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On Fundamental Systems for Algebraic Functions. By H. F.
Bakgr. Read January 10th, 18935. Received, in abbreviated
form, 18th February, 1895,

In a note which has appeaved in the Math. Annal., Vol. xrv., p. 118,
it is verified that certain forms for Riemann’s integrals, given by
Herr Hensel for integrals of the fivst kind, and deduced by him
algebrnically from quite fundamental cousiderations, can bo very
briefly obtained on the basis of Ricmann’s theory. But u desive to
dispense with the homogeneous varinbles used by Heer Iensel hag
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led me to under-estimate the necessity for formally establishing: one
particularity implied in that representation. The assumption is
made (see p. 121, bottom) that a set of fundamental integral func-
tions, such as those of which general forms are given by Kronecker,
can be taken so that in the expression of an integral function by
them no redundant terms, or terms of higher infinity than that of
the function, need be employed. It is obvious, of course, that not all
tundamental sets have this property—for instance, when p =2 and
A is great enough (1, y+2") is a fundamnental set not having it (as
suggested to me by Herr L. Baur). DBut it is easy, nevertheless, to
specify such a system (having, in common with all fundamental
systems, the property of not being connected by any integral relation)
—as in § 2 below. This forms the main object of the present note.
The following paragraphs ave intended to prove, what would seem to
be nearly obvious, how a fundamental system for lomogeneous forms
may be thence deduced. The actual algebraic determination of a
fundamental system for an avbitrary algebraic equation, which gives
such interest to Herr Hensel’s papers, is not considered here. -

I wish to add that the matrix Q, occurrving page 123 of my note,
may not without proof be assumed to have all the elements on the
right of the diagonal zero, or g, to have the simple form there
indicated—an unessential modification-—nor is there need, as stated
-on p. 129, to take { = O to be a place where I"(n) is not zero. §6
below is added to explain the solution given on that page (cf. Hensel,
Math. Annal., x1v., 598).

I hope I shall be allowed to supply in this connexion the reference
—Chuvistoffel, “ Ueber dic canonische IForm der Riemannschen
Integrale erster Gattung,” Awnali di Mat., 2™ servie, Tom 1x., 1878-
1879.

[The remarks included in square brackets were added since the
paper was submitted to the referees. ]

1. Suppose that for rational functions whose\only infinities are at
the (z or less) places 2 = a of a Riemann’s suirfuce we can construct
a set by, ... h,_, of functions, also only infinite ut;\t_,lxesu places, such
that every function whose only infinities are at these places cun be
expressed in the form

r= (0 2)r (0 22) e (1), ot

in such a way that the lowest integral power of z—a, say (x—a)®, for
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which (x—a)? F is finite at all places @ = a, s sufficient, used as a
multiplier, ta make every term on the vight finite at = a.

Let 7,+1, ... r,_i+1 be the lowest integers such that

gi= (—a)"*'h,

is finito at all the places # = a. Then g; will be an integral function
on the smface, and in the sense employed in the note referred to
(Math. Annal., xuv., 119) will be of rank r, We shall also speak of
it as of dimension* r;+1 (see below, § 4). D is the dimension of the
integral function (#—a)”F and D~—1 its rank.

Let, now, f be any integral function of rank 7, 50 that (@=a)-t0 g
is only infinite at the places & = u, while one at-lenst of the values of
(z—-a)~"f at 0 will be . By the assumption we can write

(—a) ) f = (1, .._l__)‘+ (1, __1—)1 B+ ...,

z—a z—a
and the D used in stating the assumption is r+1, while

(z—a) ! (1, —{-a))“ hi = (x—a)™* (1 1 ) i1

Y ' g—ala (z—a)"*?

is finite at 2 = a; thus
T+1 § X,-+1~',-+]..

Hence we can write
f= (2—a, 1), (x—a)*'*+ ... + (x—a, V)p (@—=a) ™M=tV g p

namely, (1, ¢, g3 ... gumr) are a fundamental system for all integral
functions f, such that in using them no terms occur on the right
whose rank is greater than that of the function to be expressed.

2. Consider, then, the construction of such a system as h,, by, ... o, _y-
‘We may assume that the places # = a are none of them branch points:
—that is, there are n places, and that in each sheet 2—a is zero of
the first order—and may write

T—qa = T N

and afterwards & ==, and so are reduced to finding a fundamental

¢ Though the dimension thus defined wilt depend on the values of the coefficients
in the expression of the function as well as on the algebraic form.,
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fystem for integral functions when the places # = w0 are distinct.
We may further assume that the derived function F’(n) does not
vanish.

The orders of infinity of all integral functions in the varions sheets
will therefore be all expressible by integral powers of .

Any integral function may be represented by (B, I, ... It,), where
R, ..., R,, which we shall call the suffixes, nre the orders of infinity
‘in the various sheets. By subtracting a suitable polynomial in z of
degree I3, we may express the function in the form

(B By ove B2) = (@, D) ayt (S 8oy vvv Sucsy 0) oo (i).

Consider, then, all integral functions of which the »™ suffix is zero.
It is possible to construct such a one with given sunflixes, provided
the sum of the suftixes be p+1; otherwise it is possible with a sum
less than p+1 [as follows immediately from the Riemann theory].
Starting with a set of suflixes (p+1,0,0, ... 0), consider how fir
the first suffix can be reduced by increasing the 2,3, ... (n—1)%
suflixes. In constructing the successive functions with smaller first
suffix, it will be necessary in the most general case to increase some
of the other 2", 3*, .., (n—1)t suffixes, and thero will be a certuin
arbitraviness as to the way in which this shall be done. But, if we
consider only those functions of which the sum of the suffixes is less
than p+2, there will be only a finite number possible for which the
" first suffix has a given value. There will, therefore, only be n finite
number of fanctions of the kind considered for which the further
condition is satisfied that the first suffiz is the least possible such that «t
is not less than any of the others. Let this least value be w;, and
suppose there are k, functions satisfying this condition. Call them
the reduced functions of tho first class, and in general let any fanc-
tion whose 2th suflix is zero be said to be of the tirst class when its
. tivst suflix is greater or not less than its other suflixes. In the sume
way reckon as functions of the second class all those (with uth guffix
zero) whose second suftix iy greator than the first suffix, and grentor
than or equal to the following suflixes. Let the functions whose
sccond suflix has the least value cousistently with this condition be
called the reduced functions of the second class, k, in number suppose,
the vulue of their second suftix being +,. Then #, is the leust
demension occurring among fanctions of the second class.  In general,
reckon to the ¢t class (Z< ) ull those functions, with 2th saflix zero,
whose ¢! suflix is greater than the preceding suflixes and not lesy
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than the succeeding suffixes ; lot these be k; reduced functions of this
class with 2t suflix equal to 7y, Clearly noné of =, ... =, is zero.

Let now (S, ... Sioi 2% Si ... Sucty 0) be any function of the sth
‘¢liws other than a reduced function of this cluss,

(IB, > Sli > S.), cery > IS"..], :z S“.l, s z S,.-l, 13.> ’l'.'),
and let (s, ... Sic17i8is1s «vv 842, 0) be o selected one of the reduced
funetions of the zth class
(')'1 > Sy eee > S __>: Sicly oee ; h',,_l).
Any one of the k; veduced functions may be chosen. Then, by choice
of & proper constant coeflicient A, we can write
(b’,Sg e Si-l R.'Sh] soe Srmh 0) _Awﬂi—fi (slsi vee Sim1 T Sia1 ees Sy 0)
= (,1,1 e T"-—h 1!5:, T.",l, . T,.-], R;'f‘"i) n-u...nu(ii-),
where B < Ii,.

T, may-be as great as the greater of S, Iy—(r;—s,), but is
certainly less than I;, and, similarly, 1, ... 2., are certainly less
thau I, ' .

T;., may be as great ns the greater.of 8., Ii—(r;—si,1), and is
therofore not greater than R, and, similarly, 1',,, ... 1’ ., are certainly
not greater than I,

Further, if (2, 1)p,—s be o suitable polynomial of order Ik—r;,
wo can write

Py 0B s Ty By—r) — (2, 1) =y
=(IS" eve S:_l jl’:’ ".{4.1‘ eee S,’,-l, 0) seeesvane (iii.),

where R may be as grent as thoe greater of 1, I;i—r;, and is
certainly less than IS, :

S} may be ns great as tho greater of 14, B;—r,, and is certainly luss
than I, and so for Si ... 8.

Sis may bo as great as the greater of 1y, f=r;, and is certainly
nob greater than B, and so for S, ... Si.,

Now, thero ure two pbssibilitic:‘s :

Kither (8] ... Si-y B Sipi-e.s Sy, 0) is still of the ¢t ¢lnss, namely,

B> 8y e >80 28000 2800,
and in this cuse it is of lower dimension (1(]") than

(Sl er S;_l y i S.‘,; - Sn-'h 0).
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Or it is a fanction of aunothor class, of dimension possibly as groat
as before (though not greater), but such that the number of suffixes
whose valne is this dimension is at least one less than befove.

[And, s0 far ag theso wre essential to the romainder of the argnment,
theso possibilities can be stated in the simplor forms :
(1) Kither (87 ... Si.i B S/, ... 8,.1,0) is of lowor dimonsions
than (SI “ee S.’-l Ii’-; SH-I ves b'u-h 0) H

(2) Or it is of tho samo dimension, and then belongs to a
more advanced class {that is to the: ({+%)™ class, where

k>0}.]

Iu the same way, if (¢, ... 47ty o0 b,y 0) be o veduced fanction

of the ¢t clasy other than (s, ... 8173841 o0 5,.14-0), Wo can, by choice
(tl v bbby 0)—14 (s, cer S TiSigr wee Sy 0)

= (t: ore [:_ﬂ':t,;l ces t,',_l, 0)....,................(iv.),

wheve ») <, 8, ... ti_y muy be respectively ay groat as the greater of
tho pairs (f, 8,) ... (fizyy 8521), but are each cevtainly less than o,
while, similarly, nono of ¢, ... £,_, is greater than »,

The fauction (&) ... bioyri by e by, 0) carmot be of tho 4" class,
since no function of the ¢t cluss has ity suflix less than »;, and, what-
eyor.class it belongs to, though its dimensions mny be as great as
before, the number of suflixes having o value equal to this dimension
in ut least one less than befove.

Hence, selecting n—1 reducod functions, vne from onch class, say
1> ay wem ffuary @ty function whatevor, of dimension Iy, can be ox-
pressed as a sum of

.(1) Powers of 25 (2) one of g, ... g,y multiplicd by powers
of w; (3) a function which is either of lower dimension, or, if of
the samo dimension, has not us muny suflixes reaching the
dimeunsion as the function oxpressed.

In noue of the equations (11.),.(i1i.), (iv.) does thero vecurauy term
of dimension greater thun £;; and in cquution (i) no term on the
right is of higher dimension than the left.

[ence any function ean bo expressed in the form
f =.(","’ I)A‘F'(.u,':'ll),, It o+ G 1), gua + 1

where I is a function of lower dimension than that of f, and no
terms ocenr of highor dimgusign than thut of f.
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Hence any function can be expressed
.f = (a:, 1)‘\"‘ (=, 1)» it + (:t', 1).,5],.-|+ F,

where I, is one of the k,+...+#k,.; reduced functions, and hence in
the forin
(Z', 1)!.+ (z' l)p. 91 + v + (zi 1).,9»:-|+Fg.

where F, is a reduced function of the lowest dimension occurring,
and thence, sinco there are no functions of dimension less than those
of the lowest reduced function, can bo exprossed in tho form

f= (10, ])L+(:uo l)u .{/|+ LR + (-'17, J)N (Iu.n
and none of the terms on the rvight weo of higher dimension than

that of f.

[It is cusy to sce that tho rosulting system of fundamental fune-
tions is practically independent of the order in which tho sheets aro
arrunged.  Moreover, the theovem can bo stated more generally,
having regard to functions iutinite in all but one of tho (simple)
poles of any algebraic function of the surfuce.]

3. As an example we may give (sco next-page) tho specifications
of the reduced functions for a sarfuce of four sheets in the case in
which no integral fanction exists of agpregato ovdor less than p+1.

Tuking the standard reduced functions to bo those which ure here
first writton (at random), wo muy exemplify the way in which others
are expressible by them, in two cases:

(«) When p+1 = 30,

(M, ML+ 1, M—1,0) =X (M—=2, M+41, M+1,0) = {M, M, M+1, 0},
the right hand denoting a function whose infinity orders aro at loast
not higher than those muked —, while
{M, M, M+1,0} =X (M~1, 1, }M+1,0)
= {MM, M, M,0} = A (M, ], M, 0)+DB
(since u function of p+4-1 polos has two constants, as hore). Honce
wo have the expression
(M, M +1, M—1,0) = Ag,+ A g,+ dg,+ B.
(b) When p-+1 =341, we obluin
L+, '+, P-1,0) = Ag,+ A4 (P, 241, 2,0+ 1
= Ay + A [N gu+ Oy + D]+ L.
VUL. XXVL~-No. OU7. 1



Mr. H. F. Baker on

114

(0'd ‘1+d ‘q)

0T+ ‘1= ‘1+d) .

[0 ‘T=d ‘T+d ‘1+d)

. : !

d=ds 444 O ‘T+d ‘T 'Z} | (01+d ‘T+d ,Tm.,._ (07 ‘7 1+d) . +aE =144}
_ - N 0 @ '1=x W . .

d=2-N8 | N ‘1-X ‘1-N | (0 T+x ‘1-x ‘1—X) 0N ‘N1—4x) ) 01— X0 1-Xe=1+d |
ROREI EEY & N

. o w1+ rit-m)i : i

d=1-me| H W U= | © T+ u—ir) {014+ T+ T-R) ! o gr o e =ddy
sse1) PAL ssv]) puooag ssepasng !

51 umg " _Ruwy 30 o ;
980 A1aagoadsayy : - 1 i
Jo.suopoun g padmpay - !




1895.]  Fundwmental Systems for Alyebraic Funelions. 115

['.l'he specification of all reduced forms of given class for any
number of sheets is clearly an easy arithmetical problem. A sot of
reduced forms when

p+l= (n=1)k-r

where r<n—1, is clearly given by

Ty oo Grpt
=k oo o k=1, . k=1, 0) (=1, k, ... k, k=1, ... k—1, 0) ...
v (=1, ... k=1, %, ... k, 0),
Trazy ore Jut
= (1, oo =1, led ], Ty oo By O (=1, . b1, ley ot 1y Ky oo K, 0) ..
e (=1, =1,k ... k41, 0),

wherein in the first vow there are # numhbers k—1 in each symbol,
and in the secomd vow there are 7+ 1 numbers k—1 in each symbol ;
in each case k, ... &k denotes a sel of numbers k, nud k—1, ... k—1
denotes o set of nambers 5—1. The vanks of the functions ¢, ... ¢,
are ench k—1, nnd of thesymbols g,,4, ... ¢, ave each k; their sumis

(r+1)(le=1) 4+ (n—r—2) ki = (n—1) k—r—1 =p.]

4. Passing from the theory of fundamental systems, I proceed to
consider the connexion between the dimension of an integueal function,
ag hitherto defined, and the dimension of an integral form, as defined
by Herr Hensel.

Liet an integral algebraie function satisfy the equation
S+ )+ =0,

Put f ="K, giving

Ko 4 I (-a!;.)”"’“' (1 ‘:1;)"‘4- =0,

Lot D be taken to he the least positive integer, sueh that K s
finite at all the places @ = o, so that D=1 ix the rank of f. Then
D is the integer actnally, and just less than the greatest of the

quantitics —'}-,"- +1.
D
12
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Putting @ = wf, {"f = F, we have the equation

Fog o 4 P10+ A (0, 1)y 4.0 =0,

The effect of writing here tw, t for w, { is to multiply F by ¢2.
Heneo tve may speak of I! as o homogeneous form of dimcusion D ;
integral in the sense that it does not become infinite for finite values
of wand {. It appears, then, that D is what Herr Hensel calls the
dimension of tho form I' (see Orelle, Cix., pp- 7 and Y Math, Ann.,
1xv., H99).

5 We can show now how to form o fundamental system for tho
expression of homogeneous integral forms.
Lieb g, ... gu_r be integral functions for the surface
Py 1)+ =0,
such that every integenl function can he written in the form
T= D),
the right hand containing no terms of higher rank than that of f.
Namely, it D bo the dimension of f, r,+1 that of g5, DS 7 + L

et I be any integeal form which in Hensel's sense is of dimen-
sion D5 that-is, a form sulisfying an equation of the form
g5 MU N Ul (w, Oint... =0,

{

wherein the cocflicient of J~% is homogencous in w, ¢ of degree ¢D,
so that the form F is changed to P, when w, { avo changed to tw,
tf.  'Wa consider how far the process of § 4 can he inverted. Let

(@ Do = §P= (u, o
the generval case being when
A=<,
Thm.\ y~ P I, which we denote by f, satisfies an eqiation
S+ Dy 4+ =0
If no one of A; he so small as 2D —g, the i‘ntcgcrjnst less than tho
greatest of the qmantitics -g'—‘- +1 will be as great as 1), and will

theroforo be D, since X; % iD. If, however, ovory one of X is as
small ay ¢d—17, say
A =i (D=r)—1Is
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go that L, is zero or o greater integer, but every value of L; is not as
great as ¢, the greatest of the quantities

—}‘,—‘- +1= D—-'r-i—'( - -I—li)

D 7
is greater than D—7, and less than ov equal to D—»41. Hence the
vank of fis D—r+1. In this case, however, (7 = {'} satisfies an
equation T -f—G’".‘{"‘ (0, Oa .. =0,

and is an integral form of dimension D—7, So that, though an
integral function f of vank D—1 necessarily leads to an integral form
of dimension D, {7f, an integral form I of dimengion I will lead to
an integral function f = ¢-PF, whose vank is. D—r—1, ¢ being the
greatest integer snch that {7 F is an integral form.

Since f is of vank DD —r—1, it can he written
f=(n Dyt @ Dugit o
where ' :U—"r-.(l-lvi‘f‘fi"" )20
Therefore G = ¢P-"f can i)c “'l'“‘-";‘v“.“'
O = (O g e ) g
where y; = £mit 1y, ds n,u.intcgr:l.l form of din\ens_i()n r+1

Thervefore every integral form I (= (/) ‘can be writfen in terms
of the fandnmental system y; in the form

F= .4+ Ot
where k= D—(r;41) iy positive.

Conversely, every expression of this form is an integral form of
dimension 1.

Henee 1, ¢ +1 I [t 1 P [r,,._]v-o-l ”"_'l .
form a basis for the representation of integral forms.
6. 11, for o surface
@) =y"+Qy '+ ..+ Q. =0,

we are given a fundamental system of intogeal fors vy, e ... (such
as found in §5), we enn determine their dimensions hy expressing
‘them in terms of the variables w, §, », where (D=1 being the rank
of y), y =¢""n, @ = w/l; or by forming the-cquations satisfed by
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them. If, however, we do not use homogencous variables and ave
given a fundamental system of integral functions gy, g, ..., and
require to determine the ranks of them, we may either consider their
orders of infinity at 2 = w, or form the cquation satisfied by them
(using then §4). But, in a certain case, we can moro simply use the
remark “ When the functions g,, g,, ... ave of the form

Nl )

2 (2, 1) g

whicl is & common case, or, morve generally, of the form

g Ry AT
i Mg n;
a (1)

whevein %y, ... I ave such polynomials in a that, by the substitution
y =¢ ", & = 1/{, the nwumerator becomes changed to

P n 0 S+ .+ S,

wherein S,, ... S; are #nfegral polynomials in ¢, and the equation is
such that

() =20 0,0 = [0 270,27

does not vanigh at any place ¢ =0, then the eflect of substituting in
gi for y, @ vespectively y = g4™", @ = 1/{ is of the form

I Y
9= ¢ (s P

wherein @, ... Q; ave gufegral polynomials in ¢, Namely, the vule for
the rank (r;) of an integral function g, whose expression is given is
to notice the power r.+1 of ¢ which disengages itscell under the
speciticd substitution.”

1u fact, this equation shows (1) that gmit! g 1s finite when £=0
(since n is finite when {=0), and (2) that A 1_6_11 (e a positive
integer), which is equal to
e
” 1
(l’ ‘)u‘

cannot he finite at every place ¢ = 0, unless 9' 40" G+ .. vanish at
every such place.  Bnt, since IV (y) does wot vanish, there ave
n distinet vadues of  at =0, and this polynowmial, of ovder less
than n, cannot vanish for every one of them.
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When I (1) is zero at { == 0, and there arc only % distinct values
of » there, woe can still use this remark to determino the renk of

gy Jas eoe Gro1s
For instance, when the surface is
Z/s+.7/’ (!U, 1)2"'3/“’ (.’L‘, 1)1+Amﬂ = Ov

y is of rank 1, and a fundamental set of integral functions is

+Qa

" 3.
1, &, 2 These are respectively veplaceable by 1, -L—-_L/Q'
y

y'Al
3+ Q,, and these lead, by 4 = 7™, x =1/Z, to
G=4" ['7’*'(11 5)2],
g=7 [0 (1, 0.+ (L 0]

At = 0 therc are two distinet values of 9, the vank of g, is correctly
given, but that of g, incorrectly, by noticing the power of ¢ which
disengages itsclf.

It is ensy to sce that &g, = —A(—— is finite at ¢ =0, and that
1, (7, (’-—— form a fundamental ﬂ_yqtcm of integral forms. (Cf.
y*

Hensel, Math. Aun., xuv., 599, and Math. Ann., xuv., 129.  Heer
Hensel's fundamental system (1, », #*) should be printed (1, n,,n;).)

Electric Vibrations in Condensing Systems. By J. Larmor.
tead December 13th, 1894, Reccived Decembor 22ud, 1804,

1. Tn forming a theory of rapid cleetric vibrations, the first point
to scttlo is as to the conditions that may be taken to hold at the
boundary of the diclectric medinm, where it abuts on a good con-
ductor like a metal. 1t is well known that when the vibrations ave
of snch short period as free vibrations usually are, the enrvenis in
tho conductor are confined to mere sheets on the surface. Inside
these surface sheets the electric force is noll and the magnetic force
is null; for if any such forces, of alternating character, existed, thero
would be currvents induced by them, contrary to the fact. The cir-



