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Tuble of Complex: Maltiplication Modeli. By A. G. GREENDILL,
[ Rrad May Sth, 1890.]

A complete eatalogue of all the nnmerieal resnlts in the solntion of
the modular equations for Complex Multiplication, when the square of
the ratio of the periods is an integer, or a ratioual fraction, is of conrse
impossible; but @ list of those cases which have been solved up till
now will he found uscful as & verification of the form and coellicients
of she modular equations, and also in some cases will sevve for the
determination of the cocflicients when the form of the modular equa-
tion can be inferred feomindependent, considerations.

i is proposed, then, to give here a list of these unmerical vesnlts,
as {ar as is known at present, embodying the valnes obtained by
Abel, Jacobi, Kronecker, lermite, Jonbert, and Weber, and moroe
recently of R Russell and Mathows,

The nunmerical resulls are also presented in more than one shape,
for verification in case of v misprint.

Denoting the ratio of the periods of the elliptie fmnctions, N/K, by
VA, and taking A as integrad, it is convenient to draw ap the list in
fonr classes, according to the form of A (Proc. Twnd. Math. Soc.,
Vol. xix,, p. 301) ; thus, in

Class A, A =3, mod. §;
Class B, A =17, mod. 8;
Class C, A =1, mod. 4;
Class D, A =2, mod. 4;

the class for A = 0, mod. 4, not requiring much separate considera-
tion.

Class A : = 3, mod. 8.

Here the simplest numerical resnlt to tabnlate is Klein's absolute
wwartant J (Ma'h. Ann., Vol. xiv, p. 111), or Hermite's « (Equations
modnlaires), connected with J by the velation
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in terms of Legendre’s moduli x and «', we may tako

J= - (116 (1-166%")°
- 108%% ' 16&%7

It is convenient also to denote 3/J by —y,, and to put
J~1=—27v;
so that v, —2lvy=—1;
and y, and y, are then the invariants in the normalized integral.
A=3; J=0, a=0, 2« =1=sin}r
A=11; J==2+8 y,=4% v,=7v11+27.
A=19; J=—92 y,=8, y=v1, y,+1=3,
. Yi—v,+1=3x19.
A =27; J=—2x5+3%, a=2"x3x85
‘ Y, =—2x5x 9.
A=35; J=-%, y»=3v5{(V5+D},
7+l =%(:’%)", Y—n+1 =} (63+26/5),
vy = (2564 115V/5) v/7 =+ 27.
A = 43; J=—22x5, v, =80, v,=21+v43,
ye+l=3% y—7+1=3x7x43.
A=51;  J=—64(5+ VI (V1744),
vy = 74/3 (128 +31v17) +8* (Kiepert).

A = 59; a, and thercfore J, given by a cubic equation.
Mr. R. Russell finds that the equation for z = ¥/ (4xx") is

P—2Y2 4+ YA TP 2Y2 P — Y4+ 228+ 2 ds—~]1 = 0;
and thence that the cubic cqnation for
Ya=(1—2")/7
is a—392 /2 a'+1072 3/4a—2816 =0
and therefore 27J47056J ‘+12864J* +2816 = 0.
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A=07; J=—2x5x11%, 5 =2x5x1l, y,=217v67,
ntl=3%x7, yi—7+1=3x7x31"x67.
A=175; J==064,/5(31,/5+69), y,=4x5'(69+31/5),
vs = 3v/3(4352/5+9729).
Or, (Russell) with z = ¥/ (4«"),
P4+ Y4P—2Y2241=0.
A = 83; a given by a cubic equation (Russell),
a—1740 /2 al+ 2000 /4 a — 32000 = 0.
A=91=7x13; v, = 908+252+13,
vy = 11/7 @VI3+TN(5v1I3+18), 7,+1 =9 (2V13+7)},
Y=y +1=8x7x11 {} (VI3 +3)}".
A=99=3x1l; '
a = 2° (4591804316 + 799330532+/33) (Wober)
= (V383+1)(55+ v'33)° (23 +4V33)".
A = 107, a prime ; Mr. Russell obtains a cubic for a,
a—79 %80 /2 a'—69 x 800 /4 a* —17 x 16000 = 0.
A=115=5x23;
J=—2x5v5(157/54351)%, y,4+1=23"(6.,/5+13),
s = (6 v/5+13)(378+169 v/5) v/23.
A =123 = 3x41; not yet solved.

A =131, and A = 139, both primes; and requiring, according to
Russell, quintic and cnbic equations for a, respectively.

A = 147 = 3 x 7*. Then (Russell), with z = ¥/(4x«’),
B—27 472 —424+1=0.
A =155 =5x31; not yet solved.
A =163; a =2".3%. 523" 29° (Hermite),
J= =y v, = 53360, v,=185801+v1(3,
7+l =3 xTx1l, yi—v,+1=3x19"x127*x 163.
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A]so, —45*+65—1=0
gives s= V().

A =171 =3"%x19; not yet solved.
A =179; not yet solved.
A=187=11x17; B =38+ 17,

where 8= ]_05
s—¢*
and V28 ="/(4«’) (Russell).
A=211; B—33'+B—2 =0,
whore p=g=2 f; (Russell).
A =283; B —43—1=0 (Russell).

a=331; [—78'+98—4, B= 1+2f;.8—

A =427="7x6l;
288+ 28+ (74 v61)s—1 =0 (Rassell).

A=907; F*—208'+853—66=0, 3=

1—1‘-456;2“ (Russell).

Class B. A = 7, mod. 8.

Here the simplest function to tubulate scems to be x«’, or rather
#/16x¢’, and sometimes v/16xx’, when A is not a multiple of 3.

A=7; Yo =1 Y16 =1, Vi6w =1.

A=15=3x5; ¥ =sin18° orsin54° =1 (v/5+1); or
Yok’ = 3 (W5£1), (165) 74— (10sx)} = L.

A = 23; = = v/16x, given by the cubic equation #*+2*—1 = 0.

A =31; = V16, given by the cubic equation a’+x~1 = 0.
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A =39; & =416« given by the equation

'+ 22° +42* +3z—1 = 0,

or 2z=—1+{3(VI3-1)}}
(Joubert, Comptes Rendus, t. 50).

A =47; y =¥ 16« is given by the quintic equation

P*+3y +2y—1 =0;

and @ = v/16x¢ by 2'—22'4+22'—a’+1=0.

This quintic is soluble by radicals ; the real root, according to Prof.
Paxton Young, being u, +u,+u5+u,, where, as simplified by Cayley
(American Journal of Maths., Vol. xuL., p. 53),

10%, = 2600 (15+7./5) +40 (79+33v/5) /{3 (5+ /5)} V47,
10°%u, = 2600 (15—74/5) —40 (79—33./5) o/ {1 (5— v/5)} V47,
10%, = 2600 (15—7./5) +40 (79—33./5) v/ {} (5— v/5)} V47,
10%%, = 2600 (1547 v/5) —40 (79+é3/5) V{3 (54 v/5)} V47
A=55=258x1l; then, for

K/K =55, AN/A =,/(11+35),

n Jﬁ’:%ﬁ,

e /N = /3+/(10/5-18)
8 b

obtained by the combination of the modular cquations of the 5th and
11th orders (Proc. Lond. Math. Soc., Vol. X1x., p. 822), and then

Y16 = { V(6/5—2)—(B— v/5)} + 4,
VieW'= { /(6/5—2)+(5—/5)} +4;
and then (Russell)
V16 = {/(61/5—=2)— vV5+1} +4,
VI = {/(6v/5—2)+ v5—1} +4;
8o that ¥/16xx’ and — v'16AN" are the real roots of the biquadratic

equation
A=+ 2z-1=0,
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These results were obtained by Mr. Russell, by putting
YA=— YK, YN =Y

in his modular equation of the 71st order.

A=63=23x7; = ¥16x', given by
(@—z+5)—21 (z—1)*=0
(Joubert, Comptes Rendus, t. 50).

A =71. Employing Russell’s modular equation
P+4 (— P+ Q)(4R)*+2P (4R)!—4R =0,
where P =¥+ ¥ii—1, Q=YxN=Yn—YiX,
R =— YN
and putting &= A, « =X, and z = ¥/16«’, then
(z+1) (2" +a’—a'—a*—a2’+2*+22-1) =0,

the equation of the 7th degrce, being solvable by radicals, according
to Abel.

A =179. The equation for # = #/16x" is, from Fiedler's modular
equation,
(2'—z—1)? (2" — 4o+ 42— 52+ 122 -1) = 0,

the quintic equation being svlvable by radicals. This is derived from
Ficdler’'s modular equation for n = 79.

Then, according to Russell, the quintic factor reduces to
P2t 422234 3:—1 =0,

if 2= at = V16kx.
A =87 = 3x29; not yet solved.
A=95=5x19. (G.B. Mathews.) With 3" = 256 kA«'\,
Y =1 -2~ Ty~ (y-1)" =0,
or (4'+y'+ 1)~y +y 29"~ 4y’ +4 — 6y’ + 9y~ Sy +1) = 0,
or ("+y'+1) { 2y*+2y+1)’~ 5} (' —3y*+ 55"~ 7y’ +4y=1) = 0;
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and then, according to Russell, the equation for
12 i
x = 16k,

is 22t~z + a2’ + 42+ 1) = 5 (a®+a2’+1)%

Then (2.@’—‘%*_1 ) (25— 1)(*/5+1m 1)

2+ { v/ (2v/5—1)—1} 1’_’_+_1 o= v/(2v5=1)+1=0,

_3/5=3+( =V /(25— 1)
16

[20+ {v@vs-1)-1} L2HL) =
whenco z = v 16xc or V16N,
for , K/K =495 A/A=+(19+5).

a=103; 111 =3x37; 119="7x17; 127; 135=5x27;
143 =11x13; ... not yet solved.

Class C: A =1, mod. 4.

. ( " '3)!
Here Hermite's ,.. ,g'
IS
so that, if B=1va, f[=(2w)"—2;

end y=,/(f+4) = (2) '+ 2, &/ (y+2)= (2x) 1+ (2);
also denoting (2xx")4— (2")} by ¢,
$#4+3t=4.
A=1; B=0, 2'=1 J=1, v=0.
A=35; B=4, P =21(v/5-1), t=1.
A=9; B=8V3, y=14 J(y+2)=4

(2e) V4 (2D = 4, (2)H— (2O = /2.
=13; =36 t=3, (2«) =1%(+/13-3).
A=17; y=10(V17+4), V(y+2)=5+V17;
(2x¢) A+ (2 = & (V17+41) (Weber),

but immediatcly derivable from Mr. Russcll’s modular equation.
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A=21; pB=3(/3+1), y=232,/7+18+2I;

On’ = (~/_7: ~/3)° (3— 7

2
52) (3540)) tor ki = v

AN = (~/7—~/§)* (3+_/7

- —\/_f), for AYJA = /(7+3).

The surds in the brackets are written so that the reciprocal is the
complementary surd.

A=2=0" B=2'XPxVh y=322=2x7x23,
Jr+2) =18, Vo' =L(/5=1);
o that  (2a) ™M —(2a)™ =1, (2') 7% 4 (2% = /5.

A =29. llere 3 is given by the cubic equation
B*—58813° - 976,53 —3136 = 0,
and ¢ by the cubic equation
-9 +8t—-20=0;
80 thal, w = ¥/ %’ is given by the veeiproceal sextic
@4 987+ 5+ 288 — 0P + 92 —1 =0 (Weber),
or by 228+ %l + 8+ 5 = V/(20) (= + 1)

This is immediately dervivable from Russcll’s modnlar equation
for n =29 (Proc. Lond. Math. Soc., Vol. xx1.,, a paper not yct pub-
lished),

PP (4R (—94P' 4 28 . 3°PQ—2" Q)
+ (412)} (22, 5051 —2". 13P°())
+kI (—2 . T4HI 42, 151-'(3)}(4-1;)?1 I —(al) =0;
or IV {I4+34F (4R) 36 (410)}}
+ /2 (4R)* {9P*—64Q—26P (LR)} +60 (4R)}} =0;
where P =\ 4cN~=1, Q=rAN—kA=«X,
Ro=— A&\

. . a T
on putting & =X, x =X, and » = ¥
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A=33; a=2'x3(75+13v33)},
y=10(52+1+v33), /(y+2) =3(+/33+5),

2k’ = (‘/33‘3)2 (/3;1)°, K'/K = /33;

= (S (452, w1 = oo,

A =387; a=2x3'x7,  B=xPx7P
y=2x5x29x /37,
2%’ = (v37—6)° (Kronecker),
(2x')~ — (26') = 12

A =4l. Weber's equation (dcta Math., x1., p. 383) for
@ = (20) TH (200)S,
is @=L (VAT+5) +3 (T4 V1) =0,
or wh— b+ 30t + 3 +2 = 0.
A =45=3x5. Hero
' a=2"(174+10v3)%, B =2 (17+10,/3)%,
' y =25 (527+4304,/3);

2’ = ( ‘\/.?)_ : )0 ( ‘/5\;‘)\/3 )4’ K/K =/ (15) ;

-

, H—T14\Y 5 73\ ,
O = (_‘/:) ; !) (?/.l::z‘ ?) , A/A ___\/(9_7_5)

=2 x3 (J 5 \/7);’ \/7,
y=2@ X2 X 1LVT),  (r+2) = L (/TF2);

and D4t == ( VT /2 V?)':’

= [N}

B g Iy -t 7
50 that (2ur) o (20n) T = t l‘

N -
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A = 53. According to Russell and Mathews, the equation for ¢ is
£*—238+12t—121 =0,
or for @ =v/2c’ is the reciprocal scxtic
2®+ 232"+ 122 4+ 752° — 122+ 232 -1 = 0.
A =§7=3x19. Here

2k’ = (‘/3_]’)6 (3/ﬁ_]3)?’ K'/K = \/5?,

v V2
e (1) (LR, win =,

A = 61. According to Mathews' result (Proc. Lond. Math. Soc.,
Deo., 1889, Vol. xx1.), the equation for

t = (2e") 4= (2", -

is $#—-30¢4+9t—-108 = 0,
or m—27m? - bm—1 =0,
for a=2°.3".m'

For @ = ¥2c, tho equation
2%+ 302" + 62* 4+ 4822 — 62’ + 302z —1 = 0.

- A=165=05x%13. (Proc. Lond. Muth. Soc., Vol. x1x., p. 332). On
combining the modular equations of the 5th and 13th orders, and
putting :

4k KN = af,
then e =1 (V65+5), zi+d =} (VI3+V5),
and &'+ AN = 2® (2272 =5 4+ 24%),
and then (20¢") T — (2B = (2WN) T4 (2NN
=4/( J65+3) (Russell),
for K'/K =+/(65), A'JA =+ (13+3).
A = 69 = 3x23; proceeding in a similar manuer with

A KN =
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wefind o7'+2 =% (8,/2+ v6), o' +AN =422 (1—2%)

(Proc. Lond. Math. Soc., Vol. x1x., p. 332); and then (Russell) the
equation for
B = (2k«")'—2«’,

when K'/K =v69, or /(23+38); is
(—12./3 (2+ v/3)(374+216./3) B+ 144 (31 +18v/3)* = 0.

A =173. We find, by approximate numerical calculation (Proc.
Lond. Math. Soc., Vol. x1x., p. 363),

(20) T 4 @) = § (VTB+9),

so that 3 = 4930v/78+442120, (y+2) =17V73+145.

A= 77 = 7x11; (Proc. Lond. Math. Soc., Vol. xix., p. 334) with
AN = o,
we find o bz =y =1 (VB4 /2);
and 4+ AN = /2 2 (1 —4a? + 4o — 2%) (22— 82® + 22°).
Then (Russell)  #—(2348vT1)s44=0
gives z = (2ex") "= (")},
for K'/K=+/(77) or V(11+7).

A = 81 = 3*; not yet solved.

A=85=5x17. Here

2%k = (‘/52_1)“ (\/3_;_9)8, K'/K =s/§5;

2 = (£341)" (LB 'A'/A=¢(;7+5);

8o that (26x) 4= (2a) = § (21 +5V17),
(2AN) = (2N = 3 (21 —5V/17).

A= 89, Here p = 6 (Gauss) ; a 12-ic in ¥/Zxx’ must be expected
(Russell) ; not yet calculated.
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A=93=3x31;

B’ = (/3_1—2-3J:3)’ (39-}2%3_1)”’ K/K = /33

AN = («/55723\/3)8 (39-55/:;’i)°, AJA = v(31+3),

A =97. By approximate calculation (Proc. Lond. Math. Soc.,
Vol. xix., p. 364),

(2a') "4 (206)} = 1 (V97 +9) ;
V(y+2) = (2) 4 (26)t = 41 /974405,

A =101; o prime. Since Gauss's p = 7, no simple result can be
expected.

A =105=38x%x5x%7; (Kronecker and Weber; also Proc. Lond.
Math. Soc., Vol. xix., p. 338),

2’ = (“321) (/_52—_1)°(«/7—.v3)“_ «/7;2\/5)9,

K'/K = v105;
o= (1) (S5 () (252,
NJA = /(35 +3);

Qck’ = ( "/\3/;—] )0 (‘/'r'_] 1(1!3) (‘_/Z_;_;&l/é)’.

K'/K = /(21 + 5);
o = (21 (L8 (50 (L50%)
NJA = (15 + 7).

=109, 113, 117, not yet solved. But 113 should have a result
of same form as 41.

A = 121; Russell puts A=A"=1312,
in the modular equation of the 11th order, und obtains for
@ = (2n6") T — (2ek7)
=2 V0P —p— /2=
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A =129 ; not yet solved.

A=133="7x19. According to Weber (Muth. 4nn., Vol. xxx1i1,,
p- 402),

2o = (27) (ALY k= vTE,
2AN = (3’:;2/7)° (5/7‘2‘3 Jﬁ)a’ AA = V/I9=7.

A = 137, 141, 145, 149, 153, 157, not yet solved.

A =161 = 7x23. Putting 4cA'N" = 2% and 27 '+2 = /2y, then
(Proc. Lond. Math. Soc., Vol. xix., p. 379), the equation for y is found,

by combination of the modular equations of the 7th and 23rd orders,
to be

499 — 324+ 100y — 160y + 113y°— 24y + 9 = 0,
or (2y*—6y+9) {(25y°—y +1)"—23y*} =0,
or  (2y'—6y+9) {(2'—5y+57—23 (y—1)"} =0.
A =165 = 3x5x11; according to Weber (Math. Ann., 3xx111.),

2 = (521 (Y3522 0 o iy (VB 20,

K/K = +/(165) = v(3x 5x 11) ;
(vs 1) ¢5+¢3 (3J5_2J1—1),(_«/_1'5;/ﬁ)s,
A/A: V(55 = 3);

2k’ = (‘/52-,-1)0(“/5‘/ ‘/3) 3/5— 2/11)2(/E%£i)3’
K/K=,/(33+5);

AN = (J52+1)°( \/5;2\/3)"(3 ‘/5.__2 STy (JR;«/I_T)”
N/A = /(15 < 11).

A =169=18% According to Russell, when A = «% and = is not
a maltiple of 3, then we obtain an equation for z = ¥/2x’ by putting
A=X =1./2 in the modular oquation of the ath degrce; in this
case he obtnins

=4l +a—12 = 0,
,fol‘ W= (2#\\")7 b (2A’K')‘l'i,
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A = 178; not yet solved.
A =177 =3x59. According to Weber (Math. Ann., xxx11),

Ok’ = (\/?/.—&1)“ (3/?/—92—-23)” KK = /177,

= (5" (L8, sin- v

A =193; (2:c:c’)‘*-§-(2m<’)5 = +/193+13 (Proc. Lond. Math. Soc.,
Vol. xix., p. 363). Obtained by approximate calculation.

A =253 = 11x23; (Weber, Math. Ann., xxx11., p. 402),
Ok’ = (>_J2, (9st 13 V11
KK

), K'/K = +/253,

oA\ = (5 —«;‘223) (9 /2:;4_213 V11 1) . AJA= (28 +11).

A =273 =3x7x13; (Weber),

(V13— —J/3\° —11 V13
2“=( : ’-*) ('\/?/&l) (J72J3) (15¢7211 13),

KK = /(275).
A=3885="5%7x11; (Weber),

= (A2 (5 (50 (T,

2 V2 /2 2
K'/K = /385 ;
mem (47 () (255 (),

NIA = (77 + B);

.. 13 11__9\6 _ 6 /— °
Oun’ = (~/52+1) (J32 3) //7/2¢5) ( 11‘;r /7),
KK/ = J(55+7);
2w = (£3=1)" (/132—3)° («/7:/?/5)" (Jﬁ; 2,
A/A = /(85 + 11).
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A=345=38x5x23. (Weber.) B _
Oy’ = ( ¢52—1)‘* ( Jjg1)° (3 J32— J23)° (7 \/23;215 \/5)’,
K'/K = /(345).

357 =8x7x17. (Weber.)

(/7 ,/2)“ (3 J7 '2(~/z1—~/17) (11—J~2/IE)*’

K /K = J/(357).
A=1365=3x5x7x138. (Weber, Math. Ann., xxx11, p. 402.)

0’ — (JS—I)“ (3—/7)" (Jié—s)o (JS—/s)o (\/7_13)”

2 V2 2 V2 2
x (VT3 /3y (L2 /58)" (/b—s;zs S

K'/K = +1365;

the other values of 2x' for K'/K = ,/(1365) + ‘ m, where m 1s o factor
of 1365, being obtained by an appropriate change of sign between
the surds of the factors; so also for A = 273, 3495, 357, &e.

Class D; A=2, mod. 4.
Hecre Hermite's invarjant a is given by
A +e)t,
?

a=—>-- ;

)
KN

and we put v\ = 2,/(xX), equivalent to the modular equation for
n=2; and then intrqduce numbers § and v, given by

Y(—a)y=p= () =), y= V(B +4) = () + (A
Also, if B = 2cosh 2¢; then
2uinh2p = v2 [ {3 (v =) P+ {1 (=)} ];
c+A =2vkhcosh 2¢; « x4+ X = 2 (k)" cosh ng ;
—k4+A=2+iAsinh 2¢; —&™4 A =2 (x\)"sinkh ng;
and then e = N = o'ful,
y=v2[{i "=+ {§(x"'—0) ],

in Jacobi's notation.
VOL. XXI.—No. 896. 2k
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A=2; a=-2,3=2 cosh¢=1,¢=0,c=A=,/2—-1.
A=6;
a=—2‘x3f, B=2v3 y=4, cosh2p= .3, sinh2p=,.2;

x=(¢3~¢2)(~/3—1)', for K'/K=./6;

72
= (V34 /2) (*” 1), for AYA= J(2+3).
A=10; 3 =06, cosh2p =38, sinhg¢p=1, a=—2'x3",
¢ = (v/2—-1)*(V/10-3), for K/K = 410,
A= (v/2+41)(V10-3), for A/A = /(2+5).
A = 14; then
a=—28/2+11), y=4,/2+4 V(v+2) =2+ /2;
cosh 2¢ = /(8 ,/2+11), sinh 2p = /(8 ,/2+10),
«= {2./242— /(8,/2+11)} { /(8 /2+11)— /(8 /2+10)},
K/K = V14,
A= {2/242-/(8v2+ 1)} {V(8v2+11)+ /(8v2+10)},
NA = /(2 +7).

A=18; a=—-2x74,
cosh29p =7, sinh29 =4 ,/3, coshg =2, sinhgp= ./3;

e=(v2-0 (L2, k= vis=3.n,
v=(ve- (AN ap=vese =i
A=22; a=—-0'=—2'x8'x113 ﬁ:ﬁ/i_f,y=20;
cosh 2p = 3 V11, sinh 2p = 72, cosh 4¢ = 197, sinh 4p = 42 //22;

¢ = (3V11=7v2) (‘/3}/—;3) KK = v23;

A= G VI+7/2) (*/”— ) AJA = /(2 +11).
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A =26. Hero y = sinh ¢ is given by the cubic equation
P+358°+2y+2=0 or (y+1)*—y+1=0.
A=30;
B=2,/34+v2+5), y=204+122, J/(y+2)=3.,2+2,
cosh 2¢ = /3 (4 ,/245), sinh2p = +/10(3+2 ,/2),

o = (Vo v5) (L),

x—(*/3 ) (v V2 (/8- v5) (L),
K'/K = +/30;
A= (*’72“1) (V3= v2)' (V/6+ J5)(¢__5;2¢3-)-’
AN/A = 10+ 3);

= (*/f,’;l)’(/a— V2 (/6= /5) (l’%’—")

K/K=,(6 —'-Q 5);
= (L57) (va=vay (ot v (LEL2),
N[N = J(2 = 15).

A =34; cosh 29 = 3 (V17+4),

=y (VTT8) = (IR ()
cosh ¢ = (V1743) = ( ; ) + ( 5 ) )
A =38. Here f3 is given by the cubic equation
B—5./23—-23—-22v2=0.
A = 42. Taking Weber’s value of f, (Math Ann., xxxiu., p. 402),
‘which gives
3
He—0 == (LY 2 24 vy
we find .
B=42+16./6, y=16.,/7+6+42,

cosh 29 = 2148 .,/6, cosh¢ =2,/24+ /3, sinh¢ = /6+2,

= () vi-veve-n (L))

K/K= V42,
22
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v=(2=2) (- /6)(¢2+1)(~/3+1).

VZ)
A/A—-~/2-.-2l,
~=A(3t/)(~/7 /6)(v/2— 1)(“"‘“),
K/K = V14 =3;
r= () (vr-veyveen (L7 b,
NJA = VET.

A=46; B=6/(147+104,/2), y=4(13+92),

v+ =6+3v2, ()4 (552) =5+ v,

A = 50, 54, not yet solved.
A=358; =198, = 26 +/58 (Hermite), sin 3¢ = 1.
k= (v2—1)°(13v/58—99), K'/K= v38,
A= (/2+1)°(213 v58—99), A’/A = +/(2--29)
A=062; vy =4,/2+60+8.,(80,2+113),
 V(r+2) = 4244+ 2+ V2) V(4/2+1).
A = 66; not .yet solved.

y =31878.,/2+20160,/5 (Weber).
A = 74; not yet solved.
A=T78; y=20(13+9.2), V(y+2) =9v2+10,
cosh 2¢ = /3 (75+52,/2), sinh 2p = +/13 (36+25./2),
& = (V13+2./3)* (3v/3+ v26),

w'—k (~/13+3
2 2

) (V26+5)"

A=94;  y=252+180v2+8+/(1422,/2+2011),
J(y+2) = 6.,/2+8+ +/(84,/2+118).
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A = 98; not yet solved.
A=102; «'—k=2(vV2+1)'(3V2+ v17)* (Weber).
A =106, 110, ... ; not yet solved.

A=130; x-'-‘x=2(~/5+1)“(*/1—3+3)° (Weber, p. 413).

2 2
A =134, 138 ; not yet solved.

A =142; solved by means of Russell’s modular equation of the

order 71 (Proc. Lond. Math. Soc., Vol. xx1.). Putting
A=z zl-z=0v=4§2¢;
then B (4/2+8) B4+ (T+4,/2) t—9—6./2 = 0,
which has the real root t=38,/2+3,
so that +/(y+2) =+2#4+2=27./2+388, y = 2900+2052+2;

(S (5 sesn

The following cases have also been worked out by Weber (Math.
Ann., Vol. XXX1L) :— .

A= 82, (x-l—x) + (x"—x) -1 =A15+ Jﬁ_

2 2 2
_ ; k'—k _ fV/5+1\® = o
A=190; - _( 2 )(J10+3).
A=210;
k'—x (/51 oo ( T+ 3\ o /13
. _( S (va+v) (T) (3v/Ta+5/5).

A= 330;

x-l2_.x= (/f:z+1)" (/64 ~/5)° (_J_’_l—.S-;-_x/ﬁ)" (Jﬁ-l-/i?))’,

A = 462;

x"—x= (J7+ V3
2 2

) (74 vey (1/;1_1.2?.:’_7)" (22 V23439 /7).
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A fow cases for A= 0, mod. 4, taken from Weber's paper in the
Math. Ann., Vol. xxxulL., p. 406, may be added here ; Weber's f; being
counected with x by the relation

="k
A=4; kl—c=4,2, x4x=6, «=(/2=-1)
A=8; x'—x=4,/2(/2+1)}, «'4x=8,2+10,
k= (/241) {1-/(2/2-2)}"

A=12; k' —x=2,/2(/3+1)% «'4x=30+16,3;

A= (V2-1) (V3—v2), Afa =12

Y= (V241 (/3= v2),, [T =/(3+4).
A=16; x'—x=442(/2+1), «'4x=6(16+11/2).

a=2; rioc=av2(v2+]) (L (/4 vl

and so on, for A = 28, 40, 48, ... np to 1848, in Weber's paper.

But all the solutions for A = 4n can be deduced immediately from
the solutions for A= u, by meaus of the quadric transformation and
the relations

’ l—K A: 1—-&’
Y = 1+xl 1+K”
or VY = (l—x)/x', VA= (1=)/x,
when IAN/A =K'/K = 2"l = /n.

[A very complete list of similar numerical results in Complex
Multiplication will be found at the end of Prof. H. Weber’s recently
published Elliptische Functionen, 1891.

Prof. Weber points out (p. 424) that A = 235, 267, 403 can be
solved in the same manner as A = 85, 51, ...

Mr. Russell has also found simple solutions for A =59, 107,
and 139.]



