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Tnhlr. of Complex Multiplication Moduli. By A. G. GRERNHIM,.

[Uratl M'mj Hth, 1800.]

A complete catalogue of all the numerical results in the solution of
the niodnhiT equations for Complex Multiplication, when (he square of
Hit! ratio of tho periods is an integer, or a rational fraction, is of course
impossible; but a list of thosn cases which have been solved up till
now will bo found useful ns a verification of the form and coellicients
of l-hc modular equations, and also in some eases will serve for the
determination of the coellicients when the form of the modular equa-
tion can be inferred from independent considerations.

It is proposed, thru, to give here a list of these numerical results,
us fiir us is known at present, embodying the values obtained by
Abel, Jiinobi, Kroueoker, 1 Lcrmitc, .lonbert, and Weber, and more
recently of K>. Russell and Muthews.

The numerical results are also presented in more than one shape,
for verification in case of a misprint.

Denoting the ratio of the periods of the elliptic functions, K'/K, hy
\/A, and taking A as infcegni.1, it is convenient to draw np the list in
four classes, according to the form of A (ZVoc. Land. Math. Snr,.,
Vol. xix., p. 3U1) ; thus, in

Class A, A E^ .'?, mod. S;

Glass 15, A s 7 , mod. S ;

Class C, A = 1, mod. 4;

Class D, A ==2, mod. 4;

the class for A = 0, mod. 4, not requiring much separate considera-
tion.

Class A : A s 3, mod. 8.

Here the simplest numerical result to tabnlato is Klein's absolute
invariant J (Ma'k. Ann., Vol. xiv., p. J11), or Hcrmite's a (Equations
modidaircs), connected with ./ by the relation
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in terms of Legendre's moduli K and K, we may tako

108-cV8 ' " ~ IU'KV '

It is convenient also to denote \/J by — ys, and to put

/-l=-27yj;

SO that y3_27y2 = — 1 ;
9 8

and y, and ys are then tho invariants in tho normalized integral.

A = 3 ; J=0, a = 0, 2K(f' = i = sin£7r.

A = l l ; J"=-2°---3s , y2 = f, y 8 =

A = 27; J = - 2° x 5s ^. 32, a = 27 x 3 x 58,

y, = - 2s x 5 x y 9 .

A = 35; / = - y J , y,

y 8 = (256 + 115N/5) y7-=-27.

= 43; J = - 212 x 5s, y2 = 80, y8 = 21

A = 51; ,7=

Vs = 7 V3 (128 + 31 ^17) -4- 33 (Kiepert).

A = 59; a, and therefore .7, givon by a cubic equation.
Mr. R. Russell finds that the equation for z — y/(4)c<c') is

and thence that the cubic equation for

is a / y

and therefore 27.7+ 7O5GJ' + 12864J*+2810 = 0.
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A = 67; J = - 2 0 x 5 8 x l l s , ya = 2 3 x5xl l , 73 = 217^67,

=3x73x312x67.

A = 75; «7 = -64, /5(31 v /5 + 69), ya = 4x5« (69+31^/5),

y8 = £^3 (4352^5+9729).

Or, (Russell) with z =

A = 83; a given by a cubic equation (Russell),

a-1740 y2a« + 2000 y 4 a » - 32000 = 0.

A = 91 = 7x13; y, = 908 + 252 v/13,

y8= 11^/7 (2v/l3 + 7)(5^l3 + 18), y, + l = 9

= 99 = 3 2 x l l ;

a = 2° (4591804316 + 799330532 %/33) (Weber)

A =: 107, a prime ; Mr. Russell obtains a cubic for a,

a-79 x 80 $/2 a»-69 x 800 $/4 a* -17 x 16000 = 0.

A = 115 = 5x23;
/ = -2"x5^5(157^5 + 351)', y, + l = 32 (6^/5 + 13)*,

y 8 = (6v/5 + 13)(378 + 169/5) v/23.

A = 123 = 3 X 41 ; not yet solved.

A = 131, and A = 139, both primes; and requiring, according to
Russell, quintic and cnbic equations for a, respectively.

A = 147 = 3 X T. Then (Russell), with z = ^(4™'),

z»-2z7+7z*-4!z + l = 0.

A = 155 = 5 x 31; not yet solved.

A = 163 ; a = 210. 3s. 5s. 238. 293 (Hermite),

J = - y
3

a , y j = 53360, y3 = 185801 >/IG3,

2, y2-y2 + l = 3xl9Jxl27!xl63.
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Also, 2 s ' - 4 s 2 + 6 s - l = 0

gives s= V'CJKO-

A = 171 = 32X 19 ; not yet solved.

A = 179; not yet solved.

A = 187 = 1 1 x 1 7 ; |3 = 3 l

where 3 =

and */2« = !£/(4™') (Russell).

A = 211; /3s—3/32+/3—2 = 0,

whore /S = 1 = ^ (Russell).

A = 283; /33 - 4/32 - 1 = 0 (Russell).

A = 331; /38-7/32 + 9 ^ - 4 , /3 = l ± - ^ = 2 £ 8 (Russell).

A = 427 = 7 x 61;

2s8 + 2s2+(7+ ^ 6 1 ) ^ - 1 = 0 (Russell).

A = 907; /33-29/32 + 85/3-60 = 0, fi = 1 + 4 5 - 2 s
a
 ( R l ] s a e 1 1 )

Class B. A = 7, mod. 8.

Hero tho simplest function to tubulate seems to be KK', or rather
\/l(ki:', and sometimes v 16KV, when A is not a multiple of 3.

A = 7 ; V'^7= i t/16^7 = 1, vTlw7 = 1.

A = 15 = 3 x 5 ; v/^? = sin 18°, or sin 54° = \ ( V5±l) ; or

W = i ( A / 5 ± 1 ) ,

A = 23 j x = V'IGMC', given by the cubic equation »3 + a;2—1 = 0.

A = 31 ; x = V ÎOKN.', given by the cubic equation ,-c3+x—1 = 0.
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A = 39 ; x = \/16KK\ given by the equation

£B4 + 2ic5 + 4aj2 + 3a;- l = 0,

or 2 a ; = - l + { ± ( / l 3 - l ) } 3

(Joubert, Comptes Rendus, t. 50).

A = 47; y = V\§KK is given by the quintic equation

and a? = ^16™' by x*—2x* + 2x3-xl + l = 0.

This quintic is soluble by radicals ; the real root, according to Prof.
Paxton Young, being Wj+w3+?t8 + tt4, whore, as simplified by Cayloy
(American Journal of Maths., Vol. xin., p. 53),

105«, = 2600(15 + 7/5)+40(79 + 33/5)/{i(5+/5)}/47,

= 2600 (15-7/5)-40 (79-33/5) /{± (5-/5)}

= 2600(15-7/5)+ 40 (79-33/5) /{£ (5- /5)}

10B«4 = 2600 (15 + 7/5)-40 (79 + 33/5) / { | (5+ /5)} /4T.

A = 55 = 5 x 11; then, for

K'/K = -/55, A'/A = / ( l l 4- 5),

f~ . . /T7' _ 7— / 5
"~8~"'

8

obtained by the combination of tho modular equations of the 5th and
Il th orders (Froc. Lond. Math. ISoc, Vol. xix., p. 322), and then

6AV= { / ( 6 / 5 - 2 ) + ( 5 - v/5) j 4-4 ;

and then (Russell)

so that ^ 1 6 ^ ' and — v'l6AA' are the real roots of the biquadratic
equation

4 3 2 - l = 0 .
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These results were obtained by Mr. Russell, by putting

yx = - */*', yx' = y*
in his modular equation of the 71st order.

A = 63 = 3s x 7 ; X- VUJKK, given by

(xi-x + 5?*-21 (x-lf = 0

(Joubert, Gomptes Rendus, t. 50).

A = 71. Employing Russell's modular equation

P»+4 ( - P 3 + 00(412)*+ 2P (412)»-4JR = 0,

where P = v ^ + V^X"'-1, Q = y ^ c ' V

and patting *.'= X, K = X', aud a; = ^16*:*:', then

+ 2a;- l ) = 0,

the equation of the 7th degree, being solvable by radicals, according
to Abel.

A = 79. The equation for x = ^ 1 6 ^ ' is, from Fiedler's modular
equation,

( » l ) * s 4 4 4 8 5 J 1 2 - l ) = 0,

the quintic equation being solvable by radicals. This is derived from
Fiedler's modular equation for n = 79.

Then, according to Russell, the quintic factor reduces to

if z = x* =

A = 87 = 3 x 29; not yet solved.

A = 95 = 5 x 19. (G. 13. Mathows.) With yn = 256 ic\K'X',

or (y* + y> + l)(y°-y»+yi-2y0-4!if + y*-6y* + 9yt-!>y + l) = 0,

or (v* + y> + l)!(2yi + 2y + iy-5} (r/B-3^ +5i/8-7^+47/—1) = 0 ;
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and then, according to Russell, the equation for

x = \/16KZ,

is (2xi-x3 + x2 + 4x + l)i = 5 (a:8 +

Then ( w - ^ t l s+l) = (2^5-1) (^±J . - l ) ,

ti it- y(2^5^1) + l = 0,

-l)-1} T =
J J.O

whence JC = vTlkic' or v^

for K'/K = x/95, A'/A=

A = 103; 1 1 1 = 3 x 3 7 ; 119 = 7x17 ; 127; 135 = 5 x 2 7 ;
143 = 11x13; ... not yet solved.

Class C : A = 1, mod. 4.

Here Hermite's a = i!^--^ •

so that, if ft = \ -/a, ft = (2M/) "' - 2(Ck';

and y = y(/3s + 4) = (2™')-'+ 2™',

also denoting (2KV)-J —(2^')* by «,

A = 5 ; ft = 4,
A = 9; /3

(2K-K')* = 4, (2^') -

A = 1 3 ; /3 = 36, < = 3, (2^')» =

A = 1 7 ; y = 10(^/17 + 4), -/(y + 2) = 5 + v^l7 ;

(2« ) ~ * + (2wc')* = I ( ̂ 17 +1) (Weber),

but immediately derivable from Mr. Russell's modular equation.
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, £0l. K'/K =

The surds in the brackets are written so that tho reciprocal is tho
complementary surd.

A = 25 = 52; /3 = 2lx.T2x v/5, y = 322 = 2 x 7 x 2 3 ,

y ( y + 2 ) = 18, ^2VK' = i (yr> - 1 ) ;

so that (2™')~''»-(2K*.-')lV = 1, (2KK)"•» + (2kV)•« = %/5.

A = 29. ILcro /3 is given by the cubic equation

0s-588/3'-97G/J-313G = 0,

and f by the cubic equation

so thai, ;« = \/2KA.' is given by the reciprocal scxtic

xn + 9./' + 5.c* + 2«s - 5.x- + 9x - 1 = 0 ( W eber),

or by 2aj» + 0i>? + 8x + 5 = V(20) (a- + 1 )3.

This is immodiatcly derivablo from Russell's modular equation
for n = 29 {l'roc. Loud. Math. Soc.y Vol. M , , si paper not yet pub-
lished),

2* + (4B)» ( 0 4 P 1 + 2 s

)s (2s . 5051>s-2". 13P(2)

4E ( - 2 s . 745Jl24-210.15FQ) +(4I<5)J 2' - (4ii)5 = 0 ;

or i'1 {

± 72 (4B)1 {9PS-G4Q-2GP (4I2)» + G0 (4/2)*} = 0 ;

where V = K\ + K'\'— 1, (2 = H\K'\'—K\ — KX,

./i*, = — K\ K'\' ;

on putting »>"' — A, »>' — A', and .»• = ^2^^'.
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A = 33; a = 24x3(75 + 13<v/33)2,

7 = 10(52 + 1^33), x/(y+ 2) = 3 ( /33 + 5),

A = 37 ; a = 2° x 31 x 7*, /3 = 22 x 32 x 7*,

y = 2 x 5 x 2 9 x 737,

2« = ( N / 3 7 - 6 ) 3 (Kroncokci-),

(2KV)- -(2™')1 = 12-

A = 41. Weber's equation (Ada Math., xi., p. oSS) for

is a;2 - i ( 741 + 5)2 +1 (7 + v/Jl) = 0,

or ((;
4 - 5a;3+3.r -h Sec + 2 = 0.

A = 45=33x5. Hero

a = 2"(17 + 10N/3)4, /3 = 2s

7 = 2^5(527 + 304/3);

A = 41) = 7-. lloro

«

7 = 2 ( 3 I x 2 3 + 2ll

and 2 u / (

s o tliaL (;1KK) •'•• + CJfci-')- ''• - N / 7 •"
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A = 53. According to Russell and Matliews, the equation for t is

^-23^+12^—121 = 0 ,

or for x = \/2KK is the reciprocal sextic

A = 57 = 3 X19. Here

^ =^)\ A'/A = •09+8).

A = 61. According to Mathews' result (Proc. Lond. Math. Soc,
Dec, 1889, Vol. xxi.), the equation for

is

or m 3 - 2 7 m a - 5 r n - l = 0 ,

for a=2° .3* .w 4 .

For x — V'IKK, tho equation

a:0 + 30a;5 + Gas4+48*8- 6a;3+30a; - 1 = 0.

A = 65 = 5 X 13. (Proe. Lond. Math. Soc, Vol. xix., p. 332). On
combining the modular equations of the 5th and 13th orders, and
putting

4 \ X = a>9

then a5-
1 + a:=

and KK'+\k' = xl (2a;"2 - 5 + 2a;3),

and then (2^') ~ * - (2KV) A = (2XV)

= ^ ( ^ 6 5 + 8) (Russell),

for K7K=V(65), A'/A = 7(134-5).

A = 69 = 3 X 23; proceeding in a similar manner with
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we find »-l+a5 = i (3- /2+v /6) , ™'+XX' =

(Proc. iowd. ifaM. #oc, Vol. xix., p. 332) ; and then (Bussoll) the
equation for

when K'/K=y69, or ^(23+3) ; is

^3) (374+216^3) /3 +144 (31 + 18 A/3)S = 0.

A = 73. We find, by approximate numerical calculation (Proc.
Lond. Math. Soc, Vol. xix., p. 363),

so that > = 4930v/73 + 42120, */(y + 2) = 17^73 + 145.

A = 77 = 7 x 11; (Proc. iond. Jfa*fc. /Soc, Vol. xix., p. 334) with

we find a"1 +03 = i/ = H v/22 + ^2) ;

and kV+XX'==-/2o!(l-4.'c9 + 4a;4-!Ba)(2a5

Then (Russell) «»-(23 + 8 / i l ) 2 + 4 = 0

gives z = (2«')'*-(2*.'Oli
for R'/K = y(77) or

A = 81 = 34; not yet solved.

A = 85 = 5 x 17. Here

, A7A = •(17+5)

BO that (2«')-»-(2«)1 =

(2XX') -*- (2XX')» = | (21 - 5 v/17).

A = 89. Here p = 6 (Gauss) ; a 12-ic in V/ZKK' must be expected
(Uussell) ; not yet calculated.
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A = 93 = 3 x 31 ;

2U- = (^±1^2) ' (39~j/3i)3, A'/A =

A = 97. ]3y approximate calculation {Proc. Lond. Math, Soc.,
Vol. xix., p. 364),

A = 101; a prime. Since Gauss's p = 7, no simple result can be
expected.

A = 105 = 3 x 5 x 7 ; (Kronecker and Weber; also Proc. Lond.
Math. Soc, Vol. xix., p. 338),

, /ys-l\° /y5-l\V-v/7-V3Y

K'/K= A/106;

- / A / 3 - 1 V /

A'/A = A/(35 -4- 3) ;

o.v _ / A/3 + 1 \fl / y r , - 1 V / J1- V/3N8 /

K'/K = y (21 - 5) ;

9xx ' - Z'A/3 + 1 Y /-v/5 + l \ ° / A / 7 - X / 3 \ 8 /

A'/A = ^(15 4- 7).

A = 109, 113, 117, not yet solved. But 113 should have a result
of same form as 41.

A = 121; Russell puts A = \ ' = ^ 2 ,

in the modular equation of the 11th ordei*, and obtains for
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A = 129; not yet solved.

A = 133 = 7 x 19. According to Weber (Math. Ann., Vol. xxxm.,
p. 402), _

2KK> =

8, A'/A

A = 137, 141, 145, 149, 153, 157, not yet solved.

A = 161 = 7 x 23. Putting AKXKX = a", and x'l+x = ^2y, then
(Proc. Lond. Math. Soc, Vol. xtx., p. 379), the equation for y is found,
by combination of the modular equations of the 7th and 23rd orders,
to be

42/0-322/
5 + 1002/

4-lGO//8+113?/2-24y+9 = 0,

or (2t/-fy + 9) {(25y3-2/ + l)8-232/4} = 0,

or (2if-6y + 9) {(2if-5ij + b)2-23 (y-1)*} = 0.

A = 165 = 3 x 5 x 1 1 ; according to Weber (Math. Ann., xxxm.),

K'/K = • (165) = v/(3 x 5 x 11) ;

±^)'(3 v /5-2 • U ) - ( ^ +

A'/A = ^(55 -4- 3) ;

K'/K = ^(33-4-5) ;

2XV = (^ |±i ) ' (

A'/A = ^(15 -f- 11).

A == 169 = 138. According to Russell, when A = ns, and n is not
a multiple of 3, then we obtain an equation for z = v 2KK' by putting
X = X' = |v/2 in the modular oquation of the »th degree; in this
case he obtains

for
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A = 178; not yet solved.

A = 177 = 3 X 59. According to Weber (Math. Ann., xxxm.),

2XX' = ( ̂ ± 1 ] " (*&=*)'. A'/A = V(59 * 3).

A = 193; (2«O~* + (2«O* = A/193 + 13 (Proc. Lond. Math. 8oc,
Vol. xix., p. 363). Obtained by approximate calculation.

A = 253 = 11 x 23 ; (Weber, Math. Ann., xxxm., p. 402),

t A,/A =

A = 273 = 3 x 7 x 13; (Weber),

Stzj/S .° /15 77 -11
S 2 J \ 2

K'/K = ,/(27o).

A = 385 = 5 x 7 x 1 1 ; (Weber),

2 X X ' -

/ yT~) \ 2
K'/K = ^385 ;

/A/7-V/5\6 /

\-~72~J I
A'/A = y(77 -j- 5) ;

7 s 2
K'K/ = 7(55 -T- 7) ;

2 M 72 / V 72 / V 2 /

A'/A = 7(35 -*-11).
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A = 345 = 3x5x23. (Weber.)

i\° /3 y 3 - y23\° /7V23-15 ys\8

/ V 2 / I 7 2 ) '
K'/K = y(345).

= 357 = 3 x 7 x 17. (Weber.)

7_y3v»* /3_y7x'» /V21-Vl7 \» / l l -
) ( T ) { 2 y

K'/K = y(357).

A = 13G5 = 3 x 5 x 7 x 1 3 . (Weber, Math. Ann., xxxm., p. 402.)

r S-^X0 / 77-13 V
~y2 J v 2 " ~ ;

K'/K= >/l365;

the other valnes of 2KK for K'/K = 7(1365) 4- m, where w is a factor
of 1365, being obtained by an appropriate change of sign between
the surds of the factors; so also for A = 273, 345, 357, &o.

Class D; A = 2, mod. 4.

Here Hermite's invariant a is given by

and we put c 'X '=:2y(d) ) equivalent to tho modular equation for
n = 2; and then introduce numbers /3 and y, given by

Also, if ft = 2 cosh 2<j>; then

K 4- X = 2 A/KX cosh 2^; . K2" + X2" = 2 (*:X)n cosh ?i^;

- K + X = 2 y^X sinh 20 ; - K2" + X2" = 2 (»;X)" sin h nf ;

and then e4* = X/r = v*/«*,

in Jftcobi's notation.
VOL. xxi.—NO. 39G.
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A = 2; a = -2*, ft = 2, cosh 0 = 1 , 0 = 0 , * = X = . / 2 - 1 .

A = 6;

a = -2*x39, /8 = 2v/3, y = 4, cosh20=v/3, 8inh20 = v/2;

8, for K'/K=v/6;

8' f o r A ' /A=y(2-3) .

A = 10; ft = 6, cosh 20 = 3, sinh 0 = 1, a = -2 l x3 4 ,

* = (v/2-1)8 (^10-3) , for K'/K =

\ = (v/2 + l)8(v/10-3), for A 7 A =

A = 14 ; then

a = - 2 4 ( 8 v / 2 + ll)s, 7 = 4 ^ 2 + 4, v/(y + 2) = 2+

cosh 20= y ( 8 y 2 + l l ) , sinh20=

K'/K =

X = {

A'/A = ^ ( 2 - 7).

A = 18; o = - 2 4 x 7 4 ,

cosh 20 = 7, sinh 20 = 4 y3 , cosh 0 = 2, sinh 0 = ^ 3 ;

X = ( V'2-1)8( ^ l 1 ) , A'/A = v/(2^-9) = i v/2.

A = 22 ; a = -ft* = - 2 ' x 3 * x II1, /5 = 6 %/fl, y = 20 ;

cosh 20 = 3 ^ 1 1 , sinh 20 = 7 s/2, cosh 40 = 197, sinh 40 = 42 v/22;

- 7 v/2) ( y - jr~-y , K'/K = ^22;

^T?yi, A'/A =^(2-5-11).



1890.] Complex Multiplication Moduli. 419

A = 26. Hero y = sinh 0 is givoti by the cubic equation

2/8+3^ + 2i/+2 = 0 or (y-fl)3—2/+1 = 0.

A = 30;

cosh 20 = </3 (4 y/24-5), sinh 20 = >/IO (3 + 2 v/2),

x=

K'/K = v/30;

A'/A = v/(10 -r- 3) ;

3-y2)'W6-

K/K = y(6 -i- 5) j

A'/A = y(2 ~-15).

A = 34; cosh 20 = 3 ( A/17+4) ,

A = 38. Here ft is given by the cubic equation
/33-5 y2/32-2/3-22 -Z2 = 0.

A = 42. Taking Weber's value of/, (Math. Ann., xxxm., p. 402),
which gives

i O r - * ) = I/;
we find

/3 42 + 16^6, y

cosli 20 = 21 + 8 v̂ G, cosh 0 = 2 v/2 + , /3 , sinh 0 = ^ + 2,

K'/K= i/H;
2 E 2
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A'/A = 72 ~ 21;

A'/A = 76 ~.7.

= 4G; /3 = 6 7(147 + 10472), y =4(13+972),

7(y+2) =

A = 50, 54, not yet solved.

A = 58 ; ft = 198, y = 26 758 (Hermite), sin l<f> = 1.

,e = (72- l ) 0 (13 758-99), K'/K = ^58,

X = (72 + l)°(13 758-99), A'/A = 7(2-r-29)

A = 62; y = 472 + 60+87(8072 + 113),

7(y+2) = 472+4+(2+72)7 (472+1) .

A = 66 ; not yet solved.

A = 70; ^

y = 31878 72 + 20160 75 (Weber).

A = 74 ; not yet solved.

A = 78; y = 20(13 + 972), 7(y + 2) = 972 + 10,

cosh 2<p = 73 (75 + 52 72), sinh 2<p = \ / l3 (36 + 25 72),

e7* = (713 + 273)8 (373+ ^26),

A = 94; y = 252 + 18072 + 87(142272+2011),

7(y + 2) = 672 + 8+ 7(8472 + 118).
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A = 98; not yet solved.

A =102; K-1-K = 2 (y2 + l)8(3y2+^17)* (Weber).

A = 106, 110, ...; not yet solved.

A = 130; K - > - K = 2 ( ^ | t - 1 ) ( v l ^ + 3 y (Weber, p. 413).

A = 134,138 ; not yet solved.

A = 142 ; solved by means of Russell's modular equation of the
order 71 (Proc. Lond. Math. 8oc, Vol. xxi.). Patting

then *3-(4,/2+3) ^ + (7+4/2) J -9-6^ /2 = 0,

which has the real root t = 3^2 + 3,

so that A/(V + 2) = A/2 «9 +2 = 27^/2 + 38, y = 2900 + 2052^2;

The following cases have also been worked out by Weber {Math.
Ann., Vol. xxxm.) :—

A = 190 ;

A = 210;

= (

A = 330;

A = 462;

l = ( ^ ^ ( ^ V6) (
2 \ 2 / \ 2^ - S ^ ) f l (22 ^22+39v/7)3

2 /
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A few cases for A = 0, mod. 4, taken from Weber's paper in the
Math. Ann.y Vol. xxxm., p. 40G, may be added here ; Weber's/, being
connected with K by the relation

A = 4; <-'-« = 472, *-'+*= 6, ^=

A = 8; K-1-* = 472(72+1)5, *-'+« = 872 + 10,

A = 12; K-'-K = 272(73 +1)8, K'-l + .c = 30 + 1673;

A. = ( 72 - l)s ( 7 3 - 72)2, A'/A = 7l2,

y'= ( v/2 +1)« ( 7 3 - S2)\ T'/r = 7(3 4- 4).

A = 16; K-1-K- 4^2(72 +1)8, *-' + * = 6 (16+1W2).

A = 24; K-*-K = 4^2(72 + 1)

and so on, for A = 28, 40, 48, ... up to 1848, in Weber'a paper.

But all the solutions for A = 4n can he deduced immediately from
the solutions for A = n, by meaus of the qnadric transformation and
the relations

-v' — 1~< f x — ! - « '
7 ~r+? r+^"

or 7 / = (l--c)A', 7A = (1—O

when iA'/A = K'/K = 2r ' / r = Jn.

[A very complete list of similar numerical results in Complex
Multiplication will be found at the end of Prof. H. Weber's recontly
published Elliptische Functionen, 1891.

Prof. Weber points out (p. 424) that A = 235, 267, 403 can be
solved in the same manner as A = 35, 51, ...

Mr. Russell has also found simple solutions for A = 59, 107,
and 139.]


