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The experiments here described are merely a preliminary
to large scale experiments in actual closed circuit telegraphy
the writer hopes to be able to try later on.

One drawback to the magnetic induction form of telegraphy
is the rapid rate at which the effect falls off with the distance.
In the case of true radiation at long distances the forces vary
inversely as the distance, but a more rapid rate of decay,
something between the inverse cube and inverse square, holds
good for the inductive effect at least at short distances.
Hence the use of magnetic oscillators as transmitters is never
likely for this reason alone to rival the electric or open
oscillator, but there may be circumstances under which it
is; possible to use them with advantage. In conclusion the
author desires to mention that the actual measurements
recorded in this paper were taken by his assistant, Mr. G. B.
Dyke, B.Sc., with the kind help of Mr. K. W. McMillan,
and to these gentlemen is due an acknowledgement of their
share in the work, in making these observations with much
intelligence and care.

LXIX. The Asymptotic Iixpansion of Bessel Functions of High
Order. By J. W. NicrorsoN, D.Sc., B.A., Isaac Newton
Student in the University of Cambridge*.

IN certain investigations in the theory of diffraction by
large obstacles the author recently found it necessary
to obtain some approximate formule for the Bessel functions
whose order is half an odd integer. The results can be
applied to a large number of physical problems, and in fact
supply the key to the solution of the majority of problems
connected with the bending of waves round large spheres,
with which little progress has hitherto been made. The
Bessel functions are of several types, determined by the
relation between their order and argument. The attention of
investigators has been mainly confined to the types in which
the order is small in comparison with the argument, which
may be of any magnitude. In this paper, expressions will
be obtained for functions of large argument, and of order
comparable with, but less than that argument. This special
problem has received little attention, and a memoir by Lorenz+
appears to furnish the only contribution yet made to the

* Communicated by the Author.
t FEuvres Scientifiques, 1. p. 405 et seq.
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subject. The results obtained by Lorenz may be sum-
marized as follows :—

Writing 7 (:)_: (g)ésinqb . (D

I @O=r(E ) s @

in all cases in which n+% is less than z, which is large;
then, if z—n—1% is of higher order than =%,

_(;2_“12) N € )
€

The formule deduced by Lorenz for higher values of =,
more closely equal to, or greater than z, are not relevant to
the present purpose.

When : and n are only moderately large, these forms cease
to be good approximations, and in this paper it is proposed
to generalwe them, and to carry the calculation to higher
orders.

Making, with Lorenz, the substitutions (1) and (2) in the
relation

/ nmw . n+.]_
b=(2—n+§)k- 5 +(+d)sint—=

TI—IT=(=)" 2,

it appears, after some reductlon that

dp 1
(]" R e e e e e e (5)

But for extremely great values of z, in comparison with
n, Lommel’s* ordinary formula yields

Thus nw (1 )d~ )

in the more general case when » is of order z.
The differential equation for the functions J must there-
fore be satisfied by the form

ff(§)%exp.zj‘:£:5.. e e (7)

* E. g., vide Whittaker, Modern Analysis, 1902, p. 204,
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Substituting this expression in the equation

B2 (1onent )

dz>  z d: ?
it appears that
RR"—1 R’2+(1— = ili}) - 2R*~2=0,

where the accent indicates differentiation with respect to 2.
If this be again differentiated it becomes linear, and yields
R'”+4(1_""f2+ 1) R+ "t Rog, L (9)

&~

which may be integrated in series.

By reference again to Lommel’s formula*, it appears that
when z is very great in comparison with n, R takes the
value unity.

The series solution of (8) satisfying this condition is

. —1l.n. 1. 2 1.3
R=1+1L*:Z2ﬂ-%+n _]1‘71;*' n+ '2’4+"' (9)

When # is of order z, and :—n is not small, this leads at
once to

ot

R= o
Vany g
as proved by Lorenz. The value of ¢ in (4) follows by (6)-

We proceed to obtain a definite integral for the function R.
Writing m=2n+ 1, so that m is an odd integer,

R=1+ m?—12 1 mi—12.m?—3% 1.3

£ 3T g ceat

2('s
= ;jo S(6) ae,
where
_ m2=12 cos*d m'—1%2.m?*—3% [cos?f\?
s@=1+". %, + " ( ) (10

But by a well-known resultt, since m is odd,

: 2__ 12 2_.12 ,,2__92
sinh mé = sinh ¢+ 7 1 sinh? 7 + ﬁﬂ—gsinh5t+,.,
m 3! 5!

* Loc, cil, T Vide Chrystal’s Algebra, Part IL. p. 180.
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Thus, if inht =% 0205 [/ ,
then 2zsinhmé _ m?=1% | fcos 02
- — = —“5—'— w (—gy) + ...

“m cosf

Bat when s is an integer,
-]

j‘ et utldu = s!
¢

L o
( e~ % sinh mt du ;
mcos § ]

Hence () =

u cos @ = 2zsinh ¢,

-2 ®
S0) = ;J‘ e—2zsinht/eos 6 sinh mt cosh ¢ dt,
m cos @ 0

or, since

w
and - p_2 j‘ 2 3(6)d6.
mJo
The usual rules for the change in the order of integration

are satisfied by the presence of the exponential factor, and
T

e 2
R= 5 j‘ sinh m¢ cosh tdtf ?sec?f. df. e—rseco (1)
mT 0 0

where A =2z sinh t.
Let Ko(M\) be the second solution of Bessel’s equation of
order zero, with independent variable A, defined by

aw
emAethugy, L (12)

7K, (\) = f

o 0

Then writing cos 8= sechu,

il @
j2 sec? @ . df e~Asecd :f cosh u . du . g—hoosh»
Y 0 .
= —7K,'(A).
L2 (@
Thus R=~ % sinh m¢ cosh ¢t K/(2z sinh ¢) dt
0

43] sinh me & { K, (22 sinh 7)dt,
o t
or (13)

R=4zf K, (22 sinh t) cosh mt dt,
0

after integration by parts, m still denoting 2%+ 1.



Eapansion of Bessel Functions of High Order. 701
As a double integral of reversible type,

R=£:Af J' e~2sinhtcosh oosh mt dedif. . (14)
T Jo Jo

First approzimation to R.

The most significant portion of the integral, with the
assumed magnitudes of m and z, occurs near ¢=0. Thus
writing sinh ¢=¢, and integrating over a small range which
is itself capable of being regarded as infinite owing to the
large argument of the exponentials,

4@/ @ o)
R= Ny d\lrf e~%teoshy oosh it d,
T Jo 0

to the first order of approximation.

This leads to
9~ ©
=% (L, 1
R T .,g; d\Pl 2z coshyr—m taz coshyr+m §

82 (7 d (sinh )
o AF—mP44z%sinh?
2z
= m ’ . . . . . . . . . . . (15)

in accordance with (3).

Approzimation of any order to R.

We proceed to obtain an expansion of the integral
I =5‘ edt, . . . . . (16)
]

. dv .
where A is large, and o’ or i 15 never zeroin the range of
¢

integration, v also being everywhere positive. By an in-
tegration by parts,

_ 1 .77 l(wdv | R
I= —50¢ ]0-}——);”0 dt(v’)e dt.

Under the conditions supposed, the second term is of lower
order in A than the first. Continuing the process, an
asymptotic expansion is obtained, each term being of a higher

order in ]x than that immediately preceding. Although not

in general convergent, this series may be used for calculating
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R to a high order, as in the usual theory of asymptotic ex-
pansions. The series is evanescent at the upper limit on
account of the exponential, and thus, if »=0,

(1 1 4 1
I—(w*’w iyt "'),,=0'

. d_1d
If E denote the operation =T di?
_1 E, , EJ ) 1
I —X(1+ TSt )y oo - (D

which may be symbolically written
IT=0=E) . (v . . . . (18)
where the sign of equality denotes asymptotic equivalence.
Now R = 2;( (LT dy, . . . . (19)

Pv1]

‘o

where (Ih I2) o J ¢ —2¢sinhtcoshytmt gy
0

If m is of the same order as 2, and such that z—m is not
of low order, these integrals are of the form treated above.

Writing A=2zcosh b, m=Ag, p<l,
and denoting I; or I, by 1,

I:f eAGERETEOA, . (20)
[

Thus in the above notation,
v =sinh F ut, 1,=0, v =1Fpu,
18 =), vt =1,

By help of these results it is readily proved that, if w=v’,

1 1
EU(;)= Eg(;))= =0

)=

1 110 [ ¢
o ty_ 1 4
EO(U’)_ wh + w’
SN 1,56 280 |
(N 1 493 2oV
Eo(w/— u"f-l-'w9 w! J

and so on, where w=1%p, Aw=2zcosh ¢y ¥ m.
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Accordingly,
Lttt 10 1. 56 _ 280
Tame Mw? At T N NwS T ATw® | ATl ot
which may obviously be expressed in the form
= 2 D oz ¥ 102 B
= {14 Sismm * siams * 01 s
4200 562 F 2802 B 1
'szm“+ ]! &EW"‘"Q‘!“ afzgﬁc-i- e
| (22)
=D. Xw

where D denotes the operation in brackets.
Accordingly by (19),

_ j‘ (L + Ip)dvr

=2), 21
j 2z cosh Yv—m *a CObll ¥+ m} v

9 1
e Dj‘ {2:cosh‘l’—m * 9z OOSh‘I"*‘m} W

since the integral obviously satisfies all necessary conditions
for differentiation.

The value of the integral is as in (15), and thus

T
(422 —m?)*

10z
R=2:{1+4 5 DD+ £ DD+ 107 Dot s 2 p,Dy

5622 28023

+ S DDA+ o

D#DS + ., (23)

o

1
It 72&‘ 755— = sin «, the second approximation becomes

1
57 a) sec’ a. . (24)

R =seca—
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Second form for the function R.

The formula just proved suggests the existence of an
asymptotic series of the form

R_N
2: &

where r=(42—m?} and A =1

s A, -
+‘£+T;+ ...... N ¢:1))

Such a series may be obtained directly from the differential
equation. Writing R=2zy in (8), it is found that
1Yy o ’ m® =1 5
"+ 3y g dzy (1" 4;2—) F4y=0, . . (26)

where 4n.n+41 has been written as 4m?2—1. With a new
independent variable 2= (42*—m#2)3}, this may be reduced to

(2 +m2y" + B (2t —mb)y" + 3mby + 2 (L + 22y + 2y =0
27
Writing y= 7%1 " 7%2? T

the relation between successive coefficients (s odd) becomes

(+3)AstaF (2 Nep2+2mPs. s+ 154 2.2,
+mts.s—2.54+2. A_2=0, . . (28)
and corresponding to A\, =1,
As=—3, A=1(27—24m?)
Ar=1% (1160m2—~1125—40m*). . . (29)
Any succeeding coefficient may be at once found by (28).
Every third term in the resulting series is two orders (in m
or z, and therefore in » or 2) smaller than that immediately
preceding. Thus the second is two orders smaller than the
first, the fifth two smaller than the fourth, and so on.
Finally,
R_ 1 27— 24m?
2:7 (42—m*)h 2. (42 —m?)d *3. (4e*—m?)k
1160m?—1125 —40m?*
16(L = m?)3 + . . . (30)

-+

The terms here written give the value of R correctly to
four places of decimals when z is only 10, and n=38, a case
in which 2 and z are nearly equal.
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The function ¢.

By (5) aqb_l_fz( MM )“
3 K=\t Et )
where @?=42%—m?%
Thus %j=%(1+%;+%i+...), ... (8D

where gy =—A=4, )
po= —Ns + AF=§(24m* — 25}, %(32)
ps=—N;+ 2NN, — AP =1 (40m* =1112m?—1073). /

and so on.

Thus by (6)
nr_(Te 2 M B
¢—z— 2 -"J‘ 2:d~{ & —1—:7,5—:4(77'"}

_ “‘7'_1009 0(1-—-005 o_ —pi%tan2 0—-51241:&# 6 ,..)dﬂ,

2 cos ¢ m
0
. m .
where 51na'-=£, e e e e e e e e (35)
nw_meo o (m
or ¢+ 2 QSIH 2z ~(l 4:2)
____]" “2t 26 Pst 4 \de
T 2m Ml+7fn2an +a4an 0+"'/
()
and finally

T T _ . & 153 M
¢=1 +z COSLZ—EZ‘ a‘S,lna)—Zm(#l—E?—i_n\;—“.)

1§ e _&3( Lo ) L
_%{Ftana pt tana 3tan a +m“' tan o« —

1, . 1,
Btan5a+ Btan a)-— } N L))
Final Results.

Collecting the results, it appears that when = and z are
both large, and z—n is of order not too small in comparison
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with z, and if

IR . )
1 =/ B

. 2R
3 @=(/ Beo
m=2n+1=2zsin a. )

(3%)

Then XS ),'5

R=seca+ -2 .sec’a+ -~

@2 - gsec?adt o, (36)

)

where

G 3Mesat (542 Neya+2m* s+ 1.5+ 2 A+ ms. s — £ 22=0
A= —3, N=1(27—24m?), A;= (1160m? —1125—40m?)
(37)

and every third term, commenceing with the second, is two
orders smaller than the one preceding. Moreover,

=T 4. LI -z —H2 | M

b= +~(cos a— 5 —asn u>. ) z(’“l g +— .. )

Lat ks — i M ( —
Jtan a pou (tan a=—3 tan a) + mﬁ(tan a

1 1
gtan3“+5tan5a)—...}, . . (38)

T 2m

where the coefficients g and A are connected by
kB (1Mo YV
(HI} +o0 ...)—(1+»;+ et ) , . (39)

and every third term of the brackets in ¢, commencing with
the second, is two orders below the one preceding.

In calculating results to a definite order, the coefficients
may be simplified. For example, if R is required to order
z~ % inclusive, it is sufficient to take

)\43="‘L A'5=—37n2, 7\47=—%m4, A9=0.

23

For most physical problems connected with the intensity
of shadow behind large spheres, the approximation to order
z=2 is sufficient.

It

¢=£+;<cosa—%—asina), . . . (40)

it is found that to this order, on reduction after substitution
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of the values of R and ¢,

‘ sect o - e 2
J ()= 2860—"—‘(1-—-‘(132-;?.l+4sin2u){(l—-2%2)Sin\[r—£cosxp}

ntd T

Y 006 2 .
J gz) = (—)”\/2%‘:2—“(1— Siz;- 1+ 4 sin? a){(l— 2%3)&5\_!#4— ;sin 1[»},
—n-% Z ~ < z

(4D

where ¢=Llseca(1+ Stan’a), 2n+l=2csina. . (42)

When = and z differ so little thal « is approximately 90°,
the character of the expansion changes, and an independent
investigation is required. This will be given in a subsequent

paper.

LXX. On the Stability of the Steady State of Forced
Oscillation. By ANDREW STEPHENSON *.

1. IN the case of a simple system, that is a system in
which the restoring force is exactly proportional
to the ‘displacement,” the motion under a periodic force
is made up of a definite oscillation isochronous with the
generator and an independent free motion of amplitude and
phase determined by the initial conditions. If the system
is subject to kinetic friction, the free element is gradually
damped out and the motion approaches asymptotically to the
state of steady forced oscillation. Although in practice the
spring of a system varies to a certain extent with the
amplitude, the results obtained for the ideal simple system
are in general agreement with actual phenomena, and
are tacitly assumed as being practically of universal appli-
cation. From observation, however, of the behaviour of a
system such as the simple pendulum when resonant to a
force of nearly its own period, it is natural to question the
validity of this assumption in certain cases, even for moder-
ately small amplitudes ; and it is our object here to seek out
the circumstances in which the simple rules of the approximate
theory do not apply.
When account 1s taken of the variation in the restoring
force, the equation of motion is to a first approximation

'+ 2k’ + (1l —ca?)e=acos (gt +e€). . . (i)
There does not appear to be any practicable method of

#* Communicated by the Author.



