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On E, vpanslon in Besse?s Functions. 547 

The two last equations reducing to those above for y-~0 
and z = 0 .  

But our hypothesis requires that the equation 

~ +V 2 + ~ = c~, ~ 

shall be a result of ~he equation 

x2 + y~ + z ~ = c~t ~. 

This is so if, and only if, cl, c2, dl, dz are all zero. 
Thus we have arrived exactly at the transibrmation as given 

above, and, as Einstein has shown (loc. cir.), in order that the 
electromagnetic equations may be iavariant under this trans- 
formation the electric and magnetic vectors in the two systems 
must be correlated in  the manner done in this paper. 

Biieherer in the paper referred to does not take into account 
this necessary modification of coordinates, and therefore when 
in the latter part of it he evaluates the electromagnetic mass 
of the electron on the assumption that it is spherical he is in 
reality considering the Abraham electron, and so obtains 
Abraham's expression for its mass. 

LI I .  On E,~Tansion in Bessel's Functions. 
By ANDREW ST~PHZNSON * 

I N the ordinary Fourier  expansion ill sine series 

f (x)  = ZA sin ax 
for the range of x from 0 to c the determination of the 
coefficients depends upon the vanishing of the integral 

~i~sin,t~xsin~.~xdxwhenk--/::m. I h a v e s h o w n ,  however, 

that the coefficients can also t)e found readily in the more 
general case when 

sin dx Sill Sill 

where k=/:m and p is some constant I. Similarly the cosil',e 
exp:msion can be effeeted if 

~0 ccOS cos atmXdXa~-COS CO$ ~k2 P t~ttte'. 

�9 Communicated by the Author 
t "An Extension of the Fourier method of Expansion in Sine Series," 

Messenger of Mathematics, vol. xxxiii, pp. 70-77 (1908). A more general 
discussion is given in a second paper in the same volume. 
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548 Mr. A. Stephenson on 
There is nothing in this method peculiar to the trigono- 

metric functions, and we now apply it to the Bessel's expan- 
sions to obtain a generalization which is essential for the 
complete solution of a certain type of physical problem. 

I f  B~(/~r) is a particular solution of 

l + t 
dr ~ +r dr \p. - -~]u----0;  

then~ for/zk:#/z~, 

~ B (l~r)B,~(t~F)rdr=--y~_~ ~ Er{/~tB.(t~kr)B ' (~,r)--l~kB,'(.kr)B,,(l~,r) }]~ , (i.) 

which is 
a 

- -  •k 2 _ / ~  {/~kB '(/zka)B. (~,a)--/~,B (,~a)B.'(/~,a) }. 

i f  = B . ( m b )  = O; 

and therefore 

~b B.~(#~r)B.(l~,r)rdr=pB,,(l~ka)B.(l~#), 

if the t~'s are roots of 
B,'(~ta) 1 a B~(ga) =pt~+q~ . . . . . .  (it.) 

Also from (i.) by approaching the limit/~---=/~, we flnd 

~: B,~(t~kr)rdr=~ { b'B,'~(kt~b)--a'B,'2(l~a)-- (a2-- ~ )  B: (t*~a ) } .  
Now consider the problem of expanding a function of r, 

for the range between a and b, in a series of Bessel's functions 
of the first order 

J(r)=XABo(~tr), . . . . .  (iii.) 
where the /z's are determined by (it.) and the particular 
solutions Bo(btr)i of Bessel's equation are so chosen that 
Bo(ktb) =0 .  Both sides of (it.) being odd functions of tt, the 
negative roots are numerically equal to the corresponding 
positive roots ; and therefore it is sufficient to consider the 
positive roots alone in the summation. To determine AZ 
multiply (iii.) by rB0(#kr) and integrate between a and b ; 
then by the preceding results 

j':,'f(,') Bo(t,~" ) dr =pBo0,~,~)X ABo(t,,0 

+ Ak�89 { b'Bo '~0,~t,) -- a'Bo"(t,~) --  ('~' * 2p) Bg0,~,~) } ; 

and therefore, since there is no reason to question the 
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.Expansion in Bessel's Functions. M9 

validity of (iii,) in the limit when r = a ,  

j [  , f ( r )  Bo(~r)dr--pf(a)  Bo(~a ) 
A~ 2 

b~Bo '~ (~ ,~ ) - -~o '~ ( , , ~ ) - - (~+ '2p)Bo  ~(,~a) 
Q 

Through lack of this expansion the solutions of cer~aiu 
problems have hitherto been left incomplete. Consider, ibr 
example, the symmetrical motion of a uniibrmly stretched 
circular membrane loaded in the middle, i. e. of an annulus 
to the inner circular boundary of which a load symmetrical 
about the centre is attached. We have with the usual 
notation 

" 2162z 1 bz \ 
~ j s  ] 

subject to the conditions 
o . .  

z = 0 ,  when r = b ;  
�9 : _ m 2  ~)z  . . . . . . .  

z = / ( r )  ,, t = o ;  
and ~ = 0 ,, t ~ 0, 

if the membrane starts from rest. 
] : [ e l l c e  

z = Z hk cos (t'kct)Bo(t%~'), 
1 

where Bo(t,r) -= Jo (ttr) do(t~b) 
Ko (t,b) Ko (~r), 

and. the t~'s are determined by 

Bo ' (ua)  _ c* 
Bo(~a) m ~ "  

Therefore 

A k = 2  

C2 
rf(r)BoCV~r)dr + a ~ f ( a )  BoC~,a) 

2 / 2  ,2 �9 

g 

The small plane oscillations of a uniform, heavy, flexible, 
inelastic string hanging freely with a load attached to the 
end may be investigated similarly. 

I t  may be  noted that the method employed in obtaining 
the generalized expansion can be applied to expansions in 
other functions, if the necessity arises in connexion with any 
physical problem. 

June 1907. 
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