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(ii.) Four lines in space can be regarded as two pairs in three ways.
If the common normals of the two pairs are themselves normal in
two of the ways, they are so in the third. This statement of the case
‘was suggested by Mr. Richmond. ,

(iii.) Two rectangular pentagons can be normal to each other; that
is, each side of the one can be normal to a side of the other. i

There are in the configuration ten rectangular hexagons, five

~systems of four lines of the kind just mentioned, and six pairs of
mutually normal rectangular pentagons.

Point-Groups in a Plane, and their effect in determining Algelraic
Ourves. By F. S. Macavray, D.Sc. Read and received
June 9th, 1898. '

I. INTRODUCTION.

The following is & continuation of my former paper on “ Point-
Groups in relation to Curves” in Vol. xxv1. of tho Proceedings, p. 519.
1t deals especially with the reduction of point-groups which supply a
known number of conditions for an algebraic curve of any order.

The effect of a group of N points in determining an algebraic curve
of order » (called hereafter a 0,) need not depend on N and » alone.
It may, and often does, happen that the N points do not supply N
independent conditions for & C,, but only a smaller number N—r,.
In any case, if the point-group N is given, the number 7, has a definite
positive* (integral or zero) value. The extreme case is that in
which all the N points lie on a straight line; and we then have
fa=N—(n+1) if n<N-1, and »,=0 if n> N-1.

For the case in which the N points form the complete intersection of
two curves, the values of 7, for all values of # have long been known.
Thus, if N consists of the complete intersection of & C; and 0, and if
n i8 less than I+ m, but not less than I or m, then

rn =% (l+m—a—=1) Q+m—n—-2),

* In this paper the curves are subject to no other conditions than those of passing
through points, i.e., they are general algebraic curves through given point-groups
in which the purameters or coeflicients enter linearly. For linear systems of curves
no value of r could be negative ; this would not be true for non-linear systems.

VOL. XXIX.—NO. 654, 2 x



674  Dr. F. S. Macaulay on Point-Groups in a Plane, [June9,

by Cayley’s theorem; and the value of 7, for any value of n may be
written in the form
[% (C+m—n-1) (l+m—'n-—2)] - [% (m—n—1) (m—n—2):|
—[3 @=n-1) ¢—n-2)],
each pair of square brackets indicating that the product enclosed is
only to be retained so long as its individual factors are positive.

But the case in which N is the complete intersection of two curves
is only a very special one. It is easy to give other examples. In
general, if two point-groups N, N’ together make up the complete
intersection of two curves C,, C,, having no common factor, and if for
N there are values of 7, which do not vanish, then for N' there are
corresponding values of 7. which do not vanish, where n+%’=l+m—3.

We name the number 7, the n-ic excess of the point-group N. It is
the number of points which lie on each and every C, drawn through
N-—r, of the N points, provided these N—ur, points are so chosen that
their n-ic excess is zero. Such a choice is evidently always possible,*
although it may also be possible to choose N—r, of the N points
whose n-ic excess 18 not zero.

Corresponding to 7, there is a complementary number g,, viz., the
degree of freedom of a O, through N, which we name the n-ic defect
of the point-group N.t This is the number of general points in the

¢ Buch a selection may be made with certainty by choosing the N—r, points one
at a time, each new one being so chosen that a C, through all those previously
chosen does not necessarily pass through it. In this way we must arrive at N—r,
points and no more, since the n-ic excess of &V is r,, neither more nor less.

+ [Nole added October 13th.—The terminology of the theory of point-groups is
extensive. This is owing partly to the number of descriptive terms required to
distinguish various kinds of point-groups and their special characteristics, and partly
to the fact that there ure several cssentially different ways of approaching the sub-
ject. One branch of the subject has heen confined almost entirely to Germany,
another to Italy, but the branch to which the present paper belongs—that in which
the point-groups themselves are subjected to direct operation—has beeu developed
both by Eoglish and Continental mathematicians.

The term regulur (regolare) has been applied by Professor G. Castelnuovo to a
systemn of curves in reference to a given point-group when the point-group
possexses no excess for the general curve of the system. By a slight inversion we
way say that a point-group is regular with respect to a general curve of order n
when 7, = 0. Point-groups which are regular with respect to all general algebraio
curves which cun be drawn through them I call general point-groups, thereby
implying only that they are general in their effect in determining algebraic curves.

A convenient English term for point-groups which are not general in the above
sense is desirable. The term constructional (instead of point-group of special form,
used in my former paper) seems not inappropriate, since such point-groups can be
constructed ag the partial (or total) intersection of algebraic curves. The old use
of the term special was applied to a point-group on a base-curve Cy, for which
K—7r<p—1 (p being the deficiency of C,,, X the number of points, and » the multi-
plicity, of the point-group). The modern use of special is, however, applied to any
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plane through which a C, can be drawn which already passes through
the N points. Hence, since the N points supply exactly N—r, condi-
tions for a C,, and the ¢, points, being general, g, more conditions, we

have Ne—rytgo=1n(n+3),
or Ner,+¢.+1=3(n+1) (n+2).cce et trveennean (1)
Hence also Tuor—Tn =0+ 1=(ga—qn-1): reuvrreenena(2)

. The effect of a point-group N with respect to algebraic curves of
all orders is not known unless all the excesses, or all the defects, are
known. As we shall find it convenient to regard the subject chiefly
from the point of view of the defects, we may suppose at once that
the defects q are all given. If g, =0, one, and only one, C, can be
drawn through N. If no C, can be drawn through N, we assign the
value —1 to g,, the reason for which will be given later (p. 677). It
follows that ¢, and 7, have definite values for all values of #, which
always satisfy formula (1) above. It is also shown later that, if all
the defects are given, the value of the number N can be deduced.

‘We may say then that a point-group is fully characterized if all the
defects, or all the excesses, are given ; and that the point-group has
a partially or completely assigned characterization according as some
or all of the defects, or excesses, are assigned. Two of the most
general questions that suggest themselves are:—(i.) What is,
and what is not, a possible characterization for a point-group ?
(ii.) What is the quickest method of arriving at or constructing a
point-group with an assigned characterization? These and other
questions are answered in the following paper.

The above remarks refer to groups of points which coincide at most in
pairs. Inthe first sections of the paper I have dealt only with ordinary
point-groups of this type; butin the footnotes on * Multiple Points,”*

point-group for which R—r < p—1, that is, to any point-group on C, which lies
on anadjoined Cy,—3. (Cf. Professor Charlotte Angas Scott, ¢ Intersections of Plane
Curves,” Iulletin of the American Mathematical Society, 2nd series, Vol. 1v., March,
1898, p. 267). Miss Scott suggests the convenient term intraspecial in place of the
old term special. The connexion between intraspecial and constructional 18 expressed
as follows :—¢¢ An intraspecinl point-group on a ¢, to which is added an (i—1)-
point at cach i-fold point of €, is & counstructional point-base through which a
C) -3 can be drawn.’’

For the meaning of the terms i-point and point-base, soe mote on ‘¢ Multiple
Points. I.,” below. ]

* [ Multiple Points. I.—Tt is well kuown that the number of conditions supplied
to a curve by an ¢-fuld point is 4i(i+1), and that theso conditions, when
combined with others, may quite possibly not be independent. It is very cons
venient i the geometrical theory of point-groups to replace, if possible, these

2x 2
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and in the last section of the paper, I have shown how the whole
question is capable of generalization.

II. SummMaRY AND DEDUCTIONS.

.We use the letter p to denote the difference of two successive,
defects. " Thus p, = @n—Qn-1- If p; is the first p which does not vanish,
we have g;+1=p, and ¢,+1 =p+pa+...+p,(p2 ). The differ-
ences of the p’s, or second differences of the defects, are denoted by §,
so that & =p;, 8§, =p,—p,.1.

(i.) Writing the general equation of & O,, referred to two coordinate
axes Oz, Oy, in the form
Oh=uytu+...+u, =0, )
where u, is & homogeneous function of z, y of order p, with p+1
coefficients, and substituting the coordinates of each of the N points
in 0,=0, we have a set of N linear equations for the coefficients of
O.. These equations have always a solution, whether a O, can be

i (s +1) conditions by those of passage through i (i + 1) points. (Cf. pp. 608, 500
of the Proceedings, Vol. xxv1.). The theorem which renders such an interchange of
conditions practicable is as follows :—** Given & curve C,, with any number and:
kind of multiple points, it is always possible to find a curve C,. (#’ being either
equal to or greater than #) whose coefficients differ only to an infinitely small
extent from those of C,, and such that corresponding to each and every i-fold
point A of C, the curve Cj. passes through }i S; +1) points chosen arbitrarily and
gencrally about and infinitely near to 4.”” All that is necessary then to effect the
change required is to place at each i-fold point (i>1) a general set of 3i(i+ 1)
points on an infinitely small scale, and to consider in the place of any curve Cy,
with the given multiple points, a proximate curve C,., which passes through all
the sets of 4i (i + 1) points, and of which C, is the limit.

Such a set or cluster of §s (i + 1) points may itself be called a point of order i ; we
shall therefore call it an i-point, reserving the term i-fold point for a multiple point
of order i on a curve. Thus i-point and i-fold point are practical equivalents ; but
the one refers to an element oPO a point-group, and the other to an element of a
ourve. It should be noticed that an ordinary point is a point of order 1, that is, a
1-point. An i-point is equivalent to }i (s +1) simple points, The degree IV of &
poiut-group, that is, the total numher of simple points to which it is equivalent, is’
given by N = }Zi(i+1), the summation exten£ng to all the points of the group,
including those for which ¢ = 1. .

We also give the name point-base (meaning ‘‘ base of points '’ = gruppo base,
Castelnuovo) to a point-group made up of points of assigned orders. In Section vz,
wo generalize the meaning of this term, and distinguish the point-base here defined
by the added epithet simple. We shall then, hereafter, only use the term point-
group in the restricted sense of a group of points which are all of order 1. This is
the sense in which it is used throughout the text. The term point-base must be
distinguished from bdase-point ; the latter, however, we shall have no need to use.

The chief importance of this method of dealing with multiple points is that any
two curves drawn through an i-point must each have there an i-fold point, and in-
tersect there aganin in an (i—1)-point. Consequently, in the reduction of a point-
base, each step leads to a reduction throughout in the orders of the points, while the
new points introduced are all of order 1.—October 13tA.]
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drawn through N or not. If the N points lie on a C,, the general
solution of the N equations simply determines a certain number of the
coefficients of C, in terms of the rest, which are left arbitrary. The
number 8o determined is N—r,; and the number left arbitrary is
g.+1, since a C, through N has still a degree of freedom q,. If N
does not lie on a O, the solution requires all the coefficients to vanish,
and the number determined is N—r, =3 (n+1) (r+2), and the
number left arbitrary is g,+1=0. Hence we say that the n-ic defect
of a point-group N which does not lie on a C, ts always —1.

Returning to the case in which a C, can be drawn through N, the
number of arbitrary coefficients in u,+u,+... +u, (p < n) is ¢,+1, by
the same reasoning as before; and the number in uy+u,+... +%,_, is
g,-1+1. Hence the number of arbitrary coefficients in u, 18 ¢,—q,.y,
i.e.,, pp. The number p, has therefore a precise analytical interpreta-
tion ; and, consequently, the properties mentioned below can easily be
interpreted amalytically. It follows that one limitation to the value
of p, is given by p, < p+1, since u, contains only p+1 coefficients in
all; but it will be seen later that this limitation disappears when we
regard the p’s from a slightly different point of view.

(i) In order that a point-group N may be a possible one ot is necessary
and sufficient that the values of the p's, after ceasing to be zcros, should
consist of contrnually tncreasing positive tntegers, subject to the limzitations
pp<p+l and N+g,+123(p+1) (p+2).

Both limitations disappear when we regard the number N and the
orders of the curves as being given by the values of the p's. A still
simpler way of enunciating the theorem is :—

A point-group is possible if the second differences of the defects, after
once ceastng to be zeros, are positive integers, not tncluding zero ; otherwise
a point-group s tmpossible.

It follows from this theorem that if only a C; can be drawn through
N for which the excess of N is not zero, then must ¢;+7,<I. For, in
such a case, we have .

Qi = =1, n,=0;

therefore o p=g—ga=q+l;

and n—ra=14+2=(ga—q), by (2),p. 675;
therefore pa=1+2—mn,

‘and pa—p—1=1—g—r20
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If g+n>1 and 20, N must have emcess for more than a G
through N.*

(i) If 8,=p,—p,-1=1, and p>p,.,>0, then any C, through N
must contain a fized constituent curve of order p—p,_,.

Not only the order p—p,., of the fixed curve, but the number of
points N’ on it, is known, and also the full characterization of N’ and
that of the remainder N” of the N points.

Thus a point-group N, fully characterized, can be separated into as
many constituent point-groups as there are sets of one or more
successive &'s equal to 1, each set being preceded and succeeded by
one or more §'s greater than 1, together with a remainder.

The points of each constituent (including the remainder when it is
not a general point-group) must have a certain number of inter-
connexions among themselves ; but, so far as the characterization of
N affects the result, there will not be any connexions between any
two of the constituents. Each constituent has its own characterization,
and, when its construction has been found, can be placed in any
position, without reference to the positions of the other constituents.
The sum thus obtained forms the most general point-group N with
the assigned characterization. This property of the independence of
the constituents, which is not easily apparent by intuition, is here
emphasized, since it evidently results in a considerable simplification.t

(iv.) Two theorems suffice for the quickest reduction of a point-
group. The first is the theorem mentioned in (iii.), which, in terms
of the second differences of the defects, may be expressed as follows:—

(a) If 8,=1, then
(817 82; seey 8,, evey Sb) = (81: Ssn erry sa-l) +(161+8,+...+8,.’ 8a4h sath erry 8b)
The other theorem is

(ﬂ) (1a’ 8b+11 8b+1+1» sery 8c+1) + (8::, 8c-l’ esry sb) = I(ES! a+23)7

where I (1, m) denotes the complete intersection of a C, and C,,.

The notation is explained in the next section; but the following
remarks will perhaps be intelligible. The characterization of N is
fully represented by the numbers

ey 0,0,8, 8, ..., 8, ..., 851, 8, 1, 1, 1, ..., ad wnf.

¢ In the same way it can bo proved that if ¢,>0, r,.2>0, I<n-2, then gi_1+ 1

cannot be zero unless gg41+ 1> 2 (g + 1), and 7,1 cannot be zero unless r,_3> 21, 3.
+ This property dees not appoar to hold in general for a point-base.
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Any §, or any set of successive equal 8's, preceded and succeeded
by 8's of higher value is & minimum ; and any minimum which
reaches its lowest possible value 1 may be called a breaking-point.
Theorem (o) exhibits the result after breaking. If there is no
breaking-point, theorem () shows that from N we can derive a
point-group N’ such that the §'s of N are simply the &'s of N each
diminished by 1, in reversed order. It is thus evident that all the
minima reach breaking-point, some time or other, before the reduction
of N has been completed. If the 8's never decrease until the greatest
value is reached, and after that never increase, there will be no
minimum, and no breaking-point during the whole reduction.

The second differences of the excesses of N are simply &—1,
8—1, ...,8,—1, ..., 8—1, and exhibit the same properties as the
second differences of the defects; but the breaking-peint is at the
value O instead of 1.

(v.) If a C is the lowest curve through a point-group N, and a C,_,
the highest curve for which the emcess of N does not vanish, then the
number of the independent interconnexions of the N points, due to the
characterization, s

(] (Pua"'Pnl—]-) +pia1 (Pha‘—th_l) + .ot pus (Pn_Pu-l—'l)o'
If N breaks up into constituents, ¢.c., if, for one or more values of p
between ! and n, p,—~p,.;—1 =0, then there are zero terms in the
above series, which divide the whole into shorter series. These give

* This result can be compared with the formula (g+1)r given by Brill and
Néother as the number of conditional equations for the existence of a point-group
Grona C,. (Cf. Benoist’s translation of Clebsch, Legons sur la Géoméurie, Vol. 1.,
pp. 53ff.) In the notation adopted above this formula would be written
(gn-3+1)7_3. The validity of the formula (7 + 1) » really rests, however, on the
hypothesis that the point-group Gr has excess only for a C,.3 adjoined to Cj,
which requires, a8 we have scen in (ii.) above, g +rgn—3. If we suppose the
excess of the point-group N to be similarly restricted, the number of its inter-
connexions reduces to

Pn-3 (/Jn-l—Pn-Z_ 1) = (qu-3+1){(n— 1 —@n-2—Qn-3)
= (qu-3+ 1) (rpas—7u-2) = (gn-3+ l) =3y
so that, on this supposition, the two results agree. If ¢+#>n—3, the formula
(g +1)ris not in general valid.

It is easy to show that on a non-hyperelliptic curve in which #>p>1 the
condition ¢ +7 g 7—3 is necessarily satisfied. For, by the Riemann-Roch equations,
g¢+7 =p—1~(R-27), and, by Bertini’s addition to Clifford’s theorem, R—2r> 0.
Hence ¢+rgp—2; and n>p+1; therefore n—-g—r=>3, ie, g+r>n-3.

(Cf. Miss F. Hardcastle, p. 133 of this volume of the Proccedings, and references
there given.)
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the numbers of the interconnexions of the points of the several
constituents, the first series corresponding to what has been called
the remainder. As already remarked, the different constituents are
unconnected with each other.

There is no reason why a certain number of the points should not
coincide in pairs. A point-pair determines a direction, and is expres-
sible in terms of three parameters, viz., the direction and two co-
ordinates. If-there are D point-pairs, the 2N coordinates of the N
points thus reduce to 2N—D parameters, and the formula of the
theorem then gives the number of independent conditional equations
satisfied by these 2N—D parameters. A O, through N will in
general have fixed tangents at the point-pairs; but one additional
condition applied to U, at any point-pair will cause it to have there
a double point, leaving the directions of its tangents free. It is not so
clear as to what interpretation should be put upon the formula if
some of the N points coincide in threes or more.

ITI. PreLIMINARY THEOREMS AND NOTATION.

(i.) The n-ic excess 7, of any pornt-group N diminishes as n increases,
untsl 5t becomes zero. ' '

For a O, can be drawn through any N—7,~1 of the N points
without passing through (all) the remainder, and a straight line C,
can be drawn through any one of the N points without passing
through any more. Hence & C,,,,, viz., C, (;, can be drawn through
any N—r, of the N points without passing through (all) the remain-
der; not so a 0, (Note, p. 674). Hence 7,,;<7p.

@(ii.) () If a C, through N 7s necessarily degenerate, then one con-
stituent of O, must be fized. - :

Choose any g, general points in the plane. Then there is one and
only one O, through the N+ ¢, points. Suppose that this O, breaks
up into C, Cp, and let N’ of the N points and ¢’ of the g, points lie
on Cy, and the remaining N” of the N points and ¢” of the g, points
lie on O, Then, since the ¢"+¢” points are general, ¢’ must be the
" p’-ic defect of N’, and ¢” the p”-ic defect of N”. Hence, if neither
¢’ nor ¢” is zero, & Cy can be drawn through N’ and any g’ of the
q'+4q” points, and a C, through N” and the remaining ¢” of the
q'+4q" points; and this C, and O, would make up a second O,



1898.) * and their effect in dotermining Algebraic Curves. 681

through the N+g, points, which ig impossible.*: Hence ¢ or ¢” is
zero; let ¢’ be zero; then g, is the p”-ic defect of N”.  Hence, in
whatever new position we choose g, general points, the U, through
them and the N points will consist of the O, through the N”+g¢,
points, and a fixed C, through the N’ points (whose p’-ic defect is zero).

Also any curve lower than a O, through N must have the same
“fixed constituent O,,. ' '

B) If a 0,515 the highest curve for which the excess of N does not
vanish, then a proper 0, can be drawn through N.

For, if O, is necessarily degenerate, it must have a fixed constituent
Oy. Alsoa (,., can be drawn through all the N points except one
(chosen on O,) without passing through the last, since 7,-, = 0.
This O,., cannot have O, for a constituent, for, if it ;had, it would
pass through the last point. Also a O, can be drawn through the
last point in any arbitrary direction. . Then C,., 0, is a C, through N,
not having O, for a constituent. Hence a proper 0, can be drawn
through N. .

It may be that a O,., through N is necessarily degenerate, or that
there is no O,., through N; but a O;_, can be drawn through any
N~—1 of the N points. . '

(iii.) We express the orders of curves in terms of I, m, n, p, the
first three being generally fixed, and the last, p, baving any value.
A (, is the lowest curve through N, and a O,_; the highest curve for
which N has excess ; and we suppose, in general, that N lies on a O,_s.
A O, is the lowest curve through N which has not any fixed con-
stituent, and is not fixed as & whole. We always have I<m<n.

If the suffixes of ¢, #, p, § are expressed in terms of 1, m, n, p, they
are to be understood as having explicit reference to the orders.of
curves; thus g, is the p-ic defect of N, and p, = ¢,—¢,_1, &, = py~pp-1.

d [Multiplo Points, IT.—This reasoning fuils in a special case when we are deal-
ing with a point-base N. This happens when the constituents of the second C, are
a simple rearrangement of those of the first, so that the C, itself is not changed.
Omne constituent of Cp, say Cy, may be assumed to be & proper curve. If thenm -

¢’ = 2, we could interchange 1 of the ¢’ points with 1 of the ¢” points, thus obtain-

ing a second set of ¢” points, and a second Cjr, which is certainly not a constituent
of the original C,; in this case therefore the theorem will hold, as also when ¢’= 0.
But if ¢’ = 1, it might happen that any second Cy, was necessarily a constituent of
. the original C,. In this case every proper constituent of the general C, through N
must have defect 0 or 1, and the g, constituents with defect 1 must %elong to a
tixed pencil of curves. The conclusion is that, when a Cp through a point-base N
18 necessarily degencrate, either (i.) one constituent of Cp s fixed, and may break up into
several parts, while the remaining constituent is a proper curve with defect g, ; or (ii.) C,
breaks up into q, constituents belonging to a fized pencil of curves, and the remaining con-
stituents of Cp, if any, ave fized absolutely.—October 13th.] .
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But if the suffixes are 1,2,3, ...,q,a+1, ..., b, ..., they refer only
implicitly to the orders of curves; g, is not the a-ic defect of N, but
we still have p, = @s— a1y 8 = Po—Pa-1-

The symbol (p,, p, ..., ps) represents a point-group whose successive
'8 8re p,, Py, ..., Pay every p before p, being zero, and p,,, being equal to
ps+1 when b=a. We suppose also that p,>0, and p,>p,.,+1; for,
if not, we can simply leave out the p’s at the beginning and end until
these inequalities are established. '

The following properties of the point-group N = (p,, py, ..., pa) Will
be easily seen by supposing it to be the same as (p;, piy1y +-vy pu), 80
that p, = p1, Py = Pra1y ooy Ppo = pn =n+1 (since 7, =7,.,=0), and
a=n-l+1. :

(a) p, is the difference of the defects of N for a (p,—1)-ic and
(ps—2)-ic.

(B) The highest curve for which N has excess is a (p,— 3)-ic.

(y) The lowest curve through N is a (p,—a)-ic, remembered as the
last p diminished by the number of the p's.

(3) The number of the p's exceeds by 2 the number of the different
orders of curves through N for which N has excess.

(¢) The number N is given by

Ntguatl =dn(ntl),
'i.e., N+P‘+-*-+Pn-l = -}fp.. (Pn_l),

te., N = 3pa (pa—1) = (p+pst+ ... +p-0)-

(£) Thus the values of the p’s in the point-group N = (p,, Pgs <ees Pa)
express the whole effect of N in the determination of algebraic curves
of all orders. The only restrictions on the values of the p's are
0<p<py ... <pa,andp,,, =p,+1ifb2a.

The point-groups (p,, ps) and (p,), as indicated in (3), are general,
having zero excess for curves of any order which can be drawn throngh
them. This is easily verified. The number N in (p, p;) i8
3ps (p;—1) —py, and in (p)) = (py, py+1) is 3p, (p,—1).

It may also be verified that the point-group (1,2, ..., a, s, pss1)
consists of 3ps.1 (P51 —1)— (A1 +2+...+a+p,) general points on a
(ps1—a—2)-ic [cf. (y) and (¢) above]. Similarly (1,2, ..., a, py), or
@, 2, ..., a, ps, p»+1), consists of 1p, (p,—1) —3a (a+1) general points
on a (p,—a—1)-ic. The point-group (1, 2, ..., a) is a zero one.

Expressed in terms of the second differences of the defects
(P1s Pys --+3 Pay =ov3 P5) becomes (8, &y, ..., &,, ..., 0,); and it is easy tc
change from one expression to the other (&, = p,, ¢ = ps—pa-1). Al
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the &’s before &, are zeros, and all the' &'s after §, are units,* while
6,>0, §,>1. The only restriction on the values of the &'s is that they
are all positive integers, not including zero.

The lowest curve through (8, &, ..., &,) is of order I = p,—b, or -

1= (=1 +@—~1)+...+ (H—1) =3 (3-1).

The point-group (1, 2, ..., @, Ps Pss1s ---s Pc), When expressed in &'s,
is written in the form"(1°, Oby Opaly soey 36)' ; o = pp—a.

IV. REDUCTION OF PoINT-GROUPS.

THEOREM I.—A4 point-group (py, pg .-+)Pa~1,Pa—1) can always be found
corestdual to a given point-group N = (p, py, «..) pa) o7 a (p,—1)-ic.

For (py, pay --+3 pa) substitute"(p,, Pie1y -oes Pn); then p, =n+1. The
highest curve for which N has excess is a C,_;; therefore N lies on
a proper C, [ (), p. 681]. Take this
C, as base-curve. We suppose N,
that a2 3, otherwise the point-

_group N isa general one (p. 682);

hence n—2=1. Let a O, be Cn-3 -3
drawn through N. This will cut

C, again in a finite point-group N,,

since C, is a proper curve. Also, & N
since the excess of N for a C,_; is Base-curve C.

not zero, N, must, by a known

theorem, lie on a C,.;. Let a C,_s through N, cut O, again in a
finite point-group N'.+

Then N, N’ are coresidual on O,, and have idqntically the same
sets of residuals. Also we know that the multiplicity of a series of
point-groups on O, cut out by curves of order p through N is g,
when p <n, and ¢,—3(p—n+1)(p—n+2) when p=2n. The same
series is cut out by curves of order p—1 through N’, and the
multiplicity is ¢,., or g,.,—3(p—n)(p—n+1) according as p<n
or pzn. Equating these values,

gp-1=q, when p<n, and g;.,=g,—(p—n+1) when p=n.

* The full expression for (5; 3, ..., &) is (0, &;, 83, ..., 5, 1%), Where 1® stands
for 1 repeated ad inf.

t Cf. Proceedings, Vol. xxvI., p. 626, The N points might necessarily comprise -
all the N’ points. This would be the case if, ango only if, N consisted of n points
on a straight line, and N —#» Temaining oints ha.vmg no excess for a Un -s. The
N’ points would then be identical with the N—n points, but the reasoning would
not be affected :
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The first of these equations holds not only when p=1l, but also
when p<l, for then ¢,.,=g¢,=—1. Both equations hold when
p=n—1

Taking differences, we have ...

Pp-1=p, when p<n, and . p,,=p,—~1=p when p2n.
The successive values of p’ are therefore
v 0, Py Piely covy Pty Ty n+l, n+2, ...,
or ooy O’ Py Pay vy Pa-1y Pa_lv Pay Pa+]_~, Pa+2; ey
hence N = (Pl’ Py <oy Pa-1y i’a_l))
which proves the theorem.

If po—1=p,.1+1, then N'=(p;, ps, ..., pa-1) ;,_a.nd.,if Pa—1>p.1+1,
we can repeat the process on N’, thus obtaining the point-group
(P1s Pas o0y Pa-1y Pa—2). After p,—p,.,—1 steps in the reduction we
arrive at the point-group (p,, pg, ..y ps-1). In this we leave out all
p’s at the end, if there are any, which exceed the preceding by 1, and
continue the reduction. We ultimately arrive at the general point-
group (p,, py), which is a zero point-group if p,=1 and p,=2. ’

This proves that the point-group N = (py,-pyy «evy pa) 16 @ possible one,
if 0<p<py<.nn<p,*

- It also follows that the point-group N is impossible if py,1 <> 0.
For, if the point-group is possible, the process of reduction is valid.
But if p,,;<p,>0, then at'some stage we arrive at a point-group
for which p, is the difference of the defects for curves of order p,—2
and p,—1, and p,,, the difference of the defects for curves of order

 [2Muitiple Points. II1.—In the reduction of a point-group which is general of its
kind (that is, of the kind which has the assigned characterization), the distinguish-
ing feature is that all the derived point-groups are general of their kind. It is this
that leads to a determipate (not unique) construction for such point-groups. For
point-bases the process of reduction is still valid, and so also is the reverse process
of construction ; but the derived point-bases muy not be general of their kind (the
kind which possesses a known characterization and consists of points of known
order). In such a case the construction is not determined by the reduction alone.
Thus if N, in the figure, is & point-base, then for any i-point belonging to N we
have an (i —1)-point belonging to ;. T'he orders of the points of W, are all known,
and also the characterization (‘Theorem IIL.). But from N, we have to construct
N by passing a C,.3 and C, through it, having i.fold points at the (i—1)-points
of N,. Such curves could certainly be drawn through the general point-base of the
kind of IV, if the (n—2)-ic defect of N, is equal to or greater than 3i, the sum of
the orders of all the points of N for which ¢>1, There is also the condition, in
order that the construction may be valid, that the €, should be a proper curve, or at
least should not have any fixed constituent. We return to this again in Note V.,
p. 688. The question of the generality or speciality of these derived point-bases is
not correctly stated in Vol. xxv1., p. 541, § 30.—October 13¢h.]
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ps—1 and p,. The corresponding differences of the excesses are then
0 and pp+1—ps,1 >0, by (2), p. 675. Hence the excesses of the
derived point-group for curves of order p,—2 and p,—1 are equal,
but not zero, which is impossible, by (i.), p. 680.

GENERAL THEOREMS IN REDUCTION.
TagoreM II.—If p,—p,_, =1, then the point-group

N = (pyy s Pay-+e )
necessarily breaks up into the two independent point-groups

(Prs Pas -ovs Pa-1) and (1, 2, 3, ..., Pac1s Pas Parts --os Po)-*

Ifp=1p=2 .. p.y=a-1, then (p, py ..., pa-1) i8 a zero
point-group, and the theorem is nugatory. We shall therefore
assume the contrary.

Let (py, ...y par .-y p5) be the same as (pi, ..., ppy ---y Pu), Where
A=Py Pa=Py Po—Pa=1, pp=p,=n+1l. We have p21+1,
since a2 2.

Then a O, through N must have a fixed N
factor; for, if not, a proper C, can be drawn .
through N [(«), p. 680], which is different

from O, since p>1l Taking this C, as Go-s Cp-1
base-curve, we can find on it & point-group
N’= N-—2p coresidual to N, as shown in Y/ e

the figure;t and, by the same reasoning as

in the lagt'theorem, we have Base-curve Cjp.

GA =Gty G3=Goy  Gpos=g—1;

therefore Po-3=Pp-1y  Pp-a=p,—1;

* [ Muitiple Points. IV.—It is almost certain that this theorem, except as regards
the independence of the constituents, holds in general for & point-buse ; but it is to
be observed :—(i.) that the theorem does not determine in what manner the points of
various orders are distributed among the two coustituent point-bases, but only the
totality of simple points in each ; (ii.) that the assigning of orders to the points of NV
may cause iV to break up further than would be required by the characterization
alone ; and (iii.) that there are limits to the possible valves of the urders, combined
with the numbers and the characterization, of the points, of which very little is at
present known.

It would in many cases he feasible to effect such a distribution of the points of N
amoug N’ and N’’ that no i-point should belong in part to one and in part to the
other; but, ifthis were not possible, the theorem would not thereby be invalidated.
—October 13th.]

t+ A C,.;can be drawn through W, for p—1>17; and N, lies on a C,_3, since N
has excess for a (1. If N does not lie on & Cp.3, then N’ does not lie on a C,_y,
and 9;_‘ = 9p-2= -1,
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therefore - - Pp-3 = pp-2> 0,
which is imposgible (p. 684).

" Then let 0, = 0,.0,., where C, is fixed and C,» has no fixed con-
stituent ; and let N’ be the number of the N points which lie on C,,
and N” the remainder which lie on C,.

All curves lower than a C, through N' must have the fixed factor
Cp. Consequently, g, gy-1, gp-2, ..., Which are the defects of N+ N"
for curves of order p, p—1, p—2, ..., must be the defects of N” for
curves of order p”, p"—1, p"—2, .... Hence the successive differences
of the defects of N” are

‘ o P1y Pgy <vey Pa-1y Par

But p,—p,.1 = 1; and a C,, to which p, corresponds, hag no fixed
constituent, by hypothesis ; therefore all the p’s of N” from p,., increase

by units, Hence N” — (P p P l)
- 19 Vg ¢y Fa-1/

This determines the full characterization of N”, and the number N”.

Also, since p,., corresponds to a Cp._,;, we have

p'=l=psa—l=ppu—1, and p'=p—p”"=p—p,.
The fixed constituent of C, is therefore of order p—p,._,.

Again the excess of N” for a (p,.,—2)-ic, that is, & O,_,, is zero
[(B), p. 682]. Therefore the excess of N'+N" for a C,., is entirely
contributed by N'. The same must be true for all curves higher than
a O,.,, whether degenerate, as in the case of a 0,_,, C,.,, 0,, or not.
But the defects of N'+ N” for curves of order p—2, p—1, ..., n are

9p-23 9p-1y 9py «+<> Qn
therefore the defects of N’ for curves of the same orders are
g2+ N”, Qp-1+N", q;x+N”1 ooy qn+N”1
and the differences of these are

Pp-1) Ppy ++<y Pny O Pa1y Pas +ees Por

And the differences of successive defects of N before p,_, are
1, 2’ 3» ooy Pa-l'—21 Pa-1—1,

since any curve lower than a C, through N* has the fixed constituent

.G‘/. Hence N' = (11 2y 3a.-": Pa—h Pm Pa+l1 seey Pb)'

This determines the full characterization of N’. Andit can be seen
that any two point-groups having the characterizations found for N’
and N”, when placed in any positions relatively to one another, make
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up a composite point-group with the same characterization as that of

N - (Pn Pas sees Pay oy pb)'_
Expressed in terms of the second differences of the defects the
theovem is, since p, = &,+8,+:.. +,:—
If 8, =1, then the point-group N = (8, 8, vy 84y ..., 8) breaks up
wnto (Bl) 62: ey 5,,_)) + (15|+8~]+...+5,, 3n+h 8«02) ey 8,,).

Here we may suppose that &.,1, 9.2 ..., 0 are all greater than 1.

The point-group (8,, &, ..., 8,-,) may, of course, break up further.
' The lowest curve through N = (4, ..., &, ..., &) is a C, where
! = 3(d—1); and this is a proper curve if &, &, ..., &, are all equal
to 1 and 8,,,, 8,42, ..., 8 all greater than 1. It follows from what
is proved in the next theorem that the lowest curve through N
without any fixed constituent is a C,.,, where m = a+32 (8—1) if §, is
equal to 1 and &,,,, ..., 6, are all greater than 1, and m = 3 (§—1) =1
if §,, ..., 84 ..., 8 ave all greater than 1. If §, = 1, the fixed curve
common to C, Ci,y, ..., C,.., is the lowest curve through

.N, = (181+55+...+5a’ 8‘“‘1’ . 8’)),

and is therefore of order

(Sa»l'—'l) +(8n¢2_1)+ et (817— 1)‘

TaeoreM [II.—If &, 8.1, ..., & are all positive integers, not including
zero, then

(1", 85+l, 8601+1) ey 8,+1)+(8” 8¢_|, “eey 8,,) = I(Es, a+§.8),
I (1, m) denoting the complete intersection of a G, and C.,,. )
This can be deduced from the following theorem (Proc. Lond. Math.
Soc., Vol. xxvr, p. 526) :—
If a G, and C,, can be drawn through a point-group N, cutting again
in a finite potut-group N (N + N’ = lm), then

Yomep-s = 1,~1+[3 {=p=-1)(U—p—=2)]+[3 (m-p—1)(m—p-2)],

square brackets indicating, as before, that the product enclosed is to
be retained only if its individual factors are positive. This theorem
~ is true for all values of p from 0 to {+m—3, taking ¢,+1 =0 if N
does not lie on a C,.

In applying the theorem we take

N = (1“, 80+1, 8;,,]'{'1, “eey 8.+1) = (81) 8‘01, seey 8»\; seey 8:0).)
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and assume for the moment that & proper C, and C,, can be drawn
through N, where I = 23, m = a+38; the assumption being justified
at the end. We then have

$a=0, §=8,=...=8,=1,
80 = 8+1, .y 8, =841, du=4ds=..=1
Taking differences in the above theorem, we have
‘ Qemep-2—Qlam-p-3 = Tpa1—7Tpt (l—p—=1]+[m—p—1],
or Plom—p-s = p+1—p,+[I—p—1]+[m—p—1].

Let p diminish from I4+m—3 to 1, so that I+m—p—2 increases
from 1 to I+ m—3." Then
from p = l4+m—3 to n, Plem-p—2 =p+1—p,,;
nw pP=n wm=1,  prmpa=p+l—p,;
w p=m—1 w =Ly Plim-p.a = Mm—p,;
. o p=Il=1 1, Plom-pr = l+m—p—1—p,

Again taking differences, subtracting each equation from the next
succeeding, we have

from p=I1+m—=3 to n+1, &, ,.=8~-1=0,0,0,..,0;

» p=n n M, allnn-y-l = 8},-—1 = Sn 8c-l) ey Sb;
i) P’:'m"l ”» l’ Sl"m‘-p—l=8p = 1’ 1! ...,1 H
. p=l-1 2 Sompa=8+1=11, ..,L

Hence the successive values of &, for ascending orders of curves, are
v 0,0,8,8.,,...,8,1,1,1,...;
therefore N'=(8, 8.1, ..., &).*

® [ Multiple Points. V.—We huve given only that form of tha theorem which is
adapted for tho quickest reduction of a given point-group. The general theorem is

(cor By vy Bty wvey 8+ (Be—1, ouoy Buy ooy But 1, .00)
=I(f+Z25=1,9+285=1). covree. (A)

Hcre, in order to be perfectly general, we do not suppose the suffixes ...s...5...¢
to ho conscecutive positive integers. The 8’8 of N’ = (5.—1, ..., 8ty «vvy 8u+1, .0u)y
taken in reversed order, ure formned from the 8's of N = (... 3, ..., 8, ..., 8), in
dircet order, those up to 3, being increased by 1, thence up to 8, being unchanged,
and thence up to the last 8, being diminished by 1; fis the number of the 5's of N'
which are increased, i.e., the munber of the 8's in ... 3, and ¢ is the number of thée
3’8 of .V which are not diminished, i.e., the number of the 8's in ... 8, ..., &. The
3's may huve uny values which make both & and N’ possible; i.e., in the case of
peint-groups, uny number of the 8's ut the beginning of buth N and N’ muy be
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Hence also we see that it is possible to draw proper curves of order
=8 and a+ 38 through N = (1% §,+1, ..., 8.+1); for two proper curves
~of such order can certainly be drawn through N'= (3, d.y, ..., 8),

zeros, but after once ceasing to be zeros they must be positive integers, excluding
zero.
The specially important case in which f = 0 gives

(ceoBoy veey B) + (Be=1, ooy 85, ...) = T (Z6=1, g+ 28=1), .e0vrreneeee(B)
where g is the number of the §’s in N which remain unchanged in N”.
Taking g equal to the whole number of the §’s in N, we have

(61; sery 6«)4‘(5:, veey 61) = I(E_B——l., 28). ...................... ..(C)

I the two curves of order X (5—1), %3 touch at all the points where they meet, and
if IV is the point-group formed by all the points of contact (each counted once only),
then N’ coincides with V; hence the series &, ..., 5, is unaltered when reversed.
The general case, as may be seen from (A), is almost as simple. In order thata

int-group N may be such that two curves can touch at all the N points, without
grther intersection, then either N = (3,, &, ..., 8,, §,), asabove, or

(81 +ev Bac1y Bar oovy Bay Bam1 F 1y ey B+ 1), OF (B eovy Bay 84+ 1, 000y 8y + 1),

or one of the two last reversed. It is very remarkable that we can apparently
assume any characterization for N, provided it comes under one of these forms and
gives the correct value of the number &, without increasing the total number of
independent interconnexions of the N points, that is, without increasing the
specialization of V.

{For, let C,, Gy (» < ") be two curves which cut altogether in two point-groups

N, N’ having any the sume characterization, and let % be the number of independ-
ent interconnexions of either point-group due to this characterization. The number
of points which can be chosen at will on & given €, which form part of a point-
group on C, with the same characterization as V is N+r,—4 (Proc. Lond. Math.
Soe., Vol. xxvi., p. 529). If therefore a C, can be drawn through N which
touches any C), through ¥ at N+1,—4 of the N points, it will touch it at the re-
mainder. But & C. cau be drawn through N touching C, at N—=3 (n—1)(n—2) of
the N points. Hence the number of conditions that a Cy can be drawn touching
C, at all the N points is

(N4 =k)= (V=4 n=1.7=2) = ry=k+{(n=1)(n—=2) = N=k +q,+ 1~ 3n.

Hence, since the degree of freedom of €, accounts for ¢, of the conditions, it follows
that ¥—A—3n + 1 is the number of conditions to be satisfied by the A" points; and
to this we can now add the % conditions due to the characterization. ‘Thus the total
number is N—3x +1, which remains unaltered, whatever the assumed characteriza-
tion may be.}

The properties expressed by (A), (B), (C) hold equally for point-groups and
point-bases ; and (B), (C) have applications especially to the latter. What is re-
quired to complete the theory in regard to point-bases is, first, to determine the limits
of possibility of the §'s as depending on the assigned orders of the points, and,
second, to show how to deal with speeiulized derived point-bases when they cannot
be excluded, as in the case of any nine 2-points which lie on a proper sextic.

‘Whether we are given the characterization of a point-group, or of a point-base,
we know the order % (5—1) of the lowest curve which passes through it. Also in
the case of a point-group we know the order of the lowest curve without fixed con-
stituents which passes through it; but we do not know it at present with any
certainty for a given point-bass. Hence for a point-base we have to use (B) in the
place of the theorem in the text; and we can only apply (B) by way of trial, for we
do ng: know the lowest value of ¢ which will make the derived point-base N
possible.

Woe give now an example of a point-base which does not contain any points of

VOL. XXIX.—N0. 655. 2y



690  Dr. F. S. Macaulay on Point-Groups in a Plane, [June 9,

since N has no excess for a curve of order 28—2 [¢f. (), p. 682, and
(B), p. 681] ; and these determine N, and pass through it.
We add an example of the reduction of a point-group. Take the

order 1. Very few such examples of & coustructional kind are known, the best
known being that of the nine 2-points on a proper sextic. Constructional point-
bases which include 1-points can he obtained in any number by the methods we
have described ; not so those which do not include 1-points. (Cf. Cayley, Proc. Lond.
Math. Soc., Vol. ur., p. 197; Collected Works, Vol. vir., p. 254.) Consider the
point-base N formed by im 2-points, situated at the lm points in which a G and C,,
intersect, these &m points being all finitely separated. We know the form of the
equation of the general algebraic curve through the point-base, viz., :

CiS+CC S +CL8"=0;
and we can thence deduce the characterization. The result is
(i.) ¥ = (3, 3, ... repeated ! times) = (3'), if l=m;
(i) M= (1", 2"t g8 gl it L<m 2 >m;
(iii.) V= (1", 2, 1"% 9, if 20 < m.

Suppose now that all that is given with respect to N is its characterizafion, viz.
that 1n (i.), (ii.), or (iii.), and the fact that ¥V is made up of Im separate 2-points.
(The degree N = 3/m ) We shall conrider first the application of (B) to case (ii.).
The lowest curve through N is of order = (8—1) = 27; callit C». (If NV is cou-
structed as originally supposed, Cy = C{.) If N were a point-group, the lowest
curve without fixed constituents through it would be of order m—1I1+2l = I+ m.
But, a8 regards the point-base, this is too low a limit; for, since the two curves
must intersect in 4/m points at the least, the curve without fixed constituents must .
be at least of order 2. Assume then, by way of trial, that a C,,, without fixed
constituents can be drawn through ¥, i.e., that the value of g in (B) is 2 (m—1).
Then the first 2 (n —!) of the &’s in N are to remain unchanged in N’, and the rest
are to be diminished each by 1. Thus (B) gives

(lm-l’ zm-l’ 3ﬂ-m’ 2m-—l) + (1m-l, 221-m, 2»:-1) = I(Zl, 2’")‘
Hence M= 28 ety < a2 = I, m).
Now it is possible to draw through N’ = I(l, m) two curves Cu, Cpn which have
double points at all the points of N’, and which have no common constituent. The

point-base N can thercfore be reduced in a single step to an unspecialized point-
group N’ = I(l, m); and the construction thus found for N is the one originally

supposed.
This N’ = I({, m) is the smallest derived of N. The next smallest N is obtained

by drawing u Cy und Cy,s,) through N. For this, (B) gives

(1m—l, 2m-l, aﬂ-m, Qm-l)+(1m—l’ 22l-m-], 3, 2m-l) - 1(21, 2m+1).
It can be proved that this ¥ = (1%, 2*="!, 3, 2"~%) must bo specialized. For
N” i8 u point-group containing n + 2! points, and, if general of its kind, lies on &
proper Ci,y and a proper Cy,). But throngh N’ a curve Cy can be drawn, having
double puints at I of the N points. ‘L'his Cy und the proper Ci,) therefore cut in

2ln+20= 2l(m+1) > 2I(l+1) points, since ! <m.

Henco Cy must have the proper €y, for a constituent. Thus
‘ Co= Cra1 Gy
But aguin, since ¢y has double points ut cach of the Ln points, Cj_, must pass

through the ém points; and C;_y has only #—1 points in all in common with the
proper Ci,;. 'Thus #—1im, and 22>0Dn, which is not true. Thus N must be
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point-group, expressed in terms of the second differences of the
defects, N =(4,4,6,1,1,5,1,3,7,2). Working upwards to the
defects, we find that this is a group of 404 points whose defects fo

curves of order 23 to 33 are —1, 3, 11, 25, 40, 56, 77, 99, 124, 156, 190.

N=(4,46)+1"%5+(1%3,7,2) (Theorem IL).
(@) () (44,6)+(53,3)=I(1,11) (Theorem IIL.);
(i) (5,8, 3)+(2 2 4 =1(8,8) "
Gii) (2,2, 4)+(3,1,1) =15, 5) .,
(v.) (3,1,1) = (3, 4) in first differences
= 3 general poinfs (p. 682).
This gives us the construction of the point-group (4, 4, 6). The
number of its points is 11*—8+5?—3 = 79.
®) (19, 5) = (1, 2, ... 16, 21) in first differences
= 74 general points on a C, (p. 682).
y G) Q%37 2).+ (1,6,2) =I(9,31) (Theorem IIL);
(i) (1,6,2)=(1, 7,9) in first differences
= 28 general points on a C, (p. 682).

Thus (1%, 3, 7, 2) is constructed by drawing a O, and Oy, through
28 general points on a C, to cut again in 9 x 31—28 = 251 points.

specialized ; in fact, (1,1 cannot be a proper curve. If the construction found above
for IV is the only solntion, N’ consists of the /m points in which €, €, cut, and
! poiut-pairs on a straight line, viz., at the points where any straight line cuts ;.
‘This straight lino is an I-fold tangent to Cau ..

This reasoning suggests the inference that the smadlest derived point-base N” of
a given point-base &V is the one which is the most likely to be general of its kind.
Heonce the importance of discovering the order of the lowest curve without any fixed
constituent which passes through a given point-base.

Taxing case (i.), N = (31), the lowest curve through Nis a O, as before. If we
nssume, by way of trial, that Cy has no fixed conatituent, (B) gives (taking g = 0)

&+ (@) = I 2.

Here ¥ = (2) = I(l, I) satisfies the promiscd conditions, and is general of its kind,
‘The Cy through XV is not a proper curve, but has the requisite property that it does
not possess any fixed constituont.

Taking case (iii.), N = (1", 2, 1"~%, 2!), we see that N'breaksup, by Theorem II.,
into @™ 2+ P ) = T, m) + I (1, 2m).
The two constituents of N, I (I, m) and I (!, 2), are not independent of one another,
nor is the second general of its kind. If the first is general of its kind, the second
must consist of point-pairs having the same situation as the single points of the first. -
"This gives a correct analysis of IV.—October 13!/1.]

2y 2
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V. NuMBER OF INTERCONNEXIONS OF A PoinT-GrOUP.

The number of the independent interconneaxtons of the points of the
point-group (py, Pgy -+-y Pa), due to the characterization, is

Py (ps—py—1) +p3 (Pa=ps—1) + ... P02 (Pa—Pa1—1).

To find the number of independent interconnexions of the points of

N= (Plv Pay ooy Pa) = (Pla Pis1y ooy Pu)

we go back to Theorem I. Suppose that & is the required number of
interconnexions of N, and &’ that of N'. We find the value of k—%
by obtaining and equating two
different expressions for the least P
number of parameters in terms of
which the base-curve C,, and the
positions of all the points of N and Caon Co.s
N’ upon C,, can be expressed.
Taking any two coordinate axes,

the least number of parameters in N’ N
terms of which the positions of the Basc-curve Cy.
N points in the plane can be ex-
pressed is 2N—F, since I is the number of independent interconnex-
ions of the N points. These 2N—k parameters determine the N
points ; g, more paramecters, and not less, will determine the C,, since
9. is the defect of N for a C,; and »,_; more parameters, and not less,
will determine N’. This last result follows from the fact that +}_; is
the multiplicity of N' on ¢,.* Thus one of the required expressions
is 2N—k+q,+7,.5; and the other is 2N'—k +q;,+7,_s, obtained by
starting with N'. Equating these, and noticing that N+¢,=N'+q,,
we have

k—=kE = (N—7,.5)—(N'—m,.3)

= qh.3==qu.3 from (1), p. 675,
= q"-'_’_q"-a = Pu-2 = Pa-3:

Hence, in changing from the point-group (p,...,p.) to
(P1y -+vs Pa-1y Pa—1), k is diminished by p,.,. After p,—p,.1—1 such
steps (py, ..., pa) 18 veduced to (p,, ..., pa1), and k is diminished by
Pa-3(pa—pa1—1). But, when (p,, ..., p,) has been reduced to the

* A concise statement of the Riemann-Roch theorem is that the multiplicity of
any point-group on a curve C, is equal to the (n—3)-ic excess qf the point-growp.
(Proceedings, Vol. xxv1., p. §23.)
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general point-group (p,, p,), k is diminished to zero. Hence
k=p, (ps—p—1) +py (s —ps—1) + ... +pa-z (Pa=pasr—1)*
Also, since k—k =p,.s, and N—N'=p,—1,
therefore (N-=k)—=(N'=K) = pa—pa2—121;
therefore N—k>N'-=K> .. =0
It can be easily proved that
N-k=1(8~1)8+% (8—1) (5,+28)+ ... +3 (8, —1) (8, +23,.,).

VI. RatioNAL T®RANSFORMATION OF PoINT-BaAsEs.t

In rational transformation the whole system of curves of order n
which satisfy given conditions transforms into the whole system of
curves of another order »’ satisfying another set of conditions. If the
original conditions are simply those of passage throngh a given point-
base, the transformed conditions are also, so long as # remains fixed,
simply those of passage through another point-base. But, as the orders
n of the original curves increase by units, the orders »" of the trans-
formed curves increase in arithmetical progression, while also the
orders of their multiple points may some increase in arithmetical pro-
gression, and others remain constant. As n varies, the orders of the
points of the transformed point-base also vary.

Rational transformation thus leads to a generalized view of the
questions treated above. Instead of investigating the properties in
respect to excess and defect of a simple point-base, whose points are
all of fixed orders, we have to consider these same properties for a

% [Multiple Points. VI—In the application of this result to point-bases each
i-point is to be regarded as « single point. But the reasoning by which the result is
obtained fails in the majority of cases, since the proof depends on the use of & slow
process of reduction, which would generally cause the derived point-bases to be
gpecialized. The proof can, however, be extended to any reduction of a point-group.
Thus it appears that one condition (and probably not the only one) for the correct-
ness of the result, when applied to a given point-base N, is that it should be possible
to reduce V by means of a series of unspecialized point-bases ; and, for this purpose,
a8 we have seen (Note V., p. 691), the most rapid reduction seems the most likely of
uny to prove effective.

It seerns probable that the result holds for a point-base N so long as it does pot
exceed twice the number of the points of order 1 contained in N. Further it
appears that the correct result, if different from, is less than that found above.
‘Fhus in case (i.) of the example in Note V. the value of %, given by the formuls
Zpn-2 (pa—pa-1—1), i8 just three times the correct value; and in cases (ii.) and (iii.)
the formula gives a value which is more than three times too great.—October 13tA.]

t See footnotes on ¢ Multiple Points’’ for the meaning of point-baee, and the
applicability to point-bases of the results proved for point-groups.
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generalized point-base, including some points of fixed, and others of
variable, order. The orders of the curves drawn through the point-
base increase with constant difference v, while the orders of the
points of the base increase correspondingly, but each with its own
constant difference ¢, which varies for different points, and may, in
particular, be zero. .

In this generalized view the wvirtwal number of the conditions
supplied for a C, is N, = {3¢(¢+1), while the actual number is
N,—r,, 7, being the n-ic excess. The n-ic defect, g,, is still the
degree of freedom of a C, which satisfies the NV, conditions. Instead
of formula (1), p. 675, we have

Nn""'11+qu+1.= ';T (’Il+1) (n+2).

It is evident that all the defects are invariants in rational trans-
formation, since the number of general points through which a C,,
satisfying the N, conditions, can be drawn is equal to the number of
general points through which the transformed O, satisfying the
transformed N/, conditions, can be drawn, and wice versé. The in-
variance of the excesses is not so evident; but this can be easily
shown by proving it to hold for any quadric transformation. Thus
Qs Tus Pus Oy Ny—3 (0 +1) (n+2) are all invariants, while N, and »
are not. Here p, = ¢u—qu-» 8 = pu—pu-,; and we may further put
OTp == Tyoy—Tny € = Op_,— 0.

The invariant N,—3 (n+1) (n+2) involves three others, viz.,
p?—3d, 3v—32, and #wv—37. In a simple point-base v =1, and all
the ¢’s vanish; hence »*—3=1, and 3v—3:t=3; and a generalized
point-base derived by rational transformation from a simple one
must satisfy these equations. Conversely, if the equations hold for

‘a8 generalized point-base, it can be rationally transformed into a
simple one; for the equations +*—3=1, 3v—3: =3 show that a
net of curves C, can be described with multiple points of order ¢,...
at the points of the point-base. This net rationally transforms the
point-base into a simple one; for C, transforms to C,, consequently
v'=1, and all the ”s vanish. )

I do not know whether generalized point-bases with similar pro-
perties of excess and defect, but having other values than 1 and 3 for
v*—3¢ and 3v—3, are possible, or not. Assuming them to be possible,
the curves C,, if they exist, still transform into the curves C,, but can-
not themselves be used for rational transformation. The numbers 1,3
are perhaps the lowest possible values of »*— 3, 3v — 3. respectively ;
and, this being so, the curves C, certainly exist. If »*—3:® were
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negative, it would appear that there must be a superior limit to the
order n of a curve which could satisfy the IV, conditions.

If we write = for the deficiency of 0,, we have §,—¢, =+ —3 =
constant number of ordinary points in which two curves C, intersect,
and p,+0,+7—1 = nv—37 = number of ordinary points in which C,
and C, intersect. Reasoning from analogy we should expect O to be
the least possible value of ¢, corresponding to the breaking-point
(p- 679), and v*—3* to be the least possible value of 3,.

The Oonformal Representation of a Pentagon on a Half Plane.
By Miss M. E. BavweLL. Read June 9th, 1898. Received,
in revised form, September 15th, 1898,

1. The conformal representation of a rectilinear polygon on a
half plane was first attempted by Schwarz and Christoffel, who
arrived independently at the same result. They have shown that
the area of the w-plane included by a polygon, whose sides do not
cross, can be conformally represented by the northern half of the
z-plane, the boundary of the polygon corresponding to the axis of
real quantities on the z-plane.

The necessary transformation is
w = Mj (z—a) "t (z—=b)"" ... (z—b)""dz + M,

where a, b, ..., I are the points on the real axis of z corresponding to
the angular points of the polygon taken in order, and all lying in
the finite part of the z-plane.

ar, B, ..., Aw are the internal angles of the polygon at the respec-
tive points. The constant M'is determined by fixing the origin in
the w-plane. Any three of the real quantities a, ..., ! may be chosen
.~ arbitrarily, and the remainder must be determined in terms of these
three, and the constants of the polygon a.f...A. The case of the
quadrilateral is given in Forsyth’s Theory of Functions, p. 546.
There is one unknown quantity besides M to be determined, and the
solution involves Gauss’ hypergeometric functions.



