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On Bicireular Quartics with Oollinear Foci.

By Henev M. JEFFERY.
(Read June 14th, 1883.]

1. Dr. Casey, in his classical treatise “ On Bicircalar Quartics"
(Dublin, 1869), has omitted to treat of these degenerate forms, when
the foci are collinear, with the single exception of Cartesians. Mr.
Hart, to whom we are indebted for the complete analytical exposition

" of the theory by which bicirculars are generated (Proceedings, Vol. xi.,
Pp. 143), has also passed this group in silence.

Having had occasion to study this group of quartics in the dual
form, I have proposed to obtain its equation (1) by Dr. Casey’s method
of generation, (2) in the vector form, and otherwise, in terms of the
focal distances from a double focus.

2. It may be stated in limine that the.group of bicirculurs is
degenerate, inasmuch as they may be generated by three, and not
four, sets of orthotomic circles, and that all these three circles of re-
ciprocation cannot be referred to the same self—con]uga.te triangles
with the corresponding focal conics. See §§ 4, 9.

The several varieties of these quartics caused by the omission of

_terms in their equation will be considered. The variety, in which one
of the single foci coincides with a double, and forms a triple focus, has
been already discussed (Proceedings, Vol.xii., pp. 17—27). A separate
section will be assigned to Cartesians, in which Dr. Casey’s results
will be obtained in a different way.

All singular forms will be exhibitcd, and a method given for llbtel-
mining the inflexions in these ovals.

3. Bicircular quartics with collinear foci may be expressed in
cither of these forms : :

L)+ (L) @) 42, = 0,
Sor h(@+P)Y+a* +y +u, = 0.
When the origin is arbitrary, these quartics have the fuller form
b (0 +9°)' + (1 + k) (0 + %) + ma* +nw+p = 0.
The double foci are found in the usual way by the intersection of two
hyperbols 4 (o' —y*) +2ka+m = 0
dhay+ky = 0.
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They lie on the () axis A

4ha’+ 2%z +m = 0.
If the origin be transposed to either double focus, the quartic takes

the first form ; if mid-way between them, the second form. The first
form is used in this memoir, with the parameters «, A,

A (@ +9)'+ A +fz)(A+f) (2 +4°) = & (1 +e).
If used to denote a group of class-quartics, this form would represent

all those which have a triple and a single focus, and one of its satellite-
foci coincident with the triple focus.

4. To generate a bicircular quartic with collinear foci by Dr. Casey’s
method of reciprocation.

There are in this case three focal conics, which are donbly confocal,
since their common frei ave the double foci of the quartic. (Casey,

p- 469.) A (@ +y)—(2—a)’ = RPN ¢ L) I
BG4y =@=0)=0.iiiinininn i Fy),
v(@+y)—(@=c)’ = 0. cvviiniinnninnnnnnnnne o (F)s

And there are three corresponding circles of reciprocation, which are
mutually orthotomic (Casey, p. 469), and whose centres are collinear.

@@= 49 =l ()

@—9)+1 =Pl eerens (%),

(@=D) 4y =P ().
Transform F, and J, to the centre of J;, and write +* for o+,

MA@+ AP~ @+F =) = 0urrrrereerirereers e (F)
1ts Boothian equivalent tangential equation is v
AA+HE—{1+(f—a)EF—n" = 0uvvevrrrrrinnnnn (FY)r
By reciprocating from the centre of J; by the relation
1 2y

i v where 1‘% = &+,
the bicircular is generated

A (P 42fa+p)) '~ {P+2 (f—a) z+p}—da’y’ = 0.
Again, transform to the common focus as origin :

A (P +p}—=f) — (1" —2az +p}— f* + 2uf)* — da’y* = 0.
Since the focal conics are confocal,

e _ 2 %
) A—1 u-—1 »-1

if d denote the distance between their common foci.

= d,
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The quartic may now be written ' ‘
™+ 2dar? + 2" (p{—f'—df —ad) +2da (p}—f"+2af) -
| + (B == d))' = (@ +2ad) = 0.
Two other forms of the equation may be written, in which p,, ¢, b;

Py Iy ¢; take the places of p, f, a. These forms are identified by
equating their coefficients; so that

(2f+d)(2a+d) = (29+d)(2b+d) = (2h+d)(2c+d) =
= /{d (d+2a)(d+2b)(d+2¢)}.

1 2 2 — =——__87— -
Since 4p}—(2f+d)'+d'—4ad I +2b)+d 2ud—2bd,
P

i = P —2bd—2d;
by symmetry it also AT @129 +d?—2bd—2cd ;
whence § is known.

For Pi= b—a {(2f+d)'—d(2b+d)} _d(a—-b)(a,—bc)’

4b+2d 2a+d
o _d(b= a)gb—c! d(c—a)(c—b)
Py = 2b+d “ 2c+d )

 Hence it appears that the conic F,, which corresponds to _the
imaginary circle J,, always lies between the two conics F| and F, (Mr,
Hart, Proceedings, Vol. xi., p. 149). a, b; ¢ are supposed to be in order
of magnitude.

The circles of reciprocation are seen to be orthotomic.
d(d+2a)(b—c)’ _ . ;..
(d+20)(d+2) = (=1’

Pt = (h—f)'; pi+e = (f—9)"

Finally, the constants in the bicircular equation may be expressed in
terms of «, b, ¢, the given distancés of thc directrices aud d,” that
between the foci

r+2der*—(a+b+c) d* +de (S—d*—ad—bd —cd)

+ ‘i (@34 B+ ¢ —Bbo— 2ea—2ab—2 (a+ b4+ c+d) d+28} = 0;

For Pt Py =

where 8= /{d(d+2a)(d+2b)(d+2c)}, and +»*=a’+y’
Cor.— Conversely, by this form of the equation, a fundamental

theorem of Dr. Casey’s is illustrated ; the foci of the confocal focal
conics are double foci of the bicircular quartic.

5. The bicirenlar quartic is also generated in three ways as the
envelope of a variable circle, whose centre lies on (F'), a focal conic, and
which cuts (J), the corresponding circle of 1euproca.t10n, orthogoua,lly.
(Casey, p. 469.)

voL. Xiv.—no, 210. R
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Let the generating circle be -
- —BY =4
where the parameters are subject to two conditions :

A (@*+B) = (a—a)?,

and 2af—-a =Bty —p|—f = 0;
bcca.uso it cuts orthogonally the circle :
(=f)'+y* =¢}.

The resulting quartic is found to be identical with the precedmo‘
N +6 =)' —(° = 2a0+6 =+ 2af —da'y’ =
Hence it appears that the form of. reciprocation
1_ 2o
p T+ep
expresses both the properties stated in the enunciation.

The dual theorem may be obtained from this genesis. Class-qua.rtics‘
which have a triple and single focus, and whose satellite conic has one
of its collinear foci coincident with the triple focus, as denoted by the
Boothian equation

€ (1+ek) = (1+2) (E+n" )+ (£’+n’)’,

‘ure generated in three ways. They are envelopes of variable singly-
confocal conics, whose directrix touches ¥ a dirigent circle, and whose
common tangent with J subtends a right angle at the common focus.

. In the special case, when there is o t1 iple and a double fucus,

the cooﬁluent of 2 vanishes,
and S=d(d+at+b+c)y
whence d (@} + b* + & —2bc—2ca — 2ab) = 8Bube,
and d is thus a function of a, b, c.

The equation to the bicircular hecomes

% (@491 + (25—a—b—c) (& +3°) +2abo = 0.

Let this form be compared with the equation (Proceedings, Vol. xii.,
P- 18) in which the constants are functions of the focal distunces,

3 (a”—2V¢)(2*+ ') =240 ¢ (' + b + & +4z) (2* + ) +a*b%* = 0.
It follows that azb:e:l i a:b:c:2.

The distances of the single foci from the triple focus are therefore

double the distances of the divectrices of the focal conics from the same
triple focus. : .

7. In the case, when the bicircular passes through a double focus,
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the constant term disappears, d is a function of a, b, ¢, and the qua,rtlc
becomes .
1+ 2dzr*— (a+b+c) dr—{dz (o +b’+c’ —2bc—2ca—2ab) = 0,

where 4d3 [a (a*—b2— )] = {3 (a®—2bc)}.

8. If the focal conics be parabolem, since d is infinite,
a+f=b+g=c+h =1 (a+b+c) = s (suppose),
o = (a—b)(a—0), g2 = (b—a)(b—0), p! = (c—a)(c—1b).

The bicircular quartic degenerates into the circular cubic with four
single foci collinear with its double focus :

(z—8)(@*+y*) — Z(a"+b’+c’—2bc—2ca—2a,b);—(s—a)(s—b)(s—c)=0;

where a, b, ¢ denote the distances of the directrices of the focal conics
from the double focus.

9. Let the case be considered where the focal conics are denoted, as

before : A@+y)—(@—a) =0..cccviiiiiininnnnn, @y,
Y@ y)—(@=b)' =0 i ()
but the orthotomic circles of reciprocation J,, J; are referred to the
saume self-conjugate triangles
@4y —208+ab = Ouveeevivrvereeireneann J1),
D4y’ —2az+ab=0......cccevvvvveneeneee ().
The bicircular quartic, generated from either pair, is '
@+ ')+ 2 (de—ab—ad — bd) (2% + y*) 4+ 2ubdz + a3® = V.
The third pair F, and J;, from which the same quartic may be
generated, are not, as in the general theorem, referred to the samne self-
conjugate triangle. _ .

10. To determine the vector equation; 1., to obtain the linear .
relation between the distances from three of its single foci of a point
in a bicircular quartic whose foci are collinear.

Let the two forms of the quartic equation be compared, in the first
of which the origin is a double focus.

A (@ +9) 4 (L4 fo) (P 4+7) = x (L+ew),
Iry+mry+nrg =0,
where 7§ = (@ +a)’+9°, and 7, v have similar values; @, b, ¢ arc naw .
the distances of three foci from the double focus. Then, on expanding,

it will be found that : .
LV/ot+m/b+nuve=0,

since there is no coeflicient- of %, other than that of 2’4y * Let d
R 2
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denote the fourth focal distance ; the fourth focus may be expressed-
as a point-circle in either of the forms
(z+d)’+y' =0,
)\r‘ + pr + w =0.
Since thxs point-circle touches the qua,rtnc (Iry+ mry+ary = 0),
v :
The discriminant of this clrcle denotes that it is the intersection of two
imaginary straight lines. This condition of linear factors is
(b—;‘-c)z + (c—,-‘a,)"‘ + (a,—v-b)g -0

‘Equate.coefficients in the two forms of the point-circle

A+ pbi vt = (Nt p+v) dY,

Ao +ub +ve = (Atp+v)d;
whence A(a-d):u(b—d):v(c—d) it b—cic—a:a-b,

1 1

e i l st AB. AC.AD:BA.BC.BD:CA.CB.0D

(Salmon's Higher Planc Curves, p. 237). The relative values of [, m, n
are found from the relations
IVa+my/b+n/c=
P (a—d) + m? (b—d) + n? (c—d) =0
b—c c—a
The linear relation required is found to be
7 (b—e){ v/ (ad) — +/(be) }
+13 (c—a){ v/ (bd) — v/ (ca) } + 13 (a—b){ v/ (cd) — v/ (ab) } =0.
By forming three other linear relations by symmetry, and adding all
the four, we obtain the most general vector equation
Av,+Bry+Cry+Dr, = 0.

Cor. 1.—If d = o, the vector eqﬁation to Cartesians is, as in § 28,
(b—c)JM +(c—a) Vbry+(a—b)Very=0.

Cor. 2.—If a-4 b ot +dd= 0, and the constant term vanishes;
the bicircular passes throngh a double focus (§11), and its vector
Jb;aJc et s/c;b\/w ot Ja;;/b 7y =0,

The result may be simply verified by comparing the forms
A@ ) (L f2) (2 +y) = e,
Iy +mrg+nry =0,
. The conditions are . lat+mb+ne =0,
IVatmv'b+nve= 0,

equation is
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Cor. 3.—If d=0, or the bicircular have a triple and a double
focus, the veotor equation is

—b
Gan T S =0

This form is otherwise obtained (Vol. xii., p. 18).

Cor. 4.—If the term involving 2*+y* be removed, no vector equa-
tion is possible.
The values of 1, m, n cannot be real, since the conditions

IVa+mVb+uve=0,
Sla*—3Im™? (*+c*) =0,
when combined, lead to the sum of squares

.}_ —e)? _l -—a)? _}_ _D) =
7 @ n)+m,(c a)+n, (a—0) =0.

In class-quartics, this group has a satellite-focus at infinity.

Cor. 5.—If an apsc be at infinity, Va+ Vb+ ve+ vd =0, the
bicircular degenerates into the civcular cubic with collinear foci,

1 (Vb= Ve)+7 (Ve—Va)+rs (Va— /b)) =0.
11. To determir;e the focal distances of the apses in terms of the
distances of the four single foci from a double focus.

At an apse, y = 0, 7, 7y, 75 become 2+a, 2+Db, ©+c severally. The
vector equation of § 10 becomes

3(z+a)(d-c) {V(ad)— J(bc)} =0.
After rejecting the factor
(/b= V¢) (~/0— Va) (Va—/b),
3 (Vet+ o+ Vet /A + /(bed) + /(acd) + /(ald) + / (abe) = 0.

The other three apses are determined, by altering the signs of the
radicals by pairs. Thus

2 (Vat /b= o m /i) + o/ (abed) { %,, + :}7— 715— -}d} =0.

Cor. 1.—For Cartesians, when d = o, the distances of the apses .
are thus obtained :
z =,/(be) + /(on) + /(ah).
Cor. 2.—If the origin be an apse, so that
at4+hi+ci4dt =0,
the distances of the other three apses have the type

2 {(vVa+ /b)(Va+ /e)—2a} = 2./ (be).
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Cor. 3.—If d = 0, for the apses

@ (Vat Vbt Vo) = /(abc) .
Cor. 4.—1If an apse be at mﬁmty, the distances of the three other
apses from the double focus of the circular cubic have the type

}a (Va+ Vbt /o)~ 4/ (b0).

12. If the bicircular cubic be nodal, as for instance the pedal
curve of a central conic, two foci, as well as two apses, unite at the
node and disappear.* (Casey, p. 474.)

Its vector equation is reduced, when ¢ = d, by rejecting the factor

va—b,
(nb+ra)o— (r+1) e/c 415 (Va+ /b) {c—/(ab)} = 0.
13. To determine the collinear foci in these bicircular quartics.
The equation to the group being
M@ +5")'+ (L+f2) (F+y") = ¢ (L +e), ‘
it may be proved that there are two double foci, at the intersection of
the quadrics 2N (P~ +fe =0,
oy +fy = 0.
These are the origin (0, 0), and the point (-— —f—, 0).
These two double foci and the four smgle foci may be obtained from
the equivalent class-equation
S — 271 = 0,
where 8, T denote the quartic and sextic invariants.
38 = Q'—-3RV—-3\R’,
21T = — @+4QRV+9<WR3,
and Q=2A+8+n+f,
B =284y,
V = (§+ 1) +n*+ 4xhek — xefr?,
W =242 (B0 +fE)— 350" (P—ef —€xN).

Neglecting for the time the third terms in both S and 7, which
involve «, we find from the expansion of (3S)*— (27T)},

HETVE(Q—RY).
Hence I* or (£+»')" measures the expansion, and the class of te

# It is incorrectly stated ( Proceedings, Vol. xiii., p. 71) that this node is a double
focus. The equivalent class-curve is a sextic, with two double and two single foci.
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equivalent equation is the eighth, as was lmown, since there are two
double points at infinity.

Reject %%, and also suppress R or &+, where it occurs, to obtain
the foci. There results

#H (f'+2f2+ ek —refn’)’ (4N + NfE—f'r)
— 3 QA1 (fF - fe—e).

Write (8+1')—#& for ?, and again reject £+»*. Then (2A+2)*is 8
common factor, and denotes a double focus.

The four single foci are thus expressed :

 (PH2fE+ dxhet +xefE) + Bk (f—ef — kM) (2N fE),

or f2+4+4 (f+2he) E+ (4+2cef +16xA) &+ 4k (2f—e) £+ = 0
The origin is another double focus, since the class is the eighth.

14. To express the equation to the group of bicircular quartics in
terms of the distances of the single foci from a double focus.

Let the binary quartic of §13 be compared with the form whlch
denotes the product of these focal distances,

(1+ak) A +0&) (14¢) (14+dE) =0,
“or Y4 pE+gB+r84stt =0,
where p, ¢, 7, s mean the usual combinations of the roots. The follow-
ing relations may be established :
A:f:xixe:1
203p'—2q 448}t 4 (psd—7) : Lgs—Asi—40% 1 4(pa—rst) : dgs'—Bs—1p.
. The given bicircular may take these values of its constants:
A (@4 90) + (L4 fo) (@ +7) = x (1+e2).

The distances of the apses from the double focus at the origin may he
expressed implicitly in terms of the distances of the four single foci :
(p*—4q+8s%) 2*+8 (ps'—r) 2*+ 2 (4g5*—8s—1p) o*

= 8{ps—rs') w4+ dgs—8st =1
This quartic has the same discriminant as 1+pk+ g8+ 18+ =
since two foci unite at a node.
" The roots of this quartic are given in § 11,

z(vak/bx /c:L- V) + /(abed) (/ }b + —};i%) =0.
15. For the circular cubic, p*—4g+8s' = 0. Its equation is found
after rejecting ps*—r, : :
(8z+2p) (*+7*) = 8slx+pst+1,
where the focal distances have the relation

Vat Jb+ e+ /d=0.
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If d = 0, or the quartic have a triple focus at the origin, the quartic
of § 14 becomes  (p'—4q) z*—8ra’—2rpa*+7* = 0,
whose roots are 2 (£ Vak /bt V) =+ abe.
Other modifications occur when other terms in the quartic are re-
moved. ' '

I next proceed to obtain relations between two parameters in the
quartic, which express general properties in the form of curves.

16. To obtain the relation between the parameters, when bicircular
quartics with collinear foci.are vesolved into pairs of circles.

Resume the ordinary form of these quartics (§ 13),

M4t (14br) = « (1 +az).
This will be a rational function of +* or #*+, if
. (14b2)*+ 44X (14 av)
be & complete square. '
The required relation is expressed by the hyperbole,
KA (M\a? —=b*+ab) = 0.

17. To determine the first discriminating curve, or the mntnal rela-
tion between the parameters, when the bicircular quartics in this group
are singular. (Fig. 1)) - 2 i

At a singular point ‘—1% =0, ‘73 =0.

For the quartic Ar'+r*(1+bz)—« (1+ar)=0= ¢,
xa = 2z (1+ba)+4\a? + b7,
0 =2y (1+bz)+4nyr”.

Hence also - k (4+3az) = (24 bx) .
[The second condition is resolved into two parts
14024202 =0...... (1); and y =0......(2).

The first yields an hyperbola as a portion of curve (D),
KAa’+b (a—b) =0,
and all nodes lie in the line ab2z+2b+a = 0. -
The second part gives a sextic as a second portion.
4P+ Bba’ + 2 —ka = 0,
b + 2a* — vaz—4x = 0.]
The parameters «, A are connected, as the coordinates of a unicursal
sextic, or quintic, if @ = 0. The equation may be obtained, without

the intermediavy («), as the discriminant of the binary quartic (¢),
when y = 0.

Besides the axes of coordinates, there is a linear asymptote
27a'c + 256\ = 480 (4b—3a),

which correspoﬁds to the value (— %) of #; but not when a = .,
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At singular pomts on the sextic
Code dA

o 0, & =0.

These conditions determine two values of z,
3aba’ + 6l + 3aw+8 = 0, v

to each of which a cuspidal value of (x, A), and thereby a corresponding
cusped quartic, corresponds, if the values of () are real. Various
modifications occur, when a and b have the values zero or infinity.

18. The cases should be noticed when these values of z unite.
. When this occurs, (1) a = 6b, and (2) 3a = 2b.

For (1) the cusps unite in a point of undula.tmn, and for (2) in a
stationary point.

The corresponding quartics have, the one & cusp, and the other a
folium.point, but they are reduced to points. :

For the value (2), the sextic curve (D) degenerates into the quartic

(126A 43)% = 32b%....coverevvveevinnnennnnn (A)

and the line 48N+ = 120 ... (B) ¥

19. To determine the second discriminating curve, or the mutual
relation between the parameters, when bicircular quartics with
collinear foci have points of undulation.

This curve (D,) consists of two portions, obtained by dlﬁ:'erent pro-

"cesses, The ordinary tests for undulation will be first taken.
2 3,
1. At a folium-point, % =0 and % =0.
Let these tests be applied to the quartic,

At (1 +0e) o =& (1 4az),
or, when solved,

2%+ (L +0e) = V{(1+ba)' +4ed (1+az)} = 2/U.
By successive differentiation,

2xi(oﬂ)+b = vy 52—2’,
Ly = VU gy (4U
2L (’) = Uiz iU (d.v)’
—_—3 —i@dg_U -3 du,®
0 iU dwdm2+IU ( )

de
This condition is resolved into two factors, '
LU (JU) aUv _

ay 0 .

dz*  \dw ! da

= 0.

* The quartics, whose parameters are thus rclated (B), ave singular, but
not cuspidal.
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The first factor gives the relation of §16, when the quartic is re-
solved into two circles. We are concerned with the second factor,

b (1+bz) +2kAa = 0.

- _“’_“f}
,i D= =|=\/ 1

In this case,

2A~—-(o’)+b=0, or “+~’EZ+4A 0,
2)\--(7 U'*, or 1+ (‘%)’:%U-*.'

‘The last may take the form

¥+ (w+%)2' By,

8A

—p? -1
or 7‘+ +16X2 (7'2 o) U\,
That is,

l i1 ka1 g 2 } _b_ 4
U +m, {b +rU (2x)\a+b) o,
or SU—4UV— s Ut = kab~— 1 (2cAa+D)%.
2A b
After further reduction, this part of curve (D) is P

thus defined : )
- - -2 e
'{1 xab+4(2 b)a x’)\}

=1 (b’-ab—a.’x)\)(4+ —)’ (Fig. 2.)
b? 2n/ -’ o

- The curve has only one branch, with three inflexions,
and (since it depends on the product «, A) lies in the
first and third, or in the second and fourth quad- Fig. 2.

rants, ‘according as a < >b. The curve has two acnodes, whose
b o
abscissa 18 — -
8\

If a =0 or b, this portion of curve (D,) does not exist.

II. The preceding process is applicable to folinm-points in com-
panion-curves to lemniscatoids (see § 20) ; hut for the neighhourhnod
of limagonoids the conditions may be thus found. .
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The bitangents touch the apses in such folinm-
points. U
The conditions are
4U = (1+b2)'+4eX (1+02) =0,
and A’+14b2=0, since y=0.
The eliminant.is a quintic. (Fig. 3.)
" A (1—4en)? -
= — 2Ab (82 —4b) + «b® (a—b) — 8% (a — b)
If o =0, the figure has no asymptote but the axes.®

_ a =2b, curve (D,) becomes a bicusped quartic, as in .
Fig 4 E‘lg. 3.

20. To determine all bicircular quartics with collmea,r foci by the '
“aid of the two discriminating curves.

The singular quartics are crunodal and acnodal. D\|F
- The former are lemniscatoid for values of (x,A)in \,
the first quadrant, and limagonoid in the second ' i
quadrant. The acnodal quartics shrink -to acnodes
for points (x, A) on the bounding lines NQ, PL; for
. ulterior values of (x, X) no. correspondmg qua,rtlcs ,
are possible. (Fig. 1.) Q
The quartics may be bi-, uni-, and non-folium.
If (x,\) lie between the curve (D,) of Fig. 2, N

=

RZK| O A
the quartioc is bifolium; if (x, A) lie between the S~ o[ T~
branches of curve (D,) of Fig. 3, the quartic is uni. . |
folium. For values of (x,\) exterior to the branches 1p

.of Figs. 2 and 8, the corresponding quartics are non- Fig. 1.
folinm.

The sequence has been minutely exhibited in Proceedings, Vol. xii.,
pp- 21, 22, with illustrations, for the several quadrants, with the
omission of the limitations created by the second branch (Fig. 3) of
curve (Dy).

The cuspidal portion DEF of Fig, 1 protrudes through the apsidal
portion of Flg 3; the corresponding quartics have the same character

- a8 for points in and near the cuspidal part KCL.

1t is easy to anticipate the number of folia in the neighbourhood

of critical quartics, by considering the shapes of these last. Near

lemniscatoids, the companion-curves are bifolium ; near limagonoids,
unifolium.

21. For two relative values of the constants, the first discriminating
curve is modified, as was pointed out in § 18,

¢ la the descnptnon of the curve (D,) (Proceedings, Vol. xii., p. 25), this portion
was omitted. Without its aid, the limiting forms of Fig. 4 (p. 22) cannot be found.
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If 3a = 2b, 2x =2, 6Aa’+4b2+3=0.

The eliminant defines curve (D,) as the bicusped
quartic (12kA43)? = 82«0, (Fig. 4.)

In the second quadrant, the sequence of values of
the corresponding quartics is unaltered; the two
cusps of Fig.1 have united in a point of inflexion.
In the first quadrant, critical quartics are acnodal,
and the companion-curves are bifolium, according
to the position of (x, A) on curve (D,). (Fig. 2.)

If a = 6b, the sextic is also modified : the two
cusps of Fig. 1 have united in a point of undula- Fig. 4.
tion. (Fig. 5.) :

The guartics, which correspond to the point of
inflexion in Fig. 4, and the folium-point in Fig. 5, -
are cuspidal and undulational, but both mere point-
quartics, as these points (x, A) are on the limiting
branches of curve (D,), - '
5btyt+ 2b% (5% + 120+ 12) + (ba+2)X(5ba—6) = 0,

81h%y* + 54b%° (8b%" +4bz +4) + (8ba +2)* = 0.

|

22. In the case, when the bicirculars pass through
the origin, o
A& +y) + (14 52) @ +y°) = *a. Fig. 6.

The curve (D,) is the tricuspidal quartio (see § 17)

(b4 9eA) = 4 (V¥—=3X) (14 3bk).
[To values of (x, \) on curve (D,) in the first quadrant there correspond
acnodal quartics: in the fourth quadrant, as (x, A\) on curve (D,) ap-
proaches the cusp, an acnodal quartic and a lemniscatoid gradually
unite in the cusped quartic
b’ (y°+22") +3by* (1 +b2) += (bo+1)* = 0.]

To critical values in the second and third quadrants, limagonoids

correspond. '

23. In the case where both % and % =0,
or AN @+ bz (2P +y) = x2,
the carve (D,) is the cubic hyperbola 27¢X* = 43?, -
the curve (D,) is the homothetic cubic 8¢\ = U7,

since the other portion (§ 19, II.) does not exist.

If the coordinates be considered tangential, this group compriges those -
class-quartics which have a triple focus and a single focus at infinity,
and whose satellite-conics have the same as single foci. The
critical quartics are acnodal ; the companion-curves, whether single,
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or pairs of ovals, non-folium or uni-folium as (x, A), are above. or
below curve (D,). The origin is in all cases a folinum-point.

[If —;’l = 0 only, there is a éusp on curve (D,),and the corresponding

quartic is resolved into two circles’
& (@+4)) =4, (az+2)*+4*=0.

The case when a = 0 has been studied (Vol. xii., pp. 17-27), Cartesians,
in which b =0, will be examined in § 29.]

24. Bicircular quartics, which have the same single focz, but dis-
tinct double foci, are mutually orthotomic.

This is an extension of Prof. Crofton’s themem for Cartesians
© (Proceedings, Vol. i., 6). : :
Let the vector equa.tlon to one of the group be

Iry +mrg+nry = 0,
where (by § 10) l:m :n 2 (b—c) {+/(ad)— /(bc)
: (c—a) {/(bd) = /(ca) s
: (a—b) {+/(ed) = v/(ab)}.
The equation tou tangent circle at the point (R, E,, R, )‘ is

mr,’

l)L mr | nry
,+R+R_O

Then another quartic of the group may be written
Uri+wmirg+a'r, = 0,
where U o (b—c) {/[(a+k) (d+1)]— v[(B+E) (c+1)]},
the triple focus being moved, but #,, 7,, 7, being unaltered.

Its tangent circle i is —1 + % +- T = =0.

E, R, B

The condition that the tangent circles, or, as a consequence, that the
two quartics intersect orthogonally, is

2(la+@+1w)(la+@+g_c)

s L U P T

=(l+_’lp_+:_:)(l'_g_’+m__'b’+‘@)‘

n 7y " T 7y

+(l—'+"l1‘.’+ﬂ‘:) (E.}."Lb_g_*_n_d‘)‘

no o nl\n o 7y
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This condition may be simplified :
1 ’ ’ Y _1_ g —a)?
y v(mn +mn)(b—c)*+ vy (' +n'l)(c—a)

. 1 ’ —P\? —
+ o (i Fm) (a—b)* =0

But, from the two quartics, 7,, 7, 7, are the minors of the determinant
1t my, n
U, m, n'
The conthtlon of orthotomy becomes
3 (m*n —m"n’) (b—o)’
It ma.y be proved that this is an identity.
Substitute for m, n, m’, %/, their values, and re]ect the common
factor (b—c)? (c—a)* (a— b)’
{V ()~ V(o)) {V[(c+h)(d+h)] - v[(a+}) (b+R)]},
—{V(ed)— v (@)} {V[(b+h)d+h)]—/[(c+h) (a+R)]},

together with two other sets of values, may be shown to be zero.
The collected values of the sets may be reduced to the factors

{(bd+ac—cd—ab)+(cd +ab—ad—be) + (ad + bc—bd — ac) },
{h(a+b+c+d)+2h'+24/ (abed) —2+/[(a+h)(b+R)(c+h) (d+R)]};
of which one is identically zero.

The general problem is considered in Higher Plane Ourves, p. 238. .

25. To generate a Cartesian by Dr. Casey’s method of reciprocation.

It will be noticed that the method of §4 fails for generating Car-
tesians, since d = 0, when a double becomes a triple focus.

In this case, three concentric circles take the place of confocal conics :

Bty = A‘ B AN (.19 B

o -!—y (F,),

a2+y' = O"' verrrnrrnernenesrnenensnanesns (F3) 3

and there are three corresponding circles of reciprocation, which
are mutually orthotomic: ,

(@—f)+y' = pl ................ rerreeerernens ),

(z—9)+y’ —p, (J,),

C @=hY Y = e wol( ).

The Cartesian is generated in three ways as the envelope of the

variable circle (x—a)*+(y=-B) =7,

which is snb]ect to the conditions that 1ts centre is in F,
ad+fi=
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and that it cuts J orthogonaily,
» 2af —a'—f'+ ¥ +p{—f = 0.
The Cartesian envelope is found to be
@2 (=AY P 4?) + 8 Yo+ (P Y =AY = 0.

" Dr. Casey has been anticipated in this method of generating Car-
‘tesians by Quetelet (Chasles, Aper¢u Historigue, p. 850), if in his
theorem we measure the distance from the centre of the variable circle
to the circumference of the orthotomic circle along a tangent.

In like manner, its equation is found in terms of the constants

Py 9 B; py by C.
By equating the coefficients of like terms in these three forms of the
same Cartesian, .
pi=f'—fg-B'+ 4’ = f'—fh—C"+ 4,
. A = By = "k = fgh.
The (') circles are
S+t =gh, d+yi=fh, d+y=fy.
The (J) circles are (2—f)*+9y® = (f—g) (f—P),
(@=9)+y" = (9=f) (9=1),
@=1)+y* = (b—f) (h—g).
The Cartesian thus generated is defined by the form
@ +y")' =2 (gh+hf +f9) (+" +9°)
+8fghc+ Wy + f103 + 2 —4fyh (f+ g+ 1) = 0.

‘1t will appear (§28) that f, g, b are the distances of the siugle foci
from the triple focus at the origin.

26. The dual theorem may be noticed.

If the variables be interpreted as Boothian tangential coordinates,
the (F') equations still denote circles,. and the (J) equations singly

confocal conics, with parallel directrices.
Thus the class-quartic

c(L+eb) = E+n’+A (£ 407,
which has a triple and a single focus, and for which the centre of its
satellite-circle coincides with the triple focus, may be generated in
three ways.
It is the envelope of a variable conic, with & fixed focus, wliose
directrix touches a fixed dirigent circle (¥), and which has a common

tangent with a fixed confocal conic (J), such that the points of contact
subtend a right angle at the common focus. -
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27. The distances of the apses from the triple focus are found by
writing y = 0, in the Cartesian of §25.
The reducing cubic of this binary quartic by Euler’s method is
=g+ pra—r* = 0.
Its roots are gh, fh, fg, the squares of the radii of the (I) circles.

(Casey, p. 491.)
Both quartic and cubic have the same discriminant

(g—=1)* (h=1)* (f—g)*
28. The equation to the bicircular (§ 25) may assume various forms

(45 + gh—hf—fg)' = 4gh {(a—f) +97}.
Hence, if py, p,, ps denote the focal distances of a currvent point,
2/ (gh) = 2*+y* +gh—1f—fy ;
80 also 20,/ (Wf ) = 2*+4* + hf —fy —gh,
205/ (f9) = &+ y*+fg—gh—1f.

Again, by subtracting these equations in pairs, we obtain the usunal
vector forms b/ gp,— g/ oy = v/ (fgh) (h—g),

IV hos=l/for = v/ (fgh)'(f=1),
yvIfm=fV9es = v (Jyh) (9=F).

Lastly, by addition, the equation of § 10, Cor. I., is derived :

(=) Vfor+ (b= )V yp.+ (f=9) v lps = 0.
(Cascy, p. 486.)
29. To determine the foci in Cartesians.
The equation to the group is taken to he
A+ + (2P +y) =« (T +ew).

Since the circular points at infinity ave cusps, Cartesians are class-
sextics, and not class-octavics,* as ordinary bicircular quartics are,
The origin is a triple focus, und there are thiree single foci.

Proceed to find the equivalent cluss-sextic as in § 13, when f= 0,

SE—e7U" = 0.

If the terms be omitted at fivst from S and 7, which contain «, the
expanded form is measured by (244°)% or the class is diminished
from 12 to 6 dimensions.

The residuc, after rejecting this factor 1%, is the equivalent class-

¢ Inthe accond cdition of the Aperge Histori fqtte, P 353 (Paris, 1875), the crror
is ropeated, which wi long ngo corrected by Prof, Cayley, Lionritle, Vol. xv.y p. 364,
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sextic 16x2A%" 4 8kh%e (1 + 4xX) &+ 166°N68? (1 —kek)
+ (B4 1% {A (L +4e0)+8eN (1 44X ef (1 —wek) —4e’NeE}
+(E+1%) {(1+4x0)? (1 —rkek) —8x°\ (L +4x\) ed}
—(E+0?) k(L +40)?
= — 6x*A%e™n” (4— 3wek)
L (B4 ) {25 et — khen® (8 —Oxek) + LPAe*n® (L +36x0) }
+ (E+n*)* (14 366)) 36%¢*nP.
The focal lengths are obtained by substituting (£+7*) —& for »*, and
rejecting all the terms which involve &+ 77
8che+4 (14 4x\) E—4wel + 4% = 0.
Its discriminant, 27x*Ae!+ 4xe® (14 36kN) +16 (1 +4xr)?,
"is the same as that of the expression for the apsidal distances
At 42’ —kex—k = 0.
30. To determine the first discriminating curve, -
when Cartesians have singular points. - (Fig. 6.) .
" This curve (D,) is defined by the discriminant of B .
the binary quartic of § 29 (y=0) as a bicusped quartic A
16 (14 4x\)* +4ne® (14 36xk0) +276A¢ = 0. ==
It is drawn more simply as a unicursal curve by |'||
the conditions of § 17, by equating b to zero, ;
c = 2a? A= et2
4+ 3ex’ o (4+3ex)’
The linear asymptote has the form
27¢' +256) + 144¢* = 0. ' :

This quartic in (x, A) has two cusps, one at infinity, Fig. 6.
32 3¢ : :
d th h - — 20 2 .
an e other ( 9e? 128)' when 3ex+8 =0

To these related values of &, A, limagon Cartesians correspond ; .and
to the finite cusp the cardioid, )
27¢%y* +180%P (Be*a*—64) + (ex—8) (Bex+8)* = 0.
There are no lemniscatoid Cartesians, since no part of curve (D)) is
in the first quadrant.

81. To determine the second discrimi-

nating curve, when Cartesians have points J
of undulation. (Fig. 7.) :

The second process of §19 is alone
applicable.

The conditions, that the bitangents touch
the apses in folium-points, are

144N (14e2) = 0, 222’41 =0.

The climinant defines curve (D,) as the
quartic  (14+4wA)*48x%\e? = 0,
and the («) axis. Fig. 7.

VOL. x1v.—~o. 211, 8
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The abscissa is essentially negative, and the ordinate has a minimum
value. For values of (x, A) within the branches of Fig. 7 the corres-
ponding quartics have veri-bitangents; for exterior values of (x, A),
acu-bitangents.

32. By the aid of these two discriminating curves, all Cartesians
may be exhibited.

In the first quadrant of Figs. 6, 7, there is no smgnla,r Cartesian,
nor has any curve a folium-point. Each is an oval without a folium,
and has an acu-bitangent. ' : '

In the second quadrant, for values of (x, \) on or above the upper
branch of Fig. 6, the corresponding Cartesians are points or do not
exist; for values below and above the lower branch of Fig. 6, the
Cartesians are single ovals. If (x,)) is on this branch of Fig. 6, the
curves are limagons, and for lower values, two ovals.

The single ovals have imaginary or real bitangents, as (x, A) is above
or below the branch of Fig. 7 ; the pairs of ovals have veri- or acu-
'bita.ngents, as (x,\) is above or below the lower branch, terminating
in two circles, when « = 0,

In the third quadrant, ‘the Cartesians consxst of an oval with an
acu-bitangent, unless (, ).) falls within curve (D).

If (x, A) is within the loop, and beyond the cusp of Fig. 6, the Car-
tesian (which protrudes in the former loop) is a single veri-bitan-
gential oval.

If (x, \) is within the cuspidal part of Fig. 6, the Cartesian has a
pair of ovals, terminating for nodal values in a limagon and an ac-
nodal quartic. If (x, A) be the cusp, the nodal values unite in the
casped cardioid.

In the fourth quadrant, no Cartesian is possible for values of (x, A)
above curve (D,). For values of (x, A) within that curve and the («)
axis, the curves have a single acu-bitangential oval, commencing with
acnodes and ending in pairs of circles.

33. If the origin is on the Cartesian, its equation becomes

A (@ +y°) +a*+ o =k
The curves (D,), (D,) are two homothetic cubics :
2% +4 =0, 8A+1=0. ]

Cartesians occur for all values of the parameters. For points (x, A)
beyond hoth branches of curve Dy, they are single ovals with veri-
bitangents ; for intermediate values of (x, A), the Cartcsians consist of
a pair of ovals, with real or imaginary bitangents, as (x, \) is beyond
or within curve (D,).

34. If ¢=0, the Cartesian is resolved into two circles.

35. The clagsification of this memoir is applicable to those cyclides,
which are generated by the revolution about their axes of bicircular
quartics with collinear foci.



