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On Fundamental Systems for Algebraic Functionn. By H. P..
BAKER. Read January 10th, 1895. Received, in abbreviated
form, 18th February, 1895.

In a note which has appeared in the Math. Annal., Vol. XLV., p. 118,
it is verified that certain forms for Riemann's integrals, given hy
Herr Hensel for integrals of the first kind, and deduced by him
algebraically from quite fundamental considerations, can bo very
briefly obtained on the basis of llienmnn's theory. Jiut a desire to
dispense with the homogeneous variables used by Herr Nensol has
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led me to under-estimate the necessity for formally establishing one
particularity implied in that representation. The assumption is
made (see p. 121, bottom) that a set of fundamental integral func-
tions, such as those of which general forms are given by Kronecker,
can be taken so that in the expression of an integral function by
them no redundant terms, or terms of higher infinity than that of
the function, need be employed. It is obvious, of course, that not all
fundamental sets have this property—for instance, when p = 2 and
A is great enough (1, y+ax) is a fundamental set not having it (as
suggested to me by Herr L. Baur). But it is easy, nevertheless, to
specify such a system (having, in common with all fundamental
systems, the property of not being connected by any integral relation)
—as in § 2 below. This forms the main object of the present note.
The following pax'agraphs are intended to prove, what would seem to
be nearly obvious, how a fundamental system for homogeneous forms
may be thence deduced. The actual algebraic determination of a
fundamental system for an arbitrary algebraic equation, which gives
-such interest to Herr Hensel's papers, is not considered here.

I wish to add that the matrix !}, occurring page 123 of my note,
may not without proof be assumed to have all the elements on the
right of the diagonal zero, or y-, to have the simple form there
indicated—an unessential modification—nor is there need, as stated
on p. 129, to take £ = 0 to be a place where F' (rj) is not zero. § 6
below is added to explain the solution given on that page {of. Hensol,
Math. Annal.y XLV., 598).

I hope I shall be allowed to supply in this connexion the reference
—Christoffel, " Ueber die canonischo Form der Riemannschen
Integrate erster Gattung," Annali di Mat., 2me serie, Tom ix., 1878-
1879.

[The remai'ks included in square brackets were added since the
paper was submitted to the referees.]

1. Suppose that for rational functions whoseVmly infinities are at
the (n or less) places x = a of a Riemann's surface we can construct
a set /i,,... hlt.\ of functions, also only infinite at\theso places, such
that every function whose only infinities are at tliese places can be
expressed in the form

) ( , ) h + ( , ) , ,

x—a/x \ x—a/x, \ x—ulxt

in such a luay that ike lowest integral 'power of x—a, say (co-—(typ, for
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which (x—a)v F is finite at all places x = a, is sufficient) tised as a
•multiplier, to make every term on the right finite at x = a.

Let Tj + 1,... r,,_i + l be the lowest integers such that

* , = (*-a)**1 ft,

is finite at all the places x = a. Then gt will be an integral function
on the surface, and in the sense employed in the note referred to-
(Math. Annal., XLV., 119) will be of rank r,-. We shall also speak of
it as of dimension* 7\ + l (see below, § 4). D is the dimension of the
integral function (x—a)DF and B—1 its rank.

Let, now, / be any integral function of rank T, SO that (x — a)"('+1) f
is only infinite at the places x = a, while one at least of the values of
(a;— a)~rf at oo will be oo. By the assumption we can write

x — a/\ ^

and the D used in stating the assumption is r + 1, while

- ) 7*i=(«a)Wl,-M &—
a—a/A, V x—a/K (x-a)i+

is finite at x = a; thus

Hence we can write

/ = (x-a, l ) x ( B - a ) f t M + . . . + (» -a , l )x , (»-a) T + l - A «-^ + « jfi+...,

namely, (1, glt git ... 9,,_i) are a fundamental system for all integral
functions/, such that in using them no terms occur on the right
whose rank is.greater than that of the function to be expressed.

2. Consider, then,the construction of such a system as hu h.2, ... hn.^
We may assume that the places x = a are none of them branch points
—that is, there are n places, and that in each sheet x—a is zero of
the first ordei*—and may write

x a = -—,

and afterwards i; = OJ, and so are reduced to finding a fundamental

* Though tho dimension thus defined will depend on the values of the coefficients
in the expression of the function as well as on the algebraic form.
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•system for integral functions when the places # = 00 are distinct.
We may further assume that the derived function F' (rj) does not
vanish.

The orders of infinity of all integral functions in the various sheets,
will therefore be all expressible by integral powers of a:.

Any integral function maybe represented by (72,,I23,... Tin), where
JS,, ..., !?,,, which AVO shall call the suffixes, are the orders of infinity
in the various sheets. By subtracting a suitable polynomial in x of
degree It,,, we may express the function in the form

(A, ll3, ... i O = (x, l K + OSf,, 8U ... 8,,.u 0) (i.).

Consider, then, all integral functions of which the wth suffix is zero.
It is possible to construct such a one with given suffixes, provided
the sum of the suffixes be p + 1; otherwise it is possible with a sum
less than p + 1 [as follows immediately from the Hiemann theory].
Starting with a set of suffixes (j? + l, 0, 0, ... 0), consider how far
the first suffix can bo reduced by increasing the 2, 3, ... (n—l)th

suffixes. In constructing tho successive functions with smaller first
suffix, it will be necessary in the most general case to increase some
of the other 2nd, 3rd, ... (n— l ) t h suffixes, and there will be a certain
arbitrariness as to the way in which this shall be done. But, if we
consider only those functions of which the sum of the suffixes is less
thanp + 2, there will be only a finite number possible for which the
first suffix has a given value. There will, therefore, only be a finite
number of functions of the kind considered for which the further
condition is satisfied that the first suffix -is the least possible such that it
is not less than any of the other's. Let this least value be r,, and
suppose there are ft, functions satisfying this condition. Call them
the reduced functions of tho first class, and in general let any func-
tion whose nih suffix is zero be said to be of the first class when its
first suffix is greater or not less than its other suffixes. In tho same
way reckon as functions of the second class all those (with nth suffix
zoro) whose second suffix is groator than the first suffix, and greater
tlian or equal to the following suffixes. Let the functions whose
second suffix has the least value consistently with this condition be
called the reduced functions of tho second class, Â  in number suppose,
tho value of their second suffix being r4. Thou r.t is tho feast
dimension occurring among functions of the second class. In general,
reckon to the ith class (i<w) all those functions, with w11' suffix zero,
whose i11' suffix is greater than tho preceding suffixes and not less
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than the succeeding suffixes ; let these be kt reduced functions of this
CIIISH with iUl suflix equal to r{. Cleai'ly none' of r,, ... r,,_i is zero.

Let now (»S\ ... <&VI^JS;+I ... #,,_i, 0) be any function of the 4th

chum other than a reduced function of this class,

/ ;-> O «^ C -^ O ^ C? > O 7> >^ ,. \

and let (sx... fc'.-.r^Sj+i, ... &•„_!, 0) be a selected one of the reduced
functions of the j ' t h class

(rx > t>u . . . > «,_i > «,-,.x, . . . ^ «,,-i).

Any one of the A', reduced functions may be chosen. Then, by choice
of a proper constant coefficient X, we can write

= (2',... Trf_h BJ, Tw, ... T,,.,, JKi-r,) (ii.),

where It\ < lit.

'1\ may' be as great as the greater of 8U li-t—(?•,•—s,), but is
certainly loss than 11;, and, similarly, '1\, ... rl\.i are certainly less
than Hi.

jf', + i may bo as great as the greater of S,+i, Ji5,—(v\—s,tl), and is
therofore not greater than 22,-, and, similarly, Ti+a,... 'i1,,., are certainly
not greater than 22,.

Further, if (a;, l)ji ;-»i be a suitable polynomial of order 2̂ —9*$,
we can write

= •(#... 1 . K & ... fl:.b0) (Hi.),

where J2-' may be as great as the greater of li'h 22,—9*,-, and is
certainly less than 22,-.

8[ may be as great as the greater of Tv 2B»—r(, and is certainly less
than lih and so for 8* ... <S'i_i.

iS'i+i may bo as great as the greater of 2V+i> 22,~r,-, and is certainly
not greater than lih and KO for JSJ+2 ... #',-i.

Now, there are two possibilities :

lilithor (8[... S;_,-JO;+,-... K-i , 0) is still of the »»»» class, namely,

and in this case it is of lower dimonsion (l\'t) than
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Or it is a function of anothor class, of dimension possibly as groat
as before (though not greater), but such that the number of suffixes
whoso valuo is this dimension is at least ono loss than before.

[And, BO far as these are essential to the remainder of tho argument,
theso possibilities can be stated in the simpler forms :

(1) Kithor (S{ ... Si-i Wi'Sl+i ••• S«-hO) is of lower dimensions
than (8l...8t.l1tt8M...tim.u0)i

(2) Or it is of tho samo dimension, and then belongs to a
more advanced class [that is to the (i'+k)ttl class, where

}]
In tho same way, if (/,... ^. .rr ,^, . . . t,,~u 0) bo a reduced function

of the tlh class other than (&-, ...Si_ir,6'<+1... s,,_i,-Q), wo can, by choice
of a suitable coefficient /*, write

Oi . . . ti-i'itui ••• f,,-i, 0)—/*(&-, . . . s.--irfS,-+, . . . &•„_,, 0 ) .

= (t[ ... tUrUUx ... Ci, 0) (iv.),
whero r\ < rh t\, ... /,'_i may be respectively as great as the greater of
tho pairs (tu .s,) ... (f,-_i, s,-.i), but aro each certainly less than rlt

while, similarly, none of /,'fl, ... '̂,_1 is greater than r,.
The function (t[.... /,'_iv,'̂ ,'+i ... t'H.i, 0) cannot be of tho t11' class,

since no function of the ittl class has its suffix less than?1,-, and, what-
evor.class it belongs to, though its dimensions may bo as great as
before, tho number of suffixes having a valuo equal to this dimension
in at least one less than before.

H(!?«;<;, selecting n—\ reduced functions, ono from each class, say
</,, j / a , if,i--u any function whatever, of dimension 1ih can be ex-
pressed as a sum of

(1) Powers of x; (2) ono of j / , ... </,,_l multiplied by powers
of x ; (II) a function which is either of lower dimension, or, if of
tho sanio dimension, has not as many sullixes reaching the
dimension as the function expressed.

In none of tho equations (ji.),.(iii.), (iv.) does there occur any term
of dimension greater than 7i5,:; and inequation (i.) no term on the
right is of higher dimension than tho left.

[Icucc any function can be expressed in the form

/ =•(.*, i)A^Ki),.'/,+...+(*, l),*/,-!**1,
whero //' is a function of lower dimension than that of /, and no
terms occur of higher diingnsjjjn than that-.of/. .
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Hence any function can be expressed

/ = (», l)A+(a, 1),,», + ... + (*, l^flf.

where i^ is one of the &, + . . .+&„^ reduced functions, and hence in
the form

(a;, l)»,+ (a, I

whore Fa is a reduced function of tho lowest dimension occurring,
and thence, since there aro no functions of dimension less than those
of the lowest reduced function, can bo expressed in tho form

/ = (x, 1),.+ O, l)«j/, + ... + (», l)sgu.i,

and none of the terms on the right are of higher dimension than
that of/.

f i t is easy to see that tho resulting H)'ntein of fundamental func-
tions is practically independent of the order in which tho sheets aro
arranged. Moreover, tho theorem can bo stated more generally,
having regard to functions infinite in all but one of tho (simple)
poles of any algobraic function of the surface.]

3. AH an example we may give (see next-page) tho specifications
of tho reduced functions for a surface of four, sheets in tho case in
which no integral function exists of aggregate ordorlcss than p + 1.

Taking the standard reduced functions to bo those which aro hero
first writton (at random), wo may exemplify tho way in which others
are oxpressiblo by them, in two cases:

(a) When p + l = 8Af,

(M, Af+1, i»f-l, 0 ) -A (M-2, ilf+1, M + 1, 0) = [M, M, Jlf+1, 0},

tho right hand denoting a function whoso infinity orders aro at loast
not higher than those marked —, while

{M, M, ilf+1, 0} -A , ( M - l , l[t ilf+1, 0)

= {M, M, M", 0} = A (M, M, M, 0) +U

(since a function of 2H-I polos lias two constants, as bore), llonco
wo have the expression

(Jlf, M+1, A f - 1 , 0 ) =Xt f j + X,9l+^</l + i;.

(/;) When y * + l = JW' + l, wo obtain

( i '+i , v+i, v-1, o) -: \9I+A (V, P I - ], r, o) + u

= ^Ji-\Al\llh-\O<ji + .D']-\-i;.
vui.. xxvi.—NO. 5U7. l
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[The specification of all reduced forms of given class for any
number of sheets is clearly an easy arithmetical problem. A sot of
reduced forms when

j p + l = ( n - l ) f c - r ,

•where r<n—1, is clearly given by

= (fc, ... fc, fc-1, ... fc-1, 0 ) ( f c - l , fc, ... fc, fc-1, ... fc-1, 0) ...

. . . ( / c - 1 , ... fc—lf ft, ... fc, 0 ) ,

= (A:-!., ... fc-1, fc + 1, ft, ... fc,0)(fc-l, ... fc-1, fc, fc + 1, fr, ... fc,0)...

... ( f c - 1 , ... fc-l,fc, ... fc, fc + 1, 0 ) ,

wherein in tho lirst row there are r numbers fc—I in each symbol,
and in the second row there are r-f-1 numbers k — 1 in each symbol ;
in each case k, ... It denotes a sot of numbers 7c, and h — 1, ... h—1
denotes a set of numbers fc —1. Tho ranks of the functions g, ... g,.+{

aro each fc—J, and of tlie symbols flrr+2, ... g,,_^ are each fc; their sum is

(r + l)(fc-l) + (w-r-2)fc= (M-l)fc_r-l -p.]

4. Passing from the theory of fundamental systems, I proceed to
consider the connexion between the dimension of an integral function,
as hitherto defined, and the dimension of an integral form, as defined
by Herr Hensel.

Lot an integral algebraic function satisfy tho equation

Put f = xnK, giving

Let 1) be taken to be the least positive integer, such that K is
finite at all the places x = OD , so that J) — 1 is the rnnk of/. Then
.1) is the integer actually, and just less than the greatest of tho

quantities --,- +1 •

i 2
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Piitting x = w/£, £''/ = ^ w e have the equation

O M + - =0.
The effect of writing horo tut, t£ for w, £ is to multiply F by i°.

Hcnco wo may sponlc of I'1 as a homogeneous form of dimension D;
integral in the sense that it docs not become infinite for finito values
of M and '£. It appears, then, that J) is what Herr Hensel calls tho
dimension of tho form F (see GreUn, cix., pp. 7 and 5); Math. Ann.t
i.xv., :>W).

5. Wo can slum now how to form a fundamental system for tho
expression of homogeneous integral forms.

Let <•;„ ... *7,,_i be integral functions for tho surface

y+. . .4-y"- < (m, l ) / .+ ... = 0 ,

such that every integral function can be written in tho form

/=(«,.l), + (*,l)rt .+ ...,
tho right hand containing no terms of higher rank than that of / .

Namely, if D bo tho dimension of/, r,4-l that of g(, D~>T, f I.

Tiet F bo any integral form which in Honscl's sense is of dimen-
sion J) \ that is, a foj*m siiJisfying an equation of the form

F-+ ...+./<"-• (,,,O.i>+ - . = 0 ,

whoi'cin the coefficient of ./''""' is homogeneous in w, K of degree iD,
so that t-Uo form F is c)in.ngocl <o /°i'', when <•>, ^ nvo changed to tto,
f-Z. AVo consider how far (ho process of § 4 can bo inverted. Let

the general case being when .

A, = il).

Then y~iJJf\ which we denote by/, satisfies an equation

If no one of A, bo so small as il)— A, the integer just less than tho

greatest of tho quantities --' -f 1 will be as great as M, and will

therefore be Df eince A, >̂ ffl. If, however, ovory one of A< is at*
small a« id—ri, say
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so that Li is zero or a greater integer, but every value of L, is not as
great as i, the greatest of the quantities

is greater than D—r, and less than or equal to D—r-fl. Hence the
rank of/ is 7J —r-fl. In this ease, however, C? = C'F satisfies an
equation G- + ... + ( H { M » , 0*,+ : - -= 0,

and is an integral form of dimension' V—r. So that, though an
integral function/ of rank l)—\ necessarily leads to an integral form
of dimension J), £"/, an integral form I'1 of dimension D will lead to
an integral function / = £~nF, whose rank is D — r— 1, r being the
greatest integer such that £~rF is an integral form.

Since/is of rank i) — r—l, it can be written

where 7 ) - r - ( / t j + ri + l) > 0.

Therefore G — £w*'/ can be written-

where yj = £Ti+ ;/,• is an integral form of dimension r, + 1.

Therefore every integral form F(—C(>) can be written in terms
of the fundamental system yt in the form

.P= ... + («, 0A'Vi.+ - .

where ki — D— (J\ + 1 ) is positive.

Conversely, every expression of this form is an integral form of
dimension J).

lhncc 1, C> + lglt gv j / . ,

form a basis for the l-epreseirtation of integral forms.

G. If, for a surface

we nre given a fundamoulal system of integral foriiis y,, y, (such
ns found in §'f>), we can determine their dimensions by expressing
them in terms of the variables w, f, »/, whci-e (V — 1 being the rank
of ?/), y •=. £~ni)t ,r = »i//(|; or by forming the equations satisfied by
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them. If, however, we do not use homogeneous variables and are
given a fundamental system of integral functions r/,, f/2, ..., and
require to determine the ranks of them, wo may either consider their
orders of infinity at x = GO , or form the equation satisfied by them
(using then § 4). But, in a certain case, we can moro simply use the
remark " When the functions gv giy ... are of the form

*""(«, 1)"' '

which is a common case, or, more generally, of the form

wherein ]lu ... Ht are such polynomials in x that, by th.e substitution
y = £"%, x = l/£, the numerator becomes changed to

wherein Siy ... #,• are integral polynomials in '(, and the equation is
such that «> "V

F\n) =^F(n, 0 - ^ [ ^ " / ( ^ ^ (")]
On on

docs not vanish at any place £ = 0, then the effect of substituting in
</,• for y, x respectively y = ti%~J\ x — 1/<J is of the form

gi_t, __.„ i r o ^ — - ,

wherein (Jij, ..."?^ arc integrol polynomials in ^. Namely, the rule for
the rank (r,) of an integral function 7, whose expression is given is
to notice the power ri-f-1 of £ which disengnges itself under the
spei'ilied substitution."

In fact, this equation shows (1.) that £Tl + g, is finite when £ = 0

(sinre r; is finite when £ = 0), and (2) that £T|'+l~*f/ (c a positive
integer), which is equal to

(I. OH,

catmot be finite at every place '(. = 0, unless ?/'-rV~' Q,t\-... vanish at
every such place. JJut, since ¥(>/) does not vanish, there are
n distinct values of >; at Z, — 0, and this polynomial, of order less
than «, cannot vanish for every one of them.
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When F' (»/) is zero at £ = 0, and there are only h distinct values
of t} there, wo can still use this remark to determino tlio rank of

For instance, when the surface is

y' + y* (x, 1)2+T/.X (.r, 1), +ii*1 = 0,

y is of rank 1, and a fundamental set of integral functions is

1, — , -^-. These are respectively replaceable by 1, J-—«£-£* -J,
y y x

y + Qx, and these lead, by y = »/£-2, x — l/£, to

At £ = 0 there are two distinct values of »/, the rank of</, is correctly
given, but that of (jf3 incorrectly, by noticing the power of £ which
disengages itself.

It is easy to see that £y2 = — At,— is finite at £ = 0, and that
x x* V

1, £ —, 42—^ form a fundamental system of integral forms. (Of.
Ilensel, Math. Ann., xr,v., 590, and Math. Ann., xiiV., 12J). Heir
Hensel's fundamental system (1, TJ, T )̂ should be printed (1, VJI'/J)-)

Electric Vibrations in Condensing Systems. By J . LAHMOR.

Head December 13l.li, 1894. Itoccivcd December 22nd, 189-t.

1. In forming a theory of rapid electric vibrations, the first point
to settlo is a.s to tho conditions that may be taken to hold at the
boundary of the dielectric medium, where it abuts on a good con-
ductor liko a metal. It is well known that when the vibrations are
of such short period as frco vibrations usually are, the currents in
tho conductor are confined to mero shoots on tho surface. Inside
these surface sheets the electric force is null mid the magnetic forcu
is null; for if any such forces, of alternating character, existed, there
would bo currents induced by them, contrary to the fact. The cir-


