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NOTE ON THE INTEGRATION OF LINEAR DIFFERENTIAL
EQUATIONS

By H. F. Baxger.

[Communicated May 12th, 1904.—Received June 13th, 1904.]

I smounp like to have the opportunity of acknowledging, what I
learned in October, 1903, from a paper of Professor Bocher’s (Amer. Jour.,
Vol. xxrv., p. 811), that the matrizant solution of a system of linear
differential equations given in Proc. London Math. Soc., Vol. xxxiv.,
p. 854 and p. 856, footnote, which grew up naturally in my mind in
connection with Schur’s series for continuous groups (Proc. London Math.
Soc., February 14th, 1901, Vol. xxxiv., p. 97, and Vol. xxx1v., p. 848) had
been previously given by Peano, Math. Ann., Vol. xxxi., 1888, pp. 455,
456, with the unimportant limitation, in the statement, to coefficients
which are real functions of the variable continuous in an interval for
which the convergence of the series is to be proved.

Indeed the idea of using series of repeated integrations, for a single
difference equation and a single differential equation regarded as a limit of
this, is at least as old as the paper of Caqué, Liouville’'s Journal, 2nd
Series, t. 1x., 1864, p. 194 ; while in the paper written by Fuchs in 1870,
to give a more general aspect to Caqué’s method (4dnn. d. Mat., 1. Ser.,
t. v., p. 86), the convergence of these series for all finite values of the
argument other than the singularities is clearly recognized. My ignorance
of this paper of Fuchs, at the time of the last note on linear differential
equations (Proc. London Math. Soc., Vol. xxxv., p. 888, where, p. 878, I
have collected references to papers seeming to be in connection with the
method of the paper), is the more inexcusable in that Fuchs’s results are
expounded in Schlesinger’s treatise (Vol. 1., pp. 870 and 889), with an
application to equations of rank unity. Perhaps, however, the connexion
of Fuchs’s formula with the matrizant solution is not very obvious; and
it may be worth showing that Fuchs’s generalized form of Caqué’s
solution for a single differential equation is a particular case of a general
formula given in the note just referred to (Proc. London Math. Soc.,
Vol. xxxv., p. 889). This is what is proved below.
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Let a, B be two matrices of the same number n of rows and columns,
of which each element is a function of ¢, and let o be & matrix of constants;

then A=Q@eo

is a matrix whose columns are sets of solutions of the linear system
% _ o
at —

By easily verified formule given in Proc. London Math. Soc., Vol. xxxv.,
1902, pp. 8389, 337, namely,

Qa+B) = ) QUL @BRWW], QW = Ao 'uo),
we have Qa+8) o = Q(a)o.c7Q[Q(a) BQ2(a)]a
= AQ[oe'Q (a) BQ(a)o] = AQ(A™'BA);

now let w = A~!B4A, or wA~! = A~'B, and, denoting & row (, ... k,) of
constants by %, put

0
(u(lo) uf,)) = A#h,

(A) (u(li) uf)) = AQ [A'I,B(u(f—l) uff_l))} t=1,2,...,6 o),

0)

so that «; ... uﬁf’) form a set of solutions of the linear system dz/dt = az,

and the successive sets u(l') u(,:) are determined each from the preceding

by a single quadrature, denoted by @. Then we have
Qa+Bah = AQ(w) h = Ah+AQuwh+ AQw Quwh+...,

where

Ah =62 ... u,
AQuh = AQATLAL = AQ[A'B Y ... u)] = @ ... wd),
AQw Quwh = AQ[wA“(u(ll) uﬁ))] = AQ[A‘IB(u(ll) ug))] = (u(lz) u?),

and so on. Thus a set of solutions of the linear system dz/d¢= (a+pB) z
18 given by
(T ... T) = (u(lo) uf?))+(u(ll) uf,l))+(u(12) uf))+...,
that is, by
(B) z; = uj(-o) +u§1)+u§2)+... .

By choosing the matrix o suitably, with non-vanishing determinant,
A may be regarded as having for its columns any fundamental set of
integrals of the system dz/d¢ = az, and, by choosing A suitably, the
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solution (B), with the law of recurrence (A), represents any set of integrals
of the compound system dz/dt = (a+8)z.

This includes, as we next show, the results of Fuchs, Ann. d. Mat.,
1870-71, p. 48, given in Schlesinger, Treatise 1., p. 8373: we limit our-
selves to the case of & homogeneous differential equation.

The single linear equation

Y = @t YO+ @natbu)y 0+ @by

becomes, by z, =y, z,=7', ..., z, =y,

0 1 0
dz _ | 0 o 1 0 .
at ) . A
a+b a+b . . a,+b,
: [0 10 . . ] [0 0 0
_ ]0 610 .{,10000 . z = (a+P) z, say;
\A Qg ag a’nl l bl b2 bs N b"

let y,, ..., ¥ be a set of independent integrals of y™ = a,y"V+...4a,y;
for the matrix A we can then put

Yy ... Yn
A=
R

and then, if D,, ..., D, be the deferminants of the minors of the elements
in the last row of A, and D, =|A|, be the determinant of A, and the
inverse matrix A~! be (¢y), so that
=D — Dy = Dx
¢ln— D’ ¢2n—' .D, seey ¢1m— D,

we have, for arbitrary v, ... v,

.. Vn)

‘¢lﬂbl see ¢1nbn
A-18(vy, gy ...y V) = { } (v,

Panby - Punbn

D D,
= [f(blvl'i‘.n"‘bnvn)’ ey 5 (blvl+"‘+b"vﬂ)];
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hence the elements of AQ[A™1B(v,, ..., vs)] are respectively

le[%(blvnt...+b,.v,.)]+...+y"Q[%‘(blvl+...+ buo |

N ”Q[Dl (byort .. +b v,.):]+ +y(n. ) Q[‘%ﬂ(blq;i+...+ bnv..)],

of which manifestly each is the differential coefficient of the preceding.
Put now in particular (vy, ..., v2) =, ¥/, ..., y¥® ) ; the first element of
AQ [A“B (v, ..., vs)] becomes

0Q[2 Gt by b A1 Q[ Ryt by

n—1

or, it Bly(®] = byy+b, % +...+ b S, it becomes
O @
PO . YO
1O o a0

yrNE) L D)

v,0 = | Bly () at = | Bly@) 2L ag, suy.

D

Put next (v,, vy, ..., v,) = (¥}, Y1, ..., Y(l""_”); then the first element of
AQ[A!B(vy, ..., vs)] becomes

n—1)

le[%(b1Y1+...+bnyﬁ )]+ +J»,.Q|:D Yot + b, Y‘""')]

. _ [ HE Y
or v.0 = | Brr@1 et a,
and so on; which are Fuchs’s formule.

Similarly, Caqué’s formula, obtained by taking a, =0, ..., @ =0;
by=py, ..., by =p, and an application to equations of rank unity,
obtained by taking a, =const., ..., a,=const.; b, = Q,(1/9, ...,
b, = Q.(1/t), may be deduced ; but, as they are deduced in Schlesinger’s
treatise (Vol. 1., pp. 377 and 389) from Fuchs’s formula, they need not be
given here.

Another interesting case is that where a is a matrix of constants with
linear invariant factors. Taking this in its canonical form, the matrix
A = Q(a) has only elements of the form ¢, occurring in its diagonal.



