
480 PROP. L. E. DICKSON [Feb. 11,

MODULAR INVARIANTS OF A GENERAL SYSTEM
OF LINEAR FORMS

By L. E. DICKSON.

[Eeceived February 2nd, 1909.—Read February 11th, 1909.]

1. After giving an outline of a method of marked simplicity for the
investigation of modular invariants, we state the main results of the
present self-contained treatment of linear forms.

In the simplest case, the coefficients of the forms discussed are integers
reduced modulo p, where p is a prime. In the general case, the co-
efficients are Galois' imaginaries co-\-c1p-\-...-\-cn-ip'"~1, in which the
c's are integers reduced modulo p, while p is a root of a congruence of
degree n, irreducible modulo p. These p"' imaginaries constitute the
Galois field GF[pn~\.

"We consider the system L of q linear forms,

(1) k = ailxl+...-\-aimxw, {i = 1, ..., q),

whose coefficients are arbitrary elements of the GF[p'l~\. Let G be any
given group of linear homogeneous transformations on xv ..., xm with
coefficients in the field. The p'°nn particular systems L', L", ..., obtained
by assigning to the a's particular values, can be separated into certain
classes Co, Cx,..., C/_i under the group G, such that two systems are trans-
formable into each other by transformations of G if, and only if, the
systems belong to the same class.

By a general theorem on interpolation, there exists one, and but one,
polynomial I {a) in au, <%, ..., aQm, with each exponent ^ pn— 1 and
coefficients in the GF\_pn~\, such that I (a) takes a prescribed value va for
each set of elements a in the field. In particular, if va is the same
for all sets a leading to a class C, so that I(a) takes prescribed values
vQ, vlt ..., u/-i for the respective classes Co, Clt ..., C/_i, then I (a) is
obviously an invariant of the system of forms (1) under the group G.
Thus I {a) = Xvk-Ik, where //• is the uniquely determined invariant which
has the value unity for the class Cu and the value zero for every class
d (izfck) ; Ifc is called the characteristic invariant for the class Cfc- If
2d!jt/fc — 0, each di = 0. Although there is no linear homogeneous
relation between the J's, we have 2Ifc = 1. In the former sense, we
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shall say that Jo, ..., I/_i are linearly independent. Hence the total
number of linearly independent invariants under G equals the number
of classes under G.

When G is the total linear group on the m variables, the invariants
just discussed are the absolute invariants of the system L. When the
group is the group Gx of all transformations of determinant unity, those
invariants of Gx which are multiplied by Aw under every transformation
of determinant A are the relative invariants of weight w (absolute when
w is a multiple of pn—1). The number N of linearly independent
invariants, relative and absolute, of the system L obviously does not
exceed the number of the linearly independent invariants of Gv the latter
being the number/ of the classes under Gx. As a matter of fact, N =f, as
I have shown by a rather technical proof.* This result, however, is not
presupposed in the present paper. Indeed, we here exhibit explicitly /
linearly independent invariants of the general system L of linear forms.
Hence N ^ f. But N ^ / , by the above simple discussion ; whence
N = f.

In the algebraic theory, q linear forms in vi variables have no rational
integral invariants if q < m, while, if q^m, the invariants are functions
of the determinants of sets of m forms. If, for h < m, llt ..., h are
linearly independent, and

the c's are obviously invariant under linear transformation ; in the
modular theory (in contrast to the algebraic theory), the c's may be
expressed by rational integral invariants (§ 8). In spite of the greater
variety of invariants in the modular theory, we establish the following
fundamental theorem: Every invariant of a system, of q > m linear
forms in m variables is a rational integral function of the invariants
of systems of m forms in m variables.

2. When there is a single variable, Gx contains only the identity
transformation, so that each system of forms a,i&i constitutes a class.
As a complete system of linearly independent invariants we may take
the pqn products of the powers of the an with exponents 0, 1, ...,p'1— 1.
Henceforth we take m > 1.

For a single form k there are two classes under G1} one class containing
only k = 0, the other class containing the forms in which not every

* " CTeneral Theory of Modular Invariants," Transactions of the American Mathematical
Society, Vol. x., April, 1909.
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a,,, is zero and hence conjugate with :rv For the respective classes the
characteristic invariants are Ai and I — A;,, where

(2) i= n a-ay

3. Two forms /,-, lj may be linearly independent, or dependent with
/, ^= 0, &c. Hence they can be transformed within Gx into one of the
four pairs in the following table, which also gives the values of certain
invariants :—

li

*1

*1

0

0

lj

clc2

ex,

•A

0

A1

0

0

1

1

4/

0

1—<!"

0

1

AiAj

0

0

0

1

Vu

0

c

0

0

Here d = 1, if m > 2 ; while, for wi = 2, fZ is the non-vanishing de-
terminant JJij of a pair of independent forms /,;, /,. For the construction
of an invariant TT,j taking the assigned values for the various classes,
we may proceed as in S 8 or as follows. If, in (2), we replace air by
a,iV — KObjV a n d a p p l y

(3) K' = K,

we obtain a polynomial in K of degree fx = pu — 1 ; the coefficient of each
power of K is au absolute invariant of k, lj. It will be seen to be con-
venient to separate the terms involving /cM and write

(4) II [l-(aiv-Kajrr] = Ai -Dif- 2 Sw

for every root of (3). For xv cxlt the non-vanishing a's are an = 1,
O/i = c. Hence in (4) the factors with v > 1 equal unity, while the
factor with v = 1 is 1 —(1 —/ocf. But

(5) (a- /3r = 2 a^-'jS1 (mod p).
i = 0

Hence, for the pair xlt cxly (4) becomes

_ y . i t _ _ y 9. t
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For the remaining pairs in the table, we find immediately that Sijt = 0.
Hence Vy = Siju Sijt = SijV Thus Fy is the sum of the coefficients of
K, K*+1, «>+1, ... in the expansion of the left member of (4). Applying
(5), get

(6) Vij

= l (mod/u); tlf ...,tm = 0, 1, ...,/a],

(7) Fvt = - a^a]v (t > 0), F^ = 1 - a* .

In particular, for m = 2,

(6') Vij = ( a f 1 - l ) f l s ^

By undetermined coefficients it follows, from the above table (or by
the more instructive method of § 4), that the absolute invariants

(8) 1, Au Aj, AUJt V\. (* = 1, ...,M)

are linearly independent; also, that, for m = 2, the only linear relation
between the invariants (8) and D\, (k = 1, ..., fi) is

(9) D^+V?j = a-Ai)d-Aj).
The number of classes is pn~\-3 if m > 2, 2p w +l if m = 2.

THEOREM.—As a complete set of linearly independent invariants of
two linear forms k and Ij in the GF[pn~\ on m variables, we may take
the pn-\-3 absolute invariants (8) if m > 2, and, if in = 2, the 2 p n + l
invariants

(10) Au Ah AiAj, V.., D\. (t = 1, ...,pn-l).

4. We readily derive the characteristic invariants for the various
classes of two linear forms in m variables. For xv 0 ; 0, xl; 0, 0, these
are

(11) A j—AiA^ Ai—AiAj, AiAj.

For xv cxlt where c =fc 0, the characteristic invariant is

(12) - J , c " * F v
Indeed, for V = c, this sum is — ix = 1 (mod^?), for V = y=fcc; it equals
a fraction with the numerator (c~1y)'*+1—c~Yy, which vanishes in the
field. For m = 2, the characteristic invariant of xlf dx2 (d ^= 0) is
likewise

(13) - J5 d~kDl-
SEE. 2. VOL. 7. NO. ]03'2. 2 F



434 PROF. L. E. DICKSON [Feb. 11,

The linear independence of invariants (10) thus follows from that of the
characteristic invariants (11), (12), (13), where c and d range over the
n elements ^= 0 of the field. The sum of the /x functions (12) is Fjj,
since* the sum of the k-th powers of the elements of the field is zero for
0 < k < ix, and —1 for k = /m. But the sum of all the characteristic
invariants is 1 (§ 1). Hence relation (9) follows.

For m > 2, the characteristic invariant of xlf x2 is

(14) (l-Aja-A^-V*,

determined so that the sum of all shall be unity, or directly from the
table of § 3. Since the linearly independent characteristic invariants
(11), (12), (14) are linear functions of invariants (8), the latter are linearly
independent.

5. For a given set of elements E, we shall say that

(15) Erst... precedes -Ep<rT..., EP<T_ follows En...,

if r < p ; or, if r = p, s < a ; or, if r = p, s = or, t < r ; &c.

6. Every invariant of q binary linear forms will be shown to equal
a rational integral function of Ai} V^, Dij (i,j = 1, ..., q). We employ
a canonical type for each system of q forms with given coefficients in
the field.

First, let not every JD£j vanish. Let Drs =£0 (r < s), but let every
preceding Aj (i < j) vanish, viz.,

(16) Bii = 0 (i < r), Drk = 0 (r < k < s), Drs =£ 0.

After applying an obvious transformation of G^ we have

By Dir = As = 0 (i < r), k is free of x2 and xx. By Drk = 0, lk is free
of x2. Hence the canonical type is

(17) k = 0, lr = xx, lk = ckxv ls = ex* lt = — dtXi^+et-Cz

{i<r<k<s<t<q; c =£ 0).

Next, let every Dy = 0, but not every k, vanish identically. Let
lj be the first non-vanishing I. Applying a transformation of Glf we get

(18) k = 0, lf = xv lj = myxx (i < f < j < q).

• Dickson, Linear Groups, Leipzig, 1901, p. 54.
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Finally, there remains the system

(19) k = 0 (i = l , . . . , q ) .

A system of forms (17) defines a class A°%; a system (18) defines a
class B™; the system (19) the class Co. In addition to the definition in
§ 5, we shall say that any class A precedes a class B or GQ, and that any
B precedes Co. No two classes are equivalent under Gv As to the A's,
this follows from the in variance of the Dy; for (17), we have relations
(16) and

(20) DTS = c, Drt = eh Dfa, = cc,,-, Dst = cdt {r <k <s < t),

so that the c, d, e may be expressed in terms of invariants. For (18),

(21) Vfj = mj ( / < ; < q),

where V is the invariant of § 3. Since the ck, dt, et may take any values
in the field and c any values =£ 0, it follows from (20) that the products

(22) n D

are linearly independent in the field, and that the number of these
invariants (22) is the number of classes Af*. In view of the factor Dr,,
(22) vanishes for the classes B, Go, and those classes Ap(r which follow
the Ars. Similarly,

(23) I—A/, II F j (fXj = 0, 1, ..., ix ; not every MJ = 0)
j=/+i

are linearly independent, of the same number as the classes Bj, and
vanish for the classes Go, B^ (<p > / ) which follow the Bf. Finally, with
the class Co we associate the invariant 1. We deduce at once the linear
independence of the specified invariants whose number equals that of
the classes.

THEOREM—Every invariant of q binary linear forms is expressible in
terms of invariants of pairs of fonus. A complete set of the

linearly independent invariants of q binary linear forms in the GF[pn~\
is given by unity * (22) and (23) for r, s,f = 1, . . . , < / ; /• < s .

7. For q = 3, the pil(-\-p~"'-\-p"'-\-\ linearly independent variants are

DivDuDli {a, fi, y = 0, 1, ..., fx), Alt A2, A3,

* We may introduce Ax A.2 instead of 1 by (9). Then, if q = 2, the set becomes (10).

2 F 2
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Other products can be expressed in terms of these by (9) and

A,Dl2 = 0, AxDn = (Df,-l)(i)?8-l)I>»

AXV* = o, A1VL = U&-1) A V ' D I S - FS"1 F!3+ F}.,

For q = 4, we use also DiaDM—Du -Dai+A^ffl = 0 and its pro-
ducts by ^ ^ ^ ( 1

8. We employ a general function-theoretic process to construct an in-
variant* V=Viu 1<A+1 of h-\-\ (not necessarily linear forms liv ..., Zifc+1)
in m' variables (m' > /i), such that V shall have the value cx when
Zi,, ..., kh are linearly independent, but lix, ..., Z,A+1 dependent and

(24) ^ , = ^ + ...+0^,
while F shall have the value zero fur all systems of h-\-l forms not having
the preceding two properties. Let an, ..., a^tl be the coefficients of lx in
any order; aiu ..., cb%m the corresponding coefficients of k. Since V shall
vanish if the h-\-l forms are linearly independent, we may set

(25) V = »II(1-AP) 0* = P'1-1)'

M ranging over the determinants of order / i+1 in the matrix of the J's.
It suffices to consider henceforth only sets of coefficients for which every
M = 0; for such a set V = v. Of these sets, consider one for which

(26) D = |aif | (i = iv ..., ih ; j = ^ ..., jh)

is not zero, jx, ..., jh being distinct integers ^ m. Thus there holds
a relation of type (24), so that

h

at ,. = 2 co*,,. (« = 1, ..., m).

Taking v = jx, ...,jh, we have /& equations in which the determinant of
the coefficients of c1} ..., c& equals (26) with rows and columns inter-
changed. Let d denote the determinant derived from (26) by replacing
(in the first row) each aitj by ai/Ml.;. Then Dcx = d. Thus cx = dD11'1.

Let Dv ..., Dr denote the determinants (26), taken in any sequence,

which are defined by the r = f7!1) combinations j v ...,jh. of h integers

The order of the intermediate subscripts is, ..., i;, is immaterial.



1909.] MODULAR INVARIANTS OF A GENERAL SYSTEM OF LINEAR FORMS. 487

^ m. Let du ..., dr denote the corresponding determinants d in the
same sequence. We have

v = dkBl~l (when Dk =£ 0).

From v = d1Di~1, when Dx =£ 0, we get

v = d^

To determine Xlf we consider a set making Bx = 0, D2 =£ 0. For such
a set ^_i

rf2D2 = v = \ i ,
so that for every set with D1 = 0

The product of the two members by 1—Z>i are equal for every Dx. Thus

v = d i ^ + d -DDdgi^^ + Xaa-DDa-DS)

for all sets. Proceeding similarly, we find by induction that

(27) v = dlDr1+a-Dii

with initially the additional term

Xrd-D?) ... d - D f ) .

But for a set for which Dv ..., Dr all vanish, (27) becomes v = \r, while
by hypothesis V — 0, so that, by (25), v = 0. The invariance of V,
given by (25) and (27), follows from the fact that it takes the same value
for any two systems of /&+1 forms equivalent under the total group.

For h = 1 we set ix = i, i2 = j , and obtain

+d-«y - (l-^ja^a?-1

where M" ranges over the determinants OirOjS—a^ajr (r, s = 1, ..., ?/i).

9. We proceed to exhibit a complete set of linearly independent in-
variants of the system of q^-m linear forms k on m variables with
arbitrary coefficients in the GF[pn~\. We shall employ a canonical type
for each system with given coefficients.

First, let m of the forms be linearly independent. Let lTl, ..., l,m
{i\ < »'2 • • • <

 rm) be independent, but every preceding (§ 5) set of m
forms dependent. Applying a transformation of Gx, we have

(28J IT = xk (k < m), L = cxm (c =£ 0).
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For ix < rv l^ and any m—1 of the forms lTx, ..., l,-m are dependent by
hypothesis ; whence k^ = 0. For i\ < i2 < r2, lfx, li2 and any m — 2
of the forms lTi, ..., /,m are dependent; whence U« is a multiple of xx.
Proceeding similarly, we get

Conversely, the q forms (28J and (286) obviously have the properties that
lfl, ..., lfm are independent, while every preceding set of m forms give
dependent forms. We employ the determinants of order m :

\i (i<w)'
(29) Dri^m = c, DrI...%1v,+1...,m =

The parameters c, b are uniquely determined by these determinants,
which are invariant. Hence no two of the classes* A^...r defined by
(28) are equivalent under the group Gv For given values of the r's, the
number of these classes equals the number of products

(30) IIDJ, P tfv .
r i • • ' » ' r l . . . r j . l h r j + l . . . r m >

where a particular product is obtained by taking all sets

t- 2, . . . , m + l ; i = 1, .... t-1,
and then allowing i2, ..., im+l to range over all sets of integers 1, ..., q
satisfying the inequalities (28b); while the various products are obtained
b y t a k i n g y = l M; ^ = 0 ,1 M fc = P - - l ) .

Since the 6's are arbitrary in the field, while c has any value =̂= 0, it
follows from (29) that the various products (80) are linearly independent
in the field. Allowing the r's to vary, we obtain as many linearly in-
dependent invariants (30) as there are classes Ahrx...,-m. Indeed, in view
of the first factor, the product (30) vanishes for any class A',f.. r;( which
follows -4Sj...rw.

Next, for h <£. in, let h of the q forms be linearly independent, but
every set of ^-|-1 of the forms be dependent. Let

Jr.t •••> kh (n <r2 ... <rh)

be independent, but every preceding set of h forms dependent. Apply-

We employ b to denote the ordered aggregate of the coefficients in (28/,).
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ing a transformation of Glf we have lT] — xlt ..., lrh = Xh. We derive
(286), with m replaced by h. For the invariants determined in § 8, we
have

Hence no two of the present classes Bh
ri rh are equivalent under Gy

Each invariant (31) vanishes for every subsequent class Br-... r-h. (hf < h)
and for the class GQ composed of the system (19). For given r's, con-
sider the products

(32) I I J A J (exponents not all zero),
r,-r,...r/_1r/ + 1...rftt< ^

a particular product being obtained by taking all sets t = 2, ..., 7i+l ;
7 = 1, ..., t—\ and allowing *2, ..., 4+i to range over all sets of h of
the integers 1, ..., q for which

while the various products are obtained by taking each /3 = 0, 1, ..., M,
but not all zero. In place of unity, excluded in (32), we desire an invariant
E which has the value 1 for each class -B^...^ and the value 0 for the
subsequent classes. Thus E may be taken to be that invariant of the
forms lrv ..., lrh alone which is characteristic for the class containing
xlt ..., xh. Hence

(33) Erirh = l-IL(1-D»),

where D ranges over the determinants of order h in the matrix of the
hm coefficients of the h forms on m > h variables. Indeed, E = 1 if
any D =£ 0, E = 0 if every D = 0. Since the invariants (32) and (33)
vanish for all classes following Bh

n ,.rh, they are linearly independent.
Varying h and the r's we obtain as many linearly independent invariants
(32) and (33) as there are classes B. With the class Co of vanishing forms
we associate the invariant* 1.

Since we have exhibited as many linearly independent invariants as
there are classes under the group Glt we have proved the

THEOREM.—For q > m, every invariant of q linear forms in the
GF[pn~\ on m variables is a rational integral function of the invariants
of m forms on m variables. A complete set of linearly independent
invariants of q ^ m forms is given by (30), (32), (33) and unity, each
being a polynomial in the determinants of orders •<" m of the matrix of
the coefficients of the forms.

* We may take any invariant, as (35), which does not vanish for C',,.
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10. For q < m, the first case of § 9 does not occur. If the q forms
are linearly independent, they may be transformed into x1} ..., xq. For
the resulting class B® the characteristic invariant E\_q is given by
(38) for h = q. If, for h < q, h of the forms are linearly independent,
but every set of h-\-l dependent, we proceed as in § 9.

THEOREM.—For q < m, a complete set of linearly independent in-
variants of q linear forms on m oariables is given by (32) for h < q,
(38) for h ^ q, and unity.

11. Instead of introducing the new invariants E, we may make use
of products of the invariants A, of single forms (§ 2). In place of (33),
we use

(34) /,,.. .,„

For the class Co the characteristic invariant is

(35) AxA%...An.

For q ^ m, there are as many invariants (30), (82), (84), (35) as classes
under Gv Suppose there is a linear (homogeneous) relation between these
invariants. For the class £?,... ,-„, the D's and F's vanish, while

Ar] = 0, ..., Arh = 0, Ai = 1 (*=£?'!, ..., i^rk).

Taking h = m—1, we see that the only non-vanishing invariant of the
set (34), (35) is Jn... i-m.,, whose coefficient in the relation therefore
vanishes. We take in turn the various sets of m—\ subscripts /•. Pro-
ceeding similarly with h = m—2, ..., h = 1, we conclude that no
invariant (84) occurs in the relations. Taking every k = 0, we see that
the coefficient of Ax ... Aq vanishes. The relation now involves only
the D's and F's ; but these were shown in § 9 to be linearly independent.

For q <.m, we replace Ei...,, of § 10 by unity, which takes the place
of (34) for h = q. For the independence proof we employ in succession
the classes -B^...^ for h = q, q — l, ..., 1 and Go. The case h = q shows
that the relation lacks the invariant unity.

THEOREM.—A complete set of linearly independent invariants of q
linear forms on m variables is given by (80), (32), (84), (85) if q ^ m;
and by (32), (34), (35) and unity if q < m , viz., by (32) and the 27 pro-
ducts A\* ... A^ {each a = 0 or 1).

12. It now follows that the invariant E of h forms on m variables,
m > h, is expressible in terms of the A's and F's. Since E is the
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characteristic invariant for the class containing xlt ..., x-a, formula (14)
gives

(36) Etj = (l-Add-Aj) - Vtj,

while, by § 2, Ei= l—Ai. A comparison of (36) with (9) reveals a
fact which is true for any h. If, in the expression for Er, ,, in terms
of the invariants A and V of h forms on m > k variables, we replace E
by -Dr> r.» we obtain a true relation between the invariants of h forms
on h variables, where D is the determinant of the latter forms. The
converse is true if we employ the non-homogeneous linear relation
D*-{-... = 1 which hold between the invariants of § 11 for h forms in
h variables. Such a relation exists, since the sum of the characteristic
invariants is unity (§ 1) and since the sum of those for the classes
xv ..., Xh-i, dxh (d taking all values =£ 0) is DM (§ 4). This relation not
not only gives at once the desired expression for E, but is of considerable
importance in the general theory. We shall derive it by certain devices
for h = 3 and h = 4.

13. For three forms in m ~>. 3 variables, we have

X,

X,

xx

0

X,

0

0

0

x2

z2

exi

X,

/ * !

X,

0

0

6x3

ex, + dx2

x2

x2

QX\

hxx

X,

0

vm

0

c

0

0

0

0

0

0

V^

0

d

0

0

0

0

0

0

0

-cd»-x

e

0

0

0

0

0

^ 2

0

0

e

0

/

0

0

0

Vy,

0

c(l-d")

0

0

0
0

0

0

v.

0

d(l-c')

0

0

or1

h

0

0

0

0

0

1

0

1

1

1—
1

Ac

0

0

1-e"

0

1-/"

0

1

1

A,

0

(l-O(i-d-)
0

0

1 - 3 '
1-h"

0
1

In the first type, 6 = 1 if m > 3 ; while, if ni = 3, b may have
any value =£ 0. The remaining parameters c, ..., h are arbitrary in the
field. By § 11 a complete set of linearly independent invariants is given,
for m > 3, by A"1 A?AT (each a = 0 or 1), the powers of VVM and lr.,,(.
the products of the powers of F123 and V.m, and those for VV1 and I "l:j,
the exponents being ^ /*. For vi = 3, unity is to be deleted and the
powers of the determinant D = D123 inserted.

Invariant E12, defined by (36), equals 1 for the first two types and
0 for the other types. Hence AaEl2 is the characteristic invariant for
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the class xlt x2, 0. To obtain its expression as a linear function of the
above invariants, we need A§Vn. Now

(37) Vv&-VmVm = Vi{l-Aa

since each member vanishes except for the third type and equals &1 for
the latter.. Hence

(38) A3En = AB{1-AJ{1

For m = 3, En—Dk equals 1 for the second type, 0 for the other
types. Hence the characteristic invariant for xu x2, 0 is given by

(39) E12-D*+ (1 - FT«)(1 - 2̂13) - 1 -

Inserting the value (86) of En and equating the result to (88), we obtain
the desired non-homogeneous linear relation between our invariants for
m = 8 :

(40) D* =
The right member is thus the expression for the invariant Em of three
forms in m variables for m > 3.

We note in passing that it is not difficult to exhibit the characteristic
invariant JCi d of the general class Ac> d of the second type. As in § 4, we
employ

(41) KC = - J x c~k Vk
l2S, Xd = - 2x d~k V"m.

If c =fc 0, KC=1 for ACtd, 0 for Ay>&, for every d, y, 8, yifcc. If
d =£ 0, \d = 1 for Ac> d, 0 for Ay, 8, for every c, y, S, S =f= d. Hence

(42) ICtd = Kc\d (cd={=0), Jc,o = *c(l-Fn8) (c =t 0),

Jo.d = Xdd - FTas) (d =^ 0), Jo, o in (88) or (89).

As a check, the sum of these p'2n characteristic invariants was verified to
be El2-D» by means of Zc^d'1 = (Lc'^CLd'1) = 1 if K = t = M,
otherwise = 0, where the sums range over all elements c =£ 0, d -4=- 0.

14. For 4 forms in 4 variables, we obtain two determinations of the
characteristic invariant I for the class xx> x& xa, 0. As in (39),

(43) I = £ 1 3 3 - I > + (1 - FT234)(1 - KIM)(1 ~ Km) - 1 ,

where Em is the right member of (40). Again, I = A±Em- As in (87),

(44) K243-K234>tm = K 2 3 ( l - ^ - y ^ - F £ H + K 2 4 y £ l 4 ) .

Hence AA Vm is expressed linearly in terms of our system of invariants
(§11). Interchanging subscripts 1, 2 or 2, 3, we get Ai F213, ^ "Fm.
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Multiplying (44) by F218 and applying

^213 ^3124 ~ 0 , F213 Fi243 = ^1243 ^2143 ~ M1234 F2l34 ^3124,

we obtain ^ F m ^ i n s linearly in terms of the system. It remains to find
A^VxiV^^. Interchanging 3 and 4 in (37), we have

AA 7T. = K « - K2 n + W, W= FT24 P t u - V»u2.

To find V*tsW, we note that Fi3 TF+F?42 FH3 vanishes for every class
except that containing xlt x2, ax^bx^, cxx-]-dx^; and for it has the value
e^dW, where A = be—ad. But

P == 7213 F124 — F123 F214

vanishes except for the same class, and for it has the value A. Thus

To P* we apply (5). By additions we obtain A4Em expressed linearly in
the system. Comparing the result with (43), we obtain

(45) D'J- = (l-A1)(l-A^a-Aa)a-Ai)

F3V24+ F

- K 4 2 FT43+ FT32

the terms in any parenthesis being related under the classification in § 9.
The second member of (45) defines Eim for m > 4 variables.

15. In addition to the general method in § 8 of constructing the
invariants V, a second method was employed in § 3 for the case of two
forms. As the latter method, apart from details, is that commonly used
in the algebraic theory, it will prove interesting to give the results obtained
similarly for three forms. In (2) we replace #*„ by a,iV—/ca,u—Xaku and,
in view of (3), express the result in the form

which, for X = 0, reduces to (4). We obtain the value of Trs for each
canonical set of the three forms (§ 13). Most of the cases may be treated
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by inspection. But for the second type

n = [i-(i-

= [ JS c'X'] [V X"-l + JS (-l)V(d\y~r~\ (modi?),

by (5). For the fourth type

n = i~a-fK-gxr = - i {fK+g\)
1

I— 1

= - 2 ( r | s ) fg'M (r, s = 0, 1, ..., m ; r + s = 1 /*).

We find that Trs = 0 for types 1, 4, 7, 8 ; ( - l ) r c r + s ^ - r for 2 ;

er (s = fx), 0 (s < /x) for type 8 ; - ( r | s ) / y {r+s < M), 0 (r+s > M)

for 5 ; (—l)s-1^s (r-\-s = /x or r = ,<? = /J), otherwise 0 for type 6. Hence
T^ = Vyk, Tip = Vikj. Permuting the forms U and ljt we see that the
new function T^ is Vjik. Conversely, each Trs may easily be expressed
in terms of the F's and ^4's. As a complete set of linearly independent
invariants we may take

(46) TrS, K V*> V]k l M j ^ ^ ^

(r, s = 1, ..., M; «'s = 0, 1),

if m > 8 ; the same with unity deleted and Dr inserted, if m = 8.
The only non-homogeneous linear relation between the invariants for
m = 3 is

(47) DM-ZW+ V% = (l-Ada-AjHl-Au).


