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A Formula in the Theory of Single Theia-Functions. By A. C.
DIXON. Communicated February 8th, 1900. Eeceived, in
revised form, April 16th, 1900.

The addition-theorem for three arguments in the case of the
functions sn u, en w, dn u is perhaps most compactly given by the
formula

— G M , G M 2 G M 3 QUA

= 0,

where uv u2, uS} ut are any four arguments whose sum. is zero. For,
by such substitutions as

Mj-f- K, ua—K, us, «4 for «!, M3, ua, uit

other formuloe may be derived from this one, and thus the sn, en, dn
of ut expressed in terms of those of uu u31 us in many ways.

For the functions

there is a corresponding theorem, namely, that, if ut + u3 + ua =: 0, then

+%) = 0.

[Quarterly Journal, Vol. xxiv., p. 181 (37a), p. 225 (76).]

Again, if «„ wa, ..., un are n angles whose sum is -^-,

IIcos«—IIcos(w+ —) +IIcos (u+ — ) ... to n terms = 0.
\ nl \ nI

These are instances of a general theorem which it is the object of
this note to investigate, that, if 6u is a holomorphic function of u,
such that 0(u + 2w) =e^eu,

and having only a simple zero within the parallelogram of the
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periods 2w, 2a/, namely, when u = 0, and if 6r,u denotes

( Ira , sa\ I . ru» sw'\ . r • /3\ i * / ' ' /
exp 4 — — + —I (ttH *"—J "• (ow—/i)H—(aw —/

m

where r, s, m, w are any integer's, m, n being positive, then

i-.O 1 -0 « - l

if w,, u2, ..., Mmu are mn arguments whose sum

= (mn—1) (nu+mii)') (mod 2ww, 2mw').

This formula contains implicitly the addition-theorem for mn—1
arguments relating to the functions of the type

$r,u/6u

which are so important in the theory of transformation.
When m = n = 2 it is possible to express

as the product of factors each a theta-function. This does not appear
to be possible in general. It can be done when n = 1, in = 2, and
for a particular value of the modulus when n = 1, m = 3, and, again,
for the trigonometrical case given above for any value of n. Tlio
form of the results, especially when mn = 3, seems to show that
they are exceptional.

Proof of the Formula.

Taking periods 2w, 2w', let 6u be a theta-function, having only a
simple zero within the period parallelogram, namely, for the value 0
of the argument, and such that

6 (11 + 2w) =ea"+"0u,

Then it is known that au'-a'w = ITT, t being the sign of the imaginary
part of w'/w.

Consider the function

6 [n-i 1 )
</>,.,« = e —



64 Mr. A. C. Dixon on a Formula in the [Feb. 8,

where m, w, r, s are any four integers, the first two of which will be
supposed positive and kept fixed throughout the discussion; in the

exceptional case when — , — are both integral, we shall suppose
tn> n

the denominator of 6r,u to be $' [ - ^ + - ^ ] ; similarly in like cases
\ m n I

throughout. It is then easily found that

so that there are only mn functions such as 0r#w.

Also

<f>r,(u+2u) _j_ « r̂lw

— exp
n

(ra , sa'\ n , I , 2rto . 2su»'\
— I— + —) 2fc)+a(M+ + — )

2snr ;

and, in like manner,

rr -r- -Jr— = e xP I
6(u+2u) ' 6u

Thus the function %— has the two periods 2nu> and 2ma/, and with-

in its parallelogram the mn poles

2iw + 2/w' (i = 0, 1, ...,n—1; j = 0, 1, ..., wi —1) \

the same applies to the more general function

tn- l n - l

2 2 Ar,tf>r,U ~r du,
r.O J-0

in which the coefficients A are any constants. This function has
therefore the value zero for mn values of u, whose sum is

n -1 m -1

2 2 (2zoi"^"27w)
1-0 j . O

that is, mn (n— 1) w+mn (m—1) a/,

this being the sum of the values of u at its poles. Now the mn
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coefficients A may be so determined that 22-4r,#,,M shall vanish for
mn—1 distinct given arguments

It will then vanish for only one more, namely, «„,„, where

t«! + tta + . . . + «*,„„ = ran (w—1) w+nm (m—1) u>',

BO that, if there are mr^arguments

« n Mj, . . . , It,,,,,,

whose sum = mn (n— 1) u+nm (m—1) a/ (mod 2«w, 2M<I/),

the determinant of the m2n8 quantities

must vanish ; and, conversely, if this determinant vanishes, the sum
of the arguments is as stated. We may write this determinant as

Now, we may put Mj + 2/cw, Uj — 2k<a for uit Uj without affecting the
sum of the arguments; the determinant thus becomes

which must vanish for the values 0, 1, 2, ..., n — 1 of fc. From the
« equations thus derived it follows that the sum of those terms in
the determinant for which «,—-«,- (mod n) has any particular value
must vanish separately. Any one of the parts into which the whole
expression is thus divided may now be treated similarly by picking
out any two arguments, increasing the one by a multiple of 2w or 2a/,
and diminishing the other by an equal quantity. In this way the
determinant is separated into parts, each of which must vanish
separately; in each part all the differences such as s,—s,-, r,- —r,-a\ro
the same (mod n, in, respectively) in each term, and, using a double
suffix notation for the arguments, we have the following result:—

i/i-i » - i / •»-) i t - i \

2 % ( ± n n * i + r , j t i t t U ) = o.

It is now possible to give the proper sign to each term of the ex-
pression ; an addition of 1 to r causes cyclic interchanges in n groups
of m factors each, and thus changes the sign u (m— 1) times; by

VOL. XXXII.—NO. 7 1 4 . F
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symmetry, an addition of 1 to « changes the sign m(n—l) times.
Thus the result is

2 2 ( — lynO"-1)"-"*"-1) I I <f>n.r,J+, Ui,j = 0 .
r » i,j

Tn this equation put
2i 2/ /

Utt = Vy W lJ- It) ,

vi n

BO that 2 Vy = 2 %+n(«i— 1) w t m (w—l)w'
= » (mw—1) w + w. (mw-1) w'.

2i

Now

( / r a . «o'\ / i + r , j + s A / 2/' 2/a>'\ >
= exp ] — + -)t>— (—i-a + ^ a') v w—-^—) \

C \w n / \ vi n I \ vi n I )

m n

T h u s I I el'"/m+jB'/")tl'«/-(We>'m)-«'"''11'1 ^ , + r j i + , (uy ^ u i — ^ a / )
\ TO n f

— IT *Pr» Vy

m n

To compare the denominators in expressions of this type, we have

i,.» \ TO n I ij \ m n I

= TT I I
i.o i-o a In i , nj + 8 A

r2 "2

= exp \ -n- 9- (r—1) aw + r (n—1 + 2s) aw'+nr/3 1
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) (+
m n I %,j \ m n

m - 1 « - l

n n<-o j.o n (2i . 2] ,\
\tn n I

(
<-o j-o \m

= exp ^ s (TO —1) a'to+ — s (»—1) au' + msfi' [ .
C n )

Hence

n fl(fcrfwy.'/»)[^.(«-/*).w-')w^+r / v 2 t w _

xn 0 ( ) | ( + ) |

= exp ( —H ) \n(m—1) w+m(?i— 1) a/} (»f-r) ow

—r(n—l + 2s) aw'—nr/3—s (m—l)o'o> 8 (s—1) a'w'—ms/3*

( / / .-v Ira. . sa\ frw , sw'\
= exp < rs (a w—aw ) — ra?i ( — + — ( — H ]

C \«i w / \ m n I

+ nr (

Thus ( m̂ n

xexp ( -mn (t* + • " ) (r-w- + ^ ^ + w r (aw-/3) +ms ( a V ~ /

\m n

The part of this expression after the sign -f- is common to all the
terms, since it does not contain r or s; it may therefore be discarded

p 2
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If, then, we write Br,v for

, a/2rw . 2su)'\ C Ira . sa!\(ria sio'\ , r , /,,4>,,rx6[ + ) exp ] — (— + — ) ( — + — ) + — (aw-P)

that is, for

( ira . sa'\ I . rw . sw'\ , r , *\ . s , , , n,^
( \m w / \ m n / m n

, 2ra> , 2sw'\
m ?A /

we have, finally,

MI - 1 n - 1 inn

2 2 (-l)>'+"'(1"-I>+""'"-1)n^,'y<=0,
r . n « t: 0 i = l

if vu Vj, ..., vHm are win arguments whose sum

= (mn—1) (wo* + mw') (mod 2na>, 2mo»').

Resolution into Factors.

Let .F,,,,, («„ v2, ..., vm,,) denote the expression

r.O >.U 1-1

In certain cases this can be expressed as the product of factors. For
instance,

2 ( — l) r n cos vt+ - - = - ^ cos 2 «j,
r.O i - l \ « l / 2 <-l

there being in this case only one factor. Before discussing the other
cases, it may be well to note that the constants a, /i, a', /3' are known
to be connected by a further relation, which may be found as follows.
The function 0n/0(—u) has neither pole nor zero within the parallelo-
gram, and

d( 2) Bu _ ,w..w)
$(-u-2u>) ' d(-u)

6 (u + 2u)') _^ _ 6u 2(/}'-aV)
,9(_M_2W') " ${-u)

Hence — log •s-7 has no pole within the parallelogram, and is
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doubly periodic; therefore it is a constant, say 2K, and

Now 6u has a simple zero when u = 0, and therefore

J S — 1 ,
(—u)

or ex = — 1,

so that rp-\ = - e2"
0 ( )

Hence e2'" = - „ / " . = - e—•»,

0(-w)

and we may put (5 == (a + 2*c) w-f t r ;

in the same way, /3' = (a' + 2K) a/ •+• tir.

Then the known result in the case m = n = 2 may be written

JPB (v,, «„ »„ «4) = _2e(o+o'- ' ) l '-+ '(r»+t»+^-^+a'-4 ' ) ( '-+^

From this may be derived the expression in the case m = 2, n = 1,
by writing w' for v8, w + w' for w4. Thus

In the case m = 3, n = 1, F31 can be expressed as the product of
factors if o>'/w has the special value |- (p — 1), where p = eJtir, so that

to' — p

For, let 0,w, ^ « now denote

Then the functions Oxuj0u, O^ujOu have the periods 2w, 6to', that is,
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2w, 2pw, 2p2w; their poles are 0, ±2w' or 0, ± f (p—1) o». The zeros
of 6xu/6u are — §w, — §w=fc§ (p—1) w, that is — §a>, — fpw, — §p2w,
and those of 02tt/0M are fw, | w - t | ( p — 1) to, that is |w, §p«n, |pJw.
Hence 6xu/6u and 6xpu/8pn are functions of M having the same periods,
poles and zeros ; this is evident in the case of the periods and zeros ;
a pole of 6xpu/6pu is § (p— 1) p2w, which is equal to § (p—1) a>-f-2&>,
and therefore equivalent to a pole of 6xu/6u; similarly for the pole
—§ (p—1) p V Thus $xpu/6pu only differs from 6}n/6u by a constant
factor which is found to be p* on giving u& small value. Thus

6xpu Bpu 6qpu > ., !-*1—-= —-, = -£— similarly.

Each of the fractions in fact

= exp I ~ (a'p2—a'p—ap) +KU (p—1) j .

Forlet

Then

X« dpu

Xexp I -^ (w + w)(rt'p-a/p9 + ap) + 2»fw(l—p) j

= exp {(3
+ (p2-l)(lt + w)(a> — o'ps + a/3)+2Kw(l— p)} = 1;

also
/ ) _ g (pu-2u>—4a)') 6M_

X exp { (u + a>') (a'p-a'p2 + ap) + 2KV (1 -p) }

= exp{— a '(2pM-4w-6a/)-2/3 ' -a(pt t-2a>)-/3-a 'M-/3 '

These reductions depend on the relations

3w' + it) = pw, pw' = — w — 2a/, aw' — a'co = iir.

It follows that x^ is doubly periodic, and therefore constant, since it
has no poles. Its value is 1 when u = 0, and hence the statement
made is proved.

Now FiX (vv v,, vs) = dv^ViOv^-h6^.6^.6^+6^.6^.6^.
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Hence F81 («,, i>2, v,), .F8i (»„ pv2, p*r8), Fsl (t«,, p \ , pvt) only differ by
an exponential factor, and the zeros of each, as a function of vv are
(mod 2o>, 6o>'), — v%—u,, —pv%—p\, —p\—pvs. Now

2a> = -(p-p8)(2u> + 4o/),

6o/ = (p—p*)(4w + 6o/),

so that the periods 2w, 6<o' are equivalent to (p — p*) 2w, (p —p2) 2u>\
and the zeros and periods of Fsl (vv viy vt) coincide with those of

9 5 9

p-pa p-p2 p-p9

In fact, if
s 0 ±£Sk& ̂

p p—p p—pp—p p—p p—p

X (p-p2) exp [ - i { j

- K (2p\—u2—t',) I

it may be verified without difficulty that

is unchanged by the following substitutions for «„ v9, vit namely,
Uj + 2w, Ug, V8; «, + 6w', v,, v8; ^ + 2a>, u2 + 2w, u8 + 2w ; «, + 2w', v2 -f 2w',
«8 + 2w'; «„ u24r2<i», u8—2w ; i',, vs + 2<i/, u8—2<u'. Hence JPg,-f-/ is a
doubly periodic function of each of the three arguments, and it is
never infinite. Thus it is a constant. Again, if vt = — vs = §w, this
constant is readily seen to be 1. Thus FiX = / , that is, when

to -f- u) =r p'o;,

^ j {2V;+ (Vj + v8Y} {pa + (p-pa) a'}

X U
— p p-p* p —

This result is simplified by taking Ou to- be au, for then K = 0,
a = a' (p—1), and Fn (v,, u2, v8), that is

= (p -p 9 ) <r t>i + t>» +

P—-P*




