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A Formula in the Theory of Single Theta-Functions. By A. C.
Drxon. Communicated February 8th, 1900. Received, in
revised form, April 16th, 1900.

The addition-theorem for three arguments in the case of the
functions sn %, cn %, dn % is perhaps most compactly given by the -
formula

Hu, Huy Huy Hu,~ Ou, ©1,0u,6u,
—H(uw,+K) H(ug+K) H(uy+K) H(u,+K)
+0 (1 +K)6 (4,+K) 6 (i +XK) O (u+K) =0,

where w,, %5, u5, u, are any four arguments whose sum. is zero. For,
by such substitutions as
o+ K, ug—K, uy, uy for uy, g, s, g,

other formule may be derived from this one, and thus the sn, cn, dn
of u, expressed in terms of those of u;, u,, %; in many ways.
For the functions

Hu: H(u+%K) : H(u+5K)
there is a coryesponding theorem, namely, that, if %, 4+ u,4+u,; = 0, then-
Hu, Hu, Hug+ H (v, + $K) H (u;+4K) H (us+4K)
+H(u+8K)H(u,+3K)H(u;+§K) = 0.
{ Quarterly Journal, Vol. XXIV., p- 181 (37a), p. 225 (76).]

. . . ™
Again, if uy, g, ..., %, are % angles whose sum is —,

I cos u—1I cos (u+ %) +1I cos (u+ ?—T-r) ... to n terms = 0.
n

These are instances of a general theorem which it is the object of
this note to investigate, that, if 6u is a holomorphic function of w,
such that 0 (u+20) = e+ 6o,

0 (u+20") = e+ fu,

and having only a simple zero within the parallelogram of the
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periods 2w, 2v', namely, when » = 0, and if 6,,u denotes
ra , sa
exp { (2+ n)( ut 7248 ) + o) +2 (a0 p')}
X 0 (u+ gr_u + 25_"’)

where #, 8, m, n are any integers, m, n being positive, then

m l n -1 . mn
( l)un-ﬂ(m-l)nm(u-l) lIl 0,.,11:.- =— O
i=

r -0 =0
if wu,, uy, ..., %,, are mn arguments whose sum
= (mn—1) (ro+mw’) (mod 2nw, 2muw’).

This formula contains implicitly the addition-theorem for mn—1
arguments relating to the functions of the type

8,,u/0u

which are so important in the theory of transformation.
When m = n = 2 it is possible to express

m -1 u 1

( 1).nm(m 1) +sm(n- ”H 0,,1&,

r-O 4=0

as the product of factors each a theta-functlon. This does not appear
to be possible in general. It can be done when n =1, m =2, and
for a particular value of the modulus when #n =1, m = 3, and, again,
for the trigonometrical case given above for any value of n. The
form of the results, especially when mn = 3, seems to show that
they are exceptional.

Pooof of the Formula.

Taking periods 2w, 2o, let 6u be a theta-function, having only a
simple zero within the period parallelogram, numely, for the value 0
of the argument, and such that

0 (u+20w) = e***fu,
0 (%+20") = e'*** Gu.

Then it is known that aw’—a'w = ix, ¢ being the sign of the imaginary
part of w'/w.
Consider the function

¢ w= e-(n/mnn’ln)u
rs -_

0(17;«:+2.s(u)

€n "



64 Mr. A. C. Dixon on a Formula in the [Feb. 8,
where m, n, 7, s are any four integers, the first two of which will be
supposed positive and kept fixed throughout the discussion; in the
exceptional case when %, '% are both integral, we shall suppose

the denominator of ¢,,u to be 6 (277:—’ + 2%’) ; similarly in like cases

throughout. It is then easily found that
4’r9m, U= ¢,.,u,
¢r.n—n u = ¢ﬂ“s

so0 that there are only mn functions such as '¢,.u.
Also ’

b (u+20) | du

0(u+20) ~ 6bu
() o242 1]

287

= exp ;

and, in like manner,

(—#—2" (0 +2u’ - Bt = exp (— g7£‘1’)
0(u+20) ° Ou m

Thus the function %,,_u_ has the two periods 2nw and 2mw’, and with-
u
in its parallelogram the mn poles
2iw+2%w’ (¢=0,1,..,2a—=1;5=0,1, .., m=1);

the same applies to the more general function

m-1 n-1

2 3 A,¢,u = 6u,

rsl ae

in which the coefficients A are any constants. This function has
therefore the value zero for mn values of u, whose sum is

n-1 m-~1

3 3 (Zv+oe),

ia0 jeO
that is, mn (n=—1) w+nm (m—1) o,

this being the sum of the values of = at its poles. Now the mn
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coefficients 4 may be so determined that 23 A4,,¢,,% shall vanish for
mn~1 distinct given arguments

Upy Ugy sory Upyoie
It will then vanish for only one more, namely, «,,, where
Uyt gt ooy, = mu (n—1) w+nm (m—1) ',
so that, if there are mniarguments
Ugy Ugy vevy U
whose sum =mn(n—1) w+nm (m—1) o (mod 2nw, 2mw’),
the determinant of the m’z® quantities

b, 1y

must vanish; and, conversely, if this determinant vanishes, the sum
of the arguments is as stated. 'We may write this determinant as

2 (:!: hl:Il qu,,sA ’u),,) .

Now, we may put u;+2kw, u,—2kw for u, u; without affecting the
sum of the arguments; the determinant thus becomes
eka (4= 4 2w) b { d:e(a‘—sj)‘zkur/n 'ﬁ‘l ¢"hshuh} ,
hea
which must vanish for the values 0,1, 2, ...,2—10f k. From the
n equations thus derived it follows that the sum of those terms in
the 'determinant for which s;—s; (mod n) has any particular value
must vanish separately. Any one of the parts into which the whole
expression is thus divided may now be treated similarly by picking
out any two arguments, increasing the one by a multiple of 2v or 2/,
and diminishing the other by an equal quantity. In this way the
determinant is separated into parts, each of which must vanish
separately ; in each part all the differences such as s;—s;, »,—u; are
the same (mod %, m respectively) in each term, and, using a double
suffix notation for the arguments, we have the following result :—
m-1 n-1 m=1 n-1
3 (-'-!: H I ¢-’+r,ju“i,j) =0.
rel as=0 120 je0 .
It is now possible to give the proper sign to each term of the ex-
pression; an addition of 1 to » causes cyclic interchanges in n groups
of m factors each, and thus changes the sign » (un—1) times; by
VOL, XXXIL.—N0. 714. i
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symmetry, an addition of 1 to s changes the sign m (n—1) times.
Thus the result is

2 2 (__l)m(m-l)nm {n=1) I ¢“"!" “‘:! = O.
roe 113)

Tn this equation put

ug—vu—-—;w '—ZU
w
8o that Sj. -Eijuu+n(m—1)m+m(n—l)w‘
=n (mn—1)v+m (ma—-1) o'
) 2w’
N ¢nr J+e (v—iw .:b )
ow
b v
LI W 0 o P L LI }
_exp{(m+n)v (m a+ n a)(v me n)

x0(2'rw st')+9(2z+r +2]+s .)

Thus I e(ta/mf_l.'ln)[vu-(Qiaalm)-(Ziu'/nj! ¢’_"’j" ('v(l -—
=1I an Vy
¥

feCG+ 3"

(I 0( 1+‘r +2’-i$w')

6J

s.-1)

m

oxp[ (% +2) {n(m=Dw+m(s~1)w}]-

To compare the denominators in expressions of this type, we have
me (2mw+2md) +~ 16 (‘.’. i-w+2j—t-§w')
" m ” Wi m n

et 6(28 M2 iE0)
=T 0 m n
is0 jeo g (21“”*‘2%50{)

m

--exp'ﬁl S (2la +2J._"'a +5)

=0 ja0

='exp { -7 (r=1) aw+7 (n—1+425) aw’ +0rf }
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ga(z%ww%‘_ )+ 50(2——w+2lw)

m-1s-1

a0 Ju0 P (;2’_;“_'_%2'0’,)

é (2 -:: w+2i¥ w')

m-1 s-1

=exp 3 E( aw+2q "+ﬁ')

ie0 fa0

= exp {s (m—1) dw+ % s (s—1) a’w’+msﬁ’} .
Hence

I e(famuja'/n)[u - (2dw(m) - (2fw’)/n ¢‘" Joa ( — __,,,_ gl ,,,')
6J m n

45 m n

x1 6 (%w-f-%iw') + {0 (21«_' +gs£) }m‘l} Preo

=exp | (= m {n(m—l)w+m(n—1) }——-('r’—'r)aw
mt

—r(n—1+2s) aw’'—nrf—s (m—1)a'vw— % s(s—1) a'w'-maﬁ']

= exp {'rs (dw—aw)—mn (:: +"l"_') (__. + f‘,'i)

nl\m n
+nr (aw—p0) +ms (a'w’—f) } .

Thus IT bisr,iue (v(,— -2-7-:w— 2 w’)
L'Y) m n

= (—1)":‘[3 Py X {0(2%, +&gi’) } "

n

ra sa.

X exp { —nn (; + = . ) ( -4 —) +nr (aw—p) +ms (a'v’'—F) }

- n e(ialuula’ln)[va-(Zl'mlm)—(zlm'[n)] 0 (%w_'_ _2,2' w’) .
4y m n

The part of this expression after the sign + is common to all the
terms, since it does not contain 7 or s; it may therefore be discarded

F 2
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If, then, we write 6,,v for
¢,,qvx0(-2-ﬂ"-+2s"’) exp { —("’—"+Si')(fﬂ+-s%)+ ;%(aw-—ﬁ')

LN ")
+;‘(GM_B)S’

that is, for
exp{ _('l_‘_g_*_sa.) ( + ¢ + s_wi) + r—(aw-—ﬁ)+ —S—(a’w'-—ﬁ')}
n m n

m m n
]
x 0 (1,+ 2ru + g?ﬂ),
m "
we have, finally,

m-1 n-1

mn
2 (_ ])rnm(m-l)um(n-l) ‘nl 0" o= 0'

r=0 s=0
if vy, vy .uvy Uy are mn arguments whose sum

= (mn—1)(nw+mu’) (mod 2w, 2mw’).

Resolution tnto Factors.

Let F,., (v, vs ..., v..) denote the expression

-l n 1

( l)unu(m Neam(n-1) H 0 .
rs0 se0 e
In certain cases this can be expressed as the product of factors. For
instance,
m-1 mw "
3 (-1 TI cos(v+”) 2?: - cos 2 Vi,
ral
there being in this case only one factor. Before discussing the other
cases, it may be well to note that the constants a, 3, &', 3" are known
to be connected by a further relation, which may be found as follows.
The function 6x/6(—) has neither pole nor zero within the parallelo-
gram, and
0 (u+2w) 914 = HB-aw)
0 (—u—Zw) 0 (—u) !

0(ut2w) ., Ou — -,
0 (—u—2w)  6(—u)

0

Hence d log Tem

hns no pole within the parallelogram, and s
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doubly periodic; therefore it is & constant, say 2«, and

Ou

log 0'—(———-‘“) = 2xu+)\.

Now 6u has a simple zero when « = 0, and therefore

. Ou  _

Limgr 5 ="1

or =1,

ou _— . plet
so that Tl e,
Hence o= 0 —emeeth,

6 (—w)

and we may put B = (a+2x) wtur;

in the same way, 3'= (o' +2x) '+ .
Then the known result in the case m = » = 2 may be written

Fgg (‘L‘,, Vg, Vg, ,04) — _2e(a+n'--)v,u(r,w,w.)-(a+a'-h)(m+a’)

ntvtosto, 0 ) (’u,-{-'v,—v,—-v‘ P
XG(——-—2—-—— w—aw')f g w w)
U FU T,y (v_u-vn..-_._va+v4 b’
x 6 ( — w—w ) 0 3 0—u )
From this may be derived the expression in the case m =2, n =1,
by writing o’ for v, w+w’ for v;,, Thus
Ou’ 0 (w+ "{) Fy (v, v)

— _ 9 erigw gtV —w a0+ +w (”1"‘”32_ ’
geeriv gUTH— gt utug (Wmhte )

xa(ee_-_vzri«:_w').

In the case m = 3, n =1, F, can be expressed as the product of
factors if o'/w has the special value % (p—1), where p = e¥7, s0 that

o' = p (w+o).
For, let 6,u, 6% now denote
gmieuele)shlen=0) 6 (4 4 2u),
e bt 1N ean) § (5 4 £0)),

Then the functions 6,u/0x, 6,4/60u have the periods 2w, 6w’, that is,
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2w, 2pw, 2p’w ; their poles are 0, +:2w" or 0, =3 (p—1) w. The zeros
of 6 u/fu are —3w, —Fw=£3 (p—1)w, that is —3%w, —Fpw, — 2%,
and those of 6,u/6u are %w, 3w +%(p—1)w, that is Zuw, pw, $p'w.
Hence 6,u/6u and 6,pu/6pu are functions of » having the same periods,
poles and zeros ; this is evident in the case of the periods and zeros ;
a pole of 6, pu/fpu is & (p—1) p’w, which is equal to % (p—1) w+ 2o,
and therefore equivalent to a pole of 6,u4/0u; similarly for the pole
—% (p—1) p’w. Thus 6, pu/6pu only differs from 6,+/6u by a constant
factor which is found to be p* on giving u a small value. Thus

bipu _ Opu _ Grpu similarly.

6u  pbu’  bu

Each of the fractions in fact

2
= exp {:Z;, (a'p*—d'p—ap) +xu (p—1) } .

0 ? ’ ’
Forlet  26%exp {ﬁ;(ap—a p’+aP)+m(l—p)} = x ().
Then
x(u+2w) _ 6(putbu’+20)  Gu
X 6pu 6 (u+2w)
X exp { % (u+w)(a'p—a’p’+uap) + 2w (1—p) }
= exp {(3a’+a) pu+6a’v’ +6a'w+30 +B—au—f
+(p*—1)(u+w)(ap—a’p’ +ap) +2xw (1—p)} = 1;
also
x (v +20') _ 60 (pr—20w—4v') Ou
X% - Opu 0 (u+2w")

soxp { (k! (= 00) 200 (1)}
= exp { —a' (2pu— 4w —60') —26'—a (pu—20) —f—a'u—f'
+ (u+0') (dp—d'p?+ap) + 2k’ (1—p) } = 1.
These reductions depend on the relations
' +w=pw, pu=—w—20, av—dw=m.

It follows that yu is doubly periodic, and therefore constant, since it
has no poles. Its valueis 1 when # =0, and hence the statement
made is proved.

Now Fyy (v, 03, v) = 60,060,005+ 6,9,.6,9,.6,05+ 6,0, OG5
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Hence Fy (vy, vy v)s Ty (01, poy, p'ry), Fi (v, plvy, pvy) omly differ by
an exponential factor, and the zeros of each, as a function of v, are
(mod 2u, 6u°), —v,—vy, —pvg—p'vy, —p'vy—pr, Now

20 = = (p—p") (2w +4w’),

6u’'= (p—p*)(4w+6u"),
so0 that the periods 2w, 6w’ are equivalent to (p—p®) 2w, (p—p?) 2uw'.
and the zeros and periods of Fy (v, v;, v) coincide with those of

) J+'v.,-f-'vs ov,+pv,+p Vy ov,+p 'v,+pv,
p—p p—p p—p’

In fact, if

(v, v5,0) = 0”‘+v’+”30”1+m’a+l’ Y39 U1 + pv,+ PYs
= -’ p—p

X (p=#") exp [ = 1= {200+ (o +0)'} {pata’ (o—p")}

—« (2p’v,— ”s_'-’aﬂ

it may be verified without difficulty that

Fy (01 vg v5) <+ f (01, vy 5)

is unchanged by the following substitutions for v,, v, v,, namely,
0,4 20, vy, Vg5 0,460, v, V5 v+ 20, va+ 20, v+ 20; v+ 20, v+ 200,
vy +20"; vy, v+ 20, v,—2w; v, v,+20", v,—20’. Hence Fy+~f isa
doubly periodic function of each of the three arguments, and it is
never infinite. Thus it is aconstant. Again,if vy= —~9v, = %w, this
constant is readily seen to be 1. Thus F, = f, that is, when

w+ o = plu,
1 y
Fy (03,09 v5) = (p—p*) exp [—IJ {201+ (v,+v,)"} {pa+ (p—p") a'}
—« (2p'0, —v,—1y)

xe”]‘f‘i +'Uss”1+P”~x+P”sg"’1+P”a+P”a
p—p p—p p—p

This result is simplified by taking 6u to-be ou, for then x =0,
a = a’ (p—1), and Fy, (v,, vy 1), that is

00, 00,00, —e~ Mt g (y 4 20) o (v,4 3w) 0 (v,+ Fw)

+ebrintntniio) g (4 4 20) ¢ (v,+4w) o (vy+4w)

= (p— pﬂ)gl’zi}’_z_t'ia __;_tpvﬁ;pva v,+pvz+m,a
= p—p p—p’





