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ON SOME INEQUALITIES.

By Tsuruichi Hayashi (Sendai, Japan).

Adunanza dell’rx gennaio 1920.

The Scuwarz inequaltity

ffdxfcpdx (ffwx),

and the TCHEBYCHEFF inequaltity

(b _ a)fabfcpdx ;f:fdx.fbb@dx

are useful. Professor M. Fujiwara has glven a more general integral inequality of the

form
/‘fx?ldxffapzdx_éff(q)zdx'/fi?xdx)

existing under certain conditions, and comprising the former two as its particular cases,
fs f.» f, and ¢, ¢ , 9, being some functions of x.
Since the Scuwarz inequality can be easily proved by applying the CaucHy ine-

qualty
Sa3nn(3an),

it seems be desirable to establish an algebraical inequality from which Fujiwagra’s

can be derived ). The algebraical inequality has an intimate relation with Professor
J. L. W. V. JENsEN’s.

1y M. Funiwara. Ein von BRUNN vermuteter Saty dber konvexe Flichen und eine Verallgemeinerung
der ScuwARzschen und der TcHEBYCHEFFschen Ungleichungen fiir bestimmie Integrale {Tohoku Mathematical
Journal, Sendai, vol. 13 (1918), pp. 228-235] and Uber eine Ungleichung fiir bestimmiz Integrale [Ibidem,

vol. 15 (1919), pp. 285-288].
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1. Let us compare the magnitudes of

#
Z SV rvx rv: * Z Sv
V== V=1

and
i S,7y, - i S,r
If n = 1, these two are evidently equal.
Ifn= 2,

Z ATUTE ZS - ZS 7y ‘isvrvzzsxsz(rn - ru)(rzz—rxz)

V=1
>o0 or < o,

according as r,, and r,, both increase or both decrease with v, or one of them increases
and the other decreases with v, prov1ded that S, and §, have the same sign. '
Now assume that

”ZS 1’”1", z éz Srv;’

V=1

when r, and 7, both increase or decrease with v, provided that all §’s have the’
same sign. Then

v v1 V2 ZS —zs rh ZS (2 v v; vz S rnlrnz)('isv—l-sn)
- (isvn,+s,,r,,,)(isvrv,+s,r,,z) PIERATA S XA X £
+S ;ZS rm n2+"zsrv1rv2 ,zsvrvz'rnl_"ils r |

But if we rearrange the terms within the braces, vde can show that it is equal to
S.(r,, - (R
T 5, — )0, — 1)
+ 85,00 = 1) — 7

a e * 2 s & e 2 2 s = s ¢« & 3 e

+ Sn—x(rnx - r’l—!,l) (ruz - rn—x,z)’

which is positive or negative according as all s are positive or negative. Hence un-
Rend. Circ. Matem. Palermo, 1. XLIV (1920). — Stampato' il 18 gennaio 1921. 43
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der the assumption, we have

”n n ”
zsv’n"vz'ZSv é is‘,f" * ZSvrvz’
V=1 y=1 V=1 V=1

when 7, and r,, both increase or both decrease with v, provided that all $s have
the same sign.

When one of r,, and r,, increases and the other decreases with v, the sign of
inequality becomes < instead of >>.

2. Let us again consider the case where r, , 7,,-and 7, all increase or all de-
crease with v, all §s having the same sign. Then by applying twice the theorem we
can extend it to the following one:

17 7 ! 2 ”® ” k. % ” ”
strvxrurv;‘ (Z Sv) é Z Svr\nrvz'zsvrv;'zsv é hsvrvx * str\lz‘ ZSVrV3'
V=1 =1 V=1 V=1 V=1 V=1 V=1 V=1

More generally we get the inequality

~ o \PT o« .

_ X.‘)",rmr‘,2 rvg.(ZSv) N Z_Sur,,x.iS‘,r‘,2 D STy,
¥=1I V=1 V=1 V=1 V=1

when the p sequences 7,,, ,, ..., r,, all increase or all decrease with v, provided

that all §s have the same sign. '

This inequality may be regarded in a certain sense as a generalized one of that
which has been proved by Professor J. L. W. V. Jexnsex in his paper, Sur les fonctions
convexes et les inégalités entre les valeurs moyennes [Acta Mathematica, vol. 30 (1906),
p. 181}, 1 e. of the inequality

. e\ [ e ?
Sas(Sa) >(Zan),
though all x’s are positive and p is > 1 or < o, and not necessarily a positive in-
teger, in Professor JENSEN’s case.
3. As Professor Jensen has shown loc. cit. p. 187, the ScuwaRrz inequality and
some more general ones can be derived from the algebraical inequality above quoted.
- Just in the same way, we can derive the Fujiwara inequality from our algebraical
inequality proved in section 1. Thus if we put
S,=1b,5b

vt “va?
avx = bh r\lx’

avz = bﬂz TVZ’
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then

Vi1 vz wabuézavx y2* wa v2?

a a . .
when 7% and ;** both increase or both decrease with v, provided that 5, b, > o.

bVl bvz
Again if we put a, 3, and b, 3, for 4, and b, respectively and then put f, (x),

-9 (x), f,(x), 9,(x) and dx for a,, a,,, bw, ,, and 8, and increase v indefinitely,
all the summations become the integrals by ' definition, and the Fujiwara inequality
comes forth, ,

Of course the case where the sign of inequality is reversed takes place when one

of b“' and b“ increases and the other decreases with v.
v v2
Similarly using the inequality in section 2, we get the inequalities
-1
Zavn Ay, - vp (wa v bvp)
> Zaw v2 bvabvx @y, - - Zb\n va * ¢ avp?

| f ,fz...fpdx.(ftpl?,...cpzdx)
éff,‘?z- dxftpf 9,dx% ... fcpq),. f,dx,

under certain conditions.
If we particularize the last inequality by putting

fi=fi= - =f=5

and

o =9,= ' =0,=9¢ ",

fras(f s s (fres)

which is the form obtained by Prof. O. Horper in Gottinger Nachrichten, 1889,
pp- 38-47, while p is a positive integer in our case.
If we put

we get

fi=h==f= /o (W £ ()

and

== =g, =@V,
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we get

f@fpdx- ([ox) " ([oras) s

which is the form mentioned by Mr. Jensew, loc. cit, p. 187.
Sendai, Japan, June 1919,

T. HavasHL




