) g2" *

we may express tho twelve squared functions in terms of 12,, Rg, RC1

and of series proceeding by powers of <f. Selecting one formula from
each of the first three groups, and adding tho three members of the
last group, we find

PV, = 36Sr (-I)""1 A'(n) 3
3»,

cd'i-K— »-Ri = 3G2: A' (n) j 3 " ,

cs2 ^ Jf+A Z?v = §- + 362r f (n) 3
6",

= •»— 1082r cr («) 9
an.

33. Denoting by (iJ,-)8> (^v/)s' (-^Os t n e quantities into which Rh

Rg, Re are converted by the change of q into g8, we thus obtain the

formula* Wp* on*±K= AB, - f (Bff)a,

dc81JC+k V nc21

Ia, G3, ii'8. § 34.

34. The formulae of the preceding article give

whence, by substituting for cd3 /,A', &c, their values from § 19,

* Messcitt/cr, V o l . x v i i i . , p . (11.
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we have

3 t T> \ — T? i 5 1. f .. /

or, as we may write these equations,

Writing for 3p3 its value from § 25, we find

I+'&k [ y 2 ( l -
2 —io±vl—i

(/ — i
v2 (1 — ̂  + ?«*)J + 2 —

^ 2 ( 1 -
where

Values off?, Zyr, ^c. §§35,36.
85. Since

2«i - r = K, <;- / = I*K, E - a = fc's2c,

we may deduce, from the first fjroup of formula? in the preceding-
section, the following- expressions for p;, lrp\ h'-p-:—

3pJ = ps+ jjp8 (cs- ^K-Vctf }tK),

V 8 3 ( cn2 IK),

fe8 en2 },K) •
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whence, by substituting for cda \K, &c, their values from § 19,
we find

k'

3 |fe| = 1-fi-

The corresponding values of -r^8, r ^ , -^rr^8 are easily deducible
, Kp K p Kit p

from the formulae by g-changes, as in §§ 21 and 25.

36. When k = -^> we have (§ 19)

2» '

whence, from the above formulae,

34
P

3^a

From § 25, by putting k = ——,

VOL. XXII.—NO. 4 0 9 .
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we find

p 2' kp k p '

which give

p p k p

agreeing with the above results.

Values of dc^/f, nc'^JT, sca \K. §§37,38.

37. The four formulee of § 33 show that

do2 iJ5T+ kfi nc8 i / r + k'% sc8 }>K= fca cd8 \K- k* en3 ̂  JT+ css

If, therefore, we put

P = k { v / 2 ( l - X + X 2 ) » + 2 - X -

-&fc'{ v/2

we have dc* \K+ k* nc3 ^iT+ k* sc9 ^iT = P.

Now dc ' iZ+rnc ' i iT-f r s c 3 ^ ^ Sdo'^JT-l-A?

and we thus obtain the curious formulee

=-L,P=§!±M,

and the formulce in the preceding section give
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,0^4 + ,

which are easily seen to be equal to the reciprocals of the values of
cd2 ^K, &c, given in § 36.

Elliptic and Zeta Functions of \K and \K. §§39-45.

39. Of the g-series for the sixteen elliptic and zeta functions, eight
proceed by uneven multiples of the argument x, and eight by even
multiples. By putting x = \n in the former, we obtain the following
formulae depending upon a new function T(n), defined as denoting
the excess of the number of divisors of n which = 1 or 3, mod. 8,
over the number of divisors which = 5 or 7, mod. 8 :—

kp sni*T= kp cd \K = 2 ^ 2 X T (m) g»"\

kpen \K- kk'p sd \K~ 2 ^2 2f (-I)1 1—1 ) T (m) g1"',

pAB^K- Jcp nc IK = ^ 2 + 2 ^2 $? (-l)nT(n)qn.

Substituting for sn f JT, &c, their values, we thus find

(1 + 70»p = ^ 2 + 2 y 2 2r T (n) gn,

fc'» (1 + hyp = ^ 2 + 2 ^ 2 2r ( - 1)B T (n) g".

40. We do not obtain new results by putting x = \vr in the eight
formulae proceeding by even powers of 05, the equations so obtained

being £ (1 - h') p = 42r -E (m) g"\

which are deducible at once from the g-series for kp, p, and k'p, by
changing g into g2.

41. We may, however, obtain results involving the argument \K
by putting x = &T in the eight formula) proceeding by even multiples

H 2
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of x. The g-series which occur in these formulas do not introduce
any new arithmetical function, being expressible by means of the
functions T and E, as follows:—

p zn \K- - p zd £K - 2 y 2 2r T (m) qm+4X E (m) 2
2"\

p zd \K= -p zn £JT= - 2 </2 S? T (m)

p zs i JT= - p zc | JT= coti:r-f 2 ̂ 2 X T(n) g2n + 4Sr i? (») q\

pzc \K= -p zs |JT= - t a n | 7 r - 2 -/2 2? T(n) j2n+4St> i7 (n) qin,

h'p sc | iT = p cs IK

= tan |TT +• 2 x/2 5f ( - 1 ) " T (n) qin - 4 2r ( - l)n E (n) q\

42. By changing q into q* in the T-serieB at the end of § 39, and
the 2£-8eries in § 40, we find

2

2

^2 +2

and 42r JE7 (m) q2m - } (1 - &'»)2 p,

43- Substituting these values for the y-series in § 41, and separat-
ing into different groups the zeta functions and the elliptic functions,
w e f i n d zs | iT

zd \K = \ (l-&'») {l-k'*-2 (1 + ky},

Zni/r=^(l-^){1-A;'*+ 2(1 + 70'} ;
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and { }

44. Putting for the moment p* in place of (1 + &')*, the zeta formula;
may be written

zs \K = £

zd \K - -HI + &'- 2fc'4 - 2^ + 2kV),

zn iJT = | (1 + A;' -27c'* + 2̂ *— 27c'^J) ;

whence it is evident that

zs \K- zn \K — fe'1 + h'^ — cs i / f dn J

zn i2T-zc \K - -A;'4 -4-jp4 = sc -J

The functions thus satisfy the equations

zsaj—zno; = csadna;, zn x—zcx

as they should do.

45. I t can be shown that

zs 2« = & (zs x + zc x + zd x + zn a),

ns 2a = & (zs a —zca —zdic + zna),

ds 2x = & (zs a; — zc tc + zd x—zna;),

cs 2x = ^ (ZSOJ+ZCO;—zda;—zna),

and these formula) afford another verification of the values of the zeta
functions in § 44 ; for, putting x = 7̂r, and substituting for zsrc, &c,
we find

which are the correct values of these quantities. The formuloe in this
section evidently afford a very simple means of obtaining the values
of zs i-ST", &c. in the first instance.
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Representation of Numbers by the Form xi-\-2yi. § 46. ;

46. Since p» = 2 ! . g"\ &V = 2 ! . g*'"',

we have, by changing q into ga,

so that (l+kyP =<S2T-aiq
n'xT.a>q2n\

(1 -&')* P = ^ 2 r . gJn<a x 5 ! . 2"°.

Comparing these formula) with the second group in § 39, we Bee that

2C.g"'X2C. 3
2n' = l + 2 2 r ff(n) g",

The first of these formulae shows that the number of representations
of a number by the form x* + 2y* is equal to 2T(n).* The second
formula may be written

S t . qm* x S ! . g2'" = 25r T (i») g"(,

and, as regards arithmetical interpretation, is included in the first,
from which it is easily deducible.

The Function T (n). § 47.

47. The function T (n), like so many other functions of the same
class,t possesses the property typified by

<j> (pq) =:<(>(p)(p (q),

p and q being relatively prime, and also satisfies a recurring relation
in which the arguments differ from the highest argument by squared
numbers.

It is easily seen that, if a be a prime = 1 or 3, mod. 8, then

T(a') = o + l;

• This theorem is duo to Lojeune-Dirichlet (Crelle's Journal, Vol. xxi., p. 3). .

t Sco Proe. Lond. Math. Soc, Vol. xxi., p . 214 ({ 66).
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and that, if r be a prime = 5 or 7, mod. 8, then

T(f) = \ or 0,

according as p is even or uneven.

In general, if n — 2" a' ¥61... r"s' V...,

where a, b, c, ... ai'o primes which = 1 or 3, mod. 8, and r, s, t, ...
are primes which = 5 or 7, mod. 8, then T(n) is zero, unless p, <r, r, ...
are all even, and, if they are all even, then

so that, if n = «.1w2n8...,

whero n,, wa, n3... are relatively prime, then

It is easy to see that, if n = 5 or 7, mod. 8, T(n) vanishes; for to
every divisor which = 1 or 3, mod. 8, there corresponds one which
= 5 or 7, mod. 8, and vice versa.*

As regards all its principal properties, therefore, the function T(n)
is closely analogous to E (n) and H(n).

48. From § 39, by division, we find

T(n)qn

and we know that /«'' = — ^ , — ^ - ^ - .

We thus obtain the identical formulfe

* I t follows, therefore, from § 42, that a number = 6 or 7 cannot be represented
by tho form x'2 + 2y2. This is however obvious; for, by considering separately the
four cases of x and y even or unovon, we seo that *2 + 2y2 must be either (i.) oven,
or (ii.) unovon and = l o r 3, mod. 8.
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whence, by equating coefficients, we find that, m being any uneven
number,

T(m)-2T ( m - l ) + 2T (m-4) -2T (m-9) +... = 0,*

and that, r being any number which = 3, mod. 4,

-2 ) + 2!Zf(r--8)--2!r(r-18) + ... = 0 .

In the first formula, T (0), when it occurs, is to have the value \.
In the second formula the numbers 2, 8, 18, ... are the double of

the squares. If r ^7, mod. 8, all the terms vanish, as all the argu-
ments are = 5 or 7, mod. 8. We may therefore suppose r = 3,
mod. 8, without substantial loss of generality.

Developments of &2p2 sn2 \K, $*c, in ascending powers of q. § 49.

49. Proceeding as in § 31, we may deduce from the g-scries for the
squared elliptic functions the expansions of 7c2p2 sn2 JJK, &c, in
ascending powers of q. These developments involve A' (n) and £ (w),
and also a new arithmetical function V(n), defined as denoting the
excess of the sum of the divisors of n which = 1 or 7, mod. 8, over
the sum of the divisors which = 3 or h, mod. 8.

Selecting one formula from each group, the developments are

fcVcn2 iK-Rg = tfk'V sd2 %K-Bg

r V (m) 9m + 322r ( - l ) n A' (n) qin,

—&2A;'2p28d2 \K-

-p2te*\K-Rg

yntflK+R,

\-Rg = —

= 4*

, + cec2 %TT

, — sec2 ^7r

/c2p2 en2 f K + Rg

/2 2"V(m)q"1-:-

= -rp2nc2|/f4
= 4y2 2rF(n)(

= -p2ds2fK:+.R

= 4v/2 2rF(n)<

i22r(-l)"A'(n)24",

-E^-sec2fff

r"-322r Z(n)q*",

'g—cec2fn-

22" + 32 2* ( 0 0 ff8"1

* Similar recurring formula) relating to other arithmetical functions are given in
Quart. Journ., Vol. xx., p. 121, and Proc. Lond. Math. Soc., Vol. xxi., pp. 205, 210.
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Values of qseries whose coefficients are expressed by the function V.

§§ 50-54.

50. It can be shown that, by the change of q into q*t Bg and B, are
converted into

and iRe+lk'*

respectively. Thus, from the formulae (§ 32)

82r ( - 1 ) " - ' A » 9" = Bg, 1 + 82: *(n) q2n = Bt

we may deduce that

32Sr ( - 1 ) " A'(«) qln = E.-fc'» (1-A;'* + 7O p2,

4 + 32 2? ^(n) 2
Rn = E. + A;'1 (1+ &'» + &') P

2.

51. Substituting these values in the first and third equations of
§ 49, we find

: 7(m) qm = /bVa en2 i JC-

giving
F(m) gm = p2 dn2 iff-AJ'» (1 -A;'* + Jfc') p2,

F (n) g2n = -p 2 cs 2 i f f + 2 ^ 2 + A;'» ( l + fc'» + Z;')ps.

Putting for dn Jff and cs JJC their values from § 43, we find
ultimately

4 A/2 2?V(m) qm = &'» (1 + fc')* (1 -A;'») p2,

2 ^ 2 - 4 ^ / 2 2r F (n) g2" = fc'» (1 + &')» (1 + A;'1) p2.

The second and fourth equations of § 49 lead also to the same
formula).

52. By changing q into qi in these formulae, we find

4 2 : V(m) qim = k' {(1 + &)»_(1_A;)»} p2,

2 - 4 S ? F (») g" = &' {(l + A;)» + (l-fc)»} p2.

These equations may also be written in the more convenient forms

T V (m) g*"' = fe' ( 1 - V ) 1 P2,

f F ( » ) g" = 7s'
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Changing the sign of q, we have also

: ( - l ) n V (n) g" = fc'»

There is a remarkable resemblance between these equations and the
corresponding results involving the function T (§ 39).

53. By changing q into qi in the four preceding formulre, and also
in the corresponding group of T-formulre (§39), we find

- 1 ) " - - 1 ' T(m) 3*'n = A;1 ( l -

F(m) 2*
w = Aj'Jfc* ( 1 -

1-2 27 (-1)" V(n) g*" = Jfc'

54. It may be remarked that

1+24 2: A (n) qn = (1 + ftV, 42r A (m) 2*1" =

where A (n) denotes the sum of the uneven divisors of n; so that, by
combining these formulro with

V(n)qu = 7/

we obtain at onco the values of tho series

2r v (11) q", 2r n (n) g", ^r v (m) q'", 2? u (w) g"',

where v (n) denotes the sum of the divisors of n which = 1 or 7,
mod. 8, and u (w) denotes the sum of the divisors of n which = 5 or
7, mod. 8.

* Messenger of Mathematics, Vol. xvm., p. 61.
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The function V(n). §§ 55, 56.

55. By general reaaoning of the kind explained in the note on
p. 186 of Vol. xxi., we can see that, if p and q are relatively prime,

V(pq)=V(p)V(q).

It is, however, easy to obtain an expression for V(n) in terms of the
prime divisors of n, which affords also an analytical proof of this
theorem.

For, if n = a*, where a is a prime which = 1 or 7, mod. 8, then

T r / . a"+1-l
a—1

if n = r", where r is a prime which = 3 or 5, mod. 8, then

and, in general, if n = cftfc1... r"s'f ...,

where a,b,c, ... are primes which = 1 or 7, mod. 8, and r, 8, t,
are primes which = 3 or 5, mod. 8, then

V(n) = (-1) -<L—i £ _ i c — *
a—1 o—1 c—1

r+1 s + l

56. From § 52, we deduce

whence, by following the same process as in §48, we obtain the
recurring formulae

... = 0 ,

F ( r ) + 2 F ( r - 2 ) + 2F ( r -8 ) + 2F(r -18) + ... = 0,

where, as in § 48, m is any uneven number, and r is any number = 3,
mod. 4. The quantity F(0), when'it occurs, is to have the value — | .
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