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On some General Olasses of Multiple Definite Integrals.
By E. B. Eruiorr, B.A., Queen’s College, Oxford.

[Read Jﬁnuary 11th, 1877.]

1. The methods of my former paper may be employed as follows to
obtain some more general theorems including those before found as
particular cases.

Let S (p, g) be any symmetric function of p and g which does not
become infinite for any positive values of p and g, or when either or
both of them is zero or infinite. Then, using the fact that

r (am); (“Iz)dz = log%{tp (0)—¢ (0)},

the double integral, in which a and b, a’ and b are positive constants,

,’: J‘: S (az, by);yS (a'z, b'y) dody
=[Sl =S e ) oy,
+r I: S (az, b'y);z-IS (a'z, b'y) dady

= log—:}rs(‘w’ w);S(am, 9 4z

+logi, [ S (0, ¥y)—8 (0, ¥y) dy,
a ], y

which if log Z’, +log g =0, e, if ab = a'l’, may be written

—log & { r S (az, O)—;S (t2,0) 5.

_r 8 (az, w)-;s(b'm, ®) d,}

[]

1]

= log % log 2 {8 (0, 0)=8 (0, 0)=5 (e, 0)+5 (0, )}
= —log % log £ {8 (@, 0) =28 (®, 0)+8(0, O)}......(1).
In preciscly the same way, or by transformation, if 8’ (p, ¢) be a sym-

metric function not made infinite by any vanishing or ncgative, finite
or infinite, values of p and ¢,
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0 4 — ’ ’ 4
j ° 8 (a2, by)—F (as, bﬂ)dzdy

-an -0 zy

= —log%log—:—{S' 0,0)-28(0, —0)+8' (—®, —®)} ... (2),

a,b, &, b being positive constants connected by the same relation
ab=a’?.

In the same way each of the theorems proved below has a precisely
corresponding one with regard to integrals between negative limits.
These will be omitted for brevity, as they are easily written down.

Other general theorems may be obtained as in my former paper by
the substitution of ¢, ¢, &c., for 2, y, &c., and again by the sabstitation
of log z, log y, &c., for x, y, &c.

2. Again S (p, g, r) being any such symmetric fanction of p, ¢, r 88 not
to be made infinite by any vanishing or positive values of its arguments,
and a, b, ¢, &', ¥, ¢’ being positive constants ; then, introducing a seventh
positive constant 3, the triple integral

r r j”s (az, by, oz) S (a'z, by, "szdjdz

J‘ J-' S(am, bu. 2) =8 (a2, By, ¢2) 3, 4y 45

zyz
.{ [ I S (a0, By, ¢2) =8 (a0, ¥4, €%) gy 4y g,
o o ° TYyz
=—log2log 2 ]’S(fw,w ,®)—28 (a2, ©,0)+8 (a2,0,0) ;.
B 0 P
—10g—-log b’J’ 8 (w,®, ¢2)— 2S(cx; Ocz)-}-S(OOcz)d

by (1), pmwded tha.t be= ﬁc’ and aff =a'¥’. If the additional condition
holds, log log % + log — 3 log% = 0, this may be written

log—logb {]’ S(a’l‘!m m)ﬁS(C%,m m)d.n
- [ S(az,©,0)— S(c’x,oo,O)dz+rS(aaz,0,0)—S(c’z,0'o)dz}
° [}

[ @

log—log log {S(w,®,0)~S (0, ®,0)
—2[S(co ®,0)—S8 (0,©,0)]+8 (»,0,0)—S(0,0,0)}
log—lob—lo -{S(oo,co,oo)—SS(oo,oo,O)
+38 (co,0,0)—-Sg0,0, 0} iiriieriirrreiieniinees (3).
L
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Collected, the conditions in the twelve constants for the truth of this
may be written as the seven

ab=cd=e¢f =o't =cd =df,

log—:—,log%‘,- +log-£,—log—;; + log-:—,log?e,- =0,

. @ a a a a a a b ¢, d e

_.__1___+_1.___1_1__1Z

log a,log v log 7 og d,lOg e log 7 log 7 og f,log 7 og 7 og F og I
= 0.

[Apprrion.—The factors in the above results may be reduced to a
very convenient symmetric form, suggested in a note on my former
paper, for which I have to thank Professor Cayley.

Taking the factor log —Z’}-log %log—%...log—g,‘- of tﬁe general
1 3 3 "
formula in Art. 5, write a,, a;, &c., for logay, log @), &. The factor
becomes (a,—a}) (ay—ay) ...... (ay—a;),

which, by the symmetry of the integral in the two sets of constants,
maust be capable of reduction to either of the other 22—1 forms,

(a3 —ay) (a;—a3) ..o (@3—ay),

(@) (30— 5) eerr. (na),
—(ay—ay) (a; —ay) ...... (a}—a,),
—(ay—a;) (a,—ay) ...... (an—a,).

Denote by A the common value of these products.
Now let f(z) denote (z—a;) (z~ay) ... (z—a},),
and o) (z—a) (z—a;) ... (2—a,).

Then every root of ¢ (z) =0 inserted in f(z) gives it the value A,
and every root of f(z) = 0 inserted in ¢ (2) gives it the value —A.
From this it follows that

f(@) =A+¢(z) for all values of 2.
Therefore, in particular, A = f(0)—¢ (0)

=(-1)"{a\da} ... ay — a; 5 ... a,}.

Thus the values in Arts. 1—5 are all included in the form which may
be symbolized by

{log a, log a, ... log a, — log a; log a; ... log a,} S (0 —0)",

The same form of factor applies also in the results of Arts. 6—8.]



