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On the Analogues of the Nine-Points Circle in Space of Three

Dimensions, and connected Theorems. By SAMUEL ROBERTS.

[Bead January 12th, 1888.]

1. When one analogue to a plane theorem exists in space of three
dimensions, we are apt to find others which have rival claims. This
is so with respect to the nine-points circle in many of its relations to
the associated triangle. For two spheres present themselves imme-
diately as entitled primd facie to the rank of analogues. The middle
points of the sides of a triangle may be regarded either as the centres
of circles described on the sides as diameters, or as the centroids
of the sides. We may therefore consider, as corresponding to
the nine-points circle, the sphere parsing through the centres of the
circles circumscribed about the faces of a tetrahedron (or, say,
through the centres of the spheres circumscribed about the faces and
having their planes respectively for diametral planes), or else the
sphere passing through the centroids of the faces.

The difficulty, however, at once occurs, that the altitudes of a
tetrahedron form four generators of the same system of ahyperboloid,
and do not co-intersect, except when it degenerates to a cone. If,
therefore, this common intersection be insisted on, we must forego
obtaining any general analogue, or else subject the tetrahedron to
conditions.

M. Prouhet, adopting the latter alternative, obtained an analogue in
the case of the " orthogonal " tetrahedron, in which the altitudes pass
through the same point. This sphere passes through the centroids
and orthocentres of the faces. I shall hereafter refer particularly to
a paper by Signor Carmelo Intrigila, in which he extends the analogy
to the general tetrahedron. His sphere of twelve points passes
through the centroids of the faces.

2. There appear to be some reasons for giving the first rank as an
analogue to the sphere which passes through the centres of the circles
circumscribed about the faces.

The orthocentre of a triangle possesses, in addition to the property
from which it derives its name, a further characteristic which equally
defines it, viz., it is the isogonal conjugate of the centre of the cir-
cumscribed circle with respect to the triangle. Moreover, in regard
to the triangle the following theorems exist:—

(a) If a pair of points are isogonal conjugates, the orthogonal pro-
jections of the points on the sides lie on a circle.
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This circle has for a diameter the major axis of the ellipse inscribed
in the triangle, and having the points in question for its foci.

(b) If two circles are given, the centres of all circles which are
bisected by either of the circles and orthogonally cut by the other,
lie on a circle coaxal with the given circles, and whose centre is the
middle point between their centres.

(c) If any circle be described about a given point as centre, and
circles be described on the intercepts made by it on the sides of a
triangle as diameters, the radical centre of the circles is the isogonal
conjugate of the centre of the first-named circle with respect to the
triangle.

(d) Combining these results, we see that, if a pair of points are
isogonal conjugates with respect to a triangle, and two circles be
described about them as centres, such that each cuts orthogonally the
circles described on the intercepts made on the sides by the other as
diameters, the six orthogonal projections of the points on the sides lie
on a circle whose centre is the middle point between the centres of
the first-named circles, and which is coaxal with them.

If one of the pairs of circles is circumscribed about the triangle,
the other is the " polar " circle, and the derived circle is the nine-
points circle.

The latter circle may therefore be described as the locus of the
centres of circles which are bisected by one or other of the circum-
scribed and polar circles, and cut orthogonally by the other.

3. Now, the theorems (a), (6), (c), and (d) have close analogues in
solid space. In fact, we only have to substitute " Bphere" for
"circle," "tetrahedron" for "triangle," "face" for "side," and
adapt in minor ways the phraseology.

Thus the following theorem may be enunciated (Educational Times,
August, 1887) :—(D) If a pair of points are isogonal conjugates with
regard to a tetrahedron, and two spheres be constructed about them
as centres such that either of the spheres cats orthogonally the spheres
constructed on the intercepts made on the faces by the other as
diametral sections, the eight orthogonal projections of the pair of
points on the faces lie on a sphere whose centre is the middle point
between the centres of the first-named spheres, and which has a
common section with them.

The derived sphere has for its diameter the major axis of the
ellipsoid of revolution inscribed in the tetrahedron and having the
pair of points for its foci (Neuberg, " Sur le Tetraedre," t. xxxvn.,
Memoires publies par VAcademie Boy ale de Belgique, 1884).
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Prof. Neuberg has farther pointed out that the isogonal conjugate
of the centre of the circumscribed sphere is the centre of the sphere
inscribed in the tetrahedron formed by connecting its fonr orthogonal
projections on the faces of the original tetrahedron (Educational
Times, December, 1887).

Let A, B, G, D be the vertices of a tetrahedron, and let Os be the
isogonal conjugate of 0, the centre of the circumscribed sphere, and
Ox the middle point between 0 and Or Then, producing AOX, BOX,
OOX, DOX, respectively, to A', B1, G', D', so that AOX - OXA',
J90, = OiB

f, &c, we get the vertices of another tetrahedron sym-
metric with, equal, and inversely homothetic to the original one, and
which has 0, for the centre of the circumscribed sphere, 0 being its
isogonal conjugate with respect to the new tetrahedron.

Hence, by the symmetry of the figure, the sphere about 0, as centre,
according to the before mentioned conditions, is common to the two
tetrahedrons, and the sixteen orthogonal projections of 0, 02 on the
faces lie on the sphere about 0, as centre. The sixteen points are the
extremities of eight diameters of this sphere, and the line joining 0 or
02 to a vertex of the tetrahedron is perpendicular to the plane
through the orthogonal projections of 02 or 0, as the case may be, on
the faces meeting at that vertex.

The sixteen points correspond to the twelve points determined on
the nine-points circle of a triangle, by a precisely analogous construc-
tion, and comprising amongst them the nine-points from which the
circle derives its name.

4. To bring out more clearly the analogies of these constructions, I
have recourse to certain equations which retain marked geometrical
characters. It will be convenient to collect in the first instance some
results relating to a triangle.

Let the sides opposite the vertices A, B, 0 of a triangle be denoted
by be, ca, ab respectively ; then in triangular coordinates the equation
of a circle whose radius is p and the coordinates of whose centre are
«« 0i! 7\is

Sab"a/3-2 {al(aV(3+'a~cy)} Sa + ^ ^ ^ A + p'XSa)8 = 0,

where the symbol 2 denotes the summation of similar combinations
of the quantities involved.

When the coordinates of any point are substituted for a, fi, y in
the above left-hand expressions, the result is minus the square of the
tangent from that point to the circle, or minus the power of the point
with respect to the circle. If, then, T, Tu T3 are the tangents from
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the vertices A, B, 0, we may write the equation in the form

Let t*, t\, t\ be the powers of the vertices with respect to circles drawn
on the opposite sides respectively as diameters. The equations of these
circles will be

The equation of the circle cutting them orthogonally is

L- (2a)1 = 0.

This is the polar circle. The equation may be obtained by taking the
Jacobian of the left-hand expressions of the equations (1), or perhaps
more readily by first determining the coordinates of the centre of the

t* i* t*circumscribed circle in the form —r, r-S;, r̂-̂ , where p, pu pt are the

altitudes of the triangle. The coordinates of the isogonal conjugate

are therefore \ ^ ' ^ t̂
The equation of the circumscribed circle, 2 ab a/3 = 0, may be

written in the form

( " V ) 2 a ) » = 0 (2).

The equation of the circle passing through the centres of the circles
described on the sides as diameters (i.e., the nine-points circle) is
therefore

For the nine*points circle is coaxal with the circumscribed and
polar circles, and its*~centre has for triangular coordinates

To obtain its equation, therefore, we have only to add the left-hand
member of (2) to the left-hand member of the equation of the polar
circle, and equate the result to zero. But in (2) the terms following
5 ah*aft are identically zero, and we may omit them.
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We have also the following equalities

tl —i t* —, ** —3 f —. t2 —2 c8 — s
—s aft + -1- be = — ac H—~ be = —L ao + -% oc = a./t,
2p 2i)2 2jo2 2pa 2p 2p"

which may be verified by means of

By substituting <8/2/, *|/2pJ, ^/2pJ for a, /3, y in (2) and (3), we get

(4),

where i^, JS3 are the radii of the circles, and d is the distance between
the centres of the circumscribed and polar circles.

The equations of the polar and nine-points circles inay also be
written

2fi-%t2a^a-O, 22 0&2 a/3 - 2 *2a 2a = 0 ;

-V=£a (5).
t

from which we get

Eliminating 2 -y and d2, we get
t

and eliminating R and 2 —,

lastly, ^ s^. + i.-o.

5. Now, referring to a tetrahedron and tetrahedral coordinates, we
find precisely similar forms. The equation of a sphere whose radius
is p, and the coordinates of whose centre are a,, /3l5 y,, Su is

{ )} 2a + (2aT a,/3l+p2)(2a)3 = 0,

where a£) denotes the edge connecting the vertices A, B of the totra-
hedron ABGD, and so on.

If T, rI\, rJ\, T3 are the tangents from the vertices respectively to
the sphere, its equation may be written

2a62a/3-2(2I 2a)2a = 0.
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Denoting the tangents from the vertices to the spheres having for
diametral sections the circles circumscribed about the opposite faces
by t, tu tv ts, the equations of those spheres are

$ab\p-t2a'2,a = 0, lab* ap-t\p2a = 0, %aV aft-t\y 2a = 0,

And the equation of the sphere cutting these orthogonally (the
Jacobian of the left-hand expressions equated to zero) is

The equation of the circumscribed sphere %ab a/3 = 0 is identical with

B being the radius, p, jp,, pa, ps being the altitudes of the tetrahedron,
and the tetrahedral coordinates of the centre being t2/2p2, t]/2p\, &c,
as I shall presently show.

Consequently, the equation of the sphei'e passing through the
centres of the spheres having the circles circumscribed about the faces
for diametral sectors is, as in the case of the triangle,

Also the following equalities hold—

- j 2 t —f2

ad = at

,o ,2 ,2 ,o .2 .2
* — 2 i h t ~ 2 i ** ~Jl * —i2 i *i T~i2 i *« ~ i 2 n TII

2p- 2pj 2^J 2p- 2^J 2pj

By means of the general expression in tetrahedral coordinates for the
distance between two points, we have

,2 _ 2 ad be1 (nb \+ac— be") — 2ab2 be2 ac

% be' (ab +ac —be)

_ ad2 sin 2A + bd2 sin 2B + at2 sin 2 C - 4 A 3

if A, B, 0 are the angles of the face ABO and As is the area.
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And there are corresponding expressions for P, i\> t\.

Let the faces opposite the vertices A, B, C, D of the tetrahedron of
reference be denoted by A, Als A3) A, respectively, and let V be its
volume. Then

But t ' i h

and 163t'A»:=2.144F\

Hence 2 TT-.— 1.

2pl

Since the four-plane coordinates of the isogonal conjugate to the centre

of the circumscribed sphere are as £-, •&, %~, ^ i , those of the
1 • *\ h h

{* t2 t2 ' t2 'centre in question are as —, -1-, -*-, -*-; and the tetrakedral coor-
P Pi Pt Pi

fi t2 t2 t2

dinates are therefore r-r, r^r, ^ - , r-3-,.2p»' 2pJ 2pJ 2?l
If, then, the radii of the spheres (6) and (7) are Bu Bv and d de-

notes the distance between the centres of the circumscribed sphere
and (6), we have

The equations of the spheres (6) and (7) may be written also

2 aVufi-% (t'n) 2a = 0, 22 at ' a/3-2 (<3a) 2a = 0 ;

from which we derive the additional equation

r

2 —
e

These expressions differ in form from the expressions (4), (5), only

by the substitution of the numerator 4 for 3 over 2 — in the last

equation. This slight difference, however, creates ultimately a fault

in the general analogy of more importance. Eliminating 1/2 — and
t
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d2, we get

Eliminating 1/2-3- and ll[, we get
t

1 ji

and similarly —— + 1A = 0,. -R2 = 5Ea+ — .
2 —

6. It thus becomes necessary, in order to maintain the analogies, to
admit the claim of the sphere passing through the centroids of the
faces. Analogues, however, have different ranks, and I think the
sphere we have been discussing is entitled to precedence. I propose
to state, as fairly as I can, the case of the other analogue in the light
of Signor Intrigila's paper " Sul Tetraedro" (Rendiconti della Societd
lieale di Napoli, Anno 22, 1883).

The four altitudes p, pu p.i} p3 of a tetrahedron ABCD are four
generators of the same system of a hyperboloid. Also the normals to
the faces at the several orthocentres are generators of the other
system belonging to the same hyperboloid. This theorem is attributed
to Joachimstal (Grunert, t. xxxii., p. 109). Signor Intrigila determines
by an easy geometrical construction the centre I of the hyperboloid.

If 0, 0, are the centres of the circumscribed sphere and the sphere
through the centroids of the faces, he shows that I, 0, and the centre
of gravity 0 of the tetrahedi-on lie in one straight line, G being the
middle point.* Moreover, I and G are the centres of direct and in-
verse similitude of the spheres. The modulus is 3. These relations
are analogous to those of the circumscribed and nine-points circle,
and do not hold in the previous case.

t2 il

In tetrahedral coordinates, since —:,, ~r.t &o. are the coordinates
2p- 2pJ

of the centre 0, and those of G are | , | , &c, we find for the coordi-
nates of 0,

and for those of I,

* The authur quotes Joachimstal aa giving thia result also (NntvelU's Annales,
t. xviii., 1859, p. 266).
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The corresponding coordinates in the case of the triangle are the
coordinates of the centre of the nine-points circle,

and those of the orthocentre

Signor Intrigila shows that the sphere which passes through the
centroids of the faces also divides the distances of the vertices of the
tetrahedron from the centre I of thehyperboloid into two parts whose
ratio is 2, and passes through a point on each face, which is the hai*-
monic conjugate of the orthocentre of the face with respect to the
orthogonal projections thereon of the opposite vertex, and the centre
I of the hyperboloid. Thus twelve noteworthy points are deter-
mined.

The paper of Signor Intrigila contains, beyond these results, several
theorems of a more general character, but lying outside the field of
aualogy to the plane case. He also makes application of his re-
sults to equifacial and orthogonal tetrahedra, demonstrating in the
latter case that his theorems relative to the general tetrahedron be-
come identical with those of M. Prouhet, as indeed they evidently
must since the sphere in question is determined by passing through
the centroids of the faces.

7. In the case of the " orthogonal" tetrahedron, we find a third
analogue of the nine-points circle distinct from the two already men-
tioned.

The equation of the polar sphere is

2 a F a / 3 - 2 ^ a . 2 a = 0,

where 2 T2a means, as before,

and the coefficients are the powers of the vertices relative to the
Bphere, and where

o6* = T'+ T], 5? = 2™+ T\, 53' = T*+ T2
V Ac,

which imply, of course, the usual relations

Kb2+Td2 = 7c + be? = "H3J+be = 2 T3,

and further
22" = ab2 + ac—Tc = abi+ad'—'bdl — ac+ad2-~cd\

&c. &c.
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But these are the expressions determining the powers of the vertices
of each face with respect to the circles drawn on the opposite sides as
diameters. The sections of the polar sphere by the plane of the faces
are, therefore, the polar circles of those faces. The equation

represents the sphere passing through the intersection of the polar
and circumscribed spheres, and having its centre midway between
their centres, i.e., at the centre of gravity of the tetrahedron. The
sections of this sphere by the planes of the face are the nine-points
circles of the faces. Professor Wolstenholme has noted this and other
properties of this sphere [" Exercices sur le Tetraedre," Nnuvelles
Annales (2), x., 451, 452]. It is evidently a close analogue of the
nine-points circle, although the centres of the polar sphere and the
circumscribed sphere are not isogonal conjugates.

It is instructive to consider the following figure. If through
any point P we draw lines AP, BP, OP, DP from the vei'tices of
a tetrahedron, and produce them respectively to the points
A', IT, 0', I/, so that AP = PA', &c, the last-named points are
the vertices of an equal and inversely homothetic tetrahedron. If
further, we make the condition that B'G' shall meet AD in A", B'D'
shall meet AG in B", and so forth, the point P must be the common
centroid of the two tetrahedrons, and the six points, say, A", B", G",
E", F", H" can be connected in four ways with two corresponding
vertices, as (A, A'), (B, J3'), &c, so as to form parallelepipeds. If the
tetrahedron is orthogonal, we may have G"F'\ R"B" perpendicular to
F"H", and A"F", E" B' perpendicular to E"F", &c. Consequently,
A", B", 0", E'\ F", H" lie on a sphere, as before stated. But we may
also regard the figure as in piano, or as the orthographic projection,
and those six. points lie on a conic whose centre is 0. If the conic be-
comes a circle, it is in the projection, the nine-points circle of each of
two projected faces, and the projections of the two vertices not on
those faces will be the centres of the circumscribed circles and the
orthocentres.

The imposition of conditions, on the tetrahedron manifestly in-
creases the number of analogues. Wo might establish another, for
instance, by taking the isogonal conjugate of the intersection of the
altitudes, constracting a sphere which should cut orthogonally the
spheres having for diametral sections the circular intercepts on the
faces made by the polar sphere. The interest, however, attaching to
these analogies is much diminished by the limitations involved.

VOL. XIX.—NO. 8 1 5 . M
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Thursday, February 9th, 1888.

Sir JAMES COCKLE, F.R.S., President, in the Chair.

Messrs. A. E. Hough Love and GK G. Morrice were admitted into
the Society.

The following communications were made:—
Further remarks on the Theory of Distributions : Captain P. A.

MacMahon, B.A.
The Free and Forced Vibrations of an Elastic Spherical Shell

containing a given Mass of Liquid: A. E. H. Love, B.A.
On the Volume generated by a Congruency of Lines: R. A.

Roberts, M.A.
On Isoscelians: R. Tucker, M.A.

The following presents were received : —

" Educational Times," for February, 1888.
" Bulletin dela Societc Mathematique de France," Tome xv., No. 7.
" Beibliittcr zu den Annalcn der Physik und Cliemie," Band xi., Stuck 12;

Band xn., Stiick 1.
" Journal fiir die reino und angewandte Mathematik," Band en., Heft 3.
" Aimali di Matematica," Tome xv., Fasc. 4.
" Bollettino delle Pubblieazioni Italiane ricevute per Diritto di Stampa," Nos. 49

and 50 ; Index, Nos. 1 and 2; Firenze, 1888.
" Archives Neerlanduises dcs Sciences cxactes ct naturelles," Tomo xxu.,

Liv. 2 and 3 ; Haarlem, 1887.
" Atti dellaReale Accademia dei Lincei—Rendiconti," Vol. m., Fasc. 6, 7, and 8.
" Llemoires de la Societe dcs Sciences physiques et naturelles de Bordeaux,"

Tome ii., Cahier 2 ; Tome in., Cahier 1; Paris, 1886.
" Jornal de Sciencias Mathematicas e Astronomicas," Vol. vin., No. 2;

Coimbra, 1887.
"Atti del Realo Istituto Vcnuto di Scieuzo, Letturc, ed Arti," Tomo v.,

Disp. 2 to 9.
" Observations Pluviomdtriques et Thermometriques faites dans le Departonient

do la Gironde de Juin 1885 a Mai 188G," 8vo; Bordeaux, 1886.
" Elektrischo Untersuchungen," von W. G. Hankel, Achtzohnto Abhandlung—

" Fortsetzung der Versuche iibor das Elektrische verhalten der Quiirz- und der
Boracitkrystalle," 4to ; Leipzig, 1887.

•' Untersuchungen iiber die Papillao Foliatae et Circumvallatao des Kaninchen
und Feldhascn," von Dr. Otto Drasch, 4to ; Leipzig, 1887.

"Appendix to Mathematical Questions and Solutions from the 'Educational
Times,' " Vol. XLV., by A. Mukhopadhyay, M.A.

" On the Differential Equation of a Trajectory " (Reprinted from tho " Journal
of tho Asiatic Society of Bengal," Vol. LVI., Part ii'., No. 1, 1887), by A.
Mukhopadhyay, M.A. ; Calcutta, 1887.
. " On Monge's Differential Equation to all Conies " (Reprinted from the " Journal

of tho Asiatic Society of Bengal," Vol. LVI., Part ii., No. 2, 1887), by A.
Mukhopadhyay, M.A.; Calcutta, 1887.

" American Journal of Mathematics," Vol. x., No. 2 ; Baltimore, January, 1888.


