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Some P»opm ties of omogencous Isobaric Funclions. By
E. B, Buuorr, Received and read November 10th, 1892,

1. "The present paper is a sequel to one which I communicated to
the Socicty at its Jast meeting (Vol. xxur., pp. 298-304), entitled, “ A
Proot of the l‘xnctncss of Cayley’s Number of Seminvariants of a
Given Type.,” The two articles which immediately follow supply
omissions in that paper. In tlo remaining articlos tho theovem on
which my argument was based is transformed, and the result

examined for its own sake without reference to tho particular
application.

2. Attontion was in my former paper quite unnecessarily confined
to n single binary quantic, or, as I wonld say by proference, to u single
set of constituents ay, a,, @y, ... @, The proof of the Cayley-Sylvester
theorom as to the number of agysygetic seminvariants of a given type
of n system of binary quantics, or, say;in a system of sets of con-
stitnents, is precisely tho same. ‘

Let there be qu'mt]cq of dcglecq a0, 1w’y ..., with coclhcmnts
(g ay ... @)y (a0 @ty ..o an)y (a3, a, ... @), ... Tho number of
products of whole weight w of given nambers 1, ¢/, <", ... of con-
stituents chosen from these sets of cocflicients respectively is denoted
by (w; 4, n3 2,0’y 50" .0).
Let now

Q denote 3 (u,, d + R N T ’—) crrereeennn (1),
'da,

d

\ d
0 » 2 (na, ;lu;)

and Ny SR =2 e (3),

tho summations referring to all the sets of cocflicients.

d ¢
+(n l)aq——- o, 7 I) e (2

lixactly as in § 2 of tho paper referred to, we have the known
theorems that, when the operations are on any producet as above, or
on any gradient or linear function with congtant cocflicients of such
products of the samo type w; 4, 7, ¢, ...,

Q0—002 = g,
QO —0Q=r(n—r+l) 0"
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and the reasoning from these is just as before. We obtain the same
form of conclusion, viz., that

1 1
=0{— 00— - 0%}
* {l.no 1.2.)1.1)-4-10 +1.2.3.n.n+1.n+2

vevereseennare e (4),

1 o' —... ;u

provided that y>0; and tho interpretation is that any product, or
linear function of products of the type considered, can he produccd
by operation with £ on a linear fanction of products of whole weight
w41, and the same pnrtinl orders 1, 4/, <", ... a8 hofore.  Pulling,
then, w for w+ 1, the most general linear function of products of type
w; 1,4,7", ..., when operated on with £, yiclds the most goneral
linear function of products of type w--1; 4, 7, 2", ..., provided that
3(n)—2(w=1) >0, te,that I (in)—2w & — 1. Accordingly, in
this cnse, the nnummher of linenrly independent sominvariants, linear
functions which & annihilates, of the type w; ¢, 4,1" ..., in the
system of sets of cocflicients, which is known to be at least

. o owl 4 * 4 ’ " ’
(w; tym; 4,05 0" L)—(w=1; ¢ n; 0" 0" 0),

is exactly that numbor.

Another consequence of the generality of the gradient Qu, when
is general and such that n € — 1, is that in such n caso the number
thus found as a difference cannot bo negative.

3. It ought not to have oscaped my attention that operators of
form like that in my theorem above, have presented themselves to
and beon used by Hilbert (Mathemalische Annalen, Vol. xxx., pp. 15,
&ce., Vol. xxxvi,, p. 523). He has uscd snch operators, in fact, in a
proof, different from mine, of the exactness of Cayley’s formula, hnt
docs not seem to have noticed the fact (4) which is with me funda-
mental.  He has proved that, 5, tho characteristic of v, being € —1,
af1-—Looor L —ow-.. Jo=0..(5)

Ln+2 1.2.942.943 " '
which might bo produced from (4) above by putting Qv for », and
“consequently replacing n by »+2. His theorem thon follows from
minc; bhut the reverse does not seem to be the case, unless wo assnme
that, » being general, Qv is general; and this I was not at liberty to
assume, for it is what my aim was to catablish.

A particular resnlt of (5) may here he noticed. Let n = — 1 for v,
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We know that there is no gradient for which 5= —1, which

annihilates. Consequently, for the cage n = —1,
o , 02 o
R S (5 RS G REE Sl

a result whioh will presently be proved to hold when, for v, y is any
negative integer whatever.

4. Tt i3 now proposed to show that the identity which oxprosses w
in the form Qv, viz.,

{ 1-.loo+—1 _ooq 1
n 1.

e — - 302
1. 2.n.1+1 1.2.3.n.n+1.n+2000+"'}“

=0 e (1),
may be more elegantly written

QO 0‘302 Qsoa
{1_F+ﬁ-ﬁ§r_§,+m}u=o ............ @),

in which the characteristic 5 is not explicitly present, though it is
required to be a positive number.

“This is equally a fact whether wo are dealing with a single sot of
constituents a,, ay, ay, ... @, ns in my former paper, so that n denotes
the excess in —2w, and Q, O aro as in (1) and (2) of § 2, but without
the = symbols of summation; or with a system of sets, as in § 2.

To aid us in tho performance of the transformation, we have o
formula of Hilbert's, viz.,

o '=Q0 —(—r+s)rsQ@-1 0!

4 Q=T bet D)y 1) o 1) 00 (),

whero the operation is on any gradient whose excess 3 (in)—2w is
equal to . For the case of s = 1 this is the woll known

00 = Q0 —r(n—r+1) 0

and for highor values of s it is established by mathematical induc-
tion. A
For the present purpose, we have to put »r—1 for s in (3), and
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operate with £, thus getting
QO = Q0" ~(n—1) nr (r—1) Q0!

+ (ﬂi‘;) n, (r—1)* (r—2) Q202

_=Dn(m+1)

eIV (DN (0 r=3¢)r-3
193 r(r—=1)}(r=2)(r=3)Q2-20 "+ ...,

and thon to give » successively the values 1, 2, 3, ..., and substitute
in (1).

In this way the coefficient of £70", in what the left-hand side of (1)
becomes, is scen to be

(—1)'{ 1 +r n—1

I (pa+loin+r=1 " na+l.in+r
r.r41 n—1
1.2 “n+lag+2..9+r+l
ro+l.r4+2 n—1 + }
1.2.3 ‘94+2.043...n4+74+2

which

____(_—_-__l_)_':(y:i) (n—2)!1‘!+ (n—-—l)fr'+7'.r+1 n!r! }
(=) (n+r—1)! (n+7r)! 1.2 (n+r+D) 7

(r1)? J (1—=a)" ( et Z'_l‘r-l2-1 '+ .. )dm

(.._}()T ,('7'—1) I .
=1
GO

Thus (1) becomes (2), as stated.

For tho special caso of n =1, tho last part of this work is both
inapplicablo and ununecessary. The conclusion is tho same as in
general.

The simplest form for n gradient which, when operated on by £,
produces «, a given gradient for which » is a positive number, is

- 0 (2()1 o0
0 ]u = { I;~ 1; 22 + F‘:“_"‘}::—;‘i e }u ...............(3),
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to which, of conrse, may be added, as (8o to speak) an arbitrary con-
stant, any scminvariant whose typo is that of Ou.

In any general property of a gradiont, we may, of course, inter-
change Q, O, w, » with O, Q, = (én) —w, --y, reapectively, thus merely
interchanging the first and lnst, sccond and last but one, &c., con-
stituents of each sot. Companion then to the eqnivalent facts (1)
and (2) of tho present article, we havo a pair of equivalent facts with
regard. to'a product or linear function « of prodncts of any the
same type w, ¢, 7, ¢*, ... for which n or = (in)—2w is ncgative, equal
to —n/, say, viz.,

1 1 1
1— =004+ . 00— 0N 0% + ...
{ TR AGUAE v RAUL S W sy weor g

{1_ o, o o

'*l-ﬂ—' m—iaw‘zﬁ-@ +...}%=0 ............(5).

'I‘o tho intormedia,te case of n = 0, nc)thm (1) and (2) nor (4) and

sidcs ploduce from a gr a.dlcnt u of tlnq type.

5. Other forms, of some interest, to which (1) or (2) of the pre-
ceding arbicle may be reduced, are obtained by noticing that

Q0 =qQ-! {O’S)+r(n—'r+ 1) 0"'}
=70 {0047 (n—r+1)}
=0 {00+ (r—1)(n—7r+2)} {0Q+r (1—r+1)}

(02+1.7)(00+2.7~1)(02+3.9—2) ... (024r.n—r+1)

e (1)
We thug see that § 4 (1) may be written
19
02, 09, )(on . 1)
 J
1 1.2
() () (3409
3 4+ fu=0
1.2.3

NSRRI (') )
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Thus, if o theory exists of the function of z, n,

T +n T +7L) (‘Z +n—l)

1 + 1.2

)G o)

1.2.3

1—

e (8),

it will have its bearing on the present subject. (Cf. § 14 below.)
Another form of (1) is
0 = Q0 (20 +1n~-2) (204+2.9—3) ... (R0O+r—1.9—1r)...(4)
8o that we havo also, being a positive number for u,

{199, 20@040=%) _80(20+1-D@032:0-0) 4 1,

1T P TRy

‘Wo have also, as companion to (1) and (4),
0 = (20—1.7)(20—2.7+1)(R0~3.7+2) ... (R0 =r.n+7r—1)
= 0Q(02—1.74+2)(002—2.7+3)...(0Q—r—1.94+7) ...... (6).

80 that forms, resembling (2) and (5) above, of § 4 (4)Aand (5), which
apply to gradients « for which the integer n is negative, are at once
written down.

Such transformations might be multiplied. Very useful facts for-
such purposes are that

Q0.0 =00, Q0
or. 00N = 0.0,
O, 00 = 0.0,

which are at once clear from the factorized forms (1), (4), (6), since
factors liko 0 +p, 0+ q are commutative with one another.

6. The explicit absence of y in (2) and (5) of §4 is surprising,.
secing that a limitation of ity range of values is in each case implicd.
Moreover tho proof of §4 is only convincing upon close attention..
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An independent demonstration will therefore be given, and this will
have the effect of dotermining the effect of tho operator
— Q0 | 00} 0o
Zl:l—.lT--FW_mW + . SRR ¢ § )
on gradients for which 75 is not positive, as well as on others, and of
the operator
— on |, o oQ?
Zg::: I—F W—m'i‘ sesecnsnsaes (2)
on gradients for which 5 is not, as well as those for which it is,
negative.

A number of extensive and widely distinct classes of casos may
first be mentioned, in which the verification is easy.

(i.) When n = —1, it has been proved, from Hilbert's theorem in
§ 3, that Z,u = 0, Consequently, when n =41, we have Zu =0.

(ii.) Let u be a single constituent @, of the set @, @, ... a,. In
this case

—{j_w+l n—w , wt+l, w+2 n—w.n—w—1__ }
Z’“"’"-{l 1 1 T 12 T 1.8 e § e

which is readily proved to vanish when » > 2w.

(iii.) Let % be a seminvariant. Then

e 1.0 L 0—1 n.n—1n—2 }
4w {1 1T 13 T2.3 toi®

which vanishes, since 5 is a positive integer.

(iv.) Another casily tested case is that when n = 1.

7. To examine the effeot of Z, on any gradient, we notice that Z,u
is the term independent of ¢ in the expansion, in positive and negativo
integral powers of ¢, of .

PUL P

This expansion, it is to be noticed, terminates both ways. For some
power of O annihilates the rational integral funotion %, aud some
power of & annihilates any term which does not vanish in ¢‘© .

. . . . . ¢!
Thus, if we can obtain another terminating expression for e™* 9 ¢y,
the two must be identical.
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Take first a singlo constituent a, of the set ay, a,, ... @,. We have

¢%a, = a,+ (n—7r) @,  t + ("—7)1(%:—7:-12 Qpygli .. 0, 1"
_(m=n! dr { n(n—1) 4 "
”! dt' ao+71v t+ —— 2 t’f' u+a’ut }

Now operate on this with 9, taking r for the present independent of

¢, so that ¢ and % are commutative. We get

g, = (n—n)! d'
nl  dr

'ld {ao-}-n (ay+apr) ¢

+ H‘(n«'——!) (ay +Za,r +a,r) 8+

veo +(antna, 7+ .. Fagr) ¢ ‘

= (=n)! dt,{ o (Lr0)* nat (1478)™

nl
+n (il - ! tn (1+rt)""+.--+ant" }.

In this, after the differontiations with regard to ¢ ave performed, we
are going to give to 1+47¢ the value zcvo, 4.¢., to make r = — ¢,

Now, if s >,

(L) (o vt}
has (147¢)'=* for a factor throughout, and 80 vanishes when
1+ =0.

Algo, by application of Leibnitz’s theorem, if s = or < r, and is o

positive integer, the only part of (‘;—i)' {1 +rt)‘} which does

not vanish when 147 =0 is

L B e

To—n1 a= & d;n{(”")]
e i rl (’n-—s)_ o .
%.€., 18 8[(7.__6)! n—r)!t 'sl ™,
which = ("‘—_")_!_i_ ner o

(n-—'r)! (r=—2s)!
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Consequently, the part of ¢"%¢®a, which does not vanish when we
put 147t =0, is -

""I-!-{ u! (n—7)! v
TRy v | W
n! (n—r+1)! o
* (r=1! (n—r+1)!" 17 G-rn?
S ) RN Couni ')} DU n! }
ey | K TR L P L B

1.6, A {a,,_,r'+'ru,._,.,, ol Z-(—’r:l) [T Lt +a,,} ;

1,2
so that, upon putting 14r¢ =0,
et 0 g0,
= (=1) s { Gy —Tlyrirt + ’(——;—“—29 tuoriabim o (— 1) a,,t'}

= (—1)y e %q, . ,.... T ¢ O

In verification, it may be noticed that this gives, upon operating
on both sides with &9,
0 g0 Gy, = (1) " et
= (=1 (=) 20600, i (2),
which is correctly the result of interchanging ¢t and —¢, r and n—r
in (1).

Now e *(uv) = e %y, e7*°v, by a well known property of linear-
differential operators. Also

- -1
e~V 0 0 (yp) = 67t ' (604, 60 v)

= e-l"‘n &0 e—r"ne:ov.

Accordingly, we can pass from a single a, to any product of integral
powers of constituents, chosen from the same sct a,, ¢, ... @,, or from
different sets, Thus, in the case of ono set, Ay, A,, .., A, being positive
integers, - :

e-—t-ln g% gh a’l‘l . a:" = (=1)¥ ¢ e"o.aﬁ”a:‘_l . a:"......(3),.
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and in the case of different sets the like fact holds, viz., that e'"‘"l.ne‘o,
operating on a product, is equal to (—1)“# times ¢7*° operating on
the conjugate product obtained by putting tho last, lust but one, &o.
constituents of every set for the fivst, second, &o. of that set, where

n= 2 (fin)—2w,
8. Now in the expansion of ¢*e~*® there is not, or is, a termn free
from ¢, according as n, un integer or zero, is greater or not greater

than zero. Consequently, for the caso of one set, we have the con-
-clusions

(i) if m—2w >0, Zu=0;
@ii.) if in—2w % 0,

2w~in
A Mo -1 vo-i A
Z.ada .. oM = (=1)7 %270—_2_—;;5-!- 0= ghogM .. el
— (_l)tn-w 1 — Ow=in a,):oaﬁl.x vee a,sn;

(Lw—1n)!

of which latter one case may well be written geparately, viz.,
(iii.) if —2w =0,

Z,.ala ... a)" = (~1)*adal, ...a",

Tor tho case of products of several sets of constituents, we have ab
-once the like conclusions, which need not be written down at length.

‘We may now, of course, tuke, instead of one product of positive
integral powers of the constituents, & gradient or lincar function of
such products of the same typo w, %, ¢, <, ..., and may summarize by
‘saying that a gradient » whose n characteristic % (in) — 2w is positive
has Z, for an anuihilator; while if the 5 of » is not positive and
different from zero the effect of oporating on w with %, is to intor-
-change in % the first and last, socond and last but one, &c. con-
.stituents of every set, to operate on the result with O-", and to apply
the factor (—1)¥* -

_ =]

It is perhaps hardly necessary to state at length the strictly com-
panion facts with regard to the second operator %, of § 6. We have
merely to interchange w and 2 (én)—w,  and —y, in the fucts with
rogard to Z,.
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9. A study of the operator Z, is not complote without some
roforence to its effect on functions of the constituents which have the
properties of homogoncity in evory sob of constituents, and isobarism
on the whole, but which differ from gradionts in uet being rational
and integral. It is without difliculty proved that the equality (3)
of § 7 holds with regard to products in which A, A, ... A, are not
positive iutegors. The samo cannot, however, be said without
furthor investigntion of the conclusions (i.), (ii.), (iii.) of tho same
article. Though the two sidos of § 7 (3) are equal, their expansions
formod by ordinary methods will in the case now contemplated extend
to infinity—on the left as a rulo in both directions—and, as wo have
no general information us to convergeney, tho identity, term for term,
of tho two expansions is not established.

Still we cannot doubt that Z,4 = 0 holds in many cases when « is
mot rationg) and integral. What has been proved in § 4 is move than
there stated. It would scom to be that whatever u be, provided its 5
be tho same throughout, and not @ negative integer or zero, the
operators

1- ooy ! : !

. — 0 Y § ¢ L
1.y +1.2.n.n+1 1.2.3.9.9+1.9+2

verrereereneeneene(1)

QO+ ...

Q0 , 00 Q0
and 1— —i;-+‘l':,’.'2“i—m,+;-. ..................(2),

which latter we call Z,, dorive from u expressions which are identical
“if convorgont. Now when it was proved (§3 above, and Vol. xxiit.,
-p. 300) that the operator (1) annihilates gradients of positive », it
was ut the same time disproved for functions » which are not either
snch gradionts or olse functions which, while, it may be, irvational or
fractional, huve 0"Q" as an annihilator for somo value or other of the
number m.  Thas, besides gradients of positive , Z, annihilutes such
fnunctions.®  Thoro is besides the resorvation of cases when 3 is zeoro
or a negative integer, for which Z; is not in gencral idoentical with (1),

"The diffienlties of a complete study of the effect of Z, on products,
or linour functions of products, which are not rational and integral,

* A gradient multiplicd by u nogative powor of «, is such a function.
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appear to be very great, in goneral. In the first case, when n = 1,
t.e. when there are only two constituents q, a,, or a, b, there is,
however, no such difficulty. A full investigation of that case acenpies
the remainder of this paper. Though the arithmetical method used
ig only one of specinl application, the results may be of use in
suggesting probabilitics for higher values of #. '

10. Take » =1, and a single set a, b of constituents only. For

this case @ = a - and 0= bi. We have then
db da

Aptl  AA=Lutl.p+2
Zl.a‘bf'={1— prly autluk

COAA=1A—=2. pu4l.p+2.443 .
SR R L

= {1_'_ —=A ({:+1)+—A(—A+]‘Q(ﬂ+l)(l‘+2) +n } arbe

12.21

=P (=\p+]1,1,1)a"";

whore I (a, f3, y, #) is the ordinary notation for a hypergeomaetric
series.

Now the hypergeometric sevies F' (a, 3, v, 1) torminates if eithor «
or [ is a-negative integer or zoro, aud is convergent if y—a—p is
positive. The special case of y being zero or a negative integer does
not here arise.  Wo have thon that Z,.a'®* is an intelligible arith-
metical multiple of ub*,

(a) if A is a positive integer or zero,
(B) if p is o negative integer, not including zoro,

(y) if, oven though ncither (a) nor (3) is the case, A—p > 0,
t.e., m—2w > 0,

On the contrary, when neither of these conditions holds, Z,  is infinito
or unintelligible.

Now (Forsyth’s Diffurential 'Equati(ms, §126),

I'(1) T (A—p)

1"’(_A' p+1, ], .1) = m.
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Thus, taking the above threo cases of intelligibility of Z;.a*b*,
(i.) if A i8 & positivo integer or zero, whatever u bhe,

Z,.a'b* = (_A"'/"‘l)()\’):ll-‘_z) e (=m) b+ ;

(ii.) if p is 8 negative integer, whatover A be,

ape = A=p=1)A—p—2) ... A+1) .1,
Z,.a*b (—p—1)1 al*;

(i) if A—p >0,
PA—p) o
TA+ I (=p)

4.0 = #

In particular, we may at onco see what luws A und u must satisfy,
that Z,.a*b* may vaunish, On examinution the laws given by (i.) and
(ii.) for tho purposo avo. included in the widoer law given by (iii.).
And this law is afforded by the condition that I'(A+1) I'(—g) be
infinite, which is the cuso only if eithor A be a negutivo intoger or pu
a positive intoger or zcro.

Thus, for the caso of # = 1, the accurate extension of the theorem
that Z,.a** =0, when A and g are positive integers snch that
] A-p =in—2w > 0,
18

“Z,.a"* =0, whon and only when A—pu > 0, and, oither u is g
positive integer or zoro, or A a nogative integor.” ’

It will be noticed that,in accordance with § 9, a number m can be
choson sufficiontly great that 0"Q” annibilates @*b*.

11, It will be well further to examine whetheor what (ii.) and the
included (iii.) of § 8 become, for the case n = 1, hold or have intelli-
gible representatives for any wider values of A and g than those for
which they have been proved. Withn =1, § 8 (2) may be stated:
“If A and g are positive integors, zero included, such that A $ u,

fatr = =1y =i (20) " e
= (=1) ti(t‘—(l) A)(l’“f”u»b»
= (=1 o DleE]) A n (1),

1‘(,4 7\+1) I'(x+1)
YOL. XXIV.—NO. 452, n
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Now the cases in which A—pu $ 0, for which Z,.a*!* is finite, must
all come under (i.) or (ii.) or both of § 10,

The former tells us that, when A—pu 3 0, and Ais a positive integer
or zero, whatever not smaller quantity u be,

e (B =D (a=2) oo (A1) o,
2,0 = (—1) ) b

—_ (1) P(H+1) 1;..
=D s Tarn ¢

so that (1) holds for this generalized law of A and p.

Aud ngain, the lattor tells us that, when u is a negative integer,
and A any quantity such that A—p $ 0,

e it (FA=1)(=A=2)...(=A4p+1) ..
Zy.aM = (—1)*% “reDl a'b

— »+l P( ’\) ALp
= s rEn

12. Collecting resnlts as to the case = =1, we have that, in the
equality Z,.a't" = {; (A, p) a*b*,

(A) if A > p (G n > 0),

__ Ta-p)
GO = R T (=)

and is not infinite. In particular, {, (A, ) =0, when either pu is a
positive integer or zero, whatover greater quantity A may be, or when
A is u nogutive integer, whatever algebraically less quantity u be;

(B) iEX P p (e nP 0), & (A p) never vanishes, but is generally
a divergent gevies. It hasg, however, a finite expression in two cases,
(1) if A is u positive integer or zero, in which case its valne is

_Dptl
(=D — T (l‘ )

GA D) POFT) and (2) if p is o negative integer, in
P

: I'(—\)

which case its value is (—1)**' . . .2 ———-.. The case of A
| D ux 1) T ()

and g both positive integers is included in (1).

" The companion facts with regard to Z,.a*l* can be readily deduced.
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13. The identity of the expressions produced, when both terminate
or converge, by operations on a given product with

1 1
=]— 004 ——
H, 1.9 +1.2.n.q+1
Q0 Q0
S TRRTR

QoQ—.,.,

and Z,=1

is well exhibited in the present caso of n = 1.
Tf, in fact, we write II,.a** = n, (A, p) «*l®, we sce at once that,
Since now n = A—p,
Ar+l.pdl.p

)\.p+1+ u+l.p
Ia—p  LT2A—pA—u+l

_ AANFLI A2 p4+10,0—1
123 A —p A=pu+1A—p+2

m ()‘vl") =1~

+..

=N\ —p=1, A=p, 1)

_ TQ=p)r 1)
T (=) QA+’

which is also the value of ¢, (A, 1) obtained in § 10,

But n, (A, ) is never divergent, though it is infinite if A—u be
zero or s negative integer, for here

y—a—f=A—p—A—-p-1) =1,

and is positive. We saw, however, that for {, (A, u) to be conver-
gent it i nccessary that A—p be positive, the other cases of its
finiteness being those whon either A is o positive integer or zero, or p
a negative integer. Thus I,.a*)* and Z,.¢*0* ave identical when
ncither is infinite, but the cases of their finitcness arc not coextensive,
the former having the advantage.

This identity of II, and Z, is then, for » =1, an application of
Gauss's equality of two hypergeometric series,

I (a, /;a Y ]-) = I (—a, —B, 7""“_'/3, 1)-

The two are equal when both are convergent or finite; but the con-
dlitions of their convergency are respectively that y—a—g8 and y be
positive.

It will bo of great intovest if the study of II, and Z; for higher
values of n lead hereafter to conclusions which are generalizations of

this arithmetical theorem.
n 2
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14. Wo are also led to an intoresting arithmetical conclusion by
considoring, for tho caso of # = 1, the identity with J, or Z, of the
operator (2) of §5. Wo are thus given, in fact, an expression for
the sum of a scries of the form (3) of § 5:

Since, in the present case,

=02 (0 L\ pbr = Al
09.a% _.bda(adb)ab = (A +1) p.alr,

the effect of the operator now under consideration is to produce,
from a*l®,

N

_ + 1 AR J~ ‘b,

1 CUTTTTTLLE

whicli'must be identical with ¢ (A, 1) a’b* or n, (A, p) a*b*.
We linve, conscquontly, upon putting z, 9 for u (A41), A—p,
2 2 z 2 2 5
Trn ($0)(5 1) (Fen)(5+0-1)(5+0-2)

=gt 1.2 - 153 tee

=1 {—4 [n=1+VO+D44], =4 [n=1= vV FIr+8],1,1}

= l"{%- [7)—1-{- x/(n+l)“+4»z], 1 [n—l—-— ~/(u+1)"+45z], , 1}

S (VL S .
P14 VO +4]} T {3 [+ 1=V +1) 4]}

In like manner, by nid of the operator (%) of § &, wo obtain, for
the scries _
1— 2 4 2Gtn=2)_ s@tn—NGE+20=3)
1 13,93 i iy ,
the expression
B 1 M




