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Some Properties of Homogeneous Isoharic Functions. By

E. B. ELLIOTT, llecoivod and road November 10th, 1892.

1. The present paper is a sequel to one which I communicated to
the Society at its last meeting (Vol. xxirr., pp. 208-304), entitled, " A
Proof of tho Exactness of Oayhsy's Number of Sominvariants of a
Given Type." The two articles which immediately follow supply
omissions in that paper. In tho romaining articles the theorem on
which my argument was based is transformed, and tho result
cx;imined for its own sake without reference to tho ' particular
application.

2. Attention was in my former paper quite unnecessarily confined
to a single binary quantio, or, as I would say by preference, to a single
set of constituents an, nu nv ... au. Tho proof of tho Cayley-Sylvcster
theorem as to tho number of asy/ygctic Bominvariants of a given type
of a system of binary quantics, or, sayj in a system of sets of con-
stituents, is precisely tho same.

Let there be quantics of degrees n,n\n'\ ..., with coclticionts
(n0, a,, ... a,,), (a,', aj, ... or'/), («„', a'/, ... a',»), — The number of
products of whole weight w of given numbers i, i\ i", ... of con-
stituents chosen from theso sots of coefficients respectively is denoted
by , . ., , .„ „ .

(to; t, n ; i , n ; % , n ; . . . ) .
Let now

Q denote 2 la0^- +2a,-l +... +»al l .1f) (1),

0 „ 2 («a, A + ( n - l ) a a A +. . .+0. -^- ) ... (2),
\ l a« da/

and rj „ 2(m)—2«; (3),

tho summations referring to all tho sots of coefficients.

Exactly as in § 2 of tho paper referred to, we have tho known
theorems that, when the operations are on any product as above, or
on any gradient or linear function with constant coefficients of such
products of the samo type w; i, i\ i", ...,

n o - 0 1 2 = r,,
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and the reasoning from those is just as before. We obtain the same
form of conclusion, viz., that

(4),

provided that >/>0; and tho interpretation is that any product, or
linear function of products of tho type considered, can bo produced
by operation with fi on a linear function of products of whole weight
w + 1, and tho same partial orders i, ?!', «", ... as before. Putting,
then, w for u>+ I, tho moat gonoral linear function of products of type
w\ i,i\i'\ ..., when operated on with il, yields tho most general
linear function of products of typo w- - l ; i, i\ i'\ ..., provided that
2 (m) —2 (to—1) > 0, i.e., that 2 (in)-2w «£ - 1. Accordingly, in
this case, tho number of linearly independent sominvariants, linear
functions which £1 annihilates, of tho typo w; i,i\i"f ..., in the
system of sets of coefficients, which is known to be at least

(iv ; i, n ; i\ ri; t", n"; ...)•— (w — 1 ; i, n\ i", «'; i'\ «"; . . .),

is exactly that numbor.

AnotJicr consequence of tho genemlity of tho gradient ilu, when u
is general and such that r\ «t — 1, is that in such a caso tho numbor
thus found as a difference cannot bo negative.

3. It ought not to have escaped my attention that operators of
form like that in my theorem above, have presented themselves to-
and boon used by Hilbcrt (Malhemalische Annalen, Vol. xxx., pp. 15,
&c., Vol. xxxvr., p. 523). Ho has used such operators, in fact, in a
proof, different from mine, of tho exactness of Cayloy's formula, but
docs not seem to have noticed tho fact (4) which is with me funda-
mental. Ho has proved that, »/, tho characteristic of v, being <fc — 1,

- . . .U=0 (5),

which might bo produced from (4) above by putting €l\) for v, and
consequently replacing ij by t}-\-2. His thoorom tlum follows from
mine; but tho rovorso does not seem to bo tho case, unless wo assume
that, v being general, Ow is general; and this I was not at liberty to
assume, for it is what my aim was to establish.

A particular result of (5) may hero be noticed. Let ij = — 1 for v.
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We know that there is no gradient for which 17 = — 1, which Q
annihilates. Consequently, for the case rj = — 1 ,

i i _ o n , o w _ w l - o
I I2 I s . 2" l a . 22. 31 ' " ) V ~~

a result whioh will presently bo proved to hold when, for v, »j is any
negative integer whatever.

4. It is now proposed to show that the identity which oxpresses u
in the form Qv, viz.,

= 0 (1),

may be more elegantly written

n»o8 ] 0 r2.

in which the characteristic i/ is not explicitly present, though it is
required to be a positive number.

This is equally a fact whether wo are dealing with a single sot of
constituents a0, a,, ait ... an, as in my former paper, so that r) denotes
the excess in — 2iu, and £2, 0 are as in (1) and (2) of § 2, but without
the 2 symbols of summation; or with a system of sets, as in § 2.

To aid us in tho performance of the transformation, we have a
formula of Hilbort's, viz,.,

+ f ( r _ l ) , ( s - l ) I2 ' - 2 O- 2 - (3),

whero the operation is on any gradient whoso excess %{iti)— 2io is
equal to tj. For the case of s = 1 this is the woll known

and for higher values of s it is established by mathematical induc-
tion.

For the present purpose, we have to put r —1 for s in (3), and
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operate with 12, thus getting

ilO'ir-x - WOr-(jj-l) nr (r-1) fi'-'CT1

+ ^ " ^ r (r-iy (r-2) O-»0'-«

and thon to give r suecossivoly the values I, 2, 3, ..., and substitute
in (1).

In this way the coefficient of £lr0r, in what the left-hand side of (1)
becomes, ia seen to be

r!
, r .r + \ T)—^

1.2

r.r + l.r + 2 r^^l , 7
l"2 .3 ' »/ + 2.ti + 3...»j + r4-2 ' " )

which

(r!)J \ 0 ; + r - l j r (i|+r;! * i.2;! "*" i 2 ( + + l)!

Thus (1) becomes (2), as stated.

For tho special caso of t] = 1, the last part of this work is both
inapplicable and unnecessary. Tho conclusion is the same as in
general.

The simplest form for a gradient which, when operated on by 12,
produces «, a givon gradient for which J; is a positive number, is

o_, c o no* , n-o3 ) (o.
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to which, of course, may bo added, aR (HO to speak) an arbitrary con-
stant, any seminvariant whoso typo is that of Ou.

In any goneral property of a gradiont, we may, of course, inter-
change O, 0, i.o, »j with O, O, 2 (in) — ?«, --»/, reflpoctively, thus merely
interchanging the lit'Rt nnd last, second and last but one, &c, con-
stituents of each sot. Companion then to tho equivalent facts (1)
and (2) of tho present article, we have a pair of equivalent facts with
regard, to a product or linear function u of products of any the
same typo to, i, %, i", ... for which »j or 2 (in)—2m is negative, equal
to — Y}', say, viz.,

- 1 00+ r T - 4 - - ;
l i j 1 2 ; + l

4 ; 0W0 , -T-
t; .»j+l 1.2.3.fj .t) +1.»/ + 2

= 0 (4),

o n , o2n3 r w .

To tho intermediate case of 17 = 0, neither (1) and (2) nor (4-) and
(5) apply. It will be seen lator what the operators on the left-hand
sides produce from a gradient u of this type.

5. Other forms, of some interest, to which (1) or (2) of the pre-
ceding article may be reduced, are obtained, by noticing that

(1).
We thus see that § 4 (1) may be writton

{ , r

+ 1.2.3 +

.(2).
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Thus, if a theory exists of the function of z, «.,

_ _

1 . 2 . 3 +

it will have its bearing on the present subject. {Of. § 14 below.)

Another form of (1) is

so that we havo also, rj being a positive number for u,

1 _ £L2 -L n Q ( " O + 7 J ^ 2 ) _ fiO(f20±rj-2)(OQ + 2 . i ? -3) ]

= 0 (5).

Wo havo also, as companion to (1) and (4),

ornr= (no-i.»;)(no-2.»,+i)(no-3.»?+2)...(no-r.»7+r-i)
(6),.

BO that forms, resembling (2) and (5) above, of § 4 (4) and (5), which
apply to gradients n for which the integer rj is negative, are at once
written down.

Such transformations might bo multiplied. Very useful facts for
such purposes are that

nror. cw = O'w.wo\

which are at onco clenr from the factorized forms (1), (4), (6), since-
factors like ilO+jp, Q>O-\-q aro conmintative witli one another.

6. The explicit absence of >; in (2) and (J5) of § 4 is surprising,
seoing that a limitation of it.s range of values is in each case implied.
Moreover the proof of §4 is only convincing upon close attention..
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An independent demonstration will therefore be given, and this will
have the effect of determining the eftect of tho operator

i — I" 2J Is 2a 3s

on gradients for which n is not positive, aH well as on others, and of
the operator

on gradients for which »j is not, as well as those for which it is,,
negative.

A number of extensive and widely distinct elastics of cases may
first bo mentioned, in which the verification is easy.

(i.) When rj = —1, it has been proved, from Hilbert's theorem in
§ 3, that Z%u = 0. Consequently, when JJ = + 1, we have Zxu = 0.

(ii.) Let u be a single constituent a^ of the set a0, alt ... a,,. In
this case

>7 — f i w+1 n—w , w-f 1. w-f-3 n—w.n—to—1 1
Aa""" I * ™ T + ^ T2 * Ta "• Jflw>

which is readily proved to vanish when n > 2w.

(iii.) Let w be a seroinvariant. Then

1 + 1.2 1.2.3 r '

-which vanishes, since tj is a positive integer.

(iv.) Another easily tested case is that when n = 1.

7. To examine the effect of Zx on any gradient, we notice that Zxu
is the term independent of t in the expansion, in positive and negative
integral powers of t, of ,

This expansion, it is to be noticed, terminates both ways. For some
power of 0 annihilates the rational integral funotion it, and some
power of Cl annihilates any term which does not vanish in e°u.

Thus, if we can obtain another terminating expression for e~* ° e'°it,
the two mast be identical,
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Take first a Binglo constituent ar of tho set a0, a,, ... aH. We have

e«>a, = a,+ (n-r) «,„< + (n-r)(n-r-l) ^ ^ ^ +aX-r
1. a

Now operate on this with eT°, taking r for the present independent of

t, so thate*11 and — are commutativo. We get
lit

—^ ~

In this, after the differentiations with regard to t are performed, we
are going to give to l + rt the value zoro, i.e., to make r = — t'x.

Now, if s > r,

has ( l + r O " r f°i' o> factor throughout, and so vanishes when

Also, by application of Leibnitz's theorem, if s = or < r, and is a

positive integer, the only part of (-j-\ {^'"'(l+rO1} whioh does

not vanish when 1+rt = 0 is

«!(r —«)l (n—r)!

which - ( w - Q l r l _ ,,Tr ,
(n—r)\ (r-s)\
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Consequently, the part of eT°etOar which does not vanish when we
put 1 +rt = 0, is

t»-r r l { w* (n-r)\
1 ^ ! l ! ( ) ! ' ~ ~ T ~

(n-r + 1)! _,
1! "-r+l

• n ~ i r * «*-«••.''-•+...+1 ^ «„ J ,

so that, upon putting 1 -f rt = 0,

= (-lV«--|re-|Oall.r (1),

In verification, it may be noticed that this gives, upon operating
on both sides with e( °,

6r*a<r«>a,>.r= (-1)'tir-" etaa,

= (-l)'- '(-0"-2("-r )e">a (2),

whioh is correctly the result of interchanging-1 and — t, r and n—r
in (1).

Now e~t0(iiv) =s e"'°tt, e~tov, by a woll known property of linear
differential operators. Also

Accordingly, we can pass from a single a, to any product of integral
powers of constituents, phosen from the same sot a0, a,, ... a,,, or from
different sets, Thus, in the case of ope set, \> A,,.., A,, being positive
integers,

rr
loa«o.a*flaJj ( M aJ»= (-l)"<fa-»'a-|0,ojeaj«.|..,ojl» (3),.
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and in the case of different sets the like fact holds, viz., that e~l .°e<0,
operating on a product, is equal to ( — 1 ) T times e"'° operating on
tho conjugate product obtained by putting tho last, last but ono, &o.
constituents of every set for the first, second, &o. of that set, where

T) = 3 (in) — 2w.

8. Now in the expansion of t"e~t0 there is not, or is, a term free
from t, according as »?, an integer or zero, is greater or not greater
than zero. Consequently, for the caso of ono set, wo have tho con-
clusions

(i.) if in-2w > 0,

(ii.) if *»-2w > 0,

of which latter one case may well be written separately, viz.,

(iii.) if in—2w = 0,

/ / , . a 0 a, . . . an —{ — i) % a/t_, . . . a n ,

For tho case of products of several sets of constituents, we have at
once the like conclusions, which need not be written down at longth.

We may now, of course, take, instead of ono product of positive
integral powers of tho constituents, a gradient or linear function of
such products of the name type IU, it i', i",..., and may summarize by
saying that a gradient« whoso t) characteristic 3 (in)—2w is positive
has 7tx for an anuihilator; while if tho r\ of u in not positive and
different from zero the effect of oporating on u with Zx ia to inter-
change in u the first and last, second and last but one, &c. con-
stituents of overy set, to operate on the result with O"q, and to apply

the factor (-1)"**—!—..
( —»?)!

It is perhaps hardly n&cessary to state at length the strictly com-
panion facts with regard to the second operator 2Z9 of § 6. We have
merely to interchange to and 2 (in)—to, q and —i?, in tho faots with
regard to Zv
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9. A study of tlio operator Zt is not complete without some
roforcnoe to its effect on functions of tho constituents winch have the
properties of homogeneity in every sot of constituents, and iaobarism
•on the whole, but which differ from gradients in not being rational
and integral. It is without difficulty proved that tho equality (3)
of § 7 holds with regard to products in which Ao, A,, ... \,t are not
positive iutegors. The samo cannot, however, be said without
further investigation of the conclusions (i.), (ii.), (iii.) of tho same
article Though the two sidos of § 7 (3) are equal, their expansions
formed by ordinary methods will in the case now contemplated extend
to infinity—on tho left as a rule in both directions—and, as we have
no general information as to convergonoy, the identity, term for term,
•of tho two expansions is not established.

Still wo cannot doubt that Zxu = 0 holds in many cases when ii is
not rational and integral. What has been proved in § 4 is more than
there stated. It would scorn to be that whatover u be, provided its JJ
ho tho samo throughout, and not a negative integer or zero, tho
operators

.(1)

and HO &O &<?

which latter wo call Zlt dorivo from u expressions which are identical
if convergent. Now when it was proved (§ 3 above, and Vol. xxm.,
p. 300) that the operator (1) annihilates gradients of positive »j, it
was nt tho same time disproved for functions u which ai*o not either
such gradients or olse functjons which, while, it may be, irrational or
fractional, have O'"W" as an annihilator for some value or other of the
number in. Thus, besides gradients of positive r\t Zx annihilates such
functions.* Thoro is besides the reservation of cases when »/ is zero
or a negative iutoger, for which Z\ is not in general idontical with (1).

The diilicultics of a complete study of tho elVect of Zx on products,
or linear functions of products, which are not rational and integral,

* A gradient multiplied by u negative power of a0 is such a function.
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appear to be very great, in general. In the first case, when n = 1,
i.e. when there are only two constituents a0, au or a, b, there is,
however, no such difficulty. A full investigation of that case oconpios
the remainder of this paper. Though the arithmetical method used,
is only one of special application, the results may bo of use in
suggesting probabilities for higher values of n.

10. Take n = 1, and a single sot a, b of constituents only. For

tins case ii = a~ aud 0 — b —. We have then
db da

where J?1 (a, /3, y, a;) is the ordinary notation for a hypergoometrio
series.

Now the hypergeometrio series .F(a, /3, y, 1) terminates if either «
O)' ft- is a negative integer or zoro, aud is convergent if y—a—ft is
positive. The special case of y being zoro or a negative integer does
not hero arise. Wo have then thut 2T,.a*6" is au intelligible arith'
metical multiple of ax6'*,

(a) if X is a positive integer or zero,

(ft) if/i is a nogative integer, not including zoro,

(y) if, oven though neither (a) nor (ft) is the case, X- ft > 0,
i.e., in — iito > 0.

On the contrary, when neither of these conditions holds, Zx u is infinito
or unintelligible.

Now (Forsyth's Differential Equations, § 126),
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Thus, taking tho above threo cases of intelligibility of Z{.a*b't1

(i.) if A is a positive integer or zero, whatever /* be,

A!

(ii.) if /* is a negative integer, wliatover A. be,

(iii.) if A—p > 0,

In particular, we may at once see what laws A. and n must satisfy,
that Zl.a

xbft may yaiiinh. On examination the laws given by (i.) and
(ii.) for tho purpose are included in tho wider law given by (iii.).
And this law is ailbrdod by tho condition that T(\-f 1) F (•—/«) bo
infinito, which, ia tho case only if either A be a negativo integer or p
a positive intogor or ssoro.

Thus, for tho caso of n = 1, the accurate extension of tho theorem
that Zv.a

xlf = 0 , when A and p are positive integers such that

A-•-/* = in—2w > 0,
is

" Zi.cfb1' = 0, when and only when A—n > 0, and, oither p is a
positive integer or zero, or A a negative integex*."

It will be noticod that, in accordance with § 9, a number m can be
chosen sufficiently great that O'"U"' annihilates cfh*.

11, It will bo well further to examino whethor what (ii.) and the
included (iii.) of § 8 become, for tho case n = 1, hold or have intelli-
gible representatives for any wider values of A and ft than those for
which they have been proved. With n = 1, § 8 (2) may be stated >
" If A and ft are positive integers, zero included, such that A. ̂ > fif

VOL. XXIV.—NO. 4 5 2 .
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Now tho cases in which A—^ % 0, for which Zx.a
xy is finite, mnst

all come under (i.) or (ii.) or both of § 10.

The former tells us that, when A—\i $> 0, and X is a positive integer
or zero, whatever not smaller quantity /i be,

A!

so that (1) holds for this generalized law of A. and /*.

Aud again, the latter tells us that, when /i is a negative integer,
and A any quantity such that A—/i $> 0,

Z a>&* - ( i y . - n ( - * - - l ) ( - * - g ) - (

12. Collecting results as to the case n = 1, we have that, in the
equality Zx.a

klr = £, (A, ft) axb",

(A) if A > n (i.e. i, > 0),

aud is not infinite. In particular, ^, (A, /t) = 0, wheu either ft is a
positive integer or zero, whatover greater quantity A may bo, or when
A is a negative integei", whatover algebraically less quantity p be;

(B) if A > n (i.e. 7; ̂ > 0), £, (A, p) never vanishes, but is generally
a divergent series. It has, howovor, a finite expression in two cases,
(1) if A is a positive integor or zero, in which case its value is

^ i f /* i s a nogativo integer, in

which caso its value is ( — 1)M+' -•,.„-> N« TllQ case of X
r ( ^ A + i ) r ( / 0and fi both positive intogers is included in (1).

Tho cornpaniou facts with x'egard to Z.y(?lf can be readily deduoed.
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13. The identity of the expressions produced, when both terminate
or converge, by operations on a given product with

and ^ . = l - ;
r • r > 2 , ...»

is well exhibited in the present case of n = 1.

If, in fact, we write JIx.a
xbl> = rjx (X, /i) axb", wo Bee at once that,

sinco now i\ = X — p.,

« n ,.\ _ i _ x ^ + 1
 A. '

,
1.2.3.X—^.\-/t+l.X-- fx+2

= P1(\, - , , - 1 , X-/i, 1)

which is also the value of ,̂ (\, /i) obtained in § 10.

But ijl (X, ̂ t) is never divergent, though it is infinite if X—/x be
zero or a negative integer, for here

y - a - / 3 = X - ^ - ( X - / t i - l ) = 1,

and is positive. Wo saw, however, that for ft (X, fi) to be conver-
gent it is necessary that X—\i bo positive, the other cases of its
finitcness being those when either X is a positivo integer or zero, or \i
a negativo integer. Thus IIx.a

xlf and Z1.u
xb* are identical when

neither is infinite, but the cases of their finitcness are not coextensive,
the former having the advantage.

This identity of 1IX and Zx \H then, for n — 1, an application of
Gauss's equality of two hypcrgcomotric series,

*'(«, ft, y, 1) = F(-a, -ft, y-«-/3, 1).

The two are equal when both are convergent or finite ; but the con-
ditions of their convergency are respectively that y—a—/3 and y be
positivo.

It will bo of great interest if the study of Hx and Zx for higher
values of n load hereafter to conclusions which are generalizations of
this arithmetical theorem.

I) 2
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14. Wo are also led to an interesting arithmetical conclusion by
considering, for the case of n = 1, the idontity with 7f( or Z, of iho
operator (2) of § h. Wo aro thus given, in fact, an expression for
the sum of a scries of the form (3) of § 5;

Since, in the present case,

0Q.axlf = b~~ (a i ) axb» = (A + l) ix.axlf,
da \ do I

the effect of the operator now under consideration is to produce,
from aA7̂ ,

Y--^i—+- •• (V
which must be identical with Cx (A, /i) axb" or T;, (A, p) a*b>>.

Wo have, consequently, upon putting z, t) for fi (X + l ) , A —/̂ >

f ( f ) ( ) ( H ( | 0 ( 1 ) i
1 1.2 ' 172.3 +

In liko manner, by aid of the operator (5) of § 5, wo obtain, for
the scries

i _ s , g(^ + >;2) g,(jf >;2)(gf2j^g)^
is p.22 i'.'sj^jj1*

the expression
_r( i i ) r ( i )

r {I[n+l+ y^-ij '+l^]j r{^ [n+i--/(n'-"l)i+4i]}'


