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On Vector Di]erentlals. 187 

sufficiently thin to allow the a rays to escape, must decrease 
~n weight. Such a decrease has been recently observed by 
Heydweiler ~ for radium, but apparently under such con- 
ditions that the a rays would be largely absorbed in the glass 
tube containing the active matter. 

In this connexion it is very important to decide whether 
the loss of weight observed by Heydweiler is due to a decrease 
of weight of the radium itself or to a decrease of weight of 
the glass envelope; for it is well known that radium rays 
produce rapid colourations throughout a glass tube, and it is 
possible that there may be a chemical change reaching to the 
surface of the glass which may account for the effects 
observed. 

McGill University, 
Montreal, Nov. 10, 1902. 

XVI.  On Vector Differentials. By FnANK LAUtiEN 
HITCHCOCK.--Second Paper t .  

1. ~ H E  calculus of Quaternions enables us to represent a 
. I _  vector, or directed quantity~ by a single symbol, 

and to work with it easily and compactly. We are not 
obliged to resolve into components, nor do we arbitrarily 
introduce any lines or planes of reference. 

One of the simplest vector, is that of a point in spac% re- 
presented by the symbol p. I f  we have a vector function of 
p continuously distributed throughout a portion of space, we 
may differentiate it : the result is a linear and vector function 
of dp, closely analogous, in a mathematical sense, to a homo- 
geneous strain. Any such strain is fully determined it' we 
know the roots of the strain-cubic, and the three directions 
which correspond to them. 

In an introductory paper on this subject (Phil. Mag. June 
1902, p. 576) i t  was shown that if ~ be a vector of unit- 
length normal to any family of surfaces, and if its differential 
be xdp, then one of the roots of the cubic in X is always 
z e l ' o ,  

The other two roots give directions tangent to the lines of 
curvature. For a line of curvature may be defined as one 
such that normals at contiguous points intersect, that is, such 
that the three vectors v, r+dv, and dp are coplanar; but 
because v is a unit-vector dv is at r]gh~ angles to 3,, and 
therefore parallel to dp. Accordingly (X--g)dp=O, g being 
a root of the strain-cubic. 

* Phys. Zeit. 1902. 
t Communicated by the Author. 
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188 Mr. F. L. Hitehccck on 

If  we take e a nnib-vector along this direction, and '7 
another unit-vector such that e~ = v, it is legitimate to write 

V v = vxv + exe + ~X~I ; 

the vector part of Vv is equal to the term vXV, a result of the 
paper referred to above; Vexa=O by the last paragraph; 
whence V~/~2/also vanishes and ~ gives the other root of the 
straln-cubic. 

2. To illustrate further these fundamental facts, take Dupin's 
theorem that " e a c h  member of one of three families of 
orthogonal surfaces cuts each member of each of the other 
families along its lines of curvature." 

Let the unit-normals be v v l, and vs. Then 

V v l  = = . v - v Vv- 2Xv . 

Operate by Svl, remembering that 

S v V v  = Svl V v l  = Sv~V v~ = 0; 

we thus have at once 
Svlxv2 = O, 

that is, XV~ is at right angles to vl. But XV~ is all'eady known 
to be at right tingles to v, and is theretbre parallel to v~. 
This proves the proposition. 

3. In order to study certain quantities related to the 
second differential of the vector v we may adopt the nota- 
tion 

and remembering that XV and VVv have the same tensor 
we may put 

X v = c k  ; VVv=cI~ .  

Thus X,/~, and v form a rectangular unit system. Differen- 
tiation with regard to these three directions may be repre- 

sented by d d and d dl '  din' dn respectively. Here X and g are 

not the same as the e and ~/ of Art. 1, except in certain 
cases, of which families of cylinders are among the simplest. 

The constituents of ~ may be arranged according to the 
following skeleton : - -  

~X = I'X + r/, + q'v / 

= ,.'x + Qj, i '  
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Vector Differentials. 189 

in which if we interchange p and p~, q and qr, r and r I, we 
shall chan~e @ into ~1. 

To .build up this function notice first ~hat the quantity c 
is ~he absolute curvature of the orthogonaI trajectories of the 
given surfaces. If ct be the tortuosity of these curves then 

d. 
=c,X  ; . . . . . . .  (1) 

cf. Tait's ' Quaternions,' w w 299, 300. 

dn 

dc da 

dc 
= CCIX, "k d-n I~' 

Hence 

. . . . . .  ( 2 )  

wlfich gives definite values for q and g,  and shows that R 
vanishes. Again 

dc = dTVUv 
=--Sw,~dp, by Tait, w 14:0 (1) 

= - S d p , ~ " m  
so that 

Vc=,k', 
dc de, 

= d ~ +  3 - ~ . + ~ ,  . . . . .  (3) 

giving values for Q and r. Next taks 

~clp =dV~Tv 

=d(vxO 
= - VXVZd p + Vvi)dp, say ; 

then by taking conjugates, 

~'dp= %'Vxvdp--~btVvd P, 

whence by putting v for dp and remembering that XI~Xr~, 

= c ~ , S ~ z ~  + r  . . . . . .  ( 4 )  

~ving values for p and ~/". 
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190 Mr. F. L. Hitchcock o~t 

Furthermore, because V~v is a vector, 

S U V U v = 0  

- s 0 , ~ ) ,  + g ~ g  + ,'~,') 
= - ( P + Q + R )  

dc 
= - ( t ' +  T,,, +o),  by (2) and (3), 

whence we have for the value of P, 

de 
1)-- ~ / -  

It  remains fo get an expression for r'. 

V V V v =  ( p - p ' ) x  + (q- q')~ + (r--~")v ; 

operate by Sv and put for r its value from (3), 

de 
S. v V ( e ~ ) = / -  d / '  

but by the ordinary expansion 

S .  vT(ct*)= cS~Vt*- ~/l;dC 

whence by equating values 
r '=eSrVt*. �9 . (7)  

To sum up results, 

dl  ~ + cvS XX~ 

dc ,~ 
" ~ I ~ = c S r V ~ . X  + d ~ , J ~ + c r ~ # x ~  , . (8) 

de 
~ v  = cc~X + ~n/x  

or more compactly 

de .p~zo = xsde{ e~  x-.s~v...- c.,v)-.s+v. + c , S # x , .  

The quantity r' may be expanded thus 

r' = c S v V ~  

= cS~V(-x~) 
= - cSv(~7~., v -  x~z~-  2X~ ) 
= ~ ( s v ~ -  ~) . . . . . . .  (9) 

. . . . . .  (5 )  

ldentic-ally we have 

(6) 
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Peetor D~'eren6ats. 19I 

4. Quantities such as S~77~ involve operating on v b y  beth 
x7 and d. These operators are not always commutative. In 
fact if P b~ an)" scalar, and ~ and r any vectors, whose dif- 
ferentials we may eM1 qMp and Odp, we shall havo 

V S r V P = S r ~ ' .  V P - 0 ' V P ,  by (5) of the first paper, 

= S r V .  V P  + iSOiVP +jSOjVP + kSOkVP, 

and this extended to a vector by the usual molhod gives 

v ~ ,  = - s , v .  V ~  + ieeoi +jq, oj + ~q,o~. (m) 

equation may be obtained in a quite different way. This 
Wri te  

d,~r = d e .  r + e d r ,  

where dqb . r indicates the result of differentiating (br as if r 
were a constant vector. With this understaudil~g 

= s ~ v .  s d o v .  ~ + q, Odp, 

provided we do not substitute for clp any but eol~sian~ 
vectors. I f  now we call the two terms on the right 4)ldp alld 
dp~d p, we shall obtain from each a part of Vq~r. The first 
term gives 

q l = i S r V .  S i V .  cr+jSrV.  S j V .  ~ + k S r V .  S k V .  

= S r V .  ( iSiV.  ~ + j S j V .  r + k S k g .  ,~) 

= - S r V .  V~,  

and the second term gives 

q~ = iq~Oi + ffpOj + k~bOk, 

leading to the same result as before. 
5. From (10), by putting v for r and X for r 

VX v = d Vv + xx~k + i~Xe ~ + vx~v" (11) 

Here  the first term on the r~ght is the same as ~,v-- dn ; and 
because for any direction at right angles to r 

x2--m~g+ml=O, . . . . .  ( t2 )  
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1.q2 Mr. F. L. Hitcl,cock on 

it follows that 

Xx~X + ~X~g= X(m2x-m~)X + g(m~ ,ml )g  
= 2ml + m~(XX~ +/~Xg) 
= 2.71 + m2S(XxX + gX~ t + vXr ) 

the last term of (11) may be written evXX ; therefor~ 

VVXv=~v+cvXX } 

SVXV = 2'mi-- n,~ ~ -  d-n-,, 

SVXv may also be expanded thus 

SVx~= SV(e,x) 
de 

= c S V ) t -  j [ ,  

which by comparison gives 

1 . din. de,~ (13) 
S ~ X =  e (2m.1 -m~ 'z- ~ + d-l)' 

and so from (9) 
de _c2. (14) rl _ 2m I _ r n ~ _  ~ 2  + d-1 

6. Because dot*) = dc. ~ + edg and/~ is a unit.-veetor, it is 
clear we may write the value of dg by inspection of (8), 
dropping the component along g and dividing the rest by c. 
This gives 

dUV~Tt,=XSdp(~ ~x--Sv~l~.t~--cd,)+vSdpxp~. (15) 

The differentials of X r and UXV , that is of cX and X, are 
easily expressed in terms of ~r and X, For 

dX~ = d ( v v ~ .  0 = cV~,x~o- v,,,#,O; 
the first term on the right is the same as ct, S?txd p and the 
last term is the same as --XSdp~'l~+lxSdp'~ ~x : therefore 

dXv = - xS@Vc § t, Sdo4,'~ + c,'SxX@. (16) 

For dUxv we have only to drop the component of dxr along 
X, and divide the rest by c. This gives 

dUx, = 1 ~S@,FX + ,S~Oxg,. (17) 
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Vector Di~'ere nt ials , 193 

7. As an application of some of these expressions, let us 
examine tile criterion that the state of affairs contemplated 
in Dupin's theorem may exist: in other words, find the 
differential equation which must be satisfied by the unit- 
normal to a family of surfaces in order that there may be 
two other orthogonal f'unities. 

One form of the condition is that Sere  and SyVv shall 
both vanish, e and V having the same meaning as in Art. 1. 
Furthermore, 

V e = V ( w )  

= V v .  v - v V v -  2X~, 

and by operating with Se we obtain for all families of 
SII rfa(~(~s 

Hence, if the condition just  mentioned is fulfilled, 

SeV~ + S , ~ V v = 0  . . . . . .  ( tu . )  

It is here not essential that e and V shall be of constant 
length. We may, therefore, pat for them any other vectors 
to which they are respectively parallel. If g and g' be the 
roots o[ the quadratic equation 

X ~ --  m~ X + m t :  O, 

so that (Z--g)e=O and O~--gO~/=O, and if we operate on 
any vector at right angles to v with Z--g" and with x - - g ,  
the two results will be parallel, in order, to e and to ~/. 
Choosing as a convenient operand the unit-vector ~, that is 
UVVv, we shall have 

s ( x - ~ ' ) ~ V ( x - J ) g + S ( x - j ) ~ V ( z - J ) ~ = o , .  ( t ~ )  

and by expanding and rearranging 

s (2 x -  .,:) ~,Vxp + s ( , ,@-  2m~ - ' ,~x)~V~ - Spx.V,,~.  = O. (19c) 
From (10), bv writil~g X fbr ~ and/~ for T and dl.~=Or 

V X ~ =  ~Vr 4- hxO~,k + t~xO~t~ + vxOt, v. 

The form of' (19c)shows that we are concernc, d only with 
that part of VVxtt  lyiqg in the tangent plane. The vector 

part of da{ Vg is ~/~ ; the terms XX0~X and ~X0g/~ have no 
] 

_Phil. Mag. S. 6. Vol. 5. No. 26. Feb. 1903. O 
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194 Mr. F. L. Hitchcock on 

tangential component ; the term vXOt~v equals clvzk, by (1) 
or by (15). Thus the first term of (19c) becomes 

multiplying, and noticing that tev=X while SuXXX/a=--mi, 

S ('2 x - m~)~,q,~-- "2 c~m, -- c,moSX X x 

is the product. We next obtain from (15) 
r / 

V~, = xSt, xi~ + f, (c~-  SXx/~) - ,  ~-, (-20) 

and here again we are not concerned with the normal com- 
ponent. Thus the second term of (19e) equals 

~-- ~ (31917~2 c2 "1- 9 ? Z 2 ? S ~ X / ~  "l- 2Cl ra l  - -  2 1 n l S k X / ~  - -  c i m : S / ~ X / ~ .  

The third term of (19c) is the same as ~-n  bkX/Z. Collecting 

results and noticing" that S (XX;~ +#X/~) = --m:, we find that 
all the terms containing cl cancel out, and the result is 

t dm~ 0 (19d) 

which by ( l la)  may be written 

Again, because of the identity 

( , k - q / ) ~ =  V(VVVu)~ 

we shall have the following expansions : - -  

s (~x - m ~ ) ~ , ~  = S ( 2 x ~ -  ~ ) ( q , ' ~ - ~ V v v ~ )  
= S (2 X -  m~) ~q~'~ + 28~x~VVVv 
= 8(29/ -  m2)~,k'~ + ~SXx~zSvVVVv 
= s (2 x -  m~)~,k'~ + 28xXr (SVxv + V~ Vv), 

and by using this result in (19e), 

s(~x-,,,~)M/~+sxx~(svx,,-~ ~V~)=0. (l~/) 

Finally, by adding (19e) and (19f) 

s~(,k + #') ( ~ x - ~ ) ~  + 2Skx~V'V~ = o, ( l ~ )  

where the only operation invoMng the second differential 
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Vector ]giff erentlals. 195 

of the unit-normal is the pure strain 4F+~bJ. Thus the 
equation is of the first order with regard to V~Tv. 

8. In the paper referred to in Art. 1 it was proved that if 
P be a scalar such that V~P-- - 0 the unit-normal to the equi- 
potential surfaces satisfies the equation 

VV(V~. ,,) =0 ,  . . . . .  (21) 

of which various expansions were given. I f  v be given 
satisfying this condition P is determined by the equation 

log TVP =V-~(V~.  v), (22) 

of which the solution is very direct and obvious. We may 
thus write, as a set of equations defining orthogonal isothermal 
surfi~ces 

SvVv=O l SIz(~'t'~')(2x--me)I~+2SXxI~VeVv=O . (23) 
VV(Vr. v)=0 
log TVP = V -1 (Vv. v) 

where the first two equations are to be satisfied by one unit- 
vector in order that there may be three orthogona! families 
of surfaces, the third equation must be satisfied by each of 
the three unit-normals in order that these surfaces may all 
be isotherms, and the last equation serves to determine the 
three potentials. Cf: w 336 of Tait's ' Quaternions.' 

9. In studying special cases we have evidently at our 
disposal a great variety of methods. Equations like (19) 
appear to be chiefly useful in general investigations. In 
testing whether any given family of surfaces satisfies the 
condition discussed in _Art. 7 it will usually be easier to find 
a vector corresponding to one of the non-vanishing roots of 
the strain-cubic, say parallel to 7, and operate on it with 
S.vV,--though indeed the nature of the surfaces may be such 
that (19g) takes a very simple form. As a brief example, 
let a family of rings be denoted by the scalar function 

P =T4(t S-lpdpp, 
where ,/= ix +j!/+ kz + a and Cp = -- (ix +jy). Then 

dT(/=--T-~q Spdp, 
so that by differentiating the given function, 

alP= --4T~q S-~pCp Spdp -- 2T4q S- ~pCp Sdpdpp, 
and because alP= -- Sdp~TP, 

VP = 4pT~q S-~pdpp + 2r S-~pCp. 
O 2  
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196 Mr. F. L. Hitchcock on 

Then by taking a unit along ~TP, 

~.= U V P  = (2pSp~p + dppT~q) (T~q Sp~bp -- 4a~S~'pdpp) - }, 

T2~p being here the same as Sp~ba. In differentiating again 
it will be well to put, for brevity, T ~ q = t  ~ and Spcbp=s  ~, so 
that we have T ~ p = t ~ - - a  ~. The result is 

dv = x d p  = { dp( 2#  s* --8a~ s ~) + 4s*t ~ S p d p  q- CpSdp~bp( 8a"- s"-t ~ - -  t 6 ) 

+ ~bdp (s:t ~ -  4a'~s't ~ + 2s~t4pSdpt~p + 8a~s4~pSpdp } {s~P . -  4a'-'s ~ } -~.  

This linear and vector function contains six vector terms, of 
which all but the last two are self-coniugate , and therefore 
contribute nothing toward VVv. The last two terms give 

v v , ,  = ( 2 , ' ~ t  ' - 8 a - ~ , ' ) V M ,  p ( ,~ t  ~ - 4 , ~ . ,  ' )  - 

--__ 2 V p~p(  s~'t *- .4aa s ~ ) - �89 

I f  this last expression be substituted for dp in xdp above, all 
the terms vanish except the first and the fourth, giving 

x v v ,  = (4 ,~vp/ ,e  + -2t~i,v pr  (~t  ~ - 4~c~ ") - ~. 

But bv an elementary transformation (Kelland and Tait's 
' Introduction to Quaternions,' p. 190, r) ,  since ~b is self- 
conjugate, we have 

~ v p 6 p =  - 2 V p C p - V p ~ %  

and also ~.2p=--~bp, whence 

x V V v  = 2Vpd?p( 2s 2 - -  t'-') (s=t * - -  4a~s '-')-', 

which is a scalar multiple of V~Tv. Thus Vod?o is a vector 
parallel to y and 

S,~VVp~p = SOy--j*)V(~y--ix) = 2Sk (,.'~ -]~.) = O. 

It  is clear also that (19g) reduces to 

dc 
d-'-m = O, 

a general property of surfaces of revolution, provided the 
axis is the same for all members of the family. 

The following may be taken as further illustrations : - -  
1. I f  Say=0 ,  Ea differs from X~a by a normal vector. 
2. When applied to a vector in the tangent plane the 

operator X[; ,X{v(  )}~ or (xVv) ~ is equivalent to a scalar. 
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Vector .D(~'er ential s. 197 

3. If ~wo vectors at right angles to each other and to the 
normal be operated on with 21g--m2 they will" still be at 
right angles. 

4. If %e=ge and x ~ = g ~  then g = - S ~ V e  and 
g' = + SeVV. 

5. With the notation of Art. 4, it may be proved that 

- S ~ 7 . 4 T 1  = - S ~ V .  4T~ + 4 e ~ -  4 e : ~ .  

6. Putting a tbr St~xt~ and b for SXxtt , while dx)~-~4~dp~ 
we may establish these six results : 

(~) 4'r -x 'x~=x( .~-m~')  -. , .~x~-c~(~ + ,,~.) ; 
(b) 4~=--X'Xx+xid ~ c 0 dc 

- + ~ d , ~ - - c ~ Y ~ ;  

(c) 4'~(2 x -  ~)), = ~ q,~, + V,..(~ +,,5) -V.~;  

(d) SVXX=(c-  ~ i )~ . -  ~ (,,'-cD + b dc 

v { a  dc 
(e) VVXX=4/X- j2 dii~ +b?+c~) -c~vX~-c%; 

(f) d m~d~n =(ac + 2b i ~ - a  d', 3-1)c--m2ml-- (a + m,,)rl: 

fi'om which may be deduced the eighteen constituents of 
d)~X and dx~. 

7. If  v, vl, and u2 are unit-normals to three orthogonal 
families of surfa, ees, so that Xv~ =gvi and Xv2 =Jv~, with similar 
expressions for g,, g(  and g~, g2', dv may be expressed in 
terms of the three normals and the six g's (see Ex. 4). 

8. If Sp(~b+P)-~p=-- l ,  where 4 is self-conjugate with 
constant constituents, U ~ P  satisfies (21). Thence may be 
found the distribution of electricity on an ellipsoid by means 
of (22). (In diff(rentiating we may treat 4 + P like a scalar, 
that is 

d[ (4 + P)-~P] = (4+  P ) - ~ + - -  (~ + r ) - ' p d r ) .  

9. Of 4dp and 4'dp only one can be integrable. 
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