
840 DR. J. W. L. GLAISHER [NOV. 10,

ON THE EXPANSIONS OF THE ELLIPTIC AND ZETA

FUNCTIONS OF § # IN POWERS OF q

By J. W. L. GLAISHER.

[Received October 13th, 1904.—Read November 10th, 1904.]

1. In a paper in Vol. xxi. of the Proceedings,* I have given the
expansions of the twelve elliptic and four zeta functions of \K in powers
of q, the coefficients in the expansions being expressed by means of certain
arithmetical functions. Since the publication of that paper I have reduced
the number of these arithmetical functions, which are required for the
expansions, to two. The new forms may be deduced from those contained
in the previous paper, but it seems preferable to give an independent
investigation, deriving them from the general expansions of the elliptic
and zeta functions. In the previous paper the results were stated without
proof, the methods by which they were obtained being merely indicated.

2. The expansions in powers of q of the general elliptic and zeta
functions may be written t

kp sn px = 42^ A (sin mx) qim,

kk'p sd px = 42r ( - D ^ - ^ A t e i n mx)qim,

kp cd px = 42? E (cos mx) q*"\

kp en px = 4 i r (—l)^m~^E(cos mx) qim ;

pzn px = 42r A' (sin 2nx)qn,

pzdpx= 42r(-l)*A'(sin2wz)gw,

p dn px = 1 +42? E' (cos toix) q11,

k'p nd px = l-|-42r (-l)n#'(cos 2nx)qn ;

* " On the y-Series derived from the Elliptic and Zeta Functious of ^ATand $K," Proceedings,
Vol. XXII., 1890. pp. l-n-171.

+ Messenger of Mathematics Vol. XVIII., 1888, p. 8.
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p ns px = cosec x+42f A (sin nx) qn,

p ds pz = cosec x -\- 42f (—1)" A (sin nx) q11,

pdcpx= sec x-\-<k2,i E {cos nx)qn,

k'pncpx = seca;+42r(—l)n E {cos nx)qn;

p zs px = cot oC+42r<r(sin 2?ix) (f71,

pcspx= cotx—42ri'(sin2»x) q2n,

pzc px = —tan ic — 4 2 ^ (sin Znx) #2n,

&'p sc px = tan x—42^ (sin 27zar) q2n ;

where p = SK/ir, n is any number, m any uneven number, and the
arithmetical functions A, E, ... are defined as follows.

Let 8V 82, ... be all the uneven divisors of any number n, and let
S'i, 8'2, ... be their conjugates {i.e., so that SiS[ = S2S2 = ... = >i). Let
dlf <i2, ... be all the divisors of n and d[, d'i, ... their conjugates.

Let A0 (n) = Sn 0 (<S), A'0 (n) = 2 ^ {8'),

f0 (n) = 2 n (-1)""1 ^ (d), f 0 (») = S» (-1)"'"10 (flD,

where 0 is any function and n is the number to which the divisors
8lt 8%, ..., dXi d%, ... relate.* For example,

where in the second equation the sign of the term involving 8r is positive
or negative according as 8r is of the form 4A;+1 or 4&-f-3.

These definitions are also supposed to hold good when n is replaced
by any uneven number m. In this case the d's and <S's are the same.

For the expression of the coefficients the functions E{n), H{n), Hx{n)
will be used, where

E{n) = the number of divisors of n of the form 4A;+1

H{n) = the number of divisors of n of the form 3&+1

Hx{n) = the number of divisors of n of the form 6& + 1
— ,, ,, ,, Dre-f-5.

* Thus, when the argument is Inx, it is with the divisors of », not In, that we are concerned.
For example, <r(sin inx) = sin 2dxx + sinId^c + ..., where dx, d2, ... are the divisors of ».

t This definition of E{n) is inconsistent with the general definition of E<p{n), but, as
2«(— i)i('-i)5 does not occur, it is convenient to use E{n) to denote 2n(—l)*l*"1}.
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3. Putting x = ijTr, the first group of expansions becomes

kp sn § Z = 42? . 2 m sin %STT . g*m,

kk'psd^K = 42i (-l)«m-1>.2msini<Sir.g*"1,

&p cd fiT = 42i . 2m(-l)««-1>cos §8TT . g*m,

JfcpcnfiT = 42?(- l )*< m - 1 >.2J

Now s i n ^ x = £V3 if <? is of the form 6&+1, and = — W% i f <* is of
the form 6&+5. If 5 is divisible by 3, it is zero. Therefore

2 m sin ifSir =

To calculate the value of 2 m (—l j^^^cos j^ i r we notice that, if 8 is not
divisible by 8, cos %STT = £, and that, if <5 is divisible by 8,

cos %8TT = — 1 = £—f.

Thus Sm(_l)i(«-D cos *&r = i S T O ( - i (

where the second term occurs only when m is divisible by 8, in which
case e is any divisor of m which is divisible by 3.

The first term = \E(rri). To express the second term, let m = Sji;
then er = 3^r, where r\r is any divisor of fx ; therefore

We thus find
2 m (- l ) i ( 6 - 1 ) cos \8ir =

This equation also holds good when m is not divisible by 3, if we define
E(r) to be zero when r is fractional.

The group of expansions therefore becomes

kp sn p : = *

&fc> sd fZ =

fepcdf.K" = 22?

A;/) en fZ = 22? ( -

4. Putting x = ^7r, the second group is

p zn f # = 42? . 2rt sin f^V. qn,

Pza%K= 42?. (-1)712n sin §(5'TT . gn,

p dn §# = 1 + 42? . 2n(-l)*<8-1)cos §^7r.gw,

Z = l + 42?.(-l)n2n(-l)i(6-1)cosf<5'7T.gn.
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Consider the value of A = 2 m sin § S'TT.

If n is uneven, the system of numbers S' consists oil o\, o2, ..., and
A = JV^ # i (%). li n = 2m (m being uneven), the system 6' consists of
2dlf 2<52, ... and A = — ^SH^n) ; if ?i = im, the system <5' consists
of 4 ^ , 4<Sa,... and A = %*/3 Hx{n); and so on. Thus we find, if n = 2i?»,

2,t sin f^V = ( -

Consider now the value of

We have cos §5V = — £, except when 5 is divisible by 3,

and = — i + f when 5 is divisible by 3.

Therefore A = - ^ ( -

where in the second term (which occurs only when n is divisible by 3) e is
any uneven divisor of n whose conjugate is divisible by 3.

The first term = — \E (n); and to evaluate the second term we notice
that, if n = 2 \ 3/x, where fx is uneven, then e is any divisor of /*• Thus
the second term = %E{%n), and we find

) c o s | 5 V _

The second group of expansions therefore becomes

p zn $Z = 2^/3 Sr (-1)*HM<ln>

p zd fZ = 2^3 2r ( - D ^ - l ^ f l " ! ^ ) ^ ,

/odnfZ = l-22f \E(n)-SE$n)) qn,

k'p nd | Z = 1 - 2 2 ? ( - l)n {E {a)-dE (in) ( ?n.

5. The third group is

p ns f K = cosec ̂ + 4 2 ? • 2n sin ^TT . qn,

pdsfZ = cosec i i r + 4 S r . ( - l ) B 2 n sin %8ir.q\

/odcfiiC = seci7r+42".2n(-l)^fi-1>cos^V.(?
11,

ft'/> nc \K = sec ^ + 4 2 ? . ( - l ) n 2 n ( - l ) 4 ( ' - 1 ) cos i

If n = 2 ^ ,

2n sin &-*• = 2TO sin i&r = i ^ 3 ^ i (»») = W 3 ^ (n) (§ 3),

i 5 ? r = ^ ( ^ i ) * ( D CQS i ^ p {m) + 3

+|^( in) (§3);
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and therefore

P ns § K -

p ds IK = 2/^/3 + 2^/3 2r (- l) f t

fc'p nc fif = 2+22T (-1)* {E(n)+3E%n) \ q\

6. In the fourth group the four coefficients are all different in form
and depend upon all the divisors, instead of only upon the uneven divisors,
of n.

The expansions are

p zs %K = cot j7r+4Sr. Ew sin fdv . q2n,

P cs %K = cot £ T + 4 2 ? . 2tt (-1)*' sin !<fcr. g2n,

p ZG%K = - tan§T-f-42r. 2 n ( - l ) d s i n |^ i r .g2 n .

k'p sc I^T = tan ^-42?. S n ( - l ) d + d ' sin

It is evident that

sin §<#7r = ^- /̂̂  when d is of the form 8/f-f-l,

and =-i\/

Therefore 2n sin fd-n- =

and p zs %K = 1 /^8+2^3 ZTHCn)^.

7. A different form of the value of 2nsin %dir will now be obtained in
connection with the evaluation of

2U(— l)d' sin \dir, 2H(—l)d sin f dx, 2n(— l)d+d' sin %dir.

Let w = 2im(*>0), and let ĉ , <5a, ... be the divisors of m (which of
course are all uneven). The system of divisors of n is therefore Sv S2, ...,
25ls 2<52, ..., ..., 2Ml5 2 ^ , . . . . Now

sinf(5-7r = £V3 or — %*/& according as S is of the form 6&+1 or

sin fSir = — %V$ o r

and, in general,

sin §2r<S7r = ( - l ) r W 3 or - ( - l)r

according as S is of the form 6/c+l or
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Thus 2 n sin § Sir =

2wsin § 2<57r = —

= (-1)*

The even or uneven characters of d, d', d-\-d', according to the different
forms of d, are shown in the following table, in which n = 2'ra and i > 0.

d

Sv S2, ... (uneven)

2SV 2<52, ... (even)

2\, 22<52, ... (even)

2%, 2%, ... (even)

d'

even

even

even

uneven

d\d!

uneven

even

even

uneven

It follows therefore that, if i > 0,

i—1+(—D-h(—D2+...-(-D'f Hx(n)

When w is uneven, i.e. when i = 0, the first three formula still hold
good, but in place of the last we have

ln(-Dd+d sin f̂ TT = W% ^ (n).
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The four expansion formulae therefore become, if n = 2lw,

p cs §JT =

(if i > 0

- 2^3 2? # i fa) g271 (if i = 0).

8. The coefficients in the expansions of the sixteen functions have
therefore been expressed by means of two arithmetical functions E fa) and
H^n), but in connection with the latter the factor (—1)', depending upon
the structure of n, occurs. It will now be shown that this factor may be
got rid of, and that all the coefficients can be expressed by means of the
two functions E(n) and H(n).

It was shown in § 6 that

2n sin %&ir =

in § 7 that, if n = 2{/?i,

ln sin f dir =

Comparing these two results, we see that

Now, if n is even,

H(n) = the number of divisors of n of the forms 6A;+1 and 6/c+4

— „ „ „ 6A;+5 and 6&+2

for the divisors of n of the forms 6& + 4, 6A;+2 are the doubles of the
divisors of \>i of the forms 3&-f 2, 3/c+l respectively.

We have thus obtained the formulae

(-ifH^n) = 2Hfa)-2T1fa) = H{n)-H(%n)*

which still hold good when n is uneven if we define H (r) to be zero when
r is fractional.

* These equations show that Hl (n) *= H (») or if (i«) according as t is even cr uneven.
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9. Expressing in terms of H the coefficients which have been
obtained in terms of Hx{n), we have

sin f<5'7r = fc/Sf-D'ffifo) = W* \H(n)-HQn) \ (§ 4),

\ (§ 5),

n sin f̂ TT = ^

Sn(-l)dsin 'idir = &

2 n ( - l ) d ^ ' sin PTT = - ^ 3 + 8 ^ ~ 1 ) g 1 N = - ?^2 H(n) (if i > 0),

and = W$ H(n) (if * = 0).

10. Collecting the expansions, the six which depend upon E are

kP cd p r = 25? jE(

P dc %K = 2-f 22f

fc'p nc fif =

and the ten which depend upon H are

kp sn §Z = 2-v/S 2iH(m)qim,

- kk'p sd fZ = 2^/3 Zr ( -

p zn fJBT = 2^/3 IT \H(n)-H(in)\ qn,

/>zd §Z = r

p ns | Z =

p ds | Z = 2/V3.+ 2^3 If ( -D n

p zs §Z = 1/V3 + 2V3 2r H(?i)q2'1,

p cs fZ =

zc f Z = - V3 - 2^3 2r | fl" (n
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11. The formulae in the .E-group, which contains the expansions of the
six even functions of %K, are the same as those given on p. 144 of the
previous paper, except that by the use of the symbol E(fyi) two series are
combined into one, e.g., in the previous paper the first series was written

kP cd fZ = 2I,?E(m)q»n+Q2"E(m)qim.

The coefficients in the ten expansions forming the if-group, which
represent the uneven functions of fif, were originally expressed in the
previous paper (pp. 144, 145) by means of six arithmetical functions H(n),
H'(n), H"(n), H^n),* I(?i), i(n). These six functions were subsequently
(p. 148) expressed in terms of H(m) and (—1)* H(m), where n = 2Sn; and
it was pointed out (p. 150) that the six functions could also be expressed
in terms of H and Hv so that the expansions of the sixteen functions in-
volved only the three arithmetical functions E, H, Hv

At that time I failed to notice the very simple formula

Hx{n) = H

by means of which Ht can be expressed in terms of H, so that (as shown
in this paper) the ten expansions involve only a single function H, and
can be expressed each by a single series if we adopt the convention that
H{r) is zero when r is fractional.

12. The following equations express in terms of the function H the
arithmetical functions which were defined and used in the previous paper,
and which on p. 148 of that paper were expressed in terms of H(m) and

h(n) = H(n)-

* In the previous paper Hx («) was denoted by /(«)• I have changed the notation because
in subsequent papers I have used / (H) to denote the excess of the number of divisors of »» of the
forms 8/fc + 1 and 8£ + 3 over the number of those of the forms 8i + 5 and 8A + 7. This function in
the previous paper (p. 163) was denoted by T(n).
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13. The quantity H{\n) may be replaced by H{2n) in all the formulae,
for, if n is uneven, both are zero, and, if n is even,

HQn) = #(22. In) = H(2n).

The last eight of the JT-expansions may therefore be written

p zn §Z = 2-y/3 2r {H(n)-H(2n)\ q11,

p zdfZ = 2-s/3 2T(-l)n {il(n)-i3r(2w)[ qn,

p ns fZ = 2/V3 + 2V3 2r

P ds fZ = 2/V3+2V3 2f ( -D n

p zs p : = 1/V3 + 2V3 2r H(n)q2";

p cs pT =

A;> sc %K = V3 + 2V3 2f {1 + 2( — 1)" [ H{n)qiu.

Whatever the value of n, either H(n) or H(%i) must be zero. Of course
both may be zero.

Similarly, E(fyi) may be replaced by E(3n), for, if n is not divisible by
3, both are zero, and, if n is divisible by 3,

Ei&n) =E(&.±n) = E(Sn).

Thus the ^-expansions may be written

kpcd%K = 22r {E(m)+3E($ni)\ qiM,

kp en %K = 22r(-D4(w-1) {E(m) + SE{9m)\ q*"\

p dnfZ = l - 2 2 r \E(n)-SE(Sn)} q11,

k'pnd%K = l - 2 2 r (-1)" {E(n)-SE(3n)\ q\

p dc f Z = 2+2Zr {^ (n) + 3# (3?i)} gn,

k'pnc^K = 2+22? (-1)" {E(ri) + dE(3n)\ q\

Whatever the value of n, either E(n) or E(3n) must be zero. Of course
both may be zero.

14. If only H(n) be used, i.e. not H{hi) or H(2n), the last eight of the
.fiT-expansions may be expressed as follows :—

p zn %K =

p zd fJBT =

/) ns fK = 2/V3 + 2V3 ̂ H{n)qn-\-2s/3 T?H{n)qh\

p ds fZ = 2/V3 + 2V3 2?(-l)nH(n)qn+2<S3 l?H(n)qin,



350 DR. J. W. L. GLATSHER [NOV. 10,

p zs §K =

p cs § # = 1/V3-2V3 I?H{n)q2n+tyS l"H(n)qin,

p zc %K = - V 3 - 2 V 3 l?H(n)q2n-fy$ ??H(n)qAn,

k'p sc fZ = V3 + 6V3 2rfr(w)22tt-8V3 l?H(m)q2m.

The last formula may also be written

k'p scfK = V3+6V8 Srfir(n)(?
8ll-2-v/3 2ril(m)?2ni.

The following mode of expressing the first group may be noticed, as the
even and uneven powers of q are separated:

p zn fiif = 2V3 Ziw \H{%i)-H{n)\

p zd §Z = 2V3 i r

p ns P = 2/^3+2^3 Zr
p ds |Z = 2/V3+2V3 2?

15. The values of the elliptic and zeta functions for the argument %K
are deducible at once from those for the argument §K by the formula

cd§ff=sn£ff, en p r = fc'sdpr, zc §Z = - zs p : , ...,

but in this paper I have preferred to express the results by means of the
argument §K, instead of \K as in the previous paper, because with the
former argument the groups of formulas are more regular, e.g., when so
expressed the six ^-formulae represent the even functions and the ten
JEZ-formulse the uneven functions.

Many of the formulae in the previous paper are improved by the
change from \K to f-fif, e.g., the last three relations in § 22 (p. 152)
become , „ v . „ v +

d f + f Z = 1,
nc f # - n d PT = 1,

d c § Z - d n § Z = 1,

and the six formulae in § 23 (pp. 152,153) represent the six even functions
of fK. Also the three formulas at the top of p. 151 represent sn2 ?;K,

16. By extending the convention that the function is zero when the
argument is fractional from E and H to the arithmetical functions
A', £, <r, ... we may combine into one the two series which occur in the
expansions of the squared elliptic and zeta functions on p. 158 of the
previous paper.
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Selecting from each of the first three groups the expansions in which
the constant term can be combined with the first of the two series, we have

ky sn2 f K = 122r {A' (?i) - 3 A' (%n) \ qn,

In the fourth group a term in p2 occurs in each of the expansions, e.g.,

17. A table of the values of E (n) up to n = 1000 was given in the
Proceedings of this Society, Vol. xv., 1884, p. 106,* and tables of the same
extent of H(n), and of J(n), i.e., of the T{n) of the previous paper, have
been given in the Messenger, Vol. xxxi., 1901, pp. 64-72 and 82-91.
The introductions prefixed to the latter two tables contain references to
other papers in which the functions H{n) and J(n) are considered.

* Two errors in this table are pointed out in the Messenger, Vol. xxxi., p. 66, viz., the argu-
ments 802 and 922 should not be omitted, for the values of E (802) and E (922) are each 2.


