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Electrical Vibrations and Constitution of the Atom. 117 

The full line curves Q and P show the stress at the bottom 
and t9p ends of the rope respectively. ]'he height OP 
represents 36,000 lb. per sq. inch. The dotted curve P 
shows what both of those would be according to the approxi- 
mate solution. In all cases gravitational forces are neglected. 

As was to be expected, the approximate solution is quite 
different from the other when the rope is long, and seems to 
agree with the other better and better as the rope is shorter. 
Also it is evident that if internal friction in the rope or any 
other cause is likely to destroy the discontinuities which we 
observe at the times of refl,,xion, then the approximate solution 
is probably more correct than the other. 

VII.  On t~'lectrical Vibrations and the Constitution of the Atom. 
BZ/ Lord RAYLEIGn, O.M., F.R.S.* 

I N illustration of the view, suggested by Lord Kelvbb 
that an atom may be represented by a number of nega- 

tive electrons , or negatively charged corpuscles, enclosed 
in a sphere of uniform positive electrification, Pro/" J.  J.  
Thomson has given some valuable caleulations t of the 
stability of a ring of such electrons, uniformly spaced, and 
either at rest or revolving about a central axis. The c o l  
puscles are supposed to repel one another accordino" to the 
law of inverse square of distance and to be endowed with 
inertia, which may, however, be the inertia of sether in the 
immediate neighbourhood of each corpuscle. The effect pf 
the sphere of positive electrification is merely to prodt~ce a 
field of force directly as the distance from the centre of the 
sphere. The artificiality of this hypothe,is is partly justified 
by the necessity, in order to meet the facts, of introducing 
from the beginuing some essential difference, other than of 
mere sign, between positive and negative. 

Some of the most interesting of Prof. Thomson's results 
depend essentially upon the finiteness of the nmnber ot~ 
electrons; but since the experimental evidence requires 
that in any ease the number should be very large, I have 
thought i t  worth while to consider-what becomes of the 
theory when the number is infinite. The cloud of electrons 
may then be assimilated to a fluid whose properties, ho~vever, 
musi differ in many respects from ~hose with ~hich .we are 
most familiar. We suppose that the ~hole quantities of 
positive and negative are equal. The difference between 

* Communicatt~d by ~ke Author. 
"i" phil. Mag. vii. p. 237 (19Or). 
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118 Lord I/ayleigh on Elects'teal Vibratl,ms 

them is that the positive is con,-trMned to remain undis- 
plaeed~ while the negative is free to move. In equilibrimn 
~ho negative distributes itself with uniformity throughout 
the sphere occupied by the positive, so that the total density 
is everywhere zero. There is then no force at any point ; 
but if the negative be displaced, a force is usually called into 
existence. We may denote the density of the negative at 
any time and place by p, that of the positive and of the 
negative, when in equifibrimn, heing p~. The repulsion 
between two elements of negative w I V ,  p 'dV '  at distance r is 
denoted by 

,,/.r-'2. p d V . p ' d V  ' . . . . .  (1). 

The negative fluid is supposed to move without circulation, 
so that a velocity-potential ((~) exists ; and the first qnestion 
which presents itself, is as to whether there is " condensation." 
I f  this be denoted by s, the equation of continuity is, as 
usual ~ 

ds 
+ V"4,=O . . . . . .  (2). 

Again, since there is no outshmding pressure to be taken 
into account, the dyn'mlical equation assvmes the tbrm 

d 6 _  - ~ - R  . . . . . . .  (3), 

where R is the potential of the attractive and repuMve forces. 
Eliminating ~b, ~ e get 

a28 
h-i~ = -  V ~ R  . . . . . .  N ) .  

In equilibrium t /  is zero, and the actual value depends 
upon the displacements, which are supl,osed to be small. By 
Poisson's ibrmula 

V~'R=4~r,ypos . . . . . .  (5), 
so that 

d2s 
at--~2 + 4~rTpos = 0 . . . . . .  (6). 

This applies to the interior of the sphere ; and it appears 
that any departure from a uniform distribution brings into 
play forces giving stability, and further that the limes of 
osciJlation are the same ~hatever be the character of the 

* ' Tt:eory of Sound,' w 24~. 
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aml  l]~e Const;tulion o f  tile A tom .  1 19 

~tlsturbance. It is worthy of note that the constant ('YP0) of 
itself determines a time. 

In considering the significance of the vibrations expressed 
by (6), we must remember that when s is unitbrm no external 
forces having a potential are capable of disturbing the 
uniformity. 

We now pass on to vibrations net involving a variable s, 
that is of such a kind ~ha~ the fluid behaves as if in- 
compressible. An irrotatioual displacement now requires 
that some of the negative fluid should traverse the surface of 
the positive sphere (a). In the interior ~7:R--0. 

To represent simple vibrations we supp~)se that ~b, &e. are 
proportional to e~p t. By (3) V ~ b = 0 ;  and we take (at any 
rate for trial) 

4 = ~ ' ~ , , . , s  . . . . . . . . .  (7), 

where S,  is a spherical surface harmonic of the nth order. 
The velocity across the surface of the sphere at r = a  is 

d $ / d r  = n a " - '  e ~et S ,  ; 

and thus the quanfity of fluid which has passed the element 
of area de  at time t is 

('d~ dr. , ~  = P~ a'-~ e'~' S,  de  (8). 

The next step is to form the expression for R, the potential 
.of all the ~orces. In equilibrium the positive and negative 
densities everywhere neutralize one am)ther, and thus in the 
displaced condition R ,nay be regarded as due to the surface 
distriF, udon (8). By  a well-known theorem in Attractions 
we have 

4 7r ~/ po n r,~ . t 
R =  -- ip(2, t  + 1) . . . . .  (9). 

But  by (3) this is equal (o dc~/dt, or ipe~Ptr"S,,. The 
recovery of r ' S ,  proves that the form assumed is correct ; 
and we find further ~hat 

i~:_ 47rTpo .n (10) 
2 a +  t 

This formula for t~he frequencies of vibration giy.es rise !o 
two remarks. The frequency.: depe, ds upon the density Re, 
but  not upon the radius (a) of the sphere. Again, a sh  in- 
crea~es, the pitch rises indeed, but approaches a finite limi~ 
given by f '=27rs 'po.  The approach to a finite limit as we 
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120 Lord Rayleigh on .Electrical  l~qbratio~s 

advance along the series is characteristic of the series of 
spectrum-lines found for hydrogen and the alkali metals, 
hut  in other respects the analogy fails. I t  i sp  2, rather than p., 
which is simply expressed ; and if we ignore this consl- 
dera~ion and take the square root, supposing n large, we find 

p ~: 1 - 1/2n,  

whereas according to observation n 2 should replace n. Further,  
it is to be remarked that we have found only one series of 
frequencies. The different kinds of harmonics which are all 
of one order n do not give rise to different frequencies. Pro-  
bably the simplicity of this result would be departed fi-om if 
t, he number of electrons was treated merely as great but not 
infinite. 

The principles which have led us to (10) seem to have 
affinity rather with the older views as to the behaviour of 
electricity upon a conductor than with those which we 
associate with the name of Maxwell. I t  is true that the 
vibrations above considered would be subject to dissipation in 
consequence of radiation, and that this dissipation would be 
very  rapid, at any rate in the case of n equal to unity~. But  
this hardly explains the difference between the two views . 

The problem of the vibration of electricity upon a con- 
ducting sphere has been considered by Prof. Thomson t,  
but his solution does not appear to me to have the significance 
usually attributed to it. For  the vibration of order 1, the 
value ~ f p  (with the same meaning as above) is 

P = h -  -~ -  . . . . .  

But  the solution corresponding thereto is 

where X - - - p / V ,  V is the velocity of light, and a the radius 
of the sphere. Considering only the exponential factors, 
we have 

dpte'~---e-~(1+~3)(w-~)/~ . . . . (12), 

including the non-periodic factor e~ ~/~. Thus, although (12) 
diminishes exponentially witil the tim~ and represents a 

* In this case we should have to consider how the positive sphere is to 
be held at rest. 

t Proc. Lond. Math. Soc. xv. p. 197,1884 ; ' Recent Researches/w 312, 
1893. 
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and the Constitution of the Atom. 121 

motion in a sense divergent, the disturbance increases expo- 
nentially with ~;  and thus (12) cannot apply to a problem 
where the disturbance is supposed to originate in the neigh- 
bourhood of the sphere. 

The analysis of the electrical problem is necessarily rather 
elaborate, and in illustration it may be well to consider the 
analogous question for sound. For  the term of order zero, 
the velocity potential 40 of a divergent wave takes the form ~" 

4 0 =  S~ d~c~t-~) . . . . . .  (13), 
q, 

where a denotes the velocity of sound. In the usual theory 
the divergent vibration is supposed to be maintained by forces 
operative at r = 0  with a prescribed frequency. A t present 
we regard (13) as applicable to the space outside a certain 
sphere of radius c, whose surface remains at rest~ so that the 
case is that of Mr vibrating round a solid ball of radius c. 
The condition to be satisfied at r = c  is d~o/dr=O ; so that 

1 + ike = o . . . . . .  ( 1 4 ) ,  

and 4~- -  S~162176 �9 . . . .  (15). 
~o 

In like manner for the term of order unity we have 

r41=AcosOe-V~(l-t- ~--~r)eik"~ (16), 

and the surNee condition gives 

2 
ikc+ 2 +  ~ = 0  . . . . .  (17), 

~vhence 
ilcc= --1+_i . (I8).  

When r is great, (16) becomes accordingly 

A cos 
41- -  r e (-l~:/)(~t-')/~ . . . . (19). 

Both in (15) and (19) 4 diminishes exponentially with the 
time bu~ increases exponentially with the distance r. The 
case is not mended if we start with d ~(~+~). Instead of (15) 
we then find 

4 0 = S ~  . . . . ( 2 0 ) ,  
9 ~ 

increasing exponentially with r as before and now also with t. 
I t  does not appear that any solution exists of the kind 

o O  * ~ Theory of Sound,' w ,,_5. 
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12"2 Electrical Vibration,s a~d Constitution qf tlte Atom. 

sought, unless we introduce another reflecting surface. For 
the enclosed space thus defined, we find of course undissipated 
vibrations, and p becomes wholly real. 

In the calculat;on of frequencies given above for a cloud 
of electrons the undisturbed condition is one of equilibrium, 
and the frequencies of radiation are those of vibration about 
this condition of equilibrium. Almost every theory of this 
kind is open to the objection that I put forward some years 
a go*, viz. that p:, and notfl, is given in the first instance. I t  is 
difficult to explain on this basis the simple expressions found 
for p, and the const,qnt differences manifested in the tbrmul~e 
of Rydberg and of Kayser and Range. There are, of course, 
particular cases where the square root can be taken without 
complication, and Ritz? has derived a differential equation 
leading to a formula of this description and capable of being 
identified with that of Rydberg. Apart from the question 
whether it corresponds with anything mechanically possible, 
this theory has too artificial an appearance to inspire much 
confiden(~e. 

A partial escape from these difficulties might be found in 
regarding actual 'spectrum lines as due to di~erence tones 
arising from primaries of much higher pitch,--a suggestion 
already put forward in a somewhat different form by Julius. 

In recent years theories of atomic structure have found 
favour in which the electrons are regarded as describing 
orbits, probably with great rapidity, if  the electrons are 
sufficiently numerous, there may be an approach to steady 
motion. In-case of disturbance, oscillations about this steady 
motion may ensue, and these oscillations are regarded as the 
origin of luminous waves of the same frequency. But in view of 
the cfiscretd character of electrons such a motion can never 
be fully steady, and the system must tend to radiate even 
when undisturbed:~. In particular cases, such as some con- 
sidered by Prof. Thomson, the radiation in the undisturbed 
state may be very feeble. After disturbance oscillations 
about the normal motion will ensue, but it does not follow 
that the frequencies of these oseil!ations will be manifested 
in the spectrum of the radiation. The spectrum may rather 
be due to the upsetting of the balance by which before dis- 
turbance radiation was prevented, and the frequencies will 
cor, espond (with modification) rather to the original dis- 
tribution of electrons than to the oscillations. For example, 

* Phil. M~lg. xliv. p. 362, 1897; 'Scientific Payers,' iv. p. 245. 
"~ Drude, Ann. Bd. xii. p. 264, 1c03. 
!: Confer Larmor~ ' Matter and _~]~:tl~er.' 
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On tlte Constit~ltion of  zS~tttt~'~tl Radiatl,)n. 123 

if four equally spaced electrons revolve in a ring, the radiation 
is feeble and its frequency is four times that of revolution. 
I f  the disposition of equal spacing be disturbed, there must 
be a tendency to recovery and to oscillations about this dis- 
position. [[hese oscillations may be extremely slow; but 
nevertheless frequencies will enter into the radiation once, 
t~;ice, and thrice as grea~ as that of revolution, and with 
intensities which may be much greater than the original 
radiation of fourfold fr~,quency. 

An apparently formidable difficulty, empha~ised by Jeans, 
stands in the way of all theories of this character. How 
can the atom have the definiteness which the spectroscope 
demands ? It  would seem that variations must exist in (say) 
hydrogen atoms which would be fatal to the sharpness of the 
observed radiation; and indeed the gradual change of an 
atom is directly contemplated in view of the phenomena of 
radioactivity. It seems an absolute necessity that the large 
m:,jority of hydrogen atoms should be alike in a very high 
degree. Either the number undergoing change must be 
very small or else the changes must be sudden, so that at any 
time only a few de~iate from one or more definite conditions. 

It is possible, ho~vever, that the conditions of stability or 
of exemption from radiation may after all really demand this 
definiteness, notwithstanding that in the comparatively simple 
cases treated by Thomson the angular velocity is open to 
variation. According to *his view the frequencies observed 
in the spectrum may not be frequencies of disturbance or o~ 
oscillations in the ordinary sense at all~ but rather form an 
essential part of the original constitution of the atom as 
determiued by conditions of stability. 

Terling Place, Witham, Nov. 8. 

VIII .  On tl~e Constitution of ~Yatur~d Radiation. 
B~/Lord RAYLEIGH, 0.~[., -F.R.S. ~ 

T HE expression of Prof. Larmor's ,clews in his paper t 
On the Constitution of ~Tatural Radiation" is very 

welcome. Although it may be true that there has been no 
direct co~,tradiction, public and private communications have 
given me an uneasy feeling that our views are not who!ly 
in harmony; nor is this impression even now removed. It 
may conduce to a better understanding of some of these im- 
portant and difficult questions if without dogmatism [ 

* Communicated by the Author. 
t Phil. Meg. vol. x. p. 574 (1905). 
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