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VI.—Theorems relating to a Generalisation of the Bessel-Function. By the Rev. F. H.
Jackson, HL.M.S. * Lesistible.”  Comnmenecated by Dr W, PEDDIE.

(MS. received February 17, 1904, Read March 21, 1904, Issued separately May 27, 1904.)

1.
In this paper, theorems which are extensions of the toliowing, are discussed :—
Tl +7) =TT o(y) = 20 ()T () + 2T (W oly) = oo oL adinf . ) . . (o)
I = {T@) 4 2{T )2 2T ) 2 ad inf. . . T
J()=(-1)" { Jomanlr) = ‘)L(”""" 7‘,,),12,,,+n_1(..') + 22~ 1)(73'-::2)@‘ - 1,),]2,““__,(/) - } {y)
Ty =(=1)T.()
i “(2.1‘)"4‘5 ’[n Sirll‘"r;l 8
Tty =(= 1 _W)"{ 8 : : : . : : NG
We define J,,, (A, ) as
ENS 1 )\n+2rx[u+‘.’r]

=[] [ ;I-V/'Ifr(f_’ﬁ)r(’l),ur,
In this expression
[e+r]tis Ty(n+r+1]) or Hn+7])

. j;"—],
[n] is P

(D = 2%

Ta([n+r+1])
D[w+7r+1])
The function IL([n]) is defined in the previous paper (7rans. Roy. Soc. Edin., vol. xli.
part ). If X be changed to /\ in J,, the function will then be more strietly analogous
to J,.

In Weierstrassian form

l [ Pzn:z / _I[.’.] _T::
Pp([‘,'])_["']e n { \t+e [7])8 ”}
1 1 J
= oy v =log £
P 1+[2]+[3]+ 8T

{2n}t = (2),0([n+1])
being in the case of n positive and integral

{20}t = [2][+][6] - - . [2#]

analogous to

20406 ., 0, 2= 2"

This notation enables us to write shortly

— ) n-kor .
P S LSy

Ve 2t 12
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106 THE REV. F. H. JACKSON ON

2.

If we invert the base element p, we see that []! is transformed into p~"¢~r]! and
that (2), becomes transformed into p~""~"*2),. These transformations hold whether »

be integral or not. Inverting the base p in the series J;,,(A), we obtain

12 p 2r{n-4r) <A>’n+2r (1
. TR oy - W
which we denote
1 A’
M%) 6
LomMeL has shown that
r=x m+n+2r et ner
T)T.) = DL(=1) < T ) i\) (3)
=0 Tm+r+DTn+r+1)"

The function 3, was formed while seeking to extend the above theorem. The

extension was found to be

(- 1)Tp([m+n+2r+17) A \mtntor
T M Fn(d) = o) X) = ,z_o D[ +n+7+ 1) Tp([m+ 7+ 1)Tpu([n +7+ I—])F,,?([7~+l])([_2]> *)
The relation between J and J was surmised from the following simple but similar
theorem.
2
Ez)(A)=l+[1L]!+[%]I+ ......
_ AL
Elﬁ()\) =1 + [T [2]' ......
Ep(A)E:_‘()t) =1 + [21_)\' + 2(1[-*2-]}!’)7\2 R

which suggested that §., might be derived from Ji, by inverting the base p. As |
have given the proof of (4) as an example of the use of generalised Gamma-functions in
a paper communicated to the Royal Society, London, it will be sufficient to say here,
that the theorem may be proved by showing, that the coeflicients of the powers of A on
both sides of the equation are identical, being cases of the extension of VANDERMONDE'S
theorem (Proc. Lond. Math. Soc., series 2, vol. i. p. 63).

In the notation of Art. (1) we may write the theorem

< (=1y{2m+2n+4r}!
J[ml()\)%‘[n]()\) = Z{2'm+ D+ 7} {27)7+2rn} {2;}_._37}'{:)1},)\"4 1+ . . (5)
3.

Consider the series

4 s
R L 0 (L OV ®)
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By means of (5) we write this—

- [v] [-”] AE . (=1 {4r}! 2r
{ et D g |
(4] [4]02] =_ {4 7)
+[3]{[4][2][2][2]>\ ......... U SRR Lo
)""_”[4}.] 14’ }' or !
)] [']{{41}'{[}{’ {O}!/\+ R .o C

We see by inspection that the coefficient of A* vanishes: the coeflicient of A* is the
expression
{4r}! (4] [2r] , A8} [2r][2r-2]
1- —-ta L7 »” L -
ST ENEn L T 2 )
+<_l)r ruor=1) [‘fﬂ [3;] 21'”'— 2] ..... e [4] [_’]]} . (8)

The series within the large brackets is easily summed term by term. The sum of the

S YT
;' +;% which is a factor of the third term. The sum of
2042

[“ - 2] and the third term 1s

“Pler+a)

first two terms is — 1;‘-’[

2= 4(r-2)
(2r+2][2r+4]

Continuing in this way, we obtain that the sum of the first » terms is

(< 1y (2r =20 4](2r-6) . [4[2)

[2r+2)[2r+4][2r+86] ... .o L [4r-2)
which is equal to the last term, but is of opposite sign. The coefficient of A* is zero,
and only the constant unity is left. Therefore

15)
L= TR+ a0+ P ‘LJMWM W+ (©)
which, if p =1, reduces to
= {LP+2{J P+2{I P+ .. ... .. . . .10y
4,
Consider now the series
Tl ) = L) )+ L oV ROV O
Referring to expression (8), we see that the coetlicient of \* is

A py A s Be)2e=2) .2
(- )”T}'{2r}'{~'}‘{’7 0] B T Bl )T } )
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The series within the large brackets, although simple in form, offers considerable
ditficulty in summation. The sum is

2P+ D)(pr+1) ... (T (PP DD L (1""+1>{2?g}2!lﬁ‘ - (9
The sum in general for all values of # is
o[4] (2] Tp(r 1T, +1]) ) . . (14
[2 " (4] Tu([2r +2]) '

The reason that the simple series (p=1)

is easily summed as

o1 7l

2!

while the general series offers difficulty, is that the functions I, are present, both to
the base p* and the base 7 in the series (12) and in expression (14).
HEINE has shown in his ¢ ngelﬁwzcz‘iovzen ” that

A —a)(1l (1-«)(1 —ap)l - b)(l—bp
¢[a, b, c,p,.zv]—1+ P)(l — b+ = )= oI = (ﬂ) ......
T W= P L0 e 1)
Consider now the series
[O] [T] ,[4] [1][r-1] e 1)/2[‘3] [#][r-1]....[r=s+ l]
i /[)][/+1][7+2]+ ....... T TR et (9
Since
(2] _ p*-1 _
(1] sl p+1
4 -1 _
%5% I
we write series (16) as the sum of two HEINE’S series
il = (-t -1)
1+P17+1 15‘3 { ]]r+1 1 1( 71 1)(2)r+2 ) s }
=1 P11, e (DT =1) (<1
+/p,+1_1 { 1+p,.+.~,_11/ + o et (P —1). .. (prren _ 1))+ ... } . (1T

These series we transform by means of (15).
First, for the series S, we put

a=p
b=]l_"

P 1
r=-p"
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and obtain, after ohvious reductions,

\—l+/'_l (P =-bHpr ' =1

1,||_1+1(,|| D= 1)
2T+t (l+/"“') f o ‘-1 p r_(/f-" -
“a —w'><1 e SR TIRIR! R o P T
ToDOETE- D -1)
,,_n,,_l),:r:'l) +} (18)
In the same way, if we put
a=p
b=];"‘"
c=pr
= _/,:+1
we obtain, after reductions
G L
8,=1 +j)"‘+'-‘ IRVLE TR
_ (1+pq?)(1+1ﬁ) ..... (1+p7) {1_ P e (W 2=Dlpr =1y S } (19)
1=-p™)(A-p™)..... a-p TRV R R (s VO U P O P E O
So that S, +p- il_ 11 S, may be written
=
AL +p). .. (1+pY { R0 Ll Vol |V Ll Y O SRR
(L=p L =p* . . (1= p¥) 1,—1 (p~—1>(1'-’—1>
T O Vol V Vst VY S } (20)
p+1 (- 1)+ 1)
Adding the terms with like numerators together, we obtain
Aepdtp) . Abp™) [y gt b T D) L @
(L=p Y1 —p ..o (1-p1 -1 (17 - 1)(p*=1) f

The series within the large brackets is the siinplest tvpe of series, and its sum is well
known to be

201 = p)(1 =pY) ce (L =p) ~ . . (22)
We have therefore
G N N € O 14 [ S
T TR e+ )
_ AL+p)L+p% o o A p ) - (A =pyl=pY ... (1-p¥) ‘ . (23)
A=p)1-p+) . o (1-p7 )

‘Changing the base ;» to p* we obtain the series whose sum was sought

Y. .. (1=p*)

—_—
—

P
<
S

+
-
=

—

|
-
~ i~

‘The coetlicient of A* is obtained by multiplying this sum by

141
(22 (g {3
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which gives us

(=~ 1y 2L p) . Q™) - (L)LY - 07 . (25)
2 {2l
as the coefficient of A?. If » be not integral, the infinite products in HEINE’S trans-
formation do mnot reduce to finite products but to expressions in terms of the I,
functions, ultimately giving the sum of the series in the form (14).
Having obtained the coefficient of A?", we have established, subject to convergence,
the theorem

Jo(M) () — %;%J M) (*) +1)2%J pMIM)+
2(1 + p2A 2040 L (L) (L4p) L (L g
= "“{(#fz)}f’ ...... (-1y20+2) ( HEZT})! {<2r}!1 PPN (26)

which is the extension of
T2 = (TP - TP + 24T, MP - . . (27
This is a particular case of the addition theorem for J,.

Jor+20) =TI o(A) = 23, 0Ty(A) + .

5.
Defining * Sin, (A) and Cos, (A) as
. AB N
Sin, (A) = ,\-[3_]!4.@!_
. _ Az
Cos, (A) = 1—[2_]!+m!—. .

we obtain

8in, (A) Cos1 (A,) + Cos, (M) Sing (A)) = (A+Ay - LFMA +[);1]z'>2>(>t T,
r P :

Sin, (A) Cos1 () + Cos, (A) Siny (A) = 21— HLEZIA+pAs
p Iz

Bt
This suggests that the extension of the addition theorem of JoA+2;) will be on
similar lines,
Consider now the series
N 4 . »
JilX) Ha(Ay) ‘HJUJ(M?UJ(’\]) U (- l)y,rtr—n%,, M)+ .. L . (28)

I’roc, Idin. dath. Soc., vol. xxii,, 1904,
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and the product
'T['ll()\)gl[ﬂl(l\l )

={ SIVE . -...}'{{A'n o, _} (29)

{20} {L’u+2}!{2}!+”'+{‘.’.11,;2/'}!{'_’/'}‘. ujt [On 4+ 2rptduen

From scries (28) we are to [orm a new series, of which the successive terms will he
homogencous in AN} and of degrees 0, 2, 4, 6, . . . ., e respectively.

The first term of (28) gives rise to the constant, unity.

The terms of the second degree arising from Jy, #,, ave

A2 At

e {zp{zp
The term of the second degree arising from Jy; ¥, 1s

NGRS
@) {75 {2}

There are no other terms of the second degree ; the sum of these terms is

1 {A2+UM +page b

{2}!{3} J
= @t D
A+ AP+ N)
{21 {2

Terms of the fourth degree arise only from the first, second, and third terms of (28),
being respectively

A2\ 2p? A ipS
{4} {4}! {21 {2 {0}1{7}| {4} an
u‘ A\, A Gt . ' ‘ .
12]?{ - 2} fap {2 }.{2}1} (30)

Remembering that
{4}1=[4][2) end {2}!=[2]

we write the sum of (30)

LS N 3 €3 O (11 N o BN &3 [ NPT
AEEE N e N e
Replacing

4 5 8 Syt
EQ% by (p?+1) and %1% by pt+1

the expression within the large brackets reduces to
A+A)A 4P ) A+ A +pA)

The term of the sixth degree in A, A, I have verified as

~ T ETEIGTE) | 4+ MO+ Ma 0 M - Qe d I A+ N | (6)
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The term of degree 2 is the following expression—

A NI 22 A
{w' H{2rj! {m}f{‘iﬂ{‘l}ﬁ """"" {>,}|{7 }‘}
(41 A7 AT . AR i AR SR 0
+[ 1 @er-2 }'{2}!+ T,d/-4}!:4}1{2}!+ """ {z}r{),_o} T2r },} (32)
L8] A A0 A
+p2[1]{{ }”’1—4} {4}: {‘:’7':2}!?3"—6}!—{(3}!-{2}!+ ......... {4}{)/_4} (3T }

el )
(2] \ {2y}t
We have shown in Art. (4) that in case X =X, this expression is
A+ MDA+ +FMA - AP A+ ApY) L L. L (A + Ap¥)
T2rn{2rp

It has been directly verified that for particular values of » (1,2, 3) the forms, in cuse
X be not equal to A, are

(33)

_ (AR ADA A pY)
{711{ }I
A+ A+ MR+ A PN+ A pt)
(111741
_(A+ )\1)(_)\47 N HA+ A ) - (A AP+ A P (A + AMpY)
' {6}1{B}! '
respectively. This indirectly establishes the form of the coeflicient of degree 2r in
A and A, A direct proof of the algebraic identity would, however, be preferable.
Writing now

Z< D N%Jm()\ YoaA) =1+ "Vn( AEAR NP L () )1 /;z }_? ' }I\ PR )

34
If p=1, we obtain the addition theorem of .J, #4

ToA+A) = JWTyAy) - 21,050+ oo . . (35)

6.
The analogue of LoaMeL's theorem
T = (=1 Jaa) = D) |
I have shown by two distinet methods* that

(proe- L)preti—1) UtV Vi aaket ) RS (pr-pte-1-1)
D P L e R TS ) - T Ty T eI
1 el [/>] e ][] (B +1)
TR A T : : - (36)

* Proc. Lond. Math. Sve., series 2, vol. L pp. 71, 72, 1903, and clmer. J. owr, Mll,, vol, xxvi., 1904
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In terms of the function I, of this paper, this theoremn is

LTy == BPPUYD) - B]
p Ty = D0 ly - 8D 1+’[T]]‘h+ T : - G0

Change the base poto p* and put

o= —-m
= —m-un
y=r—m+1

we obtain

Dol[r+ 41+ 1D, [+ = m+1]) (o] |20+ H/z]

M , =1 A=t
T [r+ 1T ([r+n+1)) + [2][2r = 2o + 2 ]1 + o
[2///] ..... [ " - ~+ 2 m+7n]' c 2t ”_).\+2]
+4—_ B s— P _ . =Yt ) «

BITT. - (2] (et s3] 2 G2 R (%)

Now conslder
I [ 200+ 2 J 200 [ 20 = 220 + 20200 4+ 200 = 2

oot = o Py 1, Bl =Rl 2B o

The coefficient of A** %" is the infinite series
(=D 7 [1 e [7///] [71// + _,71] .
1204 2042072 = 2 +_p"”+"'” [ ] [7) —2m+ 7] e J ’ : (20)
which by (38) reduces to

oo =T x];-‘f":([””*ﬁf':"'],])P/'-’([";""'Ll],) (41)
1204 2w+ 201 20 = 2 ! le“(["'*' l])I‘],,([/'+n+ 1])

Now remembering
1291 = [T+ 1) = ()0, 1])
the expression (40) rednces to
"""" {0

(ol AT . i .42

\ P [+ LD [m+r+ 1DA2) s (42)
which is (= 1)7"p™" " x coetticient of \*** in the series J,;.
This establishes

'3 ) )y
(= 1) = T = g, P25 00+ L adint 43)
j [.4]/\
an extension of
2 A
J,o= (=1 : Jonin — ‘JJ'(J’”’J:,,.,M_L o } . . ()

LoayEL defined .J, for neeative integral values of s, so as to make this theorem
always hold : for exumple, suppose » a negative integer. and put it equal to —ue, then
we have by this theorem

. Ve = (= 1) : ) . (45)
extending
I, =(-D"J,
also
fow = (- D"y

as may be shown by inverting the base p in expression (43).

TRANS. ROY. SOC. EDIN,, VOL. XLI. PART I. (NO. 6). s
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7.

2‘,. n+i IZ" . -
Jopa®) = (= 1)".( 1';* _ {sm }

47(_171)" o
If we now define
ORI O

Sin,(\x) as Ax - B + [Tj! - . . . (46)
then
1
Sinp()t x{’) A2y o A ]
A) _ AT b (= Ly MUTERE
)\x% (3]! [Zn+2Zr+ 1]t

Operating on this with D™ which 1s

o B S S TS T

the first » terms of the series are destroyed, while the term involving :***1 is reduced
to

ey L [2n 2020420 -2] ... [27+2] ey
(=1 2] [2n+2r+1]! e - (49
Taking
N , A'n+l;+2r N
e e 10 T
frtr+3)t = [R+r+iin+r-1]. .. .. B2
Dy = @D P+ L A+ - (2)
and
(2)51‘?([1 + .J:]) = [2]5I‘p2([1 + é])
therefore
[(+7+3] Qnprgy = [2o+20+1) .. L L. [3] x [2PI([%]) . . (49)
So we obtain
)\nﬂw[nﬂl AL I,,,n+4,w,.]
J = — -1y :
e o 5} DA Fre oy w131 31 C s 73 DR

and 1y a change of the variable

: PERUSERIE o PO 3
)\"'"J[n+&]()\pl"‘"+!‘) = (- 1)"{[2]—_/\} T Jﬁ]N’"{ bm"(/\"'.)} .

TIAGED A (1)

A™ denoting the operator

{w%_—lm) ....... {,](:fll) . {,](:-f'l'-'l)} } RN } . . (52)

For further properties of Sin,, Cos,, and their connection with symbolical solutions
of certain differential equations, reference may be made to a paper on “ Basic Sines and
Cosines” (Proc. Edin. Muth. Soc., 1904).
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CONTINUATION o PAPER—

“ THEOREMS RELATING TO A GENERALISATION OF THE BrsskL-FuNcTion.”

(MS. reecived April 19, 1904.)

8.
The theorem
. 4 N N \
Jio(@) d(D) - IIE%J[U(“)@‘U](Z)) + oo +(- 1)"'/"“7"L[i])'l|\1(“‘) ()= oo
-1 _(a+b)(a+bp‘~‘)+(a+b)(¢¢+/w[fi)(a,+/;,;‘-’)(f'¢+l;,,4)__ ..... . )
B} ROk «©

discussed in the first part of this paper may be obtained very naturally from the
properties of a certain function analogous to the exponential function. Elsewhere,* by
means of the function E, I have obtained

v [ b ; e R . /b
J [ol(a)i‘[u1<17> - 3/"7[11(“)3[11(1—}) oo +(=12pd [s](“)@[s](}-) B

(@R b G b B

2P T [2er

We naturally expect to find some general form to which both («) and (8) will belong,
as particular cases. The following is the general theorem which will be obtained from
the function E,, just as the addition theorem for Bessel coefficients is obtained by

. . e 1 .
means of the exponential function. Exp. (5(1 - [—)>

. 4 o (=1 o =Y o (Bay-
o (@, 8) = Jla) (0P ™) —Pl_v%.a:/,]Jm(“) (o™= + %I:%J[‘-’J(")ﬁl[:’](b}’ D= 6%

v 2 ) bp™) (@ +b)(a + D)+ bW a4 Iyt
T (a, by = 1= HDatlp®) LRGN
(o0 Biy BiD;

In case v=0 we have the quasi-addition theorem (8). If, however, v=1 we have the
quasi - addition theorem («). The corresponding theorems for the function J (v , b)

will be briefly noticed.

P _ (a4 d)a+bp?) ... (a+bptT _(a+ by a+ ip®)
Ju(a, b) = BIET. . 2] {1 ETSIE

(@ + bp)(a + bp+2)(a + b)Y (@ + D) _ ) } . . (3)
(2 + 2] 20+ 4] [2] 4]

The expression for J) («, ) will be given also in the case when u is not a positive

integer.
* Proc. Lond, Math. Soc., shortly to be published.
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9.

In this article certain results will be obtained which will be required in subsequent
work. We define the function E,(«) as

E,(a)* = 1+[1]‘ [;‘;!+ ......
If we invert the base p
Jl(a)—1+ 1 @ +p*“"'“’/"'a'—s+ ce
[1]' i) [s]:
without difficulty we have
E(@)EL() = 1+ (“[I“]bM(“”E(;jf Wy . .

Changing 4 to )~

(u +1) + (a+h)a+ /:p‘-’)
-1 p7-1 ): -1

1"-1 P10l

[2a+n) [2a+b)a+bp),
(2] (2] [4]

1"’([2]>E1’ <[ ]) 1+ (“Tj#+("+[02§"fj]”fj')+ ........ : L)

E(a)k,-xb) = 1+

1+

In part (1) we have established

Ty = (= 1)Jpfa) - . . 0
Inverting the base ;» we obtain also from this
ey = (1) 4,(a) . . . . (x)
10.
A consideration of the product of the two absolutely convergent series
ol (it T PR
<[9]> (2] (21{4] {2t
at™\ _ _{l,t“ w2 _ _qwatt
m-T) = Tt
shows us that
E,. al E,. _“/ J (@)™ + °° (=11 ="
f ([_,J) ( > Z (2t -~ JRIN
= Z‘J[,,J(a)t” . . . [6Y)

In precisely the same manner, if we consider the product of

P ¢ b
= R Y it -
pz<[ ]) BN 27 gt
1 St T nin
El (_j.__‘ =1 -/ . +jl“.l‘ - _ 1 yn— l)/' ") 4
AT ) SR e+

© Proecrding Math, Sve., vol, xxil,
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we obtain
E bf n .[)"'V[’t—l Ly it =y} / v=1\yn < TRATE p—1Y fegr
L\ o ]-‘I.T TS = Zl' 3“IHI(J_Z’ )M +Z(_ p rat(,q(l’/' )
* ["’] s ["] [ ezl
s
— Z/'”l“_»'r?‘lul( /,/)u—l)tu ] ) . (;L)

-

We have now, on taking the product of (A) and (u),

el juid . o e a1 Lt b=t
Sacs S mniner = LR

The product of the four basic-exponential functions on the right of this expression is

the product of two convergent series
{1alet it erles ir L Jpolatrhith (e pPh)at i) 2 } (B)

[2] B N A N BIt
This result follows from result (») of article (9).
If now we equate coetlicients of the various powers of ¢ in (B) with the corresponding
coefliclents in

bt +o
ZJ["]((‘)trz X an(n—v) @[/(](Z}pv—l)tn

remembering that
J=(-1Jeem

J=(-1"I_y

we obtain from the terms which are independent of ¢

Tl )b ™) = (P17 + 2" ) @) 3P ) + (0577 + ) @) I ) = . (o}
_polakbletp™s) o
(2]
which by an obvious reduction becomes
4v S, : '
J @) F(bp™t) —])1"%2—:}1[”((t.),'ilm(bp”") R l)’p""”’%’HJ[,.](@)3[,.](7)1,"1) - (o)

=J"(a,b)

Equating the coeflicients of ¢ we obtain

=%
Z J[m]((l,) éll”_ml(,]’[’u—]>['|u—mnn—m—m=J:l (a’ b) . (Tl‘

m=—tc

the expression for J, being that given in article (8) expression (9).

11.

When 7 is not a positive integer the expression
(a+D)a+p=0) . . ... (@+p~*b) in J” (a, b)
must be replaced by

L (a+ D) a+p Wy a+pb)y . . .. (a +]_7‘3"“3I:)n“
k=n(q+ pb)a+p™Th)y . . .. (4 pPeti-l)

y < 1
TRANS. ROY. SOC. EDIN., VOL. XLI. PART I. (NO. 6). / 19
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[t, however, p > 1,

L (ai- ]W:u—:)(a_'_zwzn—a) S ((l'+b/’2/“2k)(-¢“
k== (('l'+j’—:l')(a+2)*4/f) L. (a_l.];—:x/,)
p>1
is the effective representative of the product («+0b)(«+p*h) . . . . to n factors. This

corresponds to the change of #! in the Bessel coetlicients into I'(so+ 1) in the case of
Bessel-Functions. The series expansions of the products given above may be found in
Proc. LALS., series 2, vol. i. pp. 63-88.  The theorem analogous to NEUMANN'S
theorem

Ty (a2 + 12+ 2ab cos 0) = T ()T o(b) + 2 2 (= 1) T (@) T (b) cos s6 . 6)

I have investicated in a paper (Proc. L.M.S.). The function K, being used in a
manner similar to the use of the exponential (pp. 25, 26, 27, Gray and Matthew’s
Treatise oi Bessel-Functions), gives us a rather complicated extension of ().





