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TBE object of the following discussion is to make somewhat more
precise the connexion between Laplace’s definite integral solution of linear
differential equations with rational coefficients and of “rank”* unity
in the neighbourhood of z = = and the development of this solution
in the form of a power series with an exponential factor. Poincaré has
shewnt that these developments are ‘‘asymptotic expansions™ of the
integrals from which they are derived, and as such serve to calculate
numerically the value of the integral for large values of the variable.
But from the function theory point of view asymptotic expansions are
of little value, inasmuch as they do not represent unique analytie
functions. In fact, if we consider the integrals of a given differential
equation, not only does an asym rtotic expansion fail to represent a definite
golution, but a definite solution has different expansions for different
phases of the complex variable.

Now it seems clear that there should be some more definite relation
between the divergent series and the integrals of the equation than the
foregoing seems to suggest, and it appears that some approach to this
connexion may be made on the lines of Borel's theory of summable
(sommable) divergent series.}

The divergent expansions we have to consider are of the form

e“m"{uo-{- Loyt +}

Leaving out of account for the present the exponential factor, we shall
extend Borel’s theory to include series of the form

P {uo+%‘ +...},

* Forsyth, Linear Differential Equations, p. 271.
t Aeta Math., t. vim., p. 296.
1 E. Borel, Legons sur les Séries Divergentes. pp. 97 f.
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p not being an integer. We require first a generalized form of the I
function. It is well known that for all values of z

T'ep) =

9 si; Tz je"‘(—t)"‘dt,*

the integral being taken along a contour which goes from infinity along
the axis of ¢ to the origin, makes a small positive circuit round the origin,
and returns to infinity along the axis. Integration along such a path
as this will be denoted by the suffix 4. The path may be shown diagram-
matically by the figure

-

Integrating with respect to @ along a like contour, we have

w,at” e ) )
Tefrgn ¢ =1 {—2sinw@+r+1)}u

—_ e—m(z+'r+1) {em(z+f+1)__e—n(5+r+l)} u

= ur(l_e_zlu)’
240
or U, = (1—e= 2" ‘1‘[ W& -egg.
A= ), TetrdD

Consider now a series
U = Uy, Fu+ ...
which may be divergent ; and let

I
I(z+1) (z+2)

Then we have the formal equation

1 -, Ur @ —a 1 -3
[ L ¢ (@)da = [25—z+7+1) da] =, Un.

_ @t u,
u(a) = +1“ +.. +I‘(7+-_7'-F1—)+”"

A . N a\ __[(a : nQ .

Pl]lthel (A (— ) = (‘—> F(z 1) + ceey

alnd —Ime S e—auz ( ") d = z U =2 z 2 UnZ n’
1—e "™ Ja X n+z .

the equation being once more merely formal so far.

We proceed to show that, if we agree to call the definite integral on
the left-hand side the sum of the divergent series on the right, Borel's
propositions regarding the sums of divergent series are equally true of the
more general series and their sums so defined.

* Whittaker’s 4nalysis, p. 181.
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We shall assume that z is not an integer ; for otherwise the expression
on the left is illusory. If z is & positive integer, Borel’s method of
summation is applicable without modification. If 7 is a negative integer,
the series begins with a finite number of positive integral powers of z and
the remainder of the series can be summed by Borel's method.

Assuming then that 2 1s not an integer, let
-]
PR TR A
0

be a series diverging for all values of z, however large.
Let f(£) denote the associated series

& S unf"[T+nt1),

and let this series be convergent within a finite circle about £ = 0; and,
by continuation, define an analytic function, existing over the whole plane,
isolated singular points excepted ; and suppose that none of these singular
points occur within a certain angle © bounded by two lines through £ =0
between which lies the real axis, nor within a circle of finite radius
including £ = 0. Further, suppose that a quantity k, real, finite, and
positive, can be found such that

e FOE) .. A =0,1, ...

tends uniformly to zero as £ bec 'mes large within this sector.
Now
—-a a — ~bz . il_’_
je f(z)da Le JORH

where on the left the integration is taken as before, and on the right
a straight line inclined to the real axis takes the place of that axis in the
path of integration. Such integrations will in future be expressed by
the suffix B. The path may be shown diagrammatically by the figure

[}

The integral on the right exists if the straight line in question lies within
the angle ©; and, if this is so, that path may be taken along the real
axis without changing the value of the integral. We must also have the
real part of z > k. The existence of the former integ.al is contingent
upon (afz) lying within the angle ©; a being real and positive,
z must lie within an angle such that z~! lies within ©. Let the region
which fulfils this condition, and also R(z) Sk, be called O ; in the future
the variation of z will be supposed restricted to the region ©.
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The series z7* 2 u,z ™" will be called * absolutely summable " within

the region 6, and either of the above written integrals will be denoted by
(1 —e~%m) y,

u being called the *“ sum " of the above series.
It will now be shewn that the series

w

obtained by omitting the first term of the previous series, is likewise
absolutely summable within ©, and has for sum %—1,z~".
The associated series is here

— @ U aa+l
pla. o) =2 [?1 e 2 I‘(z+2)+"']

=52t

the series ~ { f(€)} being convergent within a finite circle, and giving by

continuatlon throughout the plane the analytic function f(£). Hence,
since e ™ |f(£)], e ¥|f(€)]|, ... tend uniformly to zero within ©, the
integral

L e~*¢(a, r)da

exists, and the said series is absolutely summable within .

Its sum
1—6‘2”“5 [aa( = e TG )]d“
— et [ (8] L (8

=  u—uz "

Conversely, if a series be absolutely summable within ©, the series
obtained by prefixing a term is so also; and its sum is the result of
adding the term prefixed to the original sum. The proof of this is
a natural extension of Borel’s proof for the more limited definition, and
need not be given in full.*

From these two propositions it follows immediately that the addition
or subtraction of any finite number of terms at the beginning of a series

. Lecons suy les Sévies Divergentes, pp. 101-2,
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does not affect its summability ; and, therefore, that the interchange of
any finite number of terms in » series affects neither its summability nor
its sum. Next it is clear that two series of the same index z or of
indices differing only by integers may be added or subtracted term by term,
the result being a series absolutely summable in the region common to
the two series, its sum being the sum or difference of the sums of the
two separately.

We may similarly extend Bovel's proposition as to the multiplication
of two such series. Let '

27 jupt +oh e {vo-f- 1’;4—}

be two series having a common region within which they are absolutely

summable. Then, if
Wn = UUn+ ...+ UnVg,

the series z=C+o) ]'wo+ Li—‘ +}
will be absolutely summable within that common region, and, if «, v, w
denote the sums of the three series respectively, w = wv.

Letting wu(a), v(b) denote the associated series

(_Z‘_)P {F(pu-of- 1) + r(pu-l}-2) (-%) +}'

z c Te+D r(:+2) '2"
() ey + e (5)

the product of the sums of the series is given by

Q—e ™) (1—e ™)up = L e u(a)da Le"’v(b)db.

Inasmuch as e ®u(a) and e ®v(b) tend uniformly to zero, as @ and b
become infinite along the given contours, this product may be written as
a double integral, viz.,

S S e~ @+ (@) v (b) da db.
AJA

Call this integral W, and let the variables be changed to
= a+)D, y= a—Db.

Then W= je‘[su(g-;—'z) +(53%) &l ac.

sxR. 2. voOL. 3. No. 892. M
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The range of integration with respect to ¢ and y will be specified a
little later.

Let ju(g%z) v (%—Z) %Z be denoted by w(c); so that

W = je"ii;(c) de.

This integral from its formation is known to be valid.

Within the common cirele of convergence of u(a), v(b) these two series
may be multiplied together, giving an absolutely converging double series
of powers of @ and b. The typical term in the product is

’U;,-'U,,G,P"'r ba+s

(z)p+r+¢+:r(p+,r+1)r(a_+s+1)

urv:(c+'Y)P+'(c—'Y)c+'
@ep* T ot r+ DL o Fs D)

or

Call this term 10,

Now as to the paths to be described by the variables c, y during the
integration :—

For a given value of ¢, = a+b, y describes a path from —c to +c, a
small positive circle round the latter point, returns along itself to —c, and
closes the path by a small positive circle round —e.

The variation of ¢ is then represented by the diagram used above :—

(O\—/___._—"__)___‘_a

The y contour may be represented diagrammatically by

<

and an integration along such a contour will be denoted by 50'

Supposing |¢| so small that the corresponding vy contour lies wholly
within the region for which %(c+1v) and 3(c—v) lie within the circles of
convergence of u(a), v(b), the integral w(c) can be integrated term by

term. The typical term is

_ %ufvﬂ 1
%war.d'y = Qz)p*rtots Tp+r+1) I c+s+1)

Put now 4y = 2¢t,

jc (c+.y)p+r(c_,y)a'+td_y‘

80 that c—vy = 2c(1—1).
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Then sc (c+,y)p+r(c_,y)a+sd,y —_ Sc, tp+r(1 — t)a+s dt (2c)p+r+a+s+1’

where in J the contour is of the same kind as in J , but the points —¢
Cc

c
and c are replaced by 0 and 1. The integral last written is equal to

tp+r(1 —_ t)o+sdt

elmbtriots) 1

(2c)p+r+tr+8+l j

taken along the contour represented diagrammatically by

=

and the integral in this expression is Pochhammer’s generalization of the
Eulerian function of the first kind.* It is equal to

__4sin {(p+7+1) 7} sin {cFs+ D)} et + 4D o494+ DT (0 +541)
(e2m(p+r+a+a)_ 1) I‘(p+7‘+a‘+8+ 2)

_ (A—e" ™) (1—e~?) D(p+r+ D (e+s+1)
- 1—e G+ Clp+r+o+s+2)

’M,-'D,C‘H r+0+s+l(1 _6-‘21np) (1 ___6-—21mr)
xp+r+a-+al (p+'l‘+a'+$+ 2) (1 _-6-211-.('+w))'

Thus %jwn dy =

If now all the terms of w(c) which have the same value for (r+s) be
grouped together, we obtain

(1 _e—2mp) (1 _e—‘}.mc) E W, cp+c+n+1
l_e—mp+o’) o geto+n I‘(p'+a'+’n+2)’

w(c) =

provided ¢ lies within a certain circle.

Since u{3(c+7y)}, v{3(c—y)} are analytic functions which exist for
all values of ¢ and v, 8o too is % (c); thus, without the circle of convergence
of the series for w/(c), the continuation of this series will give the value of

%Lu{%(c+y)}v{%(c—y)dy-

It is now necessary to see that w(c) satisfies the sam/ conditions that
u(a) v(b) satisfy, viz., that e~°|w " (c)| tends uniformly o zero as ¢ tends to
infinity, when z lies within the region we have called ©.

* Math, Ann., t. XXXV.
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Within this region we have

|u{dc+y)}] <|aetc+7|

and |o{3c—n}]<|Betc7|,
a, B being assignable finite constants.

Hence lu{dc+n}v{dec—n} <|eaBl;
therefore lw ()] < 2'%[ laBe’|dy "< 2af|cef),
or, putting ¢/z = ¢, lﬁ—f?—) < 2af|£et|.

The left-hand side is now independent of z, and this inequality holds
for all points within the region ©. Let « be the least value of R(z) within

this region. Then e~ Q)| /= < 2aB|£e~t¢").

Hence, provided R(z) > «, ¢ “w(c) tends to zero when £, and therefore c,
tends to infinity. Similarly, we may show that, since u'(a), v'(d) also
satisfy this condition at infinity, so also does w’(c), and 8o on.

Consider now the integral

Le“z‘u (©de = [8‘%7)(6)L+L e“éa;ﬁ)(c)dc = L e"aa-;{zﬁ(c)} de,

what we have just proved being sufficient to ensure the existence of this
integral. But

a _ _ Wo, cp+¢+'n (l_e—hnp) (1_6—2-10) .
5 00 = R F e AT ) 1=
so that {1—eC+n)] yp = L e~dew(c)

where w(c) is the function defined by the series

,wn cp+¢+n

z *+ p+o+n+1)

This series 18 exactly the series associated with the divergent series
2 wn/z?*o*", and, inasmuch as we have proved that

[ ,=¢ (A) | —
Lt {e~lu) |} =

within the region ©, this series is absolutely summable, and we have
shewn its sum to be ww.
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Next consider the series formed by differentiating the series z=# 2 u,z"
term by term.

For convenience put « = 1/z. Then, with the extended definition of
absolute summability which has been adopted, we may apply all Borel's
propositions as to the summability of the derived series to the series

#lugtuz+...}.

The proofs are so identical with those which he gives that they need not
be repeated here.*

Thus, if the last written series be denoted by «(z) and its sum by u,
the divergent series '

w'(2) = uyp2* 'tu(p+1)2°+...

is absolutely summable within the same. region as %(z) and has for sum
du/dz. Reverting to the original series in powers of 1/z,

dix {u(@)} = —z7u'(2).

But z? may be looked upon as the limiting form of a series absolutely
summable within any assigned region, and u'(2) has been shewn to
be so within a certain region. "hus u'(z) is absolutely summable within
that region, and has for sum

Thus the propositions as to differentiation are extended to series proceed-
ing in descending powers of z.

We may therefore state the following proposition, which includes
practically all that has been developed, and which is the generalization
of Borel’s theorem :—1

Let u, u, w, ... be series absolutely summable for z = z, and each of
the typical form
z™° {uo+ % -l-...},

and let P(u, v, w, ..., u™, oW, w*, z)

be a polynomial in the series %, v, w and their derivatives, the coefficients

* Borel, Legons, pp. 108-116; Ann. de I Ecole Norm., 1899, pp. 94-5.
+ Borel, Legons, p. 114,
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being developable for |z| > |z,| in the form z~™ {a0+ ‘—;l +...}, m being

any index and the series being convergent.

Then, if the polynomial P is calculated as if the series were absolutely
convergent, and the terms whose indices differ by integers are collected
together, the result is an aggregate of series absolutely summable for
z = 0z, 6 > 1: and, if the sums of these series be substituted in their
place, the result is what would be obtained by substituting in P in the
first instance the sums of the series u, v, w, .... '

Further, it is clear that the sum of an absolutely summable series
is identically zero when, and only when, each coefficient vanishes
separately.  Hence, if the equation P(u, v, ..., &) = 0 1is satisfied
formally by the absolutely summable series u, v, w, ..., the analytic
functions defined by these series also render the polynomial P identically
zZero.

We now proceed to consider expressions of the form

i {uo-}- % -I-...},

where z=?{uy+...} is absolutely summable within a certain region, and
is denoted by u, its sum being u.

Two such expressions with the same exponential factor may clearly
be added term by term to give a like expression. Two series e**.u and
efz. v, if multiplied formally, give e®*P*uv, and the product wv is
absolutely summable, giving the product of the sums of « and v, thatis, #v.

Consider now the process of differentiation applied to such expressions.
Differentiating formally, we have

0% {ee*. u} = e {u'+au}.

Now ' is absolutely summable and may be added term by term to au ;

so that p

= {e*n} = eV

where u" is absolutely summable. Further, the sum of

e uV = e {w' +au} = d%; {e=u}.
Thus the process of differentiation gives a series of like form whose sum is
the derivative of the sunr of the original expression.
It is now eclear that the general proposition stated above may be
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extended to the case where %, v, w represent absolutely summable series,
each multiplied by a factor of the form ¢*, and where P may also contain
explicitly expressions of the same form.

We may now bring what has been said above into line with the normal
series satisfying linear differential equations with rational coefficients, of
rank 1 at infinity, and of order 2. Subject to the condition that a certain
algebraic equation has its roots all different, we know that there are n
expressions of the form

e“a:"{uo+;!+...}

which formally satisfy the equation.
Assuming that this series is absolutely summable for certain values of
z, it follows that the sum, viz.,

r_:———zw;Le"""°<%>p{r(pu:}-1) + 1“(:-3-2) r +'“}d“’

is an integral of the equation for those values of z.

Now this integral may easily be changed into Laplace’s definite
integral solution.

Put @ = —z(t—a). Then the above sum becomes at once

T (12 [z —

Uy }

t— ...pdt
{F(p+1) Te+o ot

The contour now consists of a line from infinity to the point ¢ = q,
encircling that point and returning to infinity in the direction whence it
came, namely, the direction such that z({—a) is real and negative. Calling
this path B’ and integrating by parts, the sum becomes

1

i“_——zm(—l)'“[ u(t_“y{fﬁ-_l)_“'}]x

+1—:'_—,,;(—1)’j (t—a "{L _— (— a)+...}dt

0 _
T " ToFD

The assumption as to the absolute summability of the series causes the
quantity within brackets in the integrated part to vanish at the infinite
limits. Thus we are led to the conclusion that, provided

at*[(t_")p—l{r@) o Ot 1]

converges uniformly to zero when ¢ becomes infinite in a certain direction
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for all values of z within a certain region O, the integral

g { ug _ t—a
Le t~ar {5 ulr(p+1)+...}dt

exists and is an integral of the given equation.

Now it has been shown directly from the recurrence formula for the
coefficients u, that the series within the last written integral satisfies the
equation known as Laplace’s transformation of the given equation,* and
hence that a finite number A exists, such that, as ¢ becomes infinite by
real positive values,

o O 21 % ]

tn — 1] "0 —
Ltz:m € g‘tk [(t a)"' {I‘(p) ...; =0
for all values of u such that R (u) > A.t

We have thus arrived directly from the normal series at an analytic
function satisfying the equation within a given region of the z plane, and
therefore throughout its region of existence; that is to say, we have
shown that a normal series formally satisfying an equation defines a
unique integral of that equation by the method here developed, and that
these series may be added, multiplied, and differentiated within a certain
region as if they were absolutely convergent.

Poincaré’s proposition that they asymptotically represent the definite
integrals-is included in the fact of their absolute summability. The proof
is essentially the same as that which Poincaré gives. !

As was stated at the outset, the object of this discussion has been
rather to make closer the connection between the divergent normal series
and the ordinary integrals of the differential equation than to obtain fresh
knowledge of the integrals from the divergent series apart from the known
integrals. One tangible result, at least, emerges from this reversal of the
procedure which begins with the definite integral, viz. :—If two differential
equations with rational coefficients, and each of rank 1, are satisfied
formally by one normal series. these equations have a common integral,
even if that series be divergent; and consequently, if one equation be
irreducible, the second admits of all the integrals of that one as integrals
of itself.

* V. Schlesinger, t. 1., § m1.

t 7. Forsyth, Linear Differential Equations, pp. 319-322.

$ See also, Le Roy, ‘‘ Mémoire sur les Séries div.,”” Ann. de la Fac. des Sci. de Toul., 1900,
p. 421,
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Suppose two such equations to be denoted by R and S, S being irre-
ducible, and R containing all the integrals of S, and being therefore of
higher order than S.

If the Laplace transformations of these two equations be called U, V
respectively, then at least one integral of V must satisfy U; and, if V' is
irreducible, all the integrals of ¥V must satisfy U. In this case, therefore,
U must be of higher order than ¥V, unless the equations are identical.

But the order of the Laplace transformation is the degree of the first
coefficient in the given equation. Hence, if a linear equation of rank 1
with rational coefficients is irreducible, and also its Laplace transformation,
and a normal series exists satisfying this equation and another equation of
rank 1 with rational coefficients, this other equation must not only be of
higher order, but must have its coefficients of higher degree. In par-
ticular, it follows that no two equations of Laplace’s type, i.c., with linear
coefficients, can be satisfied by a common normal series.



