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Note oil the Equation 1/ — x (%*—1). By W. BUHNSIDE.

liccuived November 1st, and road Novoinbor 10th, 1892.

Tho Cartesian co-ordinatoa of a point on a curve whoso deficiency
is greater than ono, cannot bo expressed as rational or as elliptic
functions of: a single parameter; but it has rocontly boon shown that,
in a large number of oasos, including certainly all carves whoso equa-
tions are of hyper-elliptic form with real coefficients, tho co-ordinates
of a variable point on tho curve can bo expressed as uniform functions
of a single parameter with an infinite number of essentially singular
points, the functions being uutomorphic with respeofc to a certain
group of substitutions.

Although, however, tho possibility of this mode of representing tho
coofHcicuts has been proved, no instance has ever been givon, BO far
as I know, in which tho representation has actually been carried out
for a particular equation. Indeed, to do this it would gouorally bo
necessary to find a group having tho roquired.relation to the equation,
and there is, I believe, no known method of doing this. If, howovor,
from independent considerations, the relation in question botweeu a
givon equation and a known group has onco been established, it will
become a mattor of calculation to carry out tho process referred to.

In tho case of tho oquatiou

2f=:«(rf-l) (i.),
the actual expressions for x and y, as functions of a single paramotcr,
can, by such considerations as those just mentioned, bo obtained with
remarkably simple analysis, and tho result is perhaps of sufficient
interest to justify mo in communicating it to the Society.

It is convenient to begin by giving two well-known formula) in
elliptic functions that will be requirod. These are

1 (e—e')
and pit —e

whence, by differentiation,

p'(u-\-u>) _ _ (e — e)(a-e")
p'11 (pu-~ey
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If 2w, 2w' are any pair of primitive periods of the elliptic functions,
these formuho aro equivalout to

and ' v . ' — — |.—: j (in.).
p U I pu~pto )

In Kloin-Fricke, Theorie der Elliptischen HCodulfunctionen, I., p. 652,
it is shown that the x and y of equation (i.) are expressible as
modular functions for that nub-group of tho modular group which is
formed of all substitutions

such that ( ' ' J is congruent to modulus 8 with one of the forms

/ I , 0\ / I , 4\ / 5 , 4 \ /5 , 0\
l0 , It9 U , l)' \0 , &)' U , 5 ^ '

and moreover that x is then that modular function whioh Prof. Klein
calls the octahcdi-al irrationality. It does not, however, enter into
the plan of Prof. Klein's work to exhibit x and y explioitly as func-
tions of o), which is the object of tho present note.

Thero is no difficulty in showing that the twenty-four values of
Prof. Klein's octahedral irrationality aro given in terms of elliptic
functions of bubmultiples of tho periods by the expression

and the twenty-three expressions derivable from it by the substitutions

Wj = tit - j - tU, hi\ = ll»*

a n d Wj = — 6»', u'i = w.

p-Z
If now x = ;
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i
then, by (iii.), a?" = —

The addition equation gives

and p ' + 2^ (
is

or since, as may bo deduced at once from (ii.),

Hence

and ^ - 1 = 2

= 16

* 2
c2
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Therefore a (x'-l) = - 1 6 -—= M 2

/ (>i \ /] in

Taking account of equation («.)• this can bo written in the form

(p-a - P " )(*• 4-*" 2 J LP5 - p (a + W)J

p¥-p2

and therefore, finally, if

y = 4i —
( hi W \ f "'

ami

then 7/3 = .-CC.'C1— I).

Taking account of lmjnogonoity, x ami ynw. thus (ixpressotl ns uniform
fiuicf.idiia of the parameter oi'/w, and they eiich have tho real nxis for
an essentially singular line.




