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ON THE EXPANSIONS OF THE ELLIPTIC AND ZETA
FUNCTIONS OF 2K IN POWERS OF ¢

By J. W. L. GLAISHER.

[Received October 13th, 1904.—~Read November 10th, 1904.]

1. In a paper in Vol. xx1. of the Proceedings,* I have given the
expansions of the twelve elliptic and four zeta functions of 3K in powers
of g, the coefficients in the expansions being expressed by means of certain
arithmetical functions. Since the publication of that paper I have reduced
the number of these arithmetical functions, which are required for the
expansions, to two. The new forms may be deduced from those contained
in the previous paper, but it seems preferable to give an independent
investigation, deriving them from the general expansions of the elliptic
and zeta functions. In the previous paper the results were stated without
proof, the methods by which they were obtained being merely indicated.

2. The expansions in powers of g of the general elliptic and zeta
functions may be writtent
kp sn pz = 427 A(sin mz) g™,
kk'p sd pz = 4Z7 (— 1™V A (sin mz) g™,
kp cd pz = 42 E (cos mz) g™,

kpen pz = 437 (—l)é("‘"l)E(COS me) q""‘ ;

pznpr = 437 A’(sin 2nz)q",

pzd pz = 437 (—1)* A’ (sin 2nz) g™,

p dnpz = 14437 E’ (cos 2nz) ¢",
K'pnd px = 14427 (—1)"E' (cos 2nz)q" ;

# ¢ On the ¢-Series derived from the Elliptic and Zeta Functious of K and }+K,’’ Proceedings,
Vol. xxi1., 1890, pp. 143-171.

t Messenyer of Mathematies, Vol. xvir., 1888, p. 8.
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pus pz = cosec z+427 A (sin nz) ¢*,

p ds pz = cosec z44Z7 (—1)"A(sin nz)q",

pdepr = secz+42 E (cos nx) g™,
Kpuncpr = secz+4Z7 (—1)"E (cosnz)q™;

pz8s pr = cotz+427 o(sin 2nz) ¢*",

pespr = cotz—4Z7 { (sin 2nx) g™,

pz¢ pr = —tan z—4Zy {(sin 2nz) ¢*",
kK'pscpz = tanz—4Z7 £(sin 2nx) g™ ;

where p = 2K/, n is any number, m any uneven number, and the
arithmetical functions A, E, ... are defined as follows.

Let &, &y, ... be all the uneven divisors of any number », and let
61, 63, ... be their conjugates (i.e., so that 8,6 = 6:8; = ... = n). Let
dy, dg, ... be all the divisors of % and di, ds, ... their conjugates.

Let A¢pn) = Z.¢(9), Algpn) = Z,¢(d),

E¢(n) = Z.(—1)Vg(), E'¢n) = Z.(—1CDe@),
op(n) = Z.¢(d), Epn) = Zp(—1)* ¥ ¢ (d),

o) = Z,(—1)* 1 p(d), {pm) = Z,(—1)¥ o),

where ¢ is any function and » is the number to which the divisors
Oy Ogy -y Ay, dy, ... relate.* For example,

Apm) = pG)+96)+.... Epm) =+ ¢6)+¢@) ...,
where in the second equation the sign of the term involving ¢, is positive
or negative according as J, is of the form 4441 or 44+3.

These definitions are also supposed to hold good when » is veplaced
by any uneven number m. In this case the d’s and &’s are the same.

For the expression of the coefficients the functions E(w), H (n), H,(»)
will be used, where

E®m) = the number of divisors of n of the form 4i+41

- 1 7] ” 4k+3,+
H(n) = the number of divisors of n of the form 3k41

- ”» » ” 3k+2y
H,(n) = the number of divisors of n of the form 6k+41

- ’” ’ 3] 6k+5.

* Thus, when the argument is 2xz, it is with the divisors of 2, not 2x, that we are concerned.
For example, o (sin 2nz) = sin 24,z + 8in 2doz + ..., where d), d,, ... are the divisors of ».

1 This definition of E(n) is inconsistent with the general definition of Eg (), but, as
30 (—1)4¢-1§ does not ocour, it is convenient to use & () to denote 3, (—1)he-1,
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8. Putting z = }, the first group of expansions becomes
kp sn 3K = 427 . Z,.8in }é7 . ¢,
kk'psd 3K = 42, (— 1D Z, sin 1d7. ¢4,
kpecd 3K = 4%, . Z,,(—1)¥¢Dcos 17 . g™,
kpen 3K = 427 (— 1™, (—1)4¢-D cog 347 . gh™

Now sin 36w = %4/8 if ¢ is of the form 6k+41, and = —34/3 if § is of
the form 6k+5. If ¢ is divisible by 8, it is zero. Therefore

Zn sin 67 = 34/8 H, (m).

To calculate the value of Z,(—1)*®-Vcos 1dr we notice that, if & is not
divisible by 8, cos 36 = %, and that, if J is divisible by 8,

cos 3dr = —1=3—-35.
Thus Sn(—1)46-D o5 187 = %Em(—1)5(5‘1)——%2,,,(—1)&(““,
where the second term occurs only when m is divisible by 8, in which
case e is any divisor of m which is divisible by 8.

The first term = }E (m). To express the second term, let m = 8u;
then e, = 87, where 7, is any divisor of x ; therefore

Za(— 14D = B, (=1 D = — 3, (1} = — B ) = —E (4m).

We thus find
Zn(— 16D cog 1 = 3E (m)+3E Gm).

This equation also holds good when m is not divisible by 8, if we define
E(r) to be zero when 7 is fractional.
The group of expansions therefore becomes

kpsn 32K = 24/8 =7 H, (m) g™,
kk'psd 2K = 24/8 25 (— 1D H, (m)q*™,
kped 3K = 2% {E (m)+E (3m) } g™
kp en 3K = 237 (— 1}V {E (m) + E §m)} gi™.

4. Putting x = %, the second group is
pzn3K = 427 .Z,sin $d'7.q%,
pzd 3K = 427 . (—1)" Z, sin 38’7 .q",
pdn 2K = 14437 . Z,(—1)}¢Dcos 28'7.q",
kK'pnd 2K = 14437, (—1)"Z,(—1)¥¢Deos 26'r.q™
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Consider the value of 4 = Z,, sin 24'7.

If n is uneven, the system of numbers §' consists of ¢, dy, ..., and

A=3v8H,(n). If n=2m (m being uneven), the system o' consists of
26y, 20y, ... and A = —$4/3 H,(n) ; if n =4m, the system & consists
of 46, 46;, ... and 4 = 34/8 H,(n); and so on. Thus we find, if n = 2'm,

Z,sin 28’7 = (—1)' 34/8 H,(n).
Consider now the value of
A =Z,(—1) ¢ Deog 2§' .

We have cos 26'm = — 3}, except when d is divisible by 8,
and = —3+$% when ¢ is divisible by 8.
Therefore A =—1Z,(— 1D 3T (—1)h(-D,

where in the second term (which occurs only when n is divisible by 8) € is
any uneven divisor of » whose conjugate is divisible by 3.

The first term = — 3E (n); and to evaluate the second term we notice
that, if » = 2. 8u, where u is uneven, then ¢ is any divisor of u. Thus
the second term = $E (3n), and we find

S (=13 Deos 28'r = — LE()+3E (3n).
The second group of expansions therefore becomes
pzn 2K = 24/8 Z7 (—1) H,(n)q",
p2d 3K = 2/8 =7 (—1)"(— 1) H, ) ¢,
pdn 3K = 1—237 {E(m)—3E(3n)} ¢",
Kpnd 2K = 1—237(—1)" {E m)—8E (}n)| ¢™

5. The third group is
pns 2K = cosec 37+4Z7 .2, sin §é7.q",
pds 3K = cosec 37 +4Z7.(—1)" 2, 8in §é7.¢",
pdc 3K = secym+427. Z.(—1)¥¢Veos Léw. ",
Kponc3K = secim+4Z7 .(—1)"Z,.(—1)}¢"Ycos iém.q™
If n = 2m,
Z, 8in 367 = Z,sin §67 = 34/8 H,(m) = $4/8 H,(n) (§ 8),
Sa(—136"Dcog 167 = =, (—1)¢-V cos 367 = 3E m)+3E (3m)
=3Em+3EGn) (§3);
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and therefore
pus 3K = 2/4/34+24/8 27 H,(n) q",
pds 3K = 2/y/8+2¢/8 3 (—1)" H,(n)q",
pde 3K = 24237 {E@)+3E Gn)} ¢,
kK'pne 3K = 24237 (— )" {E(m)+3E@3n)} ¢*
6. In the fourth group the four coefficients are all different in form

and depend upon all the divisors, instead of only upon the uneven divisors,
of n.

The expansions are
pz8 3K = cot 3w+4Z7. 2, sin 3dw . ¢,
pes 3K = cot 3r+427. T, (— 1% sin 3dw. g™,
p 26 3K = — tan §r+42;. 2, (—1)*sin 3w . ¢*"
Kpsc3K = tanir—437. 2, (—1)%*" gin 2d=7. g™
It is evident that
sin §dr = }4/8 when d is of the form 8k-1,

and = —4v3 ” ” 8k+2.
Therefore 2, sin $dr = 34/8 H(n),
and p 283K = 1/0/8+2v/8 =7 H (m)g™.

7. A different form of the value of X,sin 2d= will now be obtfained in
connection with the evaluation of

2, (—1)% sin &d, 2. (—1) sin &d, Zn(—1)%+ gin 3d.

Let n = 2'm (¢ > 0), and let 6,, &, ... be the divisors of m (which of
course ave all uneven). The syster of divisors of n is therefore 6, 4, ..
281, 289y vy onry 2%y, 2%y, .... Now

sin 28w = 34/8 or —34/8 according as J is of the form 6k+1 or 6k+5,
sin §6m = — $4/8 or 34/8 ” » " »
and, in general,
sin 4276w = (—1)" $4/8 or —(—1)"34/8

according as ¢ is of the form 6k+1 or 6k+5.
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Thus 2, 8in o7 = $4/8 H,(n),
2, 8in 2267 = — 34/8 H,(n),

3, 8in 267 = (—1)'34/8 H,(n).

The even or uneven characters of d, d’, d+d', according to the different
forms of d, are shown in the following table, in which n = 2'm and % > 0.

a a@ d+d

0y, O, ... (uneven) | even | uneven

26,, 264, ... (even) even even
226,, 228,, ... (even) even even
2i§,, 2i6,, ... (even) uneven | uneven

It follows therefore that, if 2 > 0,
Z.8in 3dm = $4/8 |14+ (—1)+(—1)24... 4+ (=1} H,(n)

2

Z.(—1)¥ sin 2d7r = 3v/8 {1+(—D+(—1*+...—(—1)'} H,(n)

= hvs 12D

Za(—1)?sin 2dr = 34/8 { —1+(— D+ (=D’ +...+(— 1)} H )
=33 i-%(j—lfﬂl(n),
S (— 1) gin 3dr = 3y/8 { —1+ (= D+ (= DP+... —(— )} H, ()
= %V3w2i——l)iHl(n).

When #n is uneven, 7.e. when ¢ = 0, the first three formule still hold
good, but in place of the last we have

Ta(—1)3*¢ sin 2dr = 34/8 H, (n).
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The four expansion formule therefore become, if n = 2'm,

pzs 3K = 1/y/3+ &/83ZF {1+(— D} H, (g™,
pes 3K =1/4/8+ 4827 {1—-3(—1)} H (n)g™,
pac 3K = —y/8— v/8Z {3—(— 1)’} 1M g™,
Kpsc2K = /848482 {1+(—1'} Hi(m)g*™ G ¢>0

= 4/8—2y/8Z7 H,(m)g™ @f 1=0).

8. The coefficients in the expansions of the sixteen functions have
therefore been expressed by means of two arithmetical functions E (n) and
H, (n), but in connection with the latter the factor (—1)', depending upon
the structure of n, occurs. It will now be shown that this factor may be
got rid of, and that all the coefficients can be expressed by means of the
two functions E (n) and H (n).

It was shown in § 6 that

Zasin 3dm = $4/3 H(w),
and in § 7 that, if 2 = 2'm,

S, sin 3d7 = 34/3 ﬁ(z—“-l—" H, ().

Comparing these two results, we see that

{14(=1)} H (n) = 2H ).
Now, if » is even,

H(n) = the number of divisors of n of the forms 6441 and 6k+4
- » ” ” 6k+5 and 6k+2
= H,n)—H3n);

for the divisors of 7n of the forms 6%k44, 64x+2 are the doubles of the
divisors of 47 of the forms 8%k+2, 3k+41 respectively.
‘We have thus obtained the formulse

H,(n) = Hn)+H (}n),
(—1¥ H,{(n) = 2Hm)—H,(n) = H (n)—H(#n),*

which still hold good when 7 is uneven if we define H (r) to be zero when
r 18 fractional.

* These equations show that H, (n) = H () or H (}#) according as i is even cr uneven.
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9. Expressing in terms of H the -coefficients which have been
obtained in terms of H,(n), we have

3. 8in 28'r = 3/8(—1) H,(n) = 3v/8 {Hm)—HEGn)} (§ 4),
T.8in 10r = 38 H,(n) = 3v/8{Hm+HGn} (§5),

2, sin 3dr = ¥2 M H,m) = 348 H(w),

2
2. (—1)¥ gin ¢d7w = % %—-—IXHI(?L) = — %{ Hn)—2H@n)},
Su(—1)sin §ar = ¥ =8 D gy = — 3 He)+2HGm),
Zu(— 1) sin 3w = —¥2 ii—%_—l—)iHl(n)= §‘_2/_ Hm (fi> 0),
and = }4/8 Hmn) (f 2= 0).

10. Collecting the expansions, the six which depend upon E are

kpcd 4K = 227 {Em)+3E(3m)} ¢}

kpcn 3K = 227 (— 1A=V E(m)+8E (3m) } ¢*™,
pdn3K = 1—227 {En)—S8E(}n)} q"

kK'pnd 2K = 1—257 (—1)"{Em)—8E@3n)} ¢*
pdc 3K = 24237 {Em)+3EGn)} q",

E'pne 3K = 24227 (— )" Em)+8E(Fn) | ¢"

and the ten which depend upon H are
kp sn 3K = 24/8 Z{ H (m)g*™,
kk'psd 3K = 24/8 Z¥ (— 1)} H(m) g™,

pzn 3K = 2y/3 27 {H(n)— H (3n)} q",
pzd 3K = 24/8 Z7(—1)" {H(n)— H@3n)} q™,
pns 3K = 2/4/84+2y/8 27 {Hm)+H@En)} q",
p ds 3K = 2/4/84+2v/8 2V (—1)* {Hm)+H@3Gn)} ¢"
pz8 3K = 1/4/34+24/8 ¢ H(n)q*",
pes 4K = 1/y3—2y8 X {H(n)~2H ()} ¢
pzc 3K = —4/8—24y/3 27 {H )+ 2H (3n)} ¢*

Epsc3K = /8424827 {142(—1"} H(n)g*
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11. The formule in the E-group, which contains the expansions of the
six even functions of £K, are the same as those given on p. 144 of the
previous paper, except that by the use of the symbol E(3n) two series are
combined into one, e.g., in the previous paper the first series was written

kpcd 2K = 237 E (m) g™+ 627 E (m) ¢*™.

The coefficients in the ten expansions forming the H-group, which
represent the uneven functions of 2K, were originally expressed in the
previous paper (pp. 144, 145) by means of six arithmetical functions H (n),
H'(n), H'(n), Hy(n),* I(n), i(n). These six functions were subsequently
(p- 148) expressed in terms of H(m) and (—1)* H(m), where » = 2%m ; and
1t was pointed out (p. 150) that the six functions could also be expressed
in terms of H and H,, so that the expansions of the sixteen functions in-
volved only the three arithmetical functions E, H, H,.

At that time I failed to notice the very simple formula

H,(m) = Hn)+H@n),

by means of which H, can be expressed in terms of H, so that (as shown
in this paper) the ten expansions involve only a single function H, and
can be expressed each by a single series if we adopt the convention that
H(7) is zero when 7 is fractional.

12. The following equations express in terms of the function H the
arithmetical functions which were defined and used in the previous paper,
and which on p. 148 of that paper were expressed in terms of H(m) and
(=1 H(m),

H,(n) = H(n)+H@n),

H'(n) = Hm)—H@3n),
H"(n) = H(@3n),
h(n) = H(n)—2H (}n),
Im) = Hn)+2H 3n),
I'(n) = (=1 H(m)+ H@3n),
I"(n) = {14(=1)"} H@n)+H Gn),
i) = — {14+2(=1"} H(n).

¢ In the previous paper H, (1) was denoted by J (#). I have changed the notation because
in subsequent papers I have used J (v) to denote the excess of the number of divisors of n of the
forms 8% + 1 and 8% + 3 over the number of those of the forms 84+ 5 and 8%+ 7. This function in
the previous paper (p. 163) was denoted by 7 (n).
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18. The quantity H (3n) may be replaced by H(2n) in all the formule,

for, if » 18 uneven, both are zero, and, if n is even,
H@n) = H(22. 3n) = H(2n).

The last eight of the H-expansions may therefore be written
pzn 3K = 2¢/8 37 {Hm)—H(2n)} g%,
pzd 3K = 24/8 Z7 (— )" {H(m)—H (2m)} ¢",
pns 2K = 2/y/842y/8 57 {Hm)+H2n)} ¢,
p ds 3K = 2/y/8424/3 27 (—1)" {H )+ H 2n)} ¢",
p 28 3K = 1/4/8+424/8 Z7" H (n) ¢*",
pecs 3K = 1/4/8—24/3 7 {H(n)—2H (2n)} ¢*",
pzc 3K = —/8—24/3Z7 {Hm)+2H2n) ! ¢*",

Kpsc3K = 4/8+2y/8E {1+2(—1)"; Hm)g™

Whatever the value of n, either H (n) or H (2rn) must be zero. Of course
both may be zero.

Similarly, E (3n) may be replaced by E(8n), for, if 2 is not divisible by
3, both are zero, and, if » is divisible by 3,

E (3n) = E (82. in) = E(3n).
Thus the E-expansions may be written
kpcd 3K = 227 {E(m)+3E (3m)} g™,
kpcn 3K = 237 (— 13D (E (m)+8E (3m) } g™,
pdn 3K = 1—237 {E(m)—3E(3n)) ¢,
Kpnd 2K = 1—2Z7 (—1)* {E(m)—8E (8n)} ¢*,
pde 2K = 24227 {E (m)+3E (8n)} ¢*,
k'pnc3K = 24237 (—1)" {E (m)+8E Bn)} ¢

‘Whatever the value of n, either E(n) or E(8n) must be zero. Of course
both may be zero.

14. If only H(n) be used, 7.e. not H(4n) or H(2n), the last-eight of the
H-expansions may be expressed as follows :—

p 20 2K = 24/8 =7 H (n)q"—24/8 Z7 H (n) ¢*",

p2d 3K = 2/8 27 (—1)"H ()" —24/8 =7 H () g™,

pns 2K = 2/4/8+24/3 Z7 H (n)q"+2+4/8 Z7 H() g™,

pds 2K = 2/y/84+24/3 27 (— 1) H(n)g"+24/3 =7 Hn) ¢,
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p2s 3K = 1/4/8424/8 ZV H(n)¢™,
pes 2K = 1/4/3—24/8 37 H () ¢+ 44/3 57 Hn) g™,
pzc 3K = —4/8—2/83TH(n) g™ —44/8Z'H n)q
E'psc 3K = 4/8+464/3 Z7 H(n)q*"—84/8 Z7 H(m)g™™.
The last formula may also be written
E'psc 2K = 4/8464/8 Z7 H(n)q™—24/8 Z7 H(m) g*".

The following mode of expressing the first group may be noticed, as the
even and uneven powers of q are separated :

pandK = 23 57 {H@n)—H®)} ¢ +2v/3 57 Him) "
pzd 2K = 24/8 27 {H@n)— H(n)} ¢°"—24/8 Z7 H(m) q”‘
pn8 2K = 2/3/8+2¢/8 Z7 {H(2m)+H(n)} ¢**+2¢/8 Z (m
pds 2K = 9//3+24/3 37 {H@On)+ Hin)} ¢ —2/3 E* Him) g

15. The values of the elliptic and zeta functions for the argument K
are deducible at once from those for the argument 2K by the formula

cd3K =sn3K, cniK = k'sdiK, zc3K=—1siK, ..,

but in this paper I have preferred to express the results by means of the
argument K, instead of $K as in the previous paper, because with the
former argument the groups of formul® are more regular, e.g., when so
expressed the six E-formule represent the even functions and the ten
H-formule the uneven functions.

Many of the formule in the previous paper are improved by the
change from }K to %K, e.g., the last three relations in § 22 (p. 152)

become cd3K+cn 3K =1,
nc 2K—nd 2K = 1,
de2K—dn 2K =1,
and the six formule in § 28 (pp. 152, 158) represent the six even functions

of 2K. Also the three formule at the top of p. 151 represent sn® 32K,
k'?sd? 2K, k'* sc? K.

16. By extending the convention that the function is zero when the
argument is fractional from E and H to the arithmetical functions
A, §, o, ... we may combine into one the two series which occur in the
expansions of the squared elliptic and zeta functions on p. 158 of the
previous paper.
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Selecting from each of the first three groups the expansions in which
the constant term can be combined with the first of the two series, we have

k*p?sn® 3K = 1237 {A' (n)—8A' 3n)} ¢*,
Kk%p% sd? 3K = 1227 (—1)""{A' () —8A' §m) } ¢"
KR s 3 = 8—1957 |E)—3E () ¢

’

In the fourth group a term in p® occurs in each of the expansions, e.g.,

p? ds? 3K+3(—k?p? = 1+12Z7 {o(m)—30 Gn} g

17. A table of the values of E () up to n = 1000 was given in the
Proceedings of this Society, Vol. xv., 1884, p. 106,* and tables of the same
extent of H (n), and of J (n), v.e., of the T (n) of the previous paper, have
been given in the Messenger, Vol. xxx1., 1901, pp. 64-72 and 82-91.
The introductions prefixed to the latter two tables contain references to
other papers in which the functions H (n) and J(n) are considered.

* Two errors in this table are pointed out in the Messenger, Vol. xxx1., p. 66, viz., the argu-
ments 802 and 922 should not be omitted, for the valnes of E (802) and E (922) are each 2,



