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1. Introduction.

In a paper printed in Vol. xxv of the Society's Proceedings, I have
discussed the groups defined by a congruence of the form

where p is prime, and a, /3, y, 5 are rational integral functions of the
roots of an irreducible congruence of the wth degree to the same prime
modulus.

This discussion was greatly facilitated by the fact that the groups
defined by a congruence of the same form in which the coefficients
are ordinary integers had been already exhaustively analysed.

Now the corresponding group in two non-homogeneous variables,
namely, the group defined by the congruences

ax+py+y >=a*+Py+r ( m o d } ,
ax+(3 y+y * a x+(i y+y

has not hitherto been the subject of any similar discussion. If the
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determinants of all the substitutions be unity, it is known to be a
simple group of order

l)' or

according as p is congruent to —1 or 1, mod 3 ; but beyond this
nothing is known of the type and number of the cyclical and other
sub-groups contained in it.

The present paper is intended, to some extent at least, to fill this
gap; and it is an almost necessary preliminary to the discussion,
which I hope to undertake later, of the similar groups in which the
coefficients are rational integral functions of the roots of an irreducible
congruence.

The last paragraph of the paper deals shortly with the two excep-
tional cases of p = 2 and p — 3. Passing over these, it is clear
that, since the number giving the order of the group in terms of p
depends on whether 3? is of the form 3m+1 or 3m—1, these two cases
require separate treatment.

The greater part of the paper is occupied with a detailed discussion
of the case in which p is of the form 3m — 1. On passing on to the
case in which j> is of the form 3m+1, it is found that, though the
results are different in form from those of the former case, they are
closely analogous to them, while the process of arriving at them is
practically the same in the two cases. I have, therefore, not thought
it necessary to repeat in detail all the' steps of the reasoning in this
second case, which would have considerably increased the length of
the paper, but have simply pointed out the necessary modifications
of the processes employed, and stated the results.

A limitation on the generality of the results, which is not
essential, and is more apparent than real, as the subjoined foot-
note will show, has been introduced, in the assumption that^p'+jp + l
in the one case, and £ (p*+p + l) in the other, is the product of not
more than two prime factors.*
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The results obtained may be summarized as follows.

Oase 1. JO = — 1 (mod 3).

The orders of the highest cyclical sub-groups aro p^+p+l, //J — 1,
jpa— p, p% and jp—1, and every substitution of the group occurs in
some cyclical sub-group whose order is one of those numbers.

The order and type of the sub-groups within which these cyclical
8ub-groups are contained self-conjugately is then determined. For
each cyclical sub-group of order p*+p + l, this is a group of order
3 (p'+jp-fl), and it is shown that every sub-group containing sub-
stitutions whose orders are equal to or factors of p8-f p + 1 must be
contained within a sub-group of order 3 (p*+p+l).

Finally, every sub-group which contains no substitutions whose
order is equal to or a factor of p% +jp-f-1 is shown to bo contained
either within one of two sub-groups whose orders &vepi(p + l)(p— I)8

or within a sub-group of order 6 (jp—l)s." The first two of these
thi-ee general types ai'e both isomorphous with the general linear
homogeneous group in two variables, while the third is isomorphous
with the permutation-group of three symbols.- In this third case,
tho form of the sub-group is limited to a few easily recognised types,
and in the two former the problem of determining all possible types
is not essentially distinct from the corresponding pi'oblem for the
general linear group in two homogeneous variables.

Oase 2. y = l (mod 3).
The orders of the highest cyclical sub-groups are \(p%+p+l),

£(p8—1), i(p9— p), p, p—l, and $(p—l), and every substitution
of the group ocours in some cyclical sub-group whoso order is one of
these numbei'S.

The other results in this case ai*e exactly the same as in the former
case if the orders of all the sub-groups there montioned bo divided
by 3.

In the first case, the non-homogeneous group is holohodrically
isomorphous with the homogeneous group given by

x —. ux +fiy -f yz

y' = u'x+(¥y +y'z

z = tx'x + ft"y + y"z .

:and advantage is taken of this to avoid ohtirely working with the
non-homogeneous form. To give completeness to tho paper I have
ventured to doal at length with the reduction of a homogeneous Bub-
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stitution in three variables to its canonical form, although this
problem has been completoly treated for the general case of
n variables by M. 0. Joi'dan, in his Traite des Substitutions. It
would, in fact, be at least as lengthy to quote M. Jordan's general
results and apply thorn to the particular case of n = 3, as it is to
obtain the results for the particular case ah initio. The group which
is the subject of investigation is referred to sometimes as the main
group, and sometimes as the group 0.

2. On the Representation of 0 as a Permutation Q-roup.
Consider the p8—1 quantities Ax + By + Gz formed by giving

A, B, 0 any integral values from 0 to p—1, with the exception of
simultaneous zero values. They may bo arranged inp^+p + l sets of
p~l each, according to the following scheme

nx, » ('</ + hx), n (z + ky + h'x),

» = 1 , 2, ...p-l\ fc, fc' = 0, 1, 2, ...p-l.

Now any substitution of the homogeneous group which changes
Ax + By+Gz into A'x+B'y + O'z also changes k(Ax+lly + 0z) into
k(A'x+B'y + 0'z). Hence, if one member of anyone of the above
pt+p+l sets is changed by the substitution into a member of a
second set, then all the members of the first are changed into the
various members of the second set. If, then, each set is regarded as
a single entity, and is represented by the symbol [Ax+By + Oz], the
group is isomorphous with a permutation group of the p%+p + l
symbols j ^

Jc, &' = 0, 1,2, . . . p - 1 .

Now from the enumeration of all possible types of substitution given
in the succeeding section, it follows that no substitution can keep-
more thanp+2 of these symbols unchanged, this maximum number
occurring in the case of substitutions of the typo

a;'=='«ai, y = ay, z ~ /3z,

which leaves unchanged the symbols

{as}, {y + fcc}, {*}, fc = 0, 1,2, . . . |>~l .

Hence the poi'mutation-gronp of the ^9+^i + l symbols is holo-
hodrically isomorphoutt, i.e., abstractly considered, identical with the-
group defined by the congruences.
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If now Ax+By + Oz, Alx-\-Bly^-Olz are any two linear functions,
one of which is not a multiple of the other, and if A'x+ffy + O'z,
A{x+B\y+O[z are any other pair satisfying the same condition, the
coefficients being, as is always supposed, unless otherwise stated, real
integers, it is easy to see that six other constants P, Q, B, P\ Q', B'
may be determined in a variety of ways, so that the congruences

A'x'+Bfy+C'z==Ax +By +0z,

A[x'+B[y'+O[z = Axx+Bxy+Ox*%

PV+Q'y +R'z = Px + Qy + Bz,

give, on solution for x', y, z, a substitution of determinant unity.
Hence the permutation-group is doubly-transitive, and therefore its
order must be (jp8 +p +1) (p% +p) m, where m is the order of the sub-
group obtained by keeping any two symbols unchanged. The type
of this sub-group may be obtained at once, for, if [y] and (2} are
the two unchanged symbols, two of the defining congruences of every
one of its substitutions must be of the form

y=Py, z' = yz.

The most general substitution satisfying this condition is

x = az+a'y + a"z, y' = /fy, z' = yz,

where afly s i ,

and conversely the totality of substitutions of this type form a group.

Now the congruence a/3y s 1

has (p— I)8 distinct solutions; for to a and /3 any values from 1 to
p—1 may be assigned, and then y is determinate; while a' and a"
may each have any value from 0 to p—1.

The number of distinct sets of defining congruences of the above
type is therefore p* QJ — l)a. If now the congruence

^ - 1 = 0

has no real solution except unity, that is p = — 1 (mod 3), each set
of defining congruences gives a different substitution, and the order
of the sub-group is p* (p — 1)2.

If, however, zi—1 s 0

has three different real roots, 1, e, e1, or if p = I (mod 3), the three
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sets of congruences

x' = ax + a'y + a"z, y = /%, z' = yz,

. x = eafc •+• ea'y + ea"z, y = */%> s' = eyz,

»' = e2aa; + €aa'2/ + e3a"2!, y = es/3y, a' = e'yz

give the same substitution, and the order of the sub-gi'oup ia

Hence, when p is an odd prime greater than 3, the order of the
main group is

according as p is of the form 3m — 1 or 3«i + l. When p is 2 or 3,
the order of the group is given by the former of these two expressions.
These two special cases are, however, exceptional, and will be con-
sidered later.

When the characteristic congruence, as defined in the next section,
is irreducible* no linear function of x, y, z with real coefficients is
altered into a multiple of itself; and when it is the product of a
linear factor and an irreducible quadratic factor there is one such
function. An inspection of the other types of substitution, which are
given explicitly in the next section, shows that in other cases
there may be 3, ̂ >-j-l or p + 2 linear functions which are changed into
multiples of themselves. The substitutions of the group, therefore,
when expressed as a doubly-transitive permutation group of p*+p + l
symbols, must either permute all the symbols or must keep 1, 3, p + l
pr p + 2 symbols unchanged.

CASE 1. ^ = — 1 (mod 3).

3. On the Typical Forms of the Substitutions of 0.

Let x' = ax +by +cz

y = a'x + h'y +c'z (mo

z = a"x + b"y -f c"z,

be any substitution 8, of determinant unity. Then

Ax' + By'
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Hence Ax+By+Oz is transformed into a multiple X, of itself, if

A(a-\)+ Ba + Oa" == 0,

Ab +JB(Z/-X)+ . Ob" = 0 ,

Ac + Be + 0(c"—X) = 0,

so that X is given by

a—X, a\ a" s 0.

b, b'-X, b"

c, c', c"—X

This congruence is known as the characteristic congruence of the
substitution, and it is well known that if T is any other substitution
of the same form as S, then T~l 8T has the same characteristic conr
gruence as 8 ;* which is the same as saying that all conjugate
substitutions within the group have the same characteristic con-
gruences. The converse of this theorem is not generally true.

If, however, the characteristic congruence has three unequal roots,
whether real or imaginary, then all substitutions which have such a
common characteristic congruence are conjugate substitutions. This
theorem is of so great importance for what follows that I give a
formal proof of it.

Suppose, then, that X,, Xa, \ are the. three unequal roots of the
above congruence. Corresponding to Xj, the ratios A : B : 0 are
given by

:: X?— Xl(6'+c") + &'c"—b"c : b\x + b"c—bc" : cX^be— b'6.

If, then, t, — x,

n = — (6'+c") x + by + cz,

the substitution 8 may be -written in the form

* Jordan, Traite clcs Substitutions, p. 98.
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while every other substitution with the samo characteristic equation
can be represented in this form when £, TJ, £ uro replaced by three
other independent linear functions ot! a:, y, z with real integral co-
efficients. In particular, the above form, when £, »/» £ are replaced by
a:, y, z, may bo taken as the type of all substitutions whoso charac-
teristic congruences have the three unequal roots A,, A2, A3.

if, now, in this form x, y, z bo replaced by

ux -f/fy +yz,

ax + fi'y + y'z,

and a corresponding chango bo mado in the accented symbols, the
resulting substitution is that represented by TST~\ where T is the
substitution

y'.~ a'x+fi'y +y%

z ~ a"x-\-ft"y

This will not goucrally bo a substitution of determinant unity, so
that TST"1 is not necessarily conjugate to 8 within the group con-
sidered. It x'emains to bo shown that T can bo expressed in the
form 'l\r.t\, where '1\ is a substitution of determinant unity, whore 1\
is permutable with 8. Writing the substitution 8, for a moment, in
the abbreviated form

it iB evidently permutable with every substitution of tho form

A. = k{ A, Y = k*a Y, Z = K"8 Zy

and this latter will certainly bo a substitution with real coefficients if
K'i = / (*i)» H = / (K)» »'• = / ('\i).

whero / (X) is any rational function of \ with real coemcienta. Tho
determinant of this substitution is /(A.,) / (\2) /(A5), which may bo
given any valuo from 1 to p— 1, by suitalfly choosing / (A). Honco,
Avhatever tho dotorminant n of T may bo, a substitution of deter-
minant n may be found which is pcrmntablc with »SY; and, sinco tho
comploto set of substitutions of determinant n arise by combining any
ono of them with the group of substitutions of determinant unity, it
follows Ihat '/'can be'expressed in tho required form '/','/'.,.

It may he pointed out that the theorem thus proved, and the proof
VOL. xxvi.—NO. 504. J.'1
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itself, hold equally well whatever the number of variables involved
may be.

The ehai'actevistic congruence may be (i) irreducible, (ii) the
product of an irreducible quadratic factor and a linear factor, or
(iii) the product of threo linear factors; and it is clearly only in the
last case that it can have equal roots. A typical form of any substi-
tution for which the thi'ee roots are all unequal has already been
found.

Suppose, noAV, that the congruence has two equal roots, so that the
roots may bo taken as a, /3, fi ; these being real numbei's. Exactly
as before, two independent linear functions of x, y, -z maybe found
(here necessarily with real coefficients) which the substitution
multiplies by o and /3, so that taking these to replace x and y, the
substitution may bo written

£' = «£>
V 22 fin,

Hence z + Pf'+.Qn = /3s + (a" + Pa) £+ 03" + Q/3),,.

If / 5 " - 0 ,

and P is chosen so Mi at P (ft—u) ~ a",

then z' + Pt'+Qv'^fi

KO that, writing ^ = s + P£.+ Qn,

the substitution takes the form

If, however, ft" ^ 0, it is impossible to reduce the substitution
to this form. In fhis case, if

a n d •{•

l.ho substitution may be written
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ft"and if, further,*/ be written for -~ »j, the form will be

Every substitution whose characteristic congruence has two equal
roots must come under one of these two types, but it is immediately
evident that a substitution of the one typo cannot bo conjugate to
one of the other type. On the other hand, a repetition of the pre-
vious reasoning will show that all substitutions of the first of these
two types with a common characteristic congruence aro conjugate. .

If tho characteristic congruence has three equal roots, each must
bo unity. In this case one linear function of x, y, z wifcli real
coefficients can be found which is unaltered by the substitul.ion, find,
if this be denoted by £, the substitution call- be expressed in the form

where fi' — \ y . == (1—A.)'.

ft" y"-\

Now, P,f 4- Qz = (PP 4- Q/3") ?/ 4- (Vy' + Q,y") « + (IV4- Qo'.') {,

and the congruences . I ' = Pfi'-\-Qp',

Q = Py'+Q,y"

arc,'from the above equation of condition, equivalent to each other.
Hence, if P and Q aro dclermined from

./•«' +Q.a" ss 1,

then ./'//' + ' ? - ' = 1'.'/ + Q~ + $ 5

and, when t) is written lor Py + (ls, the substitution takes the form

Here again
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and if La"+N == 0,

Lb" = 1,

Lz+M?+Nt}' ==

hence, writing £ =

the substitution becomes £' = £,

»/' =

[t has been assumed that b" is different from zero; if, however, 6
were zero, the corresponding typical form would be

s = c,

so that again, when the cliaractcristic equation has three equal roots,
there arc two distinct types.

4. On the Orders of the Substitutions of (7, and on their Distribution in
Cyclical Snb-Groups.

When the characteristic congruence

X3—«X2+/3\—1 — 0

of a substitution is irrcdueiblo, the roots ai'e, according to Galois'
theory, of the form X, X1', X'1', whore

Now, if the n\al form of the substitution is

x == ax -f by -f cz,

y == a'x + b'y + cz,

s == a'x + b"y -f c"z,

then n =s a + b' + r!\

/3 = b"c — b'c"-\-ca"—c"a + a'b — ab\

and a and (3 can ovidently, by suitably choosing the substitution,
tako all possible values. Henco all cubic congruences in which the
coefficient of the leading term is unity, while the constant term is
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negative unity, must occur among the characteristic congruences.
Among those that are irreducible must therefore occur congruences
satisfied by a primitive root of

If X' = \X, Y' = XT, Z'==\*'Z

is a substitution in its typical form corresponding to such a con-
gruence, its order m is the loast integer which satisfies

Am = A""'==\m"\

and, since in the case considered p — 1 has no factor in common with
p*+p + l, this least value of m is p*+p + l.

Moreover, the roots of any other irreducible characteristic con-
gruence can bo clearly expressed in the form Xr, X1'1, A.'"'*1, • so that the
corresponding substitutions are rtb powers of substitutions of orders
pi+p-\-l. The orders of all substitutions, therefore, whoso charac-
teristic congruences are irreducible are either j?+p + 1 or a factor of
this number.

When the characteristic congruence is resolvable into a linear
factor and an irreducible quadratic factor, so that

\3-aA2+/3A.—1 = ( \ - « ) ( \ 2 - a '

where n, a', ft' are real, the quadratic congruence

may bo any whatever, since a and ft can take all possible values, and
among such congruences must occur those satisfied by a primitive
root n of

The typical form of the corresponding substitution is

and its order, which \n the least mlcgor vi satisfying

isju2 — 1. The roots of every other irrcduciblo quadratic congruence
can bo expressed in the form /ur, /t'7', whoro r is not a multiple! of
p + 1; and therefore the order of every substitution whose eharsu:-
teristic congruence has.an irreducible quadratic factor is cither ;r —.1.
or some factor of this number which is not at the same time a factor
of 7;—!..
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It has been seen that all other substitutions can be reduced, with-
out the use of imaginaries, to one of the five following typical
forms:—

(i) x == ax, y — fly, z = yz, afiy = 1;

(ii) x'==ac, t / s / % , z' = ftz, a j 3 « = l ;

(iii) .<©'= oe, y' = Py, s '=s/5(« + y), «/33 == 1 ;

(iv) o;' = ,r, y' = y + z, s' = z;

(v) a:' == a-, y'==y + x, a'== z + y.

Tlie orders of these types can be determined by inspection. For (i)
or (ii) the order is j? — 1, or a factor of p—l; for (iii) it is p (p— 1),
or a factor of this number which itself contains p as a factor; for
(iv) and (v) the order is p.

The result of tin's discussion is to show that the main group con-
tains cyclical sub-groups whoso orders arc p^+p + X, p%—1, p*—p,
p—1, p, or factors of these numbers, ami that every substitution of
the group, except identity, is contained in some such sub-group.

T go on next to discuss the number of cyclical sub-groups of each,
type, and their distribution into conjugate sots.

Order p" + p + l. The typo of substitution S which will generate
a cyclical sub-group of order jr + p + 1 is

A":-A A', Y'==\»Y, Z' = \"Z,

where X = \5.T +A.'/ -\-z,

Y=X:'\v,+\>'y+z,

Z =2X" .̂r.+X'lli/ + s.

]f a substitution T is pcrmutablc with H, it must keep the same three
(imaginary) elements unchanged, and must therefore be of the form

X = *, A', Y' == K, V, 7/ == ics Z.

IF, now, K-, "

(•his is a Teal substitution, since when expressed in terms of x, y, z
tins coeflicionts arc symmetric functions of A., \'\ A.'1', and therefore
real. Mut, if the K'H are not of the above form, the coefficients are
iinsyminctric functions of A, A'1, A'1' are therefore necessarily imaginary.
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Now, auy rational function of X with real coefficients is some power
of Aj, a primitive root of

and if \\ ==/(X),

and X;"'

The determinant of

X' = / (A) X, Y' ~f (V) Y, Z' ==f (A"') Z

is then only unity when

or when r is a multiple of p—1.

But in this case / (X) - X",1""1' = X',

and therefore the only substitutions with which 8 is permutable are
its own powers.

N
The substitution 8, therefore, forms one of a set of -5-——- con-

/ + i ? + l
jugate substitutions, the symbol N denoting the order of the main
group. Now, the only powers of S which have the same multipliers
(i.e., the samo characteristic congruence) as S.are clearly Sp and 8P*,
and to each set of three substitutions such as S'\ 8rp, Sr''* contained
in the cyclical sub-group generated by 6', which belong to the same

N
characteristic congruence, there corresponds such a set of

p
N

conjugate substitutions. There are, therefore, in all | (jp2 -fy>) —.p +substitutions whose orders are p'+p+l or one of its factors, and

these form ~ conjugate cyclical sub-groups of order
p +p-\-l

p*+p + l, each of which must thereforo be contained self-conjugate ly
in a sub-group of order 3 (p9+p +1).

Order p1 — 1. The type of substitution 8 which will generate a
cyclical sub-group of order p2— 1 is

X' = pX, Y' = fi'% Z' = /u-">+" Z,
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where ft is a primitive root of

By reasoning almost identical with that used in the previous case,
it may bo shown that this substitution is permutable only with its

own powers, so that S is one of a set of -^—- conjugate substitu-
tions. P ~~

The only power of S which has the same multipliers as 8 is Sp,

and thereforo this set of conjugate substitutions consists of |-r—->
P

no one of which is a power of any other, and their pth powers. Theso
N| —-—- substitutions generate as many conjugate cyclical sub-groups

of order ^ —1, each of which is therefore contained self-conjugately
in a sub-group of order 2 (p2 — 1).

That the substitutions contained in these cyclical sub-groups,
whoso orders are not p—1 or a factor of p—1, are all different, may
bo verified by noticing that they form | (p2— p) different sets, each
set having the same multipliers; while each set with common

multipliers are shown above to contain -3—- conjugate substitutions.

The total number of substitutions contained in the main group, then,
whoso orders are equal to or factors of ps —1, without being equal to

or factors of p—1, is 7, —--••
~p-\rl

Order p*—p. The type of substitution which generates a cyclical
sub-group of order p%—p is

x ~ a (x + y), 7/ == ay, z == a~2z, .

where a is n primitive root, mod. p.

Considered as an operation of the permutation group, this is an
oporation belonging to the sub-group which keeps the two symbols
[y] and fz] fixed. The general type of such sub-group is

x ==ax + a'y + a"z, y = fly, z = ys, nfiy = 1,

and, since tho permutation group is doubly transitive, there are
2 (.P'"hP + l)(.P9+.p) such sub-groups all conjugate to each other. I

then first consider tho number of cyclical sub-groups of order
p contained in tho sub-group that lscnps [?/) and [c] fixed, and
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their relation to each other. It will then be eaBy to extend the re-
sults to the totality of such cyclical sub-groups.

The necessary and sufficient conditions thattlie typical substitution
of the sub-group, above written, should be of order p (p—1) aro that
(i) a should be a primitive root, mod. p ; (ii) either |3 = a and a' ^£ 0,
or y = a and a" ̂  0. Taking first /3 = a and a' ̂  0, the wth power
of the substitution

x' = ax + u'y + a"z, i/' = ay, z'=.a"iz

is x==a"x + naa"-Uj + 7in"ai-'inz, y' = any, z==a-
7nz.

Hence neither of the substitutions

x' S ax + y + Az, y = ay, z' = a~2z,

x = ax + y + Bz, y = ay, z' = a~iz,

can be a power of tho other, when A and B are different; and there-
fore the p substitutions obtained from either of these by writing for
A or B all values from 0 to p—1 generate p different cyclical sub-
groups of order p%—p. Moreover, every substitution of the sub-
group that keeps £?/} and \z\ fixed, whose order is a factor of p%—p
without at the same time being p or a factor of p—1, and for which
a = /3, is contained in one of these cyclical sub-groups. For lot

x = a'x + u'y + a'z, y' = a'y, z' = /3"2*2

be such a substitution.

The [s + /c(p-r-l)]lh power of

x — ax + y + Az, y = ay, z' = n~7z

iB x'== a»x+ [s + K (p-l)] a'-*y+[s + K(p-l)] Aa^'z,

and «:, A can be chosen in one way so that this is the same as tho
given substitution.

Thore are, therefore, within the sub-group which keeps [y] and
[s] fixed, p cyclical sub-groups of order yP—p for which a = ft, and
there arc therefore p more for which a == y. Moreover, these cyclical
sub-groups are all conjugate with the larger sub-group considered.
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For it may be verified by actual calculation that the substitution

transforms (ax + y +Az, ay, a~2z)

into (ax + y + Bz, ay, a"2z))

while (ft -z, y)

transforms (atf-f y, ay, (3z)

into (ax+z, (5y, az).

The sub-group which keeps [y] and [2] fixed contains, then, 2pcon-
jugato cyclical sub-groups of order p*—p, and the substitutions kof
these cyclical groups whose orders are notjp or factors of p— 1 are all
different.

The 5 Cp8+jP + l)Cp8+.p) conjugate sub-groupa each of which
keeps two symbols fixed contain in all (p* +p + 1) (p* -\-p) p conjugate
cyclical sub-groups of order pi—p. This number is equal to

N
—-. ;—, and therefore each such cyclical sub-GToup is contained
p(p-l)3

self-conjugately in a group of order p(p— l)s. The type of this
group is given by

x = ax + a'y, y = {3y, z = yz, a/3y = 1.

Each of the cyclical sub-groups contains (p — l)(p—2) substitutions,
whose orders are neither p nor p—1 or one of its factors, and the

main group therefore contains —-L£n_J substitutions whose orders
p(p-l)

tire factors oip^—p, which ai%e different from p and from p—1 and
its factors.

Order p. There are two types of sub-group of order _p, and of these
I first consider those of the form

* Where thero is no risk of confusion, the substitution

*' = ax + by + cz, 1/ = a'x + b'y + c'z, z' = a"x + b"y + c"z

will in future be written in the abbreviated form

(ax + by + cz, a'x + b'y + c'z, a"x + b"y + c"z).
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The sub-group which keeps {?/} and [z] fixed contains p*—1 sub-
stitutions of this type, -which are given generally by

(x + ay + fiz, y, z),

where a and /3 take all possible values. Now, the substitution

(ax, by, cz)

will transform (x + ay +(3z, y, z)

into (» + a'y + /3ty, y, z),

if a a S ha, afi = c/3'.

Since ahc = 1 ,

• i • s «'$'

these congruences give a = —-,

which, when a, /3, a', /3' are finite, always has a real solution, in the
case p ~ — 1 (mod. 3), which is under consideration. On the other
hand, ,

(a, .*i —-y)

transforms (as—y, y, z)

into (aj+2, y, z),

and therefore the whole set of^3-~l substitutions are conjugate within
the main group. The pQ substitutions give p +1 cyclical sub-groups
contained in the sub-group which keeps [y] and [zj fixed. Every sub-
group keeping two symbols fixed similarly contains p+l such cyclical
sub-groups; but these are not all distinct, for tho cyclical sub-groups
occun-ing in the groups keqping any two of the p'+l symbols [y],
{z}, [y+7iz], n — 1, 2, ... p—1, are evidently all the same. Hence

the main group contains a vr ^~P "*" -J-^P- ¥' (p+1) such cyclical

sub-groups, which ai'e all conjugate to each other, as also are all

their substitutions. This number, expressed as before, is -r- ^ ,
V (P~ 1)

so that each such sub-group is contained self-conjugately in a sub-
group of order p3 (jp -1)%. Thus tho cyclical sub-group generated by

(a, y+z, z)

is eolf-conjugate within the group given by

cz, b'y + c'z, c"s), ab'c" = 1.
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Tho total number of substitutions of order p and of this first type

contained in the main group is -^- - .

The second type of substitution of order p is

The »th power of this substitution is

(x + ny + In (n-1) z, y + nz, z),

and the conditions that the substitution should be transformed into
its nth power by

(ax + by-f-cz, a'x-\-Vy-\-c'zy a"x-\-b"y + c"z)

are easily found to be

o' == a" == h" = 0, an ~ b\ b'n s= c", c '=• bn + ̂ an (?*—1).

These give

a = —, 6 '= l f c"=w, c' = 6» + H » - l ) -

Hence the sub-group given by all substitutions of the form

— x'+by+cz, y+[6n+|(n—l)]z,

is the sub-group of greatest order which contains tho cyclical sub-
group generated by

( y+z,

self-conjugately. Since b, c may take all possible values, and n all
values except zero, the order of this sub-group is (p—l)pa. Hence

the cyclical sub-group is one of a conjugato set of ——- contained
• .1 • (p—1) V
in the mam group. v r ' r

By transforming (x+y, y+z, z) with a substitution which keeps
[z] fixed, it may be seen at onco that all possiblo sub-groups of the
typo considered may be obtained for which [z] is unchanged; and
hcnco tho conjugato set of sub-groups just obtained contains all sub-
groups of tho order p and of thu second typo.

Tho substitutions of theso groups are necessarily all different, and
all conjugato with each other; and tho number of such substitutions
contained in Iho main group is — 3- .
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Order p—l. The cyclical sub-groups of order p — l, unlike the
sub-groups of other orders, do not form a single conjugate set. If a
is any primitive root, mod. p, ar, a*, a"(l"+l) will be the multipliers of a
substitution of order p — 1, if and only if the greatest common factor
of r and s is prime relatively to p—l. The cyclical sub-group
generated by (araj, a'y, a'^'^z) will contain <p (p — 1) substitutions of
order p — \t where ty (n) is the symbol used in the theory of numbers
for the number of integers less than and prime to n. Two of these
substitutions will have the same multipliers if the set of quantities
amr^ am^ a-». (»•+») ^ identical with the sot ar, a', a"r+<) for some value
of m different from unity; and it may be at once verified that the
only values of r, s, and m for which this can be the case are given by

r + s = 0, m=^>— 2 (mod. p—1).

Hence in a cyclical substitution arising from a substitution with the
multipliers, a, a"1, 1, the sets of multipliers of the substitutions of
order p—l are the same in pairs, and the sub-group contains only
lif (p—l) such sets of multipliers ; whereas in every cyclical sub-
group of order p—l which arises from a substitution with multipliers
no one of which is unity the sets of multipliers of the <p (p—l) sub-
stitutions of order p—l are all different.

Now, the number of ways in which two distinct symbols r, s, less
than p—l, may be chosen so that their highest common factor is
prime relatively top—1, excluding simultaneous zero values, is

where * (p-1). « (p-1) ( l+ -1) ( l+ - U ...,

qn j j , ... being the different primo factors of p— 1.

If r, s, —(r+s), the indices of a set of multipliers of a substitution
of order p—l, are all different, thon

r, s; r,—(r + s); s, — (r + s) ;

«• *"» ~ 0" + «). r J — (>• + «)> "
will appear in the above solution as six distinct ways of choosing
r and s, which, however, all lead to the same set of multipliers.

If, on the other hand, r, r, —2r are tho multipliers of a substitution
of order p—1, thon

r,r; r ,^-2r; — 2r, r

* Cf. Jonluu, Tiu'xti dca Substitutions, \».
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will appear as three distinct ways of choosing r and s, which again
all lead to the same set of multipliers.

In this latter case, r must be prime to p — 1, and may therefore
have <j> (p-1) values. There are, then, 3^ (̂ >—1) such solutions of
the problem of choosing r and s, leading to ^ (p — 1) sets of multipliers.
Subtracting these 3f (p—1) solutions from the total number, there
remain

solutions, leading to J-0 (p — 1) 1) — 3]

further sets of multipliers ; and the number of distinct sets of
multipliers is therefore in all

Of these seta of multipliers *<J>(p — 1) occur in a cyclical sub-
group arising from a substitution whose multipliers are a, a"1, 1;
while it has been seen that the sets of multipliers of the substitutions
of order p — 1 in any other cyclical sub-group orf this order are till
distinct. Honce there are £i/> (p—1) further types of cyclical sub-
group of order p—1, each type containing an entirely distinct collec-
tion of sets of multipliers of the substitutions of order p-rl from all
the others. The total number of types of cyclical sub-group of order
p—1 is therefore \\p(p—l) + l.

The cyclical sub-group arising from tho substitution

(ax, a"1
 T/, z)

is transformed into itself by an operation which transforms tho
substitution itself into its (p—2)th power, thab is, into

The general form of an operation which will effect'this transforma-
tion is

(ay, bx, cz) abc = — 1,

and the group that arises by combining together these substitutions
in all possible ways, containing all substitutions of the above forms
together with those of the form

(a'x, b'y, cz) a'b'c = 1,

is of order 'J ('p— I)", lleuce Ihitf type of cyclical sul>-gronp of ordur
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p—1 is self-conjugate in a group of order 2 (p—l)a, and thereforo
Nforms one of a set of -———-- conjugate sub-groups. The remaining

types contain no substitutions which can bo transformed into powers
of themselves, and henco, to find the sub-groups within which they
are self-conjugate, it is only necessary to find the substitutions pcr-
mutable with them. When the multipliers of the generating
substitution (arx, a'y, a"(l'M)z), so that r±.s-^0, it is seen at once
that the only substitutions with which the cyclical sub-group is
pormutablo are those of the form

(ax, by, cz) ahc==l,

forming a group of order (p—l)a. Kach of the -J-ip (p—1) — 1 types,
coming under this head, is thereforo self-conjugate) in a group of

order (p— I)3, and each forms ono of a set of •— ---•--- conjugate sub-
groups. " ^

The remaining type of cyclical sub-group arises from a substitution
of the form '

(fin;, ay, a~-z).

The conditions that this substitution should be porniutable with

(ax + by + cz, a'x + b'y + rfz, a"x + b"y + c"z)

aro c — c ~ a" = b'" = 0,

and the order of the sub-group so defined is p (p+l)Cp—I)8- This

remaining typo therefore forms one of a set of •• •• --; r con-
jugate sub-groups.

It would not bo easy to determine; from the above enumeration of
the sets of conjugate groups of order p— 1, the total number of
substitutions contained in the main group whoso orders are equal to
or factors of p— I, but the number in question may bo obtained
independently in (ho following manner.

The sub-group of order (/>—I)4 whose, typo is

(<7,T, / ) / / , CZ) ((be, ~ 1

is self-con jugate within a group of order (5 (p— l ) a obtained by com-
bining the group ilsitlf with all those substitutions which permute
| ;o j , [;'/j, (~j among themselves. It forms therefore one of
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r— -r^ conjugate sub-groups. Any one of the (p — I ) 8 substitu-

tions belonging to the original group which keeps three symbols

ouly fixed appears in that group only; but a substitution of the

form (ax, ay, cz) appears in each of the •} (jo + l ) p conjugato groups

which keeps [z] and any pair of the symbols [x], {?/], {x + ky},

K = 1, 2, ... p — 1 fixed. Now, of the (p—l)a—1 substitutions in the

original group, other than identity, 3 (p—2) keep p + 2 symbols

fixed. Hence the total number of substitutions in the main group

whose orders are equal to or factors of p — 1 is

or

As a partial verification of the accuracy of the enumeration that has
now been completed of tho number of substitutions of each different
order that are contained in the.main group, it may be observed that
the sum of

" — a i \» ^ l 0 n u m ^ 0 1 ' °^ substitutions whose orders are
3 ( + +1)3 (p +jp + 1 ) 0 ( i i m l to o r f a c t o r s o f ? i

4- —7~^~T\' ^ u 0 n u m ^ ) e r whose orders aro equal to or factors
{"' ' of p3—1, without being factors of p — 1,

4- — | \ > ^he number whoso ordors are equal to or factors
p ^P ' of JJ8—p, while different from p, p-*!, or its

factors,

4- -— —•, the number whose ordors aro p, and which are
** ^ ' of the typo (x+z, y, z),

4- • ' «"» ^ l 0 number whoso ordors are p, and which are
p of tho typo (x + y, y+z, z),

4- _1?^—iL \p — 3H — , the number whoso orders aro equal
G (p—i) L « (p - f l ) J . . .

yr ' to or factors or p— J,

4-1, tho idontjcal substitution,

is iV, as it should be.
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5. On the Sub-Groups of G which contain Substitutions of Order p.

Before going on to a general discussion of the various types of
sub-group contained in the group of substitutions considered, it will
be convenient to begin by obtaining certain results relative to sub-
groups whose order is divisible by p, as these will materially shorten
certain portions of tho subsequent discussion.

Suppose first that a sub-group g of order in contains a substitu-
tion of the type (x + y, y + z, z).

If g contains the cyclical sub-group arising from this substitution
self-conjugately, m must be equal to or a factor of (p — 1) p'1. If this
is not tho case, and if at tho same time m is not divisible by p'\ g

must contain either - or ••- --— conjugate sub-groups of order p.

In the latter case, each will be self-conjugate within a sub-group
formed by all substitutions of tho type (p, 7G)

C 1 ")
] ~x + by, y+[bn + j (n—l)\zt nz [ ,

and no two sub-groups of this type have a common substitution

except identity. Hence, in this case, g will contain only -—

substitutions other than those contained in the -— sub-croups
(pl)p

of order (p — l ) p ; while in the former case g contains only — sub-
P

stitutions whose orders are different from p. It follows that in
either case g can contain no substitutions whoso orders are factors of
P* +p +1 or p + 'l\ and therefore that in is a factor of (p — l)2p. But
from this it is easily seen that g must contain the sub-group of order
p self-conjugately. Hence, when the sub-group of ox-dcr 2> is not
contained self-conjugately in y, m must be divisible by p%.

Suppose next that the sub-group contains a substitution of the type
(•« + ,!/> y, z).

If the cyclical sub-group arising from thiu substitution is contained
solf-conjugatuly in </, then m must bo equal to or a factor of ps (p—I)8.
If this is not the caso, g contains substitutions conjugate to the given
one. Any such substitution has among thop-f 1 symbols unchanged
by it at least one in common with those unchanged by the given sub-
stitution ; for, if

{(iM + by-\-cz\ and [u'x + ]
VOL. XXVI.—NO. 5 0 5 . (.i
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are two of the unchanged symbols, then

{(ah-ah') y+(a'c—ac) z]

is unchanged by both cyclical sub-groups.

If now the notation bo changed so that [z] is a common unchanged
symbol for the two groups, while the first is generated by

(x + Ay + Bz, y, z),

which involves no loss of generality, three different cases may occur.

Firstly, al l^ + 1 unchanged symbols may be the same for the two
groups, so that the second is generated by

(z + A'y + B'z, y, z).

The two then generate a group of order p*, given by all substitutions
which are of the type

(x + ay+ftz, y, z) ;

and this, moreover, interchanges pi symbols transitively.

When this is not the caso, the second cyclical sub-group must be
generated by a substitution of the form

2 == 2,

x' + ay' = x

x'+fty'==x

or by one of the form z' = z,

x' + ay'=

*' + Py' == x+fry + x + ay.
In the first of these alternative cases, the second substitution may

be written in the form
(x + yz, y + $z, z),

where (ft~a) 7 = — «» (|(3—-a) 5 = 1.

The two substitutions then generate a sub-group of order p* or p*,
accoi'ding as A is or is not zero.

In the second alternative caso, the second substitution is

(ax + hy, cx + dy, z),

, ft-2a , _ - a 2 1 , _ ft
.where a == '— , 6 = , c = , d == -= ,

ft —a ft —a ft—a ft —a
so that a + d = 2.
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The two substitutions (x + Ay + Bz, y, z)

and (ax + by, cx + dy, z), «-f(Z~2, ad — d c s l ,

then generate either the general linear group in two homogeneous
variables of determinant unity, or a group within which it is contained.

Hence, again, in this case, with a single exception, the order m of
the sub-group must be divisible by JP2; while, in the exceptional case,
the sub-group <j must itself contain, as a sub-group, a group of order
p (p2 — 1), isomorphous with the general linear group in two homo-
geneous variables. This latter sub-group, keeping one symbol fixed,
interchanges tlie remainder in two transitive sets of p2 — 1 and ^4-1 .

Returning now to tlie first case, and putting on one side those
groups which contain a sub-group of order p sclf-conjugatoly, it has
been seen that the order m of a group </, containing a substitution
of the type

0 ?/+*> «)»
that is, a substitution of order p that keeps only one symbol fixed,
must be divisible by pi. The sub-group of order jir contained in rj is
of the type that contains

(x+y, y + z, z)

self-conjugately ; and this is given by all substitutions of the form

(re + ay + (iz, y + az, z).

The group therefore contains substitutions of the type

(x + z, y, z),

and, unless the cyclical sub-group ai'ising from this is contained self-
conjugately (which cannot be the case when a factor of p2+2> + l o r

an odd factor of jp 4-1 divides m), the preceding investigation again
applies here.

It follows, therefore, that if a. sub-group contains, not sclf-conju-
gately, a sub-group of order p which keeps only one symbol fixed, its
order must be divisible either by p* or by p" (p'—l) ; for either it
must contain two distinct types of sub-group of order p1, or it must
contain sub-groups of orders p1 and p (p"—Y).

Suppose now that the sub-group </ contains operations displacing
all the symbols. Then, (i) if it contain a sub-group of type

(x + ny + flz, y, z)

which displaces the symbols in two transitive sets of p~ and ^"r-lj it
must contain a sub-group conjugate to this, displacing the symbols

o 2
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in two other sets. Hence g must be transitive in the p*+p + l
symbols. Also the conjugate sub-group of order p3 must have one
undisplaced symbol in common with the given sub-group of order p*,
and, if, again changing the notation, this be taken for z, the two sub-
groups are of the forms

(x + ay-\-(3z, y, z)

and z' == z%

x' + Ay' == x+Ay,

The latter contains the operation

(x-z, y+z, z),

and this, taken with the former sub-group, generates a sub-group of
order JPS.

Again, (ii) if cj contain a sub-group, order p1, of the type

az, y + fa, z),

it will contain a conjugate sub-group with a different undisplaced
symbol. Now, the given sub-group may be Avrittcn in the form

ax' + bif -\-cz = ax' + by +cz +a'z,

ft V + b'y + c V = ax -f- b'y+c'z -f /3'c,

and, therefore, tho conjugate sub-group may be taken without loss
of generality in the form

(a, y + oa, 2-1-/3;):).

The two -conjugate sub-groups therefore contain the two substitutions

(x + z, y, z ),

( v, 1/, « + f),
which, as has been seen, generate a sub-group of order p (p2—1), and
also the two substitutions

(* + *. 2/. 3),

( «, y + x, a),

which generato a sub-group, order j ^ , of diJTerenfc type from

(x + az, y + fis, z).
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Hence g, containing two Bub-groups of order p* of different types,
must contain sub-groups of order p*, and its order must be divisible
by jps {p1—1). I t is also again necessarily transitive in the p* + p + l
symbols.

Lastly, (iii) if g contain the sub-group of order p (j39—1) arising
from

(x+y, y, z)

and ( a, « + ?/, z)%

which displaces the symbols in two transitive sets of »̂s —1 andjp-J-1,
keeping one fixed, it contains a conjugate) sub-group, displacing the
symbols in two other sets, and it is therefore transitive in all the
symbols.

The order of the group is therefore at least (pQ+p + l)p (p1—1).
Now, no operation displacing all the symbols is permutable with an
operation of order p, and hence the sub-group g would contain at
least (p2+p + l)(?> + l ) conjugate sub-groups of order p. But the
sub-group arising from

y, s),

( x, y+x, z)

contains only p -f 1 sub-groups of order p, and each of these is common
to jP + 1 of the p^+p + 1 such conjugate sub-groups. Hence each sub-
group of g which keops one symbol fixed must contain further sub-
stitutions of order p, beyond those contained in the sub-group of
order p (jp2—1) of the above type. Among the substitutions keeping
[s] fixed, there must therefore be, besides the simultaneous types

(x + y, y, z),

( a, x+y, z),

simultaneous types cither of the form

0+2/. y, z),

(x + z, ?/, s),

or of the fown 0" + 2/> y, z),

( «, y + z, z).

1 n either case the ovebv of the sub-group must be divisible byj) ' ;
sin::, as in former cases, there will be two distinct types of sub-group
of order p*.
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The final result of this discussion of sub-groups containing opera-
tions of order p may bo stated as follows :—

If a sub-group contains substitutions displacing all the symbols
(i.e., substitutions whose orders dividep^+p + l), and if it also con-
tain substitutions of order p, the sub-group must be transitive in all
the jp2 4-^ 4-1 symbols, and its order must be divisible byj?\

In the proof of this result it is first shown that, if the sub-group g
contain a cyclical sub-group of order p, not self-con jugate, it must
contain sub-groups of one of the three types,

(i) (x + ay + fiz, y, z),

(ii) (x + az, T/+/3*, z),

(in) \
[( as, x + y, z)

Now, if the substitutions of g do not all kcej> [z] fixed, there must,
when the sub-group contained in g is of types (ii) find (iii), be con-
jugate sub-groups, and then the reasoning already given shows that
g must be transitive, and of order divisible by jp", independently of
the additional supposition that it contains substitutions displacing
all the symbols.

The same is true when g contains a sub-group of type (i), unless
tho symbols [y], [«], {?/ + KZ}, *: = 1, 2, ... p— 1, form a single
transitive set of symbols for the group g.

Hence the result may also be stated in the following form:—
Jf the substitutions of a sub-group g do not all keep some one

symbol fixed, and if the order of g is divisible by p, then g must be
transitive in the complete set of ji->2+# + l symbols, and its order must
be divisible hyp5, unless it interchanges the symbols in two transitive
sets of p2 and p 4-1.

The most general group of tin's latter typo is evidently one of
order y3 (p — I)2 (p + 1), whose substitutions are of the type

(ax + by + ez, b'y + c'z, b"y + c"z),

a (b'c"~ b"c') = 1,

which contains as a self-conjugate sub-group

y, z).

G. On the Transitive Sub-Groups of G.

I go on now to consider the sub-groups which contain cyclical sub-
groups of order p* +p 4-1. Such sub-groups are necessarily transitive.
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Let g denote one of them, and let (p'2+p + l) TO be its order. Then,
if the cyclical sub-group of order 2>2+p + -l is contained Belf-
conjugately in g, it has been seen that TO must be 3.

If not, g contains either (p2 +p) m or (p% +p) -— operations dis-
ci

placing all the symbols. In the former case there are only TO sub-
stitutions left over, and therefore the sub-group of order TO keeping
one symbol fixed is contained self-conjugately in g, and must
consist of the identical substitution only, so that TO is 1.

If TO is not unity, it must be divisible by 3, and the number of
substitutions in g which do not displace all the symbols is

(j>2 +p +1) TO--^ (p +1) m.
Now, with the exception of identity, no substitution is permutable

with a substitution of order p*+p + l, so that each of the remaining
operations, except identity, forms one of a conjugate set, whose
number is a multiple of p%+p + l. It follows that

o r TO =

where X is an integer.

Now, vi is a factor of JOS (p — 1)* (p + 1), and it has been seen that,
if TO contains p as a factor, it must contain jiA

Hence (i), if vi is not a multiple of p,

is a factor of (p— I)5 Qo + 1),

t-e., of 0

and therefore of 3 fc- - X V

which is impossible unless this last expression is zero.

In this case, then, X = ^—~,

and TO= (p—l)2(jp + l ) .

If (ii) TO is a multiple of jp3, it follows at once that

X = p - 1 ,

and m = 3jps.
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Hence the only possible orders for groups containing substitutions
of order jp'+jp+l, not self-con jugately, are

and

It is immediately obvious that no sub-group of the latter order can
exist. For its sub-groups that keep one symbol fixed would be of
order 3p8, and these would necessarily contain groups of order pi as
self-conjugate sub-groups. But a group of order ps is self-conjugate
only within one of order pn (p—I)2, and 3 is not a factor of p — 1.

If a transitive sub-group of order (jpa+.p+l)(jp—I)8 (p + 1) exists,
its sub-group keeping one symbol fixed is of order (p—iy (p-j-1).

Suppose that this sub-group contains mu ms, mp.3 substitutions
keeping respectively just 1, 3, and p + 2 symbols fixed. Now,
each substitution keeping r symbols fixed belongs to r different
sub-groups keeping one symbol fixed. Hence the total number of
different substitutions belonging to the p* -f-p-f 1 conjugate sub-groups
which each keep one symbol fixed is

Noither 3 nor p + 2 can be a factor of p2+p + l, and therefore

^ and —^ must be integers. Writing n% and wp+2 for them, and

w, for m,,

and

= 1 + (p3 +i? 4-1) («i + na + «;)+2),

the two sides of the latter equation representing two ways of
counting all the substitutions in the sub-groups which do not dis-
place all the symbols. Combining these equations, there results

2ni+(p + l)n]>+2 = fa

whence (p—1) w8 = (p+ 1) [(p—"

(p—1) nJI+, =s.2n,—p8 (p—1).

Now, it is, on tho other hand, easy to show that the sub-group can
contain no substitution that keeps p + 2 symbols fixed.

For any such substitution

8, or (ax, ay, (3s),

cannot be contained sclf-conjugately, and a substitution 3 conjugate
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to 8 and keeping {«} fixed is necessarily of the form
(aaj + ys, ay + y'z, fa),

so that 8%~l would be of orders, contrary to supposition.
Hence np.2 = 0 ;

and therefore wx = £p3 (jp—1).
But, if the greatest cyclical sub-group, whose order is a factor of

p%—1, contained in the sub-group considered, is of order

~ _ ) where ^ ~ is the greatest factor of p—1 dividing this

number, it contains [ *- 1 ) * substitutions that keep only one

Bymbol fixed, and, together with its conjugato sub-groups, it must
contain e (p—1)J (p-fl — qt) such substitutions, where e is 1 or f.
The total number of such substitutions contained in the sub-group is
the sum of a number of such terms as this, and is therefore divisible
by f (p—1)2. Hence the above found value for «, is impossible, and
a sub-group of the type supposed does not exist. The only sub-
groups, therefore, which contain substitutions of order p* -fp + 1 are
those already found of order 3 (jps+p + l ) .

Before going on to the intransitive sub-groups, there is one other
type of transitive sub-group, the possibility of which it is necessary
to. consider. There might be a sub-group g, of order (p'-f-jp-f l )w }

containing no substitutions of order pi+p-\-l. Hero, and in dealing
with the intransitive sub-groups, I make tho limitation, already
referred to in the introduction, that p2+p-|-l is tho product of not
more than two prime factors, which will be represented by pv and p.t.
If, now, g contains no substitutions of oi'der pl ply it must contain ep3m
ande'jp,OT conjugato sub-groups of orders pt and pa respectively, where
e, e' are either 1 or £. If they are not both -|, there would bo a
number of substitutions in r/, displacing all tho symbols, greater than
tho order of the group, and this is impossible.

Hence, since all the substitutions of those [sub-groups are distinct,

tho group contains .,_ (Pl-l)Pim + $ (Pt-l)Plm
substitutions displacing all the symbols, leaving over

substitutions.
{TivppOKo, now, first that ?n,is not divisible by p; and, if possible, let

i.!r) iiui'-group contain a substitution 8 of tho typo

(—®i —y, *)•

K £f is transformed into 8' by any substitution which keeps [z]
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unchanged, 8*8'* would be a substitution of order p. Hence the
sub-group cither contains no substitutions of this type, or else such a
substitution must be permutablc with all the substitutions of the
sub-group which keep [zj unchanged. Now, it is substitutions of
the type S which transform substitutions of order p2—1 into their
ownpiU powers.

Hence, q must contain at least ^ViPim substitutions that keep one
symbol only fixed, or else that sub-group of q which keeps [z] un-
changed must contain a substitution of type S self-conjugately. On
the former supposition the number of substitutions of q which keep
either one or no symbols unchanged would exceed the order of g ;
and this is impossible. Passing to the latter supposition, the
general type of substitution Avhich is permutable with S is

(n.v + by, a'x + 1>'y, c"z), (ah1 — a'?;) c" = 1,

and that sub-group of tj which keeps [s] unchanged must be con-
tained within this group. Now, this group is identical with the
general linear group in the homogeneous variables, and therefore
any sub-group of it which contains distinct cyclical sub-groups whose
orders are factors of JJ + 1 must also contain substitutions of order p.
Hence that sub-group of q which keeps one symbol unchanged must
contain a substitution of order 3 self-conjugatcly. It will, therefore,
be a sub-group of dihedral type, and m will be of the form

2p+lp-l

Of the substitutions of tin's sub-group exclusive of identit}r,

I'-—-—1]*- keep one symbol unchanged, and ( " + 1 ) " 1
V <Zi / ft V <lx V ft
keepp-f 1 sj'mbols unchanged.

Hence the ;>,]\, conjugate sub-groups contain

distinct substitutions.

Now, if P- is greater than 3, this quantity is greater than
7

and, if p+~ is equal to 3, — ( P-^t-1 + l l ^ ^ - l ) cannot be an
ft p + l \ L qx J q2 . . . .

integer, and therefore in any case the second supposition is in-
admissible.
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If, now, p is a factor of m, then 3ps mxist be a factor of m, and the
sub-group of g that keeps one symbol unchanged cannot contain the
group of order p* self-conjugately. It must therefore contain at least
jp + l conjugate sub-groups of order }J*. But this is the number that
is contained in the most general sub-group that keeps ono symbol
unchanged, and it is easy to see that any sub-group containing these
p-jr 1 groups of order p8 is at least as extensive as this most general
sub-group. The sub-group y would therefore, in this case, coincide
with the main group.

Hence, finally, no transitive sub-group of the type in question can
exist.

7. On the Intransitive Sub-Groups of 0.

Among the intransitive sub-groups contained in the main group
there ai-e two classes the discussion of which is practically involved
in the known results obtained by former writers in connexion with
the general homogeneous integral group in two variables. These are
(i) the sub-groups contained in the sub-group of order

which keeps one symbol fixed, and (ii) the sub-group contained in
the group of the same order which interchanges the symbols in two
transitive sets of p* and p +1.

It has already been seen incidentally that there is an intransitive
sub-group of order 6(p—l)i, namely, (iii) the group of type

( y, z, x)

(-!/, *, z)

.( ax, by, cz)

abc s 1,

which either leaves the three symbols [#}, {y}, {z} unchanged or
interchanges them among themselves.

I shall first show that any intransitive sub-group not belonging to
the first two classes is necessarily either contained in a sub-group of
the type just given, or is a sub-group of the transitive group of order

Suppose that N is the order of such a sub-group g, and n the order
of the highest sub-group contained at once in g and in one of

class (iii). Then g must contain -—conjugate sub-groups of order u.
n

Now, two such conjugate sub-groups can only have substitutions
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in common if the symbols which they interchange are of the forms

w. w. w
and {*+Ay}> {s + % } , {z}\
so that the sub-groups contain conjugate substitutions

(ax, /3y, yz)

and aj'+^l?//=a(a' + ^7/), x' + By'== p (x+By), z'—yz.

Moreover, the multipliers a and/3 cannot be equal for all the substi-
tutions of the two sub-groups, as in that case the sub-groups would
not be distinct. But, if « and (3 are unequal, it is easy to verify that
the two substitutions just written will generate the sub-group formed
by all substitutions of the type

(ax + by, u'x + b'y, yz), (ab'—a'b)y = l,

and the order of this sub-group ia equal to or a multiple of p (p9—1).
Now, by supposition, the substitutions of g do not all keep [z] un-
changed. Hence (p. 86, bottom) the group, if not transitive in all the
p*+p + l symbols, must interchange the symbols in two transitive
sets of p* and p + 1. But, by supposition, the latter is not the case,

and therefore, finally, the •— conjugate sub-groups of order n con-

tained in g have no common substitutions except identity. The

Nil } distinct substitutions thus accounted for must contain all
\ n J

the substitutions of g whose orders nve equal to or factors of p —1, as
otherwise there would be a second set of Nil r) substitutions,

\ n J
which with the previous set would give a number greater than the
Older of the group. The remaining substitutions of tho sub-group,
if any, must either displaco all the symbols or must keep one symbol
unchanged; and in tho latter cnso their orders must divide j>8 — 1,
since the group can contain no substitutions of order p. If thero are
substitutions displacing all the symbols, their number must bo
eN (1 ), where M, is a factor of p3-fp + l, and e is either 1 or -|.

\ Pi /

If there are substitutions which keep one symbol unchanged, and if

P.All £H± is the highest order of any such substitution, there will bo

a set of >jiV(l 11—) substitutions, conjugate to this substitution,
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and to those of its powers which keep only one symbol unchanged,
where r) is 1 or ^ ; and, if this does not exhaust all the substitutions
of the group, there must be further sets similar to the last. Hence,
finally,

pl / \ p + l/

where e is 0, 1, or £, and each r; is 0, 1, or 3. This equation cannot
clearly be satisfied if e is unity. If e = •§•, there cannot be more than
one term under the sign of summation, and, if there is such a term,
t) must be |,, so that either

or + y ( W i

The least possible values of 1 , 1 , and 1 2i_ ai'e£, f,
n px p + l

and f, and therefore the first equation is impossible. The second
equation gives

and can only be satisfied by

Corresponding to this solution there are the intx'ansitive sub-groups
of the sub-groups of order 3 (

Finally, if e = 0, so that

I)+2^(l--5i-))n I \ p + l/

there can be only one term again under the sign of summation

(the least value of 1 ^~ is $), and >j must be h Hence
\ 93+1 /

01

and the only solution of this equation is

?!_._

<h
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The corresponding type of sub-group belongs to the first class, all of
its substitutions keeping one symbol unchanged.

The only other possibility is represented by tho equation

so that » = N,

and the sub-group g is contained within the above considered sub-
group of order 6 (p—I)3.

The intransitive sub-groups of tho sub-group of order 3 (pa+^ + l) ,
which exist when p*+p + l is not a prime, are of simplo type and
need not be explicitly dctilt with, so that it is now only necessary to
consider the various sub-groups of tho three general types of in-
transitive sub-groups specified at the beginning of this section.
Tho first two types, though obviously not conjugate to each other
within the main group, are liolohedrically isomorphous, and therefore,
when the various types of sub-group contained in tho one have been
investigated, those contained in the other may be immediately
written down. This isomorphism maybe established in the following
manner:—

Type (ii) contains the group of order p\

bs, y, z),

self-conjugately, and is generated by combining this group with the
group generated by

(;(;, y + z, z ),

(J-'I y, v+z )»

(cw, u'y, a-^z),

a a primitive root mod. p.
If these three substitutions are denoted by A, B, 0, and if the

substitution
( & * , y, z)

is denoted by Sa,b a simple calculation gives

JBS,,,bB-1 - 8u+b,b1
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Type (i) contains the sub-group of which S'l)tl or

(,e + «z, y + bz, z)

is the typo self-conjugately ; and is generated by combining this
group with the group arising from

A' or (x—y, y, z ),

B' or ( a:, y—x, z ),

C or (a"1"a:, a' **y, u"]z) ;

moreover, A'8'atbA'~x = S',in+b,

Now, except as regards the symbols in terms of which they are
written, A\ B', 0' are identical with the inverses of A, B, G\ and it
is well known that, among the various ways in which a group can bo
isomorphously connected with itself, that in which two inverse
operations are taken as corresponding operations always occurs.
Hence an isomoi-phous correspondence is established between the two
types by taking A, B, G, $„,,, as corresponding substitutions to
A\ B', 0' and S'aib. It is, therefore, only necessary to deal in detail
with one of the two types, and tho first will be chosen, as lending
itself rather more readily to calculation. This may, for shortness, be
referred to as the sub-group 11.

The order of the greatest possible sub-group of H which contains
no substitutions whose orders are factors of p + 1 is ps (p — I)2. Sucli
a sub-group, if it exists, must, by Sylow's theorem, contain cither a
single self-conjugate sub-group of order jp8, or (p — I)3 conjugate sub-
groups of this order, since (p — I)3 contains no factor of tho form
icp-fl except itself and unity. Now, every group of order p* is of the
typo

(a? + ay+ /k, y + yz, z),

and is obviously self-oonjugato within the group of typo

, b'y + cz, c"z),
whoso order is ps(p — I)3. Honce H only contains p-\-\ conjugate
sub-groups of order p8, and therefore the supposition that a sub-group
of II of order ^ ( p — I)3 contains (p— I)3 conjugato sub-groups of
order p8 is impossible.

Hence any sub-group of II which contains no substitutions whoso
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orders are p +1 or one of its factors must be contained as a sub-group
Avithin a group of the type

(ax + by + cz, b'x+c'z, c"z).

Consider rioAV sub-groups of H Avhich contain substitutions whose
orders are factors oi p + l. If such a sub-group contains the operation

(x + z, y, z),

it must contain a conjugate substitution in Avhich [yj is not an un-
changed symbol, and it must therefore contain the whole of the
self-conjugate sub-group

(x+az, y+fiz, z).

Every sub-group of H containing substitutions Avhose orders are
factors of p + l must therefore either contain this self-conjugate sub-
group of order p*, or, containing none of the operations of this
sub-group, it must be a sub-group of one of the p% sub-groups of
H whose type is

(®+y» y, s)

O
y>

Moreover, if it contains the sub-group of order £>s, it must be
merihedrically isomorphous with some sub-group of the group of
type just written, and, therefore, must be generated by some sub-
group of the group just Avritten, combined with the group of order
p% given by

(x + az, y+fiz, z).

Again, every sub-group of the group given by

(x + y, y, z)

( <*%

x + y, z)

o-'-'y, az)

contains as a self-conjugate sub-group those substitutions which
multiply z by unity ; and any such sub-group is a sub-group of the
group

jO»+y, • y, «)1

\( x, x+y, z)\

of Avhich all possible types of sub-group are known.
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Hence, by starting from the known sub-groups of this last sub-
group, all the sub-groups of H which contain substitutions that keep
only one symbol fixed may be constructed. They "will consist
(i) of these sub-groups themselves, (ii) of those obtained by com-
bining them with substitutions of the form

(ax, py, yz),

and (iii) of those obtained by combining the sub-groups of type (ii)
with the group

(ic + az, y + bz, z).

To every type of sub-group of U thus obtained will correspond an
isomorphous sub-group of •

(x + by + cz, h'y + c'z, b"y, + c'z);

which may or may not be conjugate within the main group to the
sub-group of H with which it corresponds.

The other intransitive sub-groups that require consideration are,
as has been seen, the sub-groups of a group I, of type

( V, z, »)

(-y, x, z)

(ax, by, cz)

and they must contain substitutions of order 3, since the sub-group

( (oa;, by, cz) 1

is contained within II.

Now the sub-group (ax, by; cz), abc = 1,

is contained self-conjugately within I, and is generated by the two
permutable operations of order p—1,

(a"1^, ay, z) and (a"1 ft, y, az).

Every possible sub-group of this Abelian group may now bo written
down, and combined either with

( V* z, x),

(~y, x, z), .

or with the former of these tAYO substitutions alone.

VOL. xxvr.—NO. 506. ir
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The sub-groups thus obtained will evidently not be all distinct
from I ; but in this way all possible sub-groups of Jare obtained.

The actual enumeration of all possible types of intransitive sab-
group would be oxcessively laborious, and it is doubtful whether it
would serve any useful purpose; but the preceding analysis supplios
the means for determining directly whether a sub-group of any given
type actually exists or not.

8. Case II. p==l (mod. 3).

I now go on to the case in which p = 1 (mod. 3), in which the
congruence

2s = 1 (mod. p)

will have three diiferent real roots. These will be denoted by

The homogeneous group of determinant unity

(ax + by + cz, a'x + b'y+c'z, a"x+b"y + c"z)

is no longer holohedrically isomorphous to the non-homogeneous group

/ ax + by'+ c , __ ax + b'y + c

for the three different homogeneous substitutions

[6r (ax + by + cz), 0r (ax + b'y+c'z), 6r (a"x + b"y + c'z)], r = 1, 2,3,

correspond to one and the same non-homogeneous substitution.

The sub-group (0ra;, 0ry, 6rz), r = 1, 2, 3,

of the homogeneous group, being permutable with every one of its
substitutions, is a self-conjugate sub-group, and the homogeneous
group is merihedrically isomorphous to the non-homogeneous group,
in such a way that to the identical substitution of the latter corre-
sponds tho above self-conjugate sub-group of order 3 of the former.
The homogeneous group, moreover, contains no sub-group which is
holohodrically isomorphous to the non-homogeneous gx'oup. For, if
it did, of tho three substitutions

(•«, $y, to),

(«*, % * ) ,

(Ox, y, 6z)}



1894.] Glass of Groups defined by Congruences. 99

one only would belong to the sub-group; but the two latter are
obtained from the former by transforming it by (T/, Z, X) and (2, x, y).

It would, however, be most inconvenient to use the non-homo-
geneous forms throughout the following discussions, and there will
be no difficulty or confusion in still using the homogeneous form with
the understanding that the substitutions

[0' (oaj + by + cz), 6r (ax + b'y + cz), 6r {a'x + b"y + cz)], r = 1, 2, 3,

are not to be regarded as distinct.

This is the same as regarding the three sets of multipliers

KK\\ OAj.̂ eA,; d\, 8%, 0%

as equivalent; or, in other words, the three characteristic congruences

/ ( A ) = 0 , / (8A)sO, /(02A)=O
as equivalent.

It may be shown at once, precisely as in the former case, that any
two substitutions which have equivalent characteristic congruences
with unequal roots are conjugate to each other, and the reduction of
any substitution to a typical form may be carried out exactly as in
the former case.

If, now, the characteristic congruence has for its roots \ , X;>, \'fl,
where X is a primitive root of

which again will always bo the case for some suitably chosen substi-
tution, this substitution in its typical form will be

and its order in will be the least integer for which

\-» — X"1" = X""'\

In this case 3 is the only common factor of jp—1 and jp2+_p-fl, and
therefore the order of this substitution is i ( jp J +p + l)- The order,
then, of every substitution whose characteristic congruence is irre-
ducible is -3- (jp2+ # + 1 ) or a factor of this number.

If, again, fi is a primitive root of the congruence

H 2
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there must be substitutions, whose characteristic congruences have
an irreducible quadratic factor, of the type

The order n of such a substitution is the least integer for which

and this is | (p2 —1). Every substitution, then, whose characteristic
congruence contains an irreducible quadratic factor has for its order
^ (p* — 1) or a factor of this number.

Of the remaining types

(i) ,r' = o.r, y' = ary% s'== a-<p+l)s,

(ii) x = an\ y = ay, z = a~2z,

(iii) :i:' = a"-.r, y' == a?/, z — a

(iv) /SK, y' = y + z, z = z,

(v) .V = .r, ?/ = y+.-c, «'

where the coefficients are real, the oi'ders may be determined at onco
by inspection. Thus in (i) the order is equal to or a factor of p— 1;
in (ii) equal to or a factor of £ (p—1) ; in (iii) equal to or a factor
of lp (p— 1) ; in (iv) and (v) equal to p.

Hence the order of every substitution contained in the group must
bo equal to or a factor of one of the numbers i (jp2+£> + 1), -& (p2—1),
•sPip—l)* P> P~~h whjle> on the other hand, the group contains
.substitutions whose orders are actually equal to each one of these
numbers. Also every substitution whose order is a factor of

i n n*' "R il poAvor of a .substitution whoso order is
' anc^ !1 • s'"iiln.r property holds for a substitution whose

order is a factor of J- (p*—l) other thanj;—1 or its factors.
Tim number of cyclical sub-groups of each type and their distri-

bution in conjugate sets may now be investigated.

Order \- (ps-f jy-f 1)- Exactly as in the eoiTcsjwnding ordei1 of the
former case, it may be shown that a substitution >S' of order
•£ (p'+p + l) is pei'inutablo only with its own powers, and therefore

N
forms one of a sot of —T—r coniuffatc substitutions, whcj'c N

iW+P + l)
is I.he order of the main group.
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Now, the only powers of S which have equivalent multipliers with
8 are Sp and S1'*, anil hence to each set of substitutions such as

8'', S'1'. #'7'\ there corresponds such another set of .
conjugate substitutions.

There are, therefore, in all •** * • E—-J. jy such substitutions,
/ - f p + 1

whose orders are g (pl"hp + l) or one of its factors, and these form
— conjugate cyclical sub-groups of order |; (p^+p + l), eaclfof

which must therefore be contained self-conjugately in a sub-group of
order p*-\-p + l.

Order % (jp8— 1). Exactly as in the corresponding order of the
• ' N

previous case, it may again be shown here that there are •-—-——
li \P -U

conjugate cyclical sub-groups of order I (p*—1), each being self-
conjugate in a group of order § (p3 —1) ; and that these sub-groups
contain in all —-—£—- different substitutions whose orders are equal

2 ( ^ + 1) H

to or factors of £ (p2 —1) without at the same time being factors of

Order \ (p2—p)- By similar reasoning to that used in the former

case, it maybe shown that there are —• -.-j conjugate cyclical
iP(jp—i)

sub-groups of order -J- (p2— p), so that each is contained self-conju-
gately in a sub-group of order ±p (jp—I)3; also that these sub-groups
contain —*- —- JV different substitutions, whose orders are neither

p(p-l)
p noi* i (p—1) nor one of its factors.

Order p. For cyclical sub-groups of order p arising from a sub-
stitution of the form

(oj + s, yt z),

it may be shown by a slight modification of the former method of
proof that the main group contains a single conjugate set of

—;— ..2 3 sub-groups, so that each such sub-group is self-conjugate
"a \P *•) P
in a group of order-i (p—Vfp*. These conjugate cyclical sub-groups

3iV
contain in all -=-; -r- different substitutions of order p.

p*(p-l)
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For cyclical sub-groups arising from a substitution of the form

(as+y, y+z, z),

it will be found again, as before, that there is a single conjugate set

of -.—-----j in the main group, so that each is self-conjugate

in a sub-group of order \(p — 1) p%, while the whole set contain

•-„- different substitutions of order.?).

Orderp—1. It is no longer the case here that every substitution
whose order is a factor of p—1 is the power of substitution whose
order is p—1. If, a being a primitive root mod. p, ar, «', a"r~" are the
multipliers of a substitution, it is still a necessary condition in order
that the order of the substitution may bo p—1 that the highest
common factor of r and .s-should be relatively prime to p—1. But
this condition is not now sufficient, for, if the difference of r and .•>• is

a multiple of J3, the order of the substitution is only *—,?- , and it is

easy to see that the substitution is not the third power of a substitu-
tion of order p—1.

It is not difficult to modify the result of the provious case for the
number of conjugate sets of cyclical sub-groups of order p—1, so as
to obtain the numbers of conjugate sets in this case of cyclical sub-

p — 1groups of orders p — 1 and -,. ~, but the result is rather complicated,

and it will be replaced hei'o by a determination of the number of
conjugate sets of substitutions, and the number in each set.

For this purpose, consider the congruence

n/3y = 1. (mod. p).

It has (p—I)2 different solutions ; in three of which a, (5, y are equal
to each other, while in 3 (p — 4) of the remainder two only of the
three quantities a, /5, y are equal. There arc, therefore,

solutions in which the three quantities are unequal, and therefore,
allowing for the six permutations of a, /?, y among themselves, there
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distinct sets of unequal multipliers of substitutions whose orders arc
factors of p—1 in the homogeneous group. Of these the set 1, 0, 09 is
the only one which is equivalent to itself; a, /3, y; 0a, 0/3, fly; 08a, 05/3,
Q2y, being, as before denned, three equivalent Bets of multipliers. The
number of equivalent sets of unequal multipliers, i.e., the number
of sets of unequal multipliers, in the non-homogeneous group is
therefore

X +
lo

Allowing for permutations among a, |3, y, the 3 (p—4) solutions of
the above congi'uence in which two of the three quantities are equal

tn — iL

give jp— 4 sets of multipliers in the homogeneous group, and *-•--

sets of multipliers in the non-homogeneous group. To each of these
sets of multipliers corresponds a single conjugate set of substitutions.
Now, a substitution

( 0

is permutable with the group arising from

(ax, by, cz), abc = 1,

( V, «. a)>

(-2/, JB, z),

which generate in the homogeneous group a sub-group of order
6(^) —I)3, to which corresponds a sub-group of order 2 (p—l)s in
the non-homogeneous group. There is, therefore, a conjugate set of

-—-'— - j substitutions with multipliers 1, 0, 02. .Every other sub-

stitution with 3 unequal multipliers is pormutablo only with the group

(o,r, by, cz), abc = 1;

Ni]ugane set oi -
in the non-homogeneous group.

Finally, a substitution (ux, ay, a~iz)

and therofore gives rise to a conjugate set of - - ----j substitutions
inn-hnmof'nnnnus rrvoiin. a ^^ '

is permutabio in the homogeneous group, as in the former case, with
a sub-group of order /> (p + l )(p —I)2, and is therefore in the non-
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homogeneous group one of a set of —~ — —, substitutions.

Hence the total number of substitutions in the group whose orders
are equal to or factors of p—1 is

N

On adding together the numbers of substitutions of the different
types that have thus been obtained with an additional unity for the
identical substitution the sum will be found to be N, as it should be.

It is not necessary to go again through the discussion of sub-groups
containing substitutions of order p.

The result, exactly as in the former case, is that a sub-group, con-
taining operations of order p, and neither contained in the sub-group
of order -ip3 (p—I)2 (/? +1) which keeps one symbol fixed, nor in the
isomorphous sub-group which interchanges the p"1 +p +1 symbols in
two transitive sets of p2 and|?-t-l, must be transitive, while its order
must be divisible by p3.

Now, it has been seen that every cyclical sub-group of order
•̂  Cp'+jp + l) is contained self-conjugately in a sub-group of order
p'+p + l. This sub-group is not, however, transitive in all the
symbols, but interchanges them transitively in sots of -J- (p*+p + l)
each. Suppose now that a transitive sub-group g exists of order
7f Cp8+2* + l ) vh containing cyclical sub-groups of order £ (p2+p + l)»
Since the sub-group is transitive, in must be divisible by 3, and the
group must contain either

l]m or {-H

substitutions displacing all the symbols, leaving over either TO or
m [-| ( p 2 +p+ l ) +-j} substitutions.

The first supposition is clearly impossible, and the latter gives, as
in the former case,

- ^ = 1, r r iod. | (p8+p+l) .

This again leads, according as in is or is not divisible by p, either to

or m = (p—I)2

and it may be again shown here that neither of the corresponding
types of group exists.
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; The former reasoning may also be repeated to show that there can
be no transitive sub-group which contains substitutions of the orders
jt?! and p2, where pu p2 are the two different prime factors of
"if (p'+P + 1), this number being Rupposed not to be a prime, without
containing substitutions of the order px p%; so that, finally, the group
contains in this case no transitive sub-groups. The possibility occurs
in this case of an intransitive sub-group containing substitutions of
order i ( p 3 + p + l ) , but a consideration of the sets in which such a
substitution would displace the symbols immediately shows that no
such type can exist with the exception of the above mentioned sub-
groups of order jpa +jp 4-1. The previous reasoning applies to all other
types of intransitive sub-group without modification, and leads to the
same result, viz., that every intransitive sub-group, other than those
whose orders are equal to or factors of pa+p + l, is contained either
in the sub-group of order %p* (p — I)2 (p + 1) that keeps one symbol
fixed, or in the isomorphous group that displaces the symbols in two
transitive sets of.p2 and p +1, or, finally, in the sub-group of order
2 (p — 1)*, arising from . . . ,

It may be noticed that the intransitive sub-group of the homo-
geneous group which keeps one symbol fixed contains a sub-group
of order ips (p — 1)8 (p + 1), viz-,

(ax+by + cz, a'x + b'y + c% c"z), (ab'—ab) c" = 1, c"*0'"11 = 1,

which is holohedrically isomorphous with the corresponding sub-
group of the non-homogeneous group.

9. On the Group G for p — 2 and p = 3.

When p = 2, the order of the main group is 168. The only
simple group of this order is the known group of the modular equation
for transformation of the seventh order of elliptic functions; so that
this case does not require separate discussion.

It may be noticed that the sub-group of order ps or 8 in this case
contains substitutions of order p% or 4, whereas in all other cases the
substitutions of the. sub-groups of order jps are all of order p.

When p — 3, the order of the main group is 5616 or 13 . 3s. 24. A
consideration of the multipliers of a substitution of order 13 shows,
as before, that every cyclical sub-group of this order is contained
self-conjugately in a sub-group of order 39. If, now, there were any
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other sub-groups containing substitutions of order 13, and therefore

of order 13m, either m or ~ must, by Sylow's theorem, be congruent

to unity mod. 13. But the only factors of 3 s . 2* which are congruent
to unity mod. 13 are 33 and 32 . 2*. Now sub-groups of orders 13 . 3s

and 13. 32. 24, if they existed, would be transitive in 13 symbols, and
would at the same time contain 12 .3 s and 12. 3*. 2* substitutions
respectively of order 13; but this is impossible. The only transitive
Nub-groups, therefore, are those of orders 13 and 39.

The intransitive sub-groups, finally, will come under the same
three heads as in the two general cases already discussed.

Thursday, January XOth, 1895.

Major MACMAHON, R.A., F.U.S., President, in the Chair.

Mr. Ernest Frederick John Love, M.A., Queen's College, Carlton,
Melbourne, Victoria, was elected a member, and Mr. J. H. Hooker
was admitted into the Society.

The Chairman gave a short obituary account of Mr. A. Cowper
Hanyard'fi work and connexion with the Society.

The following communications were made :—
On Fundamental Systems for Algebraic Functions: Mr. H. F.

Baker.
On the Expansion of Functions : Mr. E. T. Dixon.
Some Properties of a Generalized Brocard Circle: Mr. J.

Griffiths.
Electrical Distribution on Two Intersecting Spheres : Mr. H. M.

Macdonald.
The Dynamics of a Top : Prof. GreenhilL.

The following presents Avcre received:—
" Calendar of Quccn'fl Collcgo, Cork," 1891-/5; Cork, 1894.
"Journal of the Iiintifcuto of Actuaries," Vol. xxxr., Pt . 5 ; October, 1894.
" Bulletin of the American Mathematical Society," 2nd ScrieR, Vol. i., No. 3 ;

New York, 1894.

InHaly, M. l'Abhu.—" Optiquo Gc'ometriquo," pamphlet, 8vo ; Bordeaux.
" Bcrichtc iihor die Vcrhanrliungcn dcr Koniglich Stichmschon Geflcllschaft der

JHI Leipzig," n., 1H!H.
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'' Memoirs aud Proceedings of the Manchester Literary and Philosophical Society,'y

Vol. vni., No. 4.
" Bulletin den Sciences Mathcmatiques," Tome xvin., December, 1894 ; Paris.
" Bulletin do la Societo Mathematiquo de Franco," Tome xxn., No. 9.
" Rendiconti delCircolo Matomatico di Palermo," Tomo vni., Fasc. 6 ; Nov.-

Dec, 1894.
" Atti della Rcale Accademia dei Lincei—Eendiconti," 2 Sem., Vol. in., Fasc.

10; Eoma, 1894.
"Educational Timos," January, 1895.
" Annals of Mathematics," Vol. ix., No, 1 ; November, 1894, Virginia.
"Indian Engineering," Vol. xvi., NOB. 21-24 ; Nov. 24-Deo. 15, 1894.
A bound volume of letters from Prof. De Morgan and his son G. C. De Morgan,

to A. C. Ranyard, bearing upon the foundation of The London Mathematical
Society, and a letter from Mrs. De Morgan.

Tracts by Professor Do Morgan :—
i. " On the Mode of using the Signs + and — in Plane Geometry."

ii. (i. continued) " and on the Interpretation of the Equation of a Curve."
Hi. " On the word'Api0/*(Js."
iv. " On a Property of Mr. Gompertz's Law of Mortality."
v, " Remark on Homer's Method of Solving Equations."

vi. " Contents of the Correspondence of Scientific Men of the Seventeenth
Century."

vii. "On Ancient and Modern Usage in Reokoning."
viii. " On the Difficulty of Correct Description of Books."
ix. " On the Progress of the Doctrino of the Earth's Motion, between the

times of Copernicus and Galileo."
x. " On the Early History of Infinitesimals in England."

Thcso two volumes were left by will, by Mr. Ranyard, for the acceptance of the
Council.

On Fundamental Systems for Algebraic Functionn. By H. P..
BAKER. Read January 10th, 1895. Received, in abbreviated
form, 18th February, 1895.

In a note which has appeared in the Math. Annal., Vol. XLV., p. 118,
it is verified that certain forms for Riemann's integrals, given hy
Herr Hensel for integrals of the first kind, and deduced by him
algebraically from quite fundamental considerations, can bo very
briefly obtained on the basis of llienmnn's theory. Jiut a desire to
dispense with the homogeneous variables used by Herr Nensol has
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