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Abstract—In Internet of Things (IoT) status update systems,
where information is sampled and subsequently transmitted from
a source to a destination node, the imperative necessity lies
in maintaining the timeliness of information and updating the
system with optimal frequency. Optimizing information fresh-
ness in resource-limited status update systems often involves
Constrained Markov Decision Process (CMDP) problems with
update rate constraints. Solving CMDP problems, especially with
multiple constraints, is a challenging task. To address this, we
present a token-based approach that transforms CMDP into an
unconstrained MDP, simplifying the solution process. To demon-
strate the comprehensiveness and effectiveness of the token-based
approach, we apply this method to systems with one and two
update rate constraints to optimize two distinct metrics: Age
of Incorrect Information (AoII) and Age of Information (AoI),
respectively, and explore the analytical and numerical aspects.
Additionally, we introduce an iterative triangle bisection method
for solving the CMDP problems with two constraints, comparing
its results with the token-based MDP approach. The structure
of the optimal token-based solution is studied analytically. Our
numerical results show that the token-based approach yields
superior performance over baseline policies, converging to the
optimal policy as the maximum number of tokens increases.

Index Terms—Constrained Markov Decision Process (CMDP),
Token-Based MDP, Status Update System, Update Rate, Optimal
Policy, AoI, AoII.

I. INTRODUCTION

Prudent control of status updates to provide timely in-
formation exchange in resource-limited IoT networks has
emerged as an important research direction within semantics-
aware goal-oriented communication [2], [3]. In these systems,
update packets from an information source are generated and
transmitted through a communication network to a destination
node for subsequent processing and utilization. This process
fulfills application-driven goals, including remote actuator
control in industrial automation, steering autonomous vehicles
in intelligent transportation systems, and monitoring health and
environmental status [4], [5]. In such time-sensitive systems,
the reliability and accuracy of control depend on the timeliness
of information. Consequently, there is a high demand for the
freshness of information and frequent generation of updates.
However, due to resource limitations arising from factors
such as energy limitations, channel accessibility, or processing
capacity, it is crucial to control and optimize the timing and the
amount of generated, transmitted, or processed data within a
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network. This results in problems addressing the optimization
of information freshness under updating rate constraints, aim-
ing to find optimal policies that answer the question of when to
generate or transmit update packets. In the literature of status
update systems, the quantification of information freshness
is accomplished through timing metrics, including Age of
Information (AoI) [6], Age of Incorrect Information (AoII)
[7], Version AoI (VAoI) [8], each metric addressing distinct
aspects of timing and importance of information. Optimizing
these metrics under update rate constraints is often formulated
as a Constrained Markov Decision Process (CMDP) [9], where
the optimal policy determines the best actions regarding the
scheduling of updates within the system.

The optimization of information freshness under constraints
has been examined in many studies [7], [10]–[29]. Among
these, [10] minimizes average AoI by scheduling updates over
an error-prone channel with transmission constraints, studying
optimal policies under various feedback mechanisms. [11]
addresses minimizing average AoI under transmission power
constraints, transforming the CMDP problem into an uncon-
strained MDP through Lagrangian relaxation. In [12], the AoI
in a status update system is minimized under an average
energy cost constraint for both sampling and transmission.
The stochastic problem is formulated as a CMDP and is
transformed into an MDP using the Lagrangian method. [7]
introduces AoII metric and solves the CMDP problem with
a Lagrangian approach. [14] optimizes AoII in a continuous-
time setup by formulating a constrained semi-MDP problem
and employing the Lagrangian method. [15] focuses on fresh
data collection from power-constrained sensors in industrial
IoT networks, optimizing average AoI with scheduling algo-
rithms and Linear Programming (LP)-based optimization. The
work [17] investigates the minimization of age in a two-hop
relay system, subject to a constraint on the average number
of forwarding actions at the relay, where the Lagrangian
method transforms the CMDP into an MDP. [22] minimizes
AoI in wireless networks with peak power-constrained base
stations, using CMDP with strict and relaxed power constraints
and proposing a truncated multi-user scheduling policy. [23]
minimizes average AoI in resource-constrained IoT networks
using a CMDP model and Lagrangian multipliers, offering an
asymptotically optimal, low-complexity algorithm. [29] em-
ploys a similar Lagrangian approach to optimize the freshness
and usefulness of information in a pull-based setup.

The works mentioned above primarily rely on formulat-
ing the constrained optimization problem using the CMDP
framework and subsequently proceed to solve it through a
Lagrangian approach, which is the most common method
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for obtaining the exact solution, in contrast to other ap-
proximate or learning-based approaches (see [30]–[33]) or
the online greedy approaches based on the virtual queue
method and Lyapunov optimization [34]. However, solving
a CMDP problem through the direct primary formulation or
the Lagrangian dual approach presents a formidable challenge,
particularly for problems with multiple constraints [9]. To
address this challenge, we present a token-based approach for
transforming the CMDP problem into an unconstrained MDP
problem, following the same approach in [35]. The resulting
MDP can be directly solved using popular iterative standard
methods. Specifically, we convert the constrained problem into
an unconstrained problem by defining new variables within the
system model. These variables are defined in such a way as
to ensure the update rate constraints. To elaborate, drawing
inspiration from the well-known token bucket mechanism, a
commonly referenced concept in the literature [35]–[38], we
allocate a specific number of tokens to the system in each
time slot (or assign one token with a specific probability) for
potential updates. When the tokens accumulate sufficiently, the
system can decide whether to spend them and update or refrain
from updating. This way, the system can optimize update
actions by spending tokens at the right time by solving an
unconstrained MDP. For single rate constraint problems, this
approach resembles the idea of modifying the system model
and incorporating an Energy Harvesting (EH) sensor with a
random energy arrival for sampling and status updating [39]–
[46]. However, as we will demonstrate in subsequent sections
by applying it to two rate constrained problems, this token-
based approach can be effectively applied to general system
models, without being limited to EH scenarios. Our results
reveal a key finding that the solution of the proposed token-
based unconstrained MDP problem converges to the solution
of the primary CMDP problem. The main contributions of this
paper are as follows:

• We present a token-based unconstrained MDP for opti-
mizing AoII in a status update system derived from a
single-rate CMDP and provide analytical results.

• We formulate a two-rate constrained MDP and its corre-
sponding token-based unconstrained MDP for optimizing
AoI in a status update system. Analytical results for the
unconstrained problem are presented.

• We introduce an iterative triangle bisection method for
solving the CMDP with two constraints.

• We examine and compare the stationary distributions
of the optimal Markov chains obtained from both the
optimal token-based and the CMDP policies.

• We provide numerical results to compare the performance
of the optimal token-based policy across different setups
with that of the optimal policy for the primary CMDP, as
well as other baseline policies.

• Through numerical analysis, we demonstrate that the op-
timal token-based policy converges to the optimal policy
of the primary CMDP problem as the maximum number
of tokens in the system increases.

The remainder of the paper is structured as follows: First, in
Section II, we present the status update system setup and the

information freshness metrics, which will be utilized in the
subsequent sections. Next, in Section III, we formulate and
solve the proposed token-based approach for the single-rate
constrained problem. Following this, we extend the approach
to address a two-rate constrained problem in Section IV. The
solutions obtained from the proposed token-based approach
will be numerically compared to the optimal solutions for the
main problems, as well as to other baseline policies, in Section
V. Finally, the paper is concluded in Section VI.

II. GENERAL SYSTEM MODEL

We consider a status update system depicted in Fig. 1,
where update packets/samples originating from an information
source are generated and transmitted from a source node
(Tx) to a destination node (Rx) within a network, by an
update policy. This policy is implemented on the transmitter
side and dictates when the update packets are transmitted
to the destination nodes, and our objective is to ascertain
the optimal policy that maximizes performance by optimizing
information freshness within the system while adhering to
maximum allowable update rates. In this system model, the
update packets are forwarded through a channel, which may
be reliable or unreliable1. Additionally, we integrate a channel
from the receiver to the transmitter, which can be utilized
to either transmit acknowledgment feedback (in a push-based
scenario) or request a new update (in a pull-based scenario),
as in [29] and [47]. These feedback and request packets are
typically small, and we assume the backward channel to be
error-free and instantaneous2.

The proposed token-based approach is versatile and can
be applied to optimize various information freshness metrics
across diverse system configurations. To demonstrate the com-
prehensiveness and effectiveness of this approach, we will
apply it to two different metrics in two distinct setups. Specif-
ically, we will investigate CMDP and token-based problems
to optimize AoII and AoI under one and two update rate
constraints, respectively, as discussed in Sections III and IV.
In the first setup, we opt to employ push-based updating, while
in the second setup, we utilize pull-based status updating.

AoI is a performance metric that quantifies information
freshness. It is defined as the time elapsed since the generation
time of the last successfully received update at the destination
node. It can be mathematically represented as ∆AoI(t) =
t−u(t), where u(t) denotes the generation time of the current
update at the receiver. On the other hand, AoII quantifies the
time elapsed since the latest instance when the source collected
a sample with identical content to the current sample stored
at the destination. Let us denote this time instance as V (t).
The mathematical representation of AoII is then given by

1We have considered a single source in the system model, which is
directly applicable to multiple sources when each has a dedicated transmission
channel. For multiple sources sharing a channel, reducing and optimizing the
update rate of a source generally frees up more time slots for other sources
to send their updates. This concept can be used to generalize the model to a
multi-source scenario, which we propose as a potential area for future work.

2With imperfect feedback, the transmitter-side system agent cannot calcu-
late accurate freshness metrics when feedback fails, leaving the system state
not fully observable. Alternative approaches for partially observable states
may be suggested, which go beyond the scope of this work.
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Fig. 1: A general system model for optimizing information freshness
under update rate constraints.

∆AoII(t) = (t− V (t)) × 1 {XR(t) ̸= XS(t)}, where XR(t)
denotes the state (content) of the information at the receiver at
time t, XS(t) denotes the state (content) at the source at time
t, and 1 {·} is the indicator function. In this system model,
we assume that the time is slotted and the slots are of equal
duration.

III. A SYSTEM WITH SINGLE RATE CONSTRAINT

A. Problem Formulation

In a status update system, as depicted in Fig. 1, where the
objective is to optimize the time average of a freshness metric
or a cost function C

(
s (t) , a (t)

)
subject to an update rate

constraint, a CMDP problem can be defined as follows:

min
π∈Π

lim sup
T→∞

1

T
E

[
T−1∑
t=0

C
(
sπ(t), aπ(t)

)∣∣∣s(0)], (1)

s.t. lim sup
T→∞

1

T
E

[
T−1∑
t=0

aπ(t)
∣∣∣s(0)] ≤ α,

where the conditional expectation is taken over the stochastic
processes in the system when the policy π is applied, given
that the initial state of the system is s(0). These stochastic
processes represent the probabilistic model of the system
components, including the information source, channel reli-
ability, queries, and other variables that exhibit a stochastic
nature. The policy π is a sequence of actions, i.e., π

def
=(

aπ(0), aπ(1), aπ(2), · · ·
)
, where aπ(t) ∈ {0, 1} represents

the action at time t. Here, aπ(t) = 1 represents the update
action, whereas aπ(t) = 0 indicates the no-update action.
The term update refers to the process of generating and trans-
mitting information from the source to the destination. Here,
sπ(t) is the state of the system under the policy π, including
a timeliness or freshness variable. In this formulation, the
parameter 0 < α < 1 restricts the average update rate. We
omit the superscript π in our analysis to facilitate presentation.

To transform this CMDP problem into the token-based MDP
one, we define a new state vector ŝ(t)

def
= [b(t), s(t)], where

b(t) ∈ {0, 1, 2, . . . , bmax} is a token variable evolving as:

b(t+1)=

{
min{b(t)−a(t)+1, bmax} with probability α,
b(t)−a(t) with probability 1−α,

(2)

where we have assumed that each update consumes one token.
The action a(t) must be set to zero (indicating no update)
when b(t) is equal to zero. Otherwise, when b(t) > 0, the
system will decide on the optimal action at each time slot.

This optimal policy can be obtained by solving the following
token-based unconstrained MDP problem:

min
π∈Π

lim sup
T→∞

1

T
E

[
T−1∑
t=0

C
(
ŝπ(t), aπ(t)

)∣∣∣ŝ(0)], (3)

where the cost function is the same as the CMDP problem
(1), i.e., C (ŝπ(t), aπ(t)) = C (sπ(t), aπ(t)), and the transition
probabilities of this new MDP problem can be simply derived
using the transition probability of the main CMDP problem,
via the following equation:

P
[
ŝ(t+1)

∣∣ŝ(t), a(t)]=P
[
b(t+1), s(t+1)

∣∣b(t), s(t), a(t)]
= P

[
b(t+ 1)

∣∣b(t), a(t)]︸ ︷︷ ︸
Can be derived from (2)

×P
[
s(t+ 1)

∣∣s(t), a(t)]︸ ︷︷ ︸
Given by CMDP problem (1)

. (4)

It is worth mentioning that the expected value of tokens added
in each time slot equals the rate constraint, α, ensuring that
the policy does not violate the rate constraints, even when all
tokens are utilized. This is further elaborated in Section V-C.

B. Optimizing AoII under rate constraint in a push-based
setup

In a scenario where the cost function is defined to be AoII,
denoted by ∆AoII(t), the CMDP problem (1) has previously
been addressed for a specific system model [7]. The considered
system model focuses on a communication system involving
a transmitter-receiver pair where the transmitter sends status
updates about a discrete Markov chain process to the receiver
over an unreliable channel, as depicted in Fig. 1. The process
has N states, and probabilities of staying in the same state
(pR) or transitioning to another state (pt) are defined such that
pR+(N−1)pt = 1. The unreliable channel follows a Bernoulli
distribution with success (ps) and failure (pf = 1− ps) prob-
abilities at each time slot. Successful transmission prompts
an ACK feedback, while failure results in a NACK. The
transmitter can perfectly estimate the receiver’s information
source using these packets. The transmitter follows a push-
based scenario and generates updates at its discretion by
sampling the current process state. In this setup, each update
transmission spans a single time slot. The objective is to
minimize the time-average AoII with the adopted transmission
policy.

This problem can be formulated as a CMDP presented in
(1), where the state at time t is characterized by the AoII,
s(t)

def
= ∆AoII(t) ∈ {0, 1, 2, · · · ,∆max}. We assume that the

AoII is limited to ∆max since the stored data with a high
AoII becomes too outdated to be useful, making higher values
unnecessary (see Section V-A1 for details). The action at time
t, denoted as a(t) ∈ {0, 1}, signifies an attempted update
(value 1) or remaining idle (value 0). The instantaneous cost
is defined as C (s(t), a(t))

def
= ∆AoII(t), and the transition

probabilities between states are detailed below:
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P
[
s(t+ 1)=0

∣∣s(t)=0, a(t)
]
=pR, ∀a(t) ∈ {0, 1} (5a)

P
[
s(t+ 1)=1

∣∣s(t)=0, a(t)
]
=1−pR, ∀a(t) ∈ {0, 1} (5b)

P
[
s(t+ 1)=0

∣∣s(t) ̸= 0, a(t)=0
]
=pt (5c)

P
[
s(t+ 1)=s(t)+1

∣∣s(t) ̸= 0, a(t)=0
]
=1−pt (5d)

P
[
s(t+ 1)=0

∣∣s(t) ̸= 0, a(t)=1
]
=β (5e)

P
[
s(t+ 1)=s(t)+1

∣∣s(t) ̸= 0, a(t)=1
]
=1−β, (5f)

where β
def
= pRps + pfpt. For the main problem presented in

[7], the assumption pR > pt has been considered to prevent the
trivial optimal scenario of never update. We consider the same
assumption which results in: β=pRps+pfpt>ptps+pfpt=pt.

Transforming this CMDP problem into a token-based MDP
problem, the transition probabilities for the new state vector
ŝ, i.e., P [ŝ′|ŝ, a] = P

[
b′, s′

∣∣b, s, a], can now be calculated
using (4), (2) and (5).

• Case 1. a = 0 and s = 0.

P [ŝ′|ŝ, a]=


αpR b′=b+1, s′=0,

αp̄R b′=b+1, s′=1,

ᾱpR b′=b, s′=0,

ᾱp̄R b′=b, s′=1.

(6)

• Case 2. a = 0 and s ̸= 0.

P [ŝ′|ŝ, a]=


αpt b′=b+1, s′=0,

αp̄t b′=b+1, s′=s+1,

ᾱpt b′=b, s′=0,

ᾱp̄t b′=b, s′=s+1.

(7)

• Case 3. a = 1 and s = 0, while b > 0.

P [ŝ′|ŝ, a]=


αpR b′=b, s′=0,

αp̄R b′=b, s′=1,

ᾱpR b′=b−1, s′=0,

ᾱp̄R b′=b−1, s′=1.

(8)

• Case 4. a = 1 and s ̸= 0, while b > 0.

P [ŝ′|ŝ, a]=


αβ b′=b, s′=0,

αβ̄ b′=b, s′=s+1,

ᾱβ b′=b−1, s′=0,

ᾱβ̄ b′=b−1, s′=s+1.

(9)

We have defined p̄R
def
= 1 − pR, p̄t

def
= 1 − pt, ᾱ

def
= 1 − α,

and β̄
def
= 1 − β. In the following, we present the structural

results of the optimal token-based policy, and in Section V-A
we compare its outcomes with the main CMDP solution for
the same problem.

1) Analytical Results: We present analytical results regard-
ing the existence and structure of the optimal token-based
policy. Here, we omit the hat on ŝ for the sake of simplicity.

Definition 1. An MDP is weakly accessible (or weakly com-
municating) if its states can be divided into two subsets, St

and Sc, where states in St are transient under any stationary
policy, and for any two states s and s′ in Sc, s′ can be reached
from s under some stationary policy.

Proposition 1. The token-based MDP problem (3) is weakly
accessible.

Proof. We demonstrate that any state s′ =
(
b′,∆AoII′

)
=

(b′,∆′) ∈ Ŝ is reachable from any other state s =
(
b,∆AoII

)
=

(b,∆) ∈ Ŝ under a stationary stochastic policy π, where the
action a ∈ {0, 1} at each state is randomly selected with a
positive probability. The state b′ < b is accessible from b with
a positive probability (w.p.p.) by executing action a = 1 for
(b − b′) time slots, and b′ ≥ b is reachable from b w.p.p. by
realizing action a = 0 for (b′ − b) slots. Upon reaching the
state b′, irrespective of subsequent actions, the state of the
token variable can remain unchanged w.p.p. Consequently, for
the remainder of the proof, we consider the token state to be b′.
The state ∆′ < ∆ is also attainable from ∆ w.p.p. by executing
action a = 1 for one time slot, followed by executing action
a = 0 for ∆′ slots. Meanwhile, the state ∆′ ≥ ∆ is accessible
from ∆ by executing action a = 0 for ∆′ −∆ slots.

Proposition 2. In the token-based MDP problem (3), the
optimal average cost J∗ achieved by an optimal policy π∗

is the same for all initial states, and it satisfies the Bellman
equation:

J∗+V (s)= min
a∈{0,1}

{∑
s′∈Ŝ

P
(
s′
∣∣s, a)[C(s, a)+V (s′)

]}
, (10)

π∗(s)∈argmin
a∈{0,1}

{∑
s′∈Ŝ

P
(
s′
∣∣s, a)[C(s, a)+V (s′)

]}
. (11)

where V (s) denotes the value function of the MDP problem.

Proof. As per Proposition 1, the problem defined by equation
(3) is weakly accessible. Consequently, by Proposition 4.2.3
in [48], the optimal average cost remains consistent across all
initial states. Furthermore, based on Proposition 4.2.6 in [48],
there exists an optimal policy. According to Proposition 4.2.1
in [48], if we can identify J∗ and V (s) satisfying (10), then
the optimal policy can be determined using (11).

The optimal policy, denoted as π∗, relies on V (s), which
typically lacks a closed-form solution. Standard and well-
defined methods, such as the (Relative) Value Iteration and
Policy Iteration algorithms, can be employed to solve this
optimization problem. Additionally, it is a common practice
to apply Reinforcement Learning (RL) methods to solve
MDP problems in scenarios where the system parameters are
unknown to the agent and must be learned [49]–[51]. Here,
we proceed with models with known parameters, and, in what
follows, we present the structure of the value function and the
optimal policy of the token-based MDP. This analysis provides
insights into the solution and suggests potential avenues for
simplifying these algorithms, achieving lighter versions in
terms of complexity and scalability.

Definition 2. Suppose that there exists a ∆T (b) > 0 for each
b such that the action π(b,∆AoII) is 1 for ∆AoII ≥ ∆T (b), and
0 otherwise. In this case, the policy π is a threshold policy.
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Lemma 1. The value function of the token-based MDP
problem (3) is increasing in ∆AoII. In other words, if 0 <
∆AoII

1 ≤ ∆AoII
2 , then V

(
b,∆AoII

1

)
≤ V

(
b,∆AoII

2

)
.

Proof. The proof is presented in Appendix A.

Theorem 1. The optimal policy of the token-based MDP
problem (3) is a threshold policy.

Proof. The proof can be found in Appendix B.

IV. A SYSTEM WITH TWO RATE CONSTRAINTS

Consider a scenario where the sensors of an IoT device
measure physical variables and transmit updates to a user’s
monitoring node, such as a smartphone; it is reasonable to
assume that higher demand for more frequent updates or
fresher information arises when the user actively monitors the
variables on their phone. Conversely, updates occur at a regular
(or minimum) rate when there is no active monitoring. The
system simply imposes two rate constraints in a pull-based
scenario: one in response to user requests and another when
there is no request. We aim to obtain an optimal update policy
that minimizes the AoI in such a system while simultaneously
satisfying the two rate constraints.

A. Problem Formulation
Considering the system model in Fig. 1, the optimization

of average AoI under two rate constraints can be cast into an
infinite-horizon average cost CMDP problem, given by,

min
π∈Π

lim sup
T→∞

1

T
E

[
T−1∑
t=0

C
(
sπ(t), aπ(t)

)∣∣∣s(0)], (12)

s.t. lim sup
T→∞

1

T
E

[
T−1∑
t=0

(
1− r(t)

)
aπ(t)

∣∣∣s(0)] ≤ α0,

s.t. lim sup
T→∞

1

T
E

[
T−1∑
t=0

r(t)aπ(t)
∣∣∣s(0)] ≤ α1,

where the state is defined as s(t)
def
= [∆(t), r(t)]

T , ∆(t) is
the AoI, and r(t) is the random process related to the user’s
requests, where r(t) = 1 when there is an request from Rx,
and r(t) = 0 when there is no request. We assume that the
request arrival process follows an i.i.d. Bernoulli distribution
with parameter q over time slots. Same as the problem (1), π is
a sequence of actions π

def
= (aπ(0), aπ(1), aπ(2), . . .), aπ(t) ∈

{0, 1}, where aπ(t) = 0 denotes the remain idle action, and
aπ(t) = 1 denotes the update action at time t. In this system
model, the action is adopted at the transmitter (Tx) based on
the state vector known at the beginning of each time slot,
and the receiver is updated through an error-free channel with
a lag normalized to one time slot. The transition probabilities
are defined by P [s(t+1)|s(t), a(t)]=P [∆(t+1)|∆(t), a(t)]×
P [r(t+1)] and calculated by the following equations:

∆(t+1)=

{
min {∆(t)+1,∆max} when a(t)=0,

1 when a(t)=1,
(13)

r(t+ 1)=

{
1 with probability (w.p.) q,
0 w.p. 1− q.

(14)

The cost function is defined to be equal to the AoI, i.e.,
C
(
s(t), a(t)

) def
= ∆(t). In the formulation (12), α1 and α0

impose limits on the periods of time during which the system
is transmitting updates, while simultaneously either receiving
or not receiving a request from the receiver, respectively. These
two parameters can also be represented as follows:

α0=lim sup
T→∞

1

T
E

[
T−1∑
t=0

(
1−r(t)

)∣∣∣s(0)]×αmin=(1−q)αmin,

α1 = lim sup
T→∞

1

T
E

[
T−1∑
t=0

r(t)
∣∣∣s(0)]× αmax = qαmax. (15)

Here, αmax and αmin denote the maximum desired update
rates given that there is or is not a request, respectively.

1) Dual Lagrangian Problem: The primary CMDP prob-
lem (12) can be described by introducing two Lagrange
multipliers λ0 ≥ 0 and λ1 ≥ 0 and defining Lagrangian
function as:

L(λ, π) (16)

def
= lim sup

T→∞

1

T
E

[
T−1∑
t=0

C
(
sπ(t), aπ(t)

)∣∣∣s(0)]+λ0c0(π)+λ1c1(π)

= lim sup
T→∞

1

T
E

[
T−1∑
t=0

C
(
sπ(t), aπ(t)

)
+ λ0

(
1− r(t)

)
aπ(t)

+ λ1r(t)a
π(t)

∣∣∣s(0)]− λ0α0 − λ1α1,

where λ
def
= [λ0 λ1]

T is the vector of Lagrangian multipliers.
Here, we have defined,

c0(π)
def
= lim sup

T→∞

1

T
E

[
T−1∑
t=0

(
1− r(t)

)
aπ(t)

∣∣∣s(0)]− α0

c1(π)
def
= lim sup

T→∞

1

T
E

[
T−1∑
t=0

r(t)aπ(t)
∣∣∣s(0)]− α1, (17)

where c0(π) ≤ 0 and c1(π) ≤ 0 represent the constraints of
the CMDP problem (12). The Lagrangian dual problem then
is given by:

sup
λ≥0

min
π∈Π

L(λ, π)︸ ︷︷ ︸
def
=g(λ)

, (18)

where g(λ) = g(λ0, λ1) = L(λ, π∗
λ) represents the Lagrange

dual function, where π∗
λ is a λ-optimal policy derived from

an unconstrained MDP problem for a given λ, as follows:

π∗
λ ∈ argmin

π∈Π
L(λ, π). (19)

The new cost function for the dual problem (18), denoted
by Cλ

(
s(t), a(t)

)
, can be redefined according to (16):

Cλ

(
s(t), a(t)

) def
=C

(
s(t), a(t)

)
+λ0

(
1−r(t)

)
a(t)+λ1r(t)a(t).

(20)

The solution to the dual Lagrangian problem (18) generally
provides a lower bound for the primary CMDP problem (12).
However, given that the state space of the problem S is a finite
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set, the growth condition [9, Eq. 11.21] is satisfied. Addition-
ally, as the cost function C

(
s(t), a(t)

)
≥ 0 is bounded from

below, the conditions outlined in [9, Corollary 12.2] are met,
ensuring the equivalence of the optimal solutions for both the
dual and primary problems. Consequently, the optimal solution
for the primary CMDP (18) can be obtained by solving:

sup
λ≥0

L(λ, π∗
λ), (21)

where π∗
λ is derived from (19). More specifically, the optimal

policy can be determined in two steps: first, by solving the
unconstrained MDP (19) and identifying the λ-optimal policy
π∗
λ; second, by obtaining the optimal value of the Lagrangian

vector λ as per (21). It is important to note that according to
(20), the cost of action a(t) = 1 increases with the increase of
λ multipliers, while it remains constant for action a(t) = 0.
Thus, the cost function Cλ

(
s(t), a(t)

)
will increase while the

rates will decrease with the increase of λ. On the other hand,
the dual function g(λ) is decreasing in λ [52, Lemma 3.1].
Therefore, the search is for the lowest value of λ that results
in the maximum allowable rates. In Section IV-C, we present
an iterative algorithm to obtain the optimal policy and λ.

2) Formulation of the Token-based MDP problem: We con-
vert the primary CMDP problem (12) into a token-based MDP
problem by including token variables within the state vector,
as mentioned earlier. This token-based MDP is characterized
by a tuple < Ŝ,A, P, C >, where Ŝ is the state space, A is
the set of actions, P is the state transition probability function,
and C is the cost of MDP.

• States: the new state vector ŝ(t) is defined as ŝ(t)
def
=

[b0(t), b1(t),∆(t), r(t)]
T ∈ Ŝ, where b0(t) and b1(t) are

token variables for two constraints, respectively, taking
value in the set B = {0, 1, 2, . . . , bmax}. Moreover,
∆(t) ∈ {1, 2, 3, · · · ,∆max} is the AoI at the receiver, and
r(t) ∈ {0, 1} is the request process at time slot t; r(t) is
1 when there is a request from the destination node and
0 otherwise. The state space, Ŝ =

{
(b0, b1,∆, r) : b0 ∈

B, b1 ∈ B,∆ ∈ {1, 2, · · ·,∆max}, and r ∈ {0, 1}
}

is a
finite set. The time evolution of these state variables is
given by the following equations:

b0(t+1)=



min {b0(t)−a(t)+1, bmax} w.p. αmin when
r(t) = 0,

b0(t)− a(t) w.p. 1 − αmin when
r(t) = 0,

b0(t) w.p. 1 when r(t) =
1.

(22)

b1(t+1)=



min {b1(t)−a(t)+1, bmax} w.p. αmax when
r(t) = 1,

b1(t)− a(t) w.p. 1− αmax when
r(t) = 1,

b1(t) w.p. 1 when r(t) =
0.

(23)

∆(t+1)=

{
min {∆(t)+1,∆max} when a(t)=0,

1 when a(t)=1.
(24)

r(t+ 1)=

{
1 w.p. q,
0 w.p. 1− q.

(25)

• Actions: at time t, a(t) = 0 represents the action of
staying idle, while a(t) = 1 represents the action of
transmitting an update. The action a(t) is forced to be 0
when there is no token, i.e., when b0(t) = 0 and r(t) = 0,
or b1(t) = 0 and r(t) = 1.

• Transition probabilities: given the following equation,

P [ŝ(t+ 1)|ŝ(t), a(t)]=P [b0(t+ 1)|b0(t), r(t), a(t)]
× P [b1(t+ 1)|b1(t), r(t), a(t)]
× P [∆(t+ 1)|∆(t), a(t)]× P [r(t+ 1)] , (26)

the transition probabilities can simply be written using
the equations (22) to (25).

• Cost function: the cost function is identical to the primary
CMDP problem: C

(
ŝ(t), a(t)

) def
= ∆(t).

The resulting token-based unconstrained MDP optimization
problem is given by,

min
π∈Π

lim sup
T→∞

1

T
E

[
T−1∑
t=0

C
(
ŝπ(t), aπ(t)

)∣∣∣ŝ(0)], (27)

where Π is the set of all feasible policies, and ŝ(0) is the
initial state of the system.

B. Analytical Results
We provide analytical results concerning the existence and

structure of the optimal policy for the token-based MDP
problem (27). Here, we omit the hat on ŝ for simplicity.

Proposition 3. The token-based MDP problem (27) is weakly
accessible.

Proof. We establish that any state s′ = (b′0, b
′
1, r

′,∆′) ∈ Ŝ is
reachable from any other state s = (b0, b1, r,∆) ∈ Ŝ under
a stationary stochastic policy π, where the action a ∈ {0, 1}
at each state is randomly selected. The token state b′0 < b0
(b′1 < b1) can be accessed from b0 (b1) with a positive
probability by executing action a = 1 for b0 − b′0 (b1 − b′1)
time slots. Conversely, b′0 ≥ b0 (b′1 ≥ b1) is reachable from
b0 (b1) with a positive probability (w.p.p.) by implementing
action a = 0 for b′0 − b0 (b′1 − b1) slots. Upon reaching
the state b′0 (b′1), the subsequent actions have no impact, and
the token variables’ state can remain unchanged with positive
probability. Consequently, for the remainder of the proof, we
consider the tokens’ state as (b′0, b

′
1). Additionally, the state

r′ ∈ {0, 1} is reached w.p.p. irrespective of the previous or
current system state. Finally, the state ∆′ < ∆ is attainable
from ∆ w.p.p. by executing action a = 1 for one time slot,
followed by executing action a = 0 for ∆′ slots. Meanwhile,
the state ∆′ ≥ ∆ is accessible from ∆ by executing action
a = 0 for ∆′ − ∆ slots. Consequently, s′ is accessible from
s, thereby concluding the proof.

Proposition 4. In the token-based MDP problem (27), the
optimal average cost J∗ achieved by an optimal policy π∗ is
the same for all initial states, satisfying the Bellman equations
given by (10) and (11).

Proof. Given that the MDP problem (27) is weakly accessible,
the proof is the same as the proof of Proposition 2, which has
been omitted for the sake of space.
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Standard methods, like the (Relative) Value Iteration and
Policy Iteration algorithms, can be employed to solve this
optimization problem. We also present the properties of the
value function and the structure of the optimal policy.

Lemma 2. The value function of the token-based MDP prob-
lem (27) is increasing in ∆. In other words, if 0 < ∆1 ≤ ∆2,
then V (b0, b1,∆1, r) ≤ V (b0, b1,∆2, r).

Proof. The proof is the same as that of Lemma 1, which has
been omitted for space.

Theorem 2. The optimal policy π∗ of the token-based MDP
problem (27) is a threshold policy. This means that for each
combination of (b0, b1, r) there exists an age threshold ∆T

such that π∗(b0, b1,∆, r) is 1 for ∆ ≥ ∆T , and 0 otherwise.

Proof. The proof is the same as the proof of Theorem 1, which
has been omitted for the sake of space.

C. Iterative triangle bisection algorithm for solving the
CMDP problem

We present an algorithm to obtain the optimal solution
for the problem (12). For a CMDP with a single constraint,
the optimal policy can be found by applying an iterative
algorithm approach as presented in [10]–[12], [23]. The al-
gorithm optimizes the Lagrange dual problem (18) resulting
from the CMDP by iterating through two loops: the inner loop
computes the λ-optimal policy for a given Lagrange multiplier
λ using the Relative Value Iteration Algorithm (RVIA), and
the external loop finds the optimal Lagrange multiplier λ∗ for
a given update policy through a bisection search. However,
the aforementioned bisection search is not applicable to cases
with two Lagrangian multipliers. To address this issue in
the external loop, we provide a generalized version of the
bisection method referred to as iterative triangle bisection,
which can be employed for solving two-dimensional nonlinear
equations. This method is a concise version of the algorithm
introduced in [53] and outlines an algorithm for solving
a system Fλ

def
=
[
c0(π

∗
λ)

c1(π
∗
λ)

]
=[ 00 ], where c0(·) and c1(·) have

been defined in Sections IV-A1. In this method, a triangle
(∆λAλBλC) in a two-dimensional plane is iteratively bisected
into two triangles (∆λAλDλC and ∆λDλBλC), and the
search involves identifying the triangle containing a point
λE

def
= (λ0E , λ1E) that satisfies FλE

=
[
c0(π

∗
λE

)

c1(π
∗
λE

)

]
=[ 00 ].

The verification that the point [ 00 ] lies within a triangle
∆FλA

FλD
FλC

can be accomplished using various methods,
such as the L-test introduced in [53].

An illustration of this iterative triangle bisection is pre-
sented in Fig. 2. The algorithm is initiated with a set
of four initial points λA, λB , λC , and λD such that[
c0(π

∗
λA

)≥0

c1(π
∗
λA

)≥0

]
,
[
c0(π

∗
λB

)≤0

c1(π
∗
λB

)≤0

]
,
[
c0(π

∗
λC

)≥0

c1(π
∗
λC

)≤0

]
, and

[
c0(π

∗
λD

)≤0

c1(π
∗
λD

)≥0

]
.

These four points constitute two triangles, R (∆λAλDλC) and
S (∆λDλBλC). The λ-optimal policies are then calculated
at the vertices of R and S, followed by the calculation of the
corresponding Fλ for each, as depicted in the F -plane on the
right-hand side of Fig. 2. The point [ 00 ] lies within one of
these resulting triangles in the F -plane, where the algorithm

(a) λ plane: initial loop (b) F plane: initial loop

(c) λ plane: loop 1 (d) F plane: loop 1

(e) λ plane: loop 2 (f) F plane: loop 2

(g) λ plane: loop 3 (h) F plane: loop 3

Fig. 2: The first three iterations of the iterative triangle bisection
algorithm are shown, with the λ-plane on the left and the F -plane
on the right. In each iteration, the triangle in the F -plane containing
the point [ 00 ] (marked by a cross) is selected, and its corresponding
triangle in the λ-plane is bisected in the subsequent iteration.

continues with the corresponding triangle in the λ-plane. This
selected triangle, renamed as ∆λAλBλC , is bisected into two
new triangles, ∆λAλDλC and ∆λDλBλC , where λD is the
midpoint of the λAλB edge. The algorithm proceeds to the
next iteration with these two triangles. The proposed method
is presented in Algorithm 1. The inner loop of RVIA is also
provided in Algorithm 2.

Since the action space is discrete, the optimal policy π∗
λ may

not yield the maximum allowable rates but rather achieves
approximately equal rates. For justification, and in the case
of a CMDP with a single constraint, it is well established
that the ultimate optimal policy is a mixture of two non-
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randomized stationary policies [52]: one policy is tailored to
values exceeding (albeit nearly equal to) the constraint, while
the other is designed for values below (yet again, nearly equal
to) the maximum allowable rate. Through this approach, upon
mixing, the equality constraint can be met. Here, we adopt
a generalized approach where a set of four mixed policies
[9, Section 6.3], denoted by π∗

λ++ , π∗
λ+− , π∗

λ−+ and π∗
λ−− ,

is employed. These four policies represent the four nearest
λ-optimal policies, achieved through a gradual decrease (in-
crease) of λ∗

0 and/or λ∗
1 until the conditions of the greater than

(smaller than) inequalities are met, such that
[
c0(π

∗
λ++ )≥0

c1(π
∗
λ++ )≥0

]
,[

c0(π
∗
λ−− )≤0

c1(π
∗
λ−− )≤0

]
,
[
c0(π

∗
λ+− )≥0

c1(π
∗
λ+− )≤0

]
, and

[
c0(π

∗
λ−+ )≤0

c1(π
∗
λ−+ )≥0

]
. The gradual

decrease (increase) of the λ multipliers can simply be achieved
by iteratively dividing (multiplying) them by 1+γ, where γ is
chosen to be a small positive real number close to zero, e.g.,
0.1. The mixing probability of these policies can be expressed
by introducing probabilities ρ0 and ρ1 where π∗

λ++ , π∗
λ+− ,

π∗
λ−+ and π∗

λ−− are assigned probabilities ρ0ρ1, ρ0(1 − ρ1),
(1− ρ0)ρ1, and (1− ρ0)(1− ρ1), respectively, satisfying the
following system of equations:

ρ0ρ1c0(π
∗
λ++)+ρ0(1−ρ1)c0(π

∗
λ+−)+(1−ρ0)ρ1c0(π

∗
λ−+)

+(1−ρ0)(1−ρ1)c0(π
∗
λ−−)=0 (28)

ρ0ρ1c1(π
∗
λ++)+ρ0(1−ρ1)c1(π

∗
λ+−)+(1−ρ0)ρ1c1(π

∗
λ−+)

+(1−ρ0)(1−ρ1)c1(π
∗
λ−−)=0 (29)

D. Complexity of RVIA and iterative triangle bisection

The computational complexity of each iteration of the Value
Iteration Algorithm is O

(
|S|2|A|

)
[54]; therefore, the RVIA

has a total computational complexity of O
(
NRVIA|S|2|A|

)
,

where |S| is the size of the state space, |A| is the size of the
action space, and NRVIA is the number of iterations for termi-
nation. The computational complexity of the iterative triangle
bisection algorithm is O

(
NENRVIA|S|2|A|

)
, where NE is the

iteration number of the external loop. Both NE and NRVIA
depend on initial points and termination parameters ελ and εV ,
respectively. For the CMDP problem with two rate constraints
(12), the iterative triangle bisection algorithm’s complexity
is O

(
NENRVIA|∆max|2

)
. For the corresponding token-based

MDP, the RVIA complexity is O
(
N̂RVIA|bmax|4|∆max|2

)
.

E. Distribution of the resulting optimal Markov chains

Optimal policies for the token-based MDP and the main
CMDP problem can be derived using the RVIA and the iter-
ative triangle bisection algorithm, respectively. By employing
the optimal policies derived for these two problems, two
corresponding Markov chains (or Markov reward chains, if
we consider the costs at each state) result. We can characterize
these two Markov chains as follows.

1) Optimal Markov chain from CMDP problem
(MCCMDP ): This Markov chain can be described by the
tuple < S, PMC >, along with an arbitrary initial distribution.
Here, S represents the same state space as defined in Section
IV-A, spanning all the state vectors s = [∆, r]T , and PMC

denotes the transition probability under the optimal action.

Specifically, PMC [s′|s] is determined by P [s′|s, a = π∗(s)],
where P [s′|s, a] is elaborated in Section IV-A.

2) Optimal Markov chain from token-based problem
(MCToken−based): This Markov chain is characterized by
the tuple < Ŝ, P̂MC > with an arbitrary initial distribution,
where Ŝ is the same state space as defined in Section IV-A2,
spanning all the state vectors ŝ = [b0, b1,∆, r]T , and P̂MC

is the transition probability under the optimal action, i.e.,
P̂MC [ŝ′|ŝ] = P [ŝ′|ŝ, a = π∗(ŝ)], where P [ŝ′|ŝ, a] is defined
in Section IV-A2.

The steady-state or stationary distribution of a Markov
chain is a probability distribution over the states that re-
mains unchanged as time progresses. We denote the stationary
probability of states s and ŝ by µ(s) and µ̂(ŝ), respec-
tively, and the stationary distributions by row vectors µ =
[µ(s1) µ(s2) · · · µ(sN )] and µ̂ =

[
µ̂(ŝ1) µ̂(ŝ2) · · · µ̂(ŝN̂ )

]
,

respectively. The stationary distribution of the aforementioned
Markov chains can be calculated using the following balance
equations:

MCCMDP :

{
µPMC = µ∑N

i=1 µ(si) = 1
(30)

MCToken−based :

{
µ̂P̂MC = µ̂∑N̂

i=1 µ̂(ŝi) = 1
(31)

where N and N̂ are the sizes (number of elements)
of the state spaces S and Ŝ, respectively. Here, PMC

(P̂MC) is the transition probability matrix whose (i, j)th

element represents the transition probability from state si
(ŝi) to sj (ŝj), i.e., PMC [sj |si] (P̂MC [ŝj |ŝi]). After solv-
ing the balance equations (30) and (31), we obtain the
stationary distributions µ(s) = µ(∆, r) and µ̂(ŝ) =
µ̂(b0, b1,∆, r). Additionally, we present the marginal distri-
bution µ̂(∆, r) =

∑bmax
b0=0

∑bmax
b1=0 µ̂(b0, b1,∆, r), as we will

compare this marginal distribution with µ(∆, r) in Section
V-B.

V. NUMERICAL RESULTS

In this section, we evaluate the performance of the proposed
token-based policy through simulation results. We execute our
algorithms on MATLAB over 2× 104 time slots and average
them over 400 runs. All numerical results are obtained using a
standard laptop with an Intel(R) Core(TM) i7-1355U 1.7 GHz
processor and 32 GB of RAM.

A. Single Rate Constrained Problem

We compare the results of the optimal policies for the
primary CMDP problem (1), and the corresponding token-
based MDP problem (3). The first policy is derived through
the optimal threshold finder presented in [7], while the second
policy is obtained using the RVIA algorithm. In Figs. 3 and 4
the average AoII for both policies is depicted for various sets
of system parameters. The optimal average AoII for various
values of α has been illustrated in Fig. 3, with pR = 0.5 and
N = 8. In this figure, we have modified the value of bmax
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Algorithm 1 Iterative triangle bisection approach to solve
CMDP problem with two constraints
Require: System parameters q, αmin, αmax, ∆max, ελ and a set of

four initial points λA, λB , λC , and λD such that
[

c0(π
∗
λA

)≥0

c1(π
∗
λA

)≥0

]
,[

c0(π
∗
λB

)≤0

c1(π
∗
λB

)≤0

]
,
[

c0(π
∗
λC

)≥0

c1(π
∗
λC

)≤0

]
, and

[
c0(π

∗
λD

)≤0

c1(π
∗
λD

)≥0

]
.

1: Initialize the triangles: R← ∆λAλDλC , S ← ∆λDλBλC .
2: Initialize the λ vector: λnew

E ← λD , λold
E ← [ infinf ].

3: while |λnew
E − λold

E |≥ελ do ▷ External loop: Triangle bisection
4: Run RVIA(λ) at the vertices of R (λRA, λRB , and λRC )

to obtain λ-optimal policies: π∗
λRA

← RVIA(λRA), π∗
λRB

←
RVIA(λRB), and π∗

λRC
← RVIA(λRC).

5: Calculate Fλ =
[
c0(π

∗
λ)

c1(π
∗
λ)

]
at the vertices of R to obtain

triangle ∆FλRAFλRBFλRC

6: if (0 lies within triangle ∆FλRAFλRBFλRC ) then T ← R
7: else T ← S
8: end if
9: Rotate T such that its first edge (λTAλTB) becomes the

longest edge of triangle T .
10: Update ∆λAλBλC ← T
11: Update λold

E ←λnew
E , λnew

E ← λA+λB+λC
3

, and λD← λA+λB
2

12: Update the triangles: R← ∆λAλDλC , S ← ∆λDλBλC .
13: end while
14: λ∗ ← λnew

E and π∗
λ ← RVIA(λ∗)

15: return λ∗ and π∗
λ

Algorithm 2 RVIA(λ) function
Require: State space S, parameters q, εV , and the input λ

1: Initialize V0(s) = v0(s) = 0, ∀s ∈ S, and set t = 0.
2: repeat ▷ Inner loop: RVIA iteration
3: t← t+ 1
4: for s ∈ S do
5: vt(s) = min

a∈{0,1}

∑
s′∈S

P
(
s′|s, a

) [
Cλ(s, a) + Vt−1(s

′)
]

6: π∗
λ(s) = argmin

a∈{0,1}

∑
s′∈S

P
(
s′|s, a

) [
Cλ(s, a) + Vt−1(s

′)
]

7: Vt(s) = vt(s)− vt(s0) ▷ s0: any arbitrary state
8: end for
9: until max

s∈S
{Vt(s)−Vt−1(s)}−min

s∈S
{Vt(s)−Vt−1(s)}<εV

10: return π∗
λ

from 5 to 20. As evident, the optimal AoII for the token-
based MDP problem converges to the optimal AoII of the
main CMDP problem. In Fig. 4, the optimal average AoII for
two policies is depicted as a function of pR, for N = 8 and
α = 0.1. The optimal average AoII for the token-based policy
converges to the optimal average AoII of the main CMDP
problem as the value of bmax increases. In both figures, we
considered ∆max = 30.

1) The Impact of ∆max: Our results regarding the optimal
policies and optimal average AoII/AoI are obtained under
the assumption of a maximum age ∆max. This approach is a
common practice for truncating the age to a maximum value,
as age values exceeding a certain high threshold are considered
too stale from a systemic perspective. Consequently, these
values can be represented or truncated by that high thresh-
old, provided the truncation level is sufficiently high. This
approach aids both the theoretical and numerical analysis of
the CMDP/MDP problem without compromising the accuracy
of the results. For further investigation, we have illustrated the
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Fig. 3: Optimal average AoII for two policies vs. α in the single rate
constrained problem.
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Fig. 4: Optimal average AoII for two policies vs. pR in the single
rate constrained problem.

impact of ∆max on the results for the single-rate constrained
problem, noting that the two-rate problem exhibits similar
behavior. In Fig. 5, the average AoII is depicted against ∆max
for two values of α. Other system parameters are N = 8,
pR = 0.5, and bmax = 10. It is observed that the average AoII
values converge towards their ultimate values as ∆max exceeds
20 or 30. For higher values of ∆max, increases in ∆max result
in negligible changes. This indicates that ∆max = 30 yields
true age values in our results.
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Fig. 5: Average AoII vs. ∆max.

B. Two Rate Constrained Problem

We compare the optimal token-based policy of the MDP
problem (27) with the optimal policy derived from the primary
CMDP problem (12), along with two additional baseline poli-
cies. We utilize the RVIA algorithm to solve the token-based
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MDP problem and the iterative triangle bisection algorithm
to solve the CMDP problem. Subsequently, we compare the
resulting average AoI for these two policies across various
system parameters q (Fig. 6) and αmax (Fig. 7), while keeping
αmin fixed at 0.1. In Figs. 6 and 7, we also present the average
AoI resulting from a uniform two-rate policy and a random
policy. By a uniform two-rate policy, we mean that when
r = 0, the system is updated at a uniform rate of αmin,
and when r = 1, the system is updated at a uniform rate
of αmax. Whereas, according to a random policy, the system
is updated with probability αmin (αmax) when r = 0 (r = 1).
The parameters ∆max, ελ, and εV have been set to 20, 0.1,
and 0.1, respectively. The results are summarized as follows:

• With an increase in bmax, the optimal average AoI for
the token-based MDP problem converges to that of the
primary CMDP problem. For further illustration, in Fig.
8, we plot the optimality gap between the token-based
policy and the optimal policy for the main CMDP prob-
lem as a function of bmax, where αmax = 0.5 and q is
either 0.2 or 0.5.

• Even for low levels of bmax (e.g. bmax = 5), the per-
formance of the optimal token-based policy is close
to the optimal CMDP policy, and it outperforms both
the uniform and random policies. In Section IV-D, we
observed that when bmax is low, the RVIA’s complexity in
finding the optimal token-based policy may be preferable
to the iterative approach for the primary CMDP. In Fig. 9,
the execution time of the token-based RVIA is depicted
alongside the execution time of the iterative triangle
bisection for the primary CMDP on a logarithmic scale. It
can be confirmed that, for low values of bmax, the token-
based approach demonstrates lower complexity. This is
particularly significant because the token-based approach
offers a straightforward formulation and solution without
becoming entangled in the Lagrangian formulation and
the intricate aspects of the iterative bisection algorithm
for the primary CMDP problem.
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Fig. 6: Average AoI for different policies vs. q (αmax = 0.5) in the
two rate constrained problem.

To reinforce the convergence of the token-based solution
to the main CMDP solution, we present the stationary dis-
tributions of the resulting optimal Markov chains introduced
in Section IV-E. We compare the stationary probabilities of
being in state (∆, r) for both Markov chains, denoted as
µ(∆, r) and µ̂(∆, r), for ∆ ∈ {1, 3, 5, 7} and r ∈ {0, 1}.
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Fig. 7: Average AoI for different policies vs. αmax (q = 0.2) in the
two rate constrained problem.
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Fig. 8: Optimality gap vs. bmax in the two rate constrained problem.
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Fig. 9: The execution time vs. bmax for the token-based approach and
the iterative triangle bisection method for the primary CMDP.

The results are depicted in Fig. 10 as a function of bmax, with
αmin = 0.1, αmax = 0.5, q = 0.2, and ∆max = 20. It can
be observed that for different combinations of (∆, r) values,
as we increase bmax, the marginal stationary distribution of the
optimal Markov chain resulting from the token-based problem
(µ̂(∆, r), shown as a solid red line) converges to that of the
main CMDP problem (µ(∆, r), shown as a dashed blue line).

C. Discussion on How the Token-Based Approach Satisfies the
Constraints

The first point to note is that the expected value of the
added tokens in the system at each time slot is equal to the
rate constraint (denoted as α in the single-rate problem, and
α1 and α2 in the two-rate problem), as specified in equations



11

0 5 10
0.1

0.12

0.14

0 5 10
0

0.02

0.04

0 5 10
0.1

0.12

0.14

0 5 10
0

0.02

0.04

0 5 10
0.05

0.1

0.15

0 5 10
0

0.02

0.04

0 5 10
0

0.02

0.04

0 5 10
0

0.02

0.04

Fig. 10: The stationary distributions of the resulting optimal Markov
chains are depicted as a function of bmax for various ∆ and r.

(2), (22), and (23). Therefore, even if the policy utilizes all
the tokens, the rate constraints will not be violated.

On the other hand, as the maximum number of tokens,
denoted as bmax, increases in the system, the degrees of
freedom in taking actions and selecting the age thresholds
(with one threshold for each b ∈ {0, 1, 2, · · · , bmax}) also
increase. Consequently, the optimal policy achieves improved
optimization results. This increased degree of freedom is
illustrated in Figs. 11 and 12, which show the optimal actions
for the single rate constrained problem in Section V-A with
two different bmax values. In fact, for a given threshold policy
(with threshold ∆T (b) for each b), the average update rate
can be characterized by analyzing the resulting Markov chain
and is expressed as

∑bmax
b=1 Prob [∆ ≥ ∆T (b)]. Thus, as bmax

increases, the number of optimal ∆T (b) values that can be
selected to adjust the update rate in the system (as a function
of age and b) also increases.

The impact of these optimized results is reflected in the ul-
timate average update rate used in the system according to the
optimal policy. In Fig. 13, we illustrate the update rate versus
bmax for different α values in the single-rate problem. It can be
observed that as bmax increases, the update rate approaches the
equality constraint. It is intuitively reasonable because sending
the maximum possible number of updates in the system
will enhance the freshness metric, as this approach provides
the freshest possible updates within the system. However, it

Fig. 11: Optimal actions for bmax = 5 (α = 0.1).

Fig. 12: Optimal actions for bmax = 10 (α = 0.1).
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Fig. 13: Average update rate vs. bmax.

should be noted that sending the maximum possible number of
updates (or, equivalently, using the maximum average update
rate) is not always necessary. In some cases, sending additional
updates results in uninformative data that does not improve
the average AoII or other semantics-aware metrics used as the
cost/objective function. This is demonstrated in the same setup
with α = 0.6, where a lower average update rate, less than 0.6,
yields the optimal outcome. However, it is also noteworthy to
mention that, in this case, the increase in bmax also brings the
average update rate closer to the optimal value.

VI. CONCLUSION

In this work, we explored a token-based approach for
transforming CMDP problems into unconstrained MDP prob-
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lems, explicitly focusing on optimizing information freshness
in status update systems. We have applied this approach
to systems with one and two update rate constraints and
examined the analytical structure of the optimal token-based
policy. Additionally, we have introduced an iterative triangle
bisection algorithm for solving CMDP problems with two
constraints. Our findings demonstrate the superior performance
of the optimal policy compared to baseline policies and the
convergence of the optimal token-based policy to the optimal
policy of the main CMDP problem as the maximum number
of tokens in the system increases. As future work, we may
consider incorporating more realistic channel models, either in
the forward channel or in the feedback channel. Additionally,
given that the structure of the optimal policies has been proven
to be threshold-based, lightweight approximate or learning-
based algorithms can also be explored to further enhance
the applicability of the token-based approach in practical
implementations.
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information source diversity in an energy harvesting system,” IEEE
Transactions on Green Communications and Networking, vol. 5, no. 3,
2021.

[44] M. Hatami, M. Leinonen, and M. Codreanu, “Aoi minimization in status
update control with energy harvesting sensors,” IEEE Transactions on
Communications, vol. 69, no. 12, 2021.

[45] E. Delfani and N. Pappas, “Version age-optimal cached status updates in
a gossiping network with energy harvesting sensor,” IEEE Transactions
on Communications, 2024.

[46] S. Dongare, A. Jovovic, W. de Sombre, A. Ortiz, and A. Klein,
“Minimizing the age of incorrect information for status update systems
with energy harvesting,” in ICC 2024-IEEE International Conference on
Communications, 2024, pp. 5323–5328.

[47] G. Stamatakis, N. Pappas, A. Fragkiadakis, N. Petroulakis, and A. Tra-
ganitis, “Semantics-aware active fault detection in status updating sys-
tems,” IEEE Open Journal of the Communications Society, 2024.

[48] D. P. Bertsekas, Dynamic Programming and Optimal Control, Vol. II,
3rd ed. Athena Scientific, 2007.

[49] X. Chen, C. Wu, T. Chen, H. Zhang, Z. Liu, Y. Zhang, and M. Bennis,
“Age of information aware radio resource management in vehicular
networks: A proactive deep reinforcement learning perspective,” IEEE
Transactions on wireless communications, vol. 19, no. 4, pp. 2268–2281,
2020.
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APPENDIX A
PROOF OF LEMMA 1

Proof. We use the Value Iteration Algorithm to prove the
lemma. The iteration at time t updates the value function of
s ∈ S as follows:

Vt+1(s)= min
a∈{0,1}

{
C(s)+

∑
s′∈S

P [s′|s, a]Vt(s
′)

}
. (32)

VIA converges to the value function of the Bellman equation
regardless of the initial value3 of V0(s), i.e., limt→∞ Vt(s) =

3According to [48, Proposition 4.3.1], when weak accessibility holds, value
iteration converges to the optimal result in the general case. However, stronger
conditions are required to guarantee the convergence of the value iteration
algorithm, including the unichain condition and aperiodicity of the transition
matrix of the MDP for every policy. While the unichain condition is intuitive,
it is not clear how to check it without enumerating all policies, which presents
an NP-hard problem [55]. Some weaker conditions have also been discussed
in the literature, including the weak unichain assumption, which is practically
always satisfied in real-world applications [56].

V (s) ∀s ∈ S. Therefore, it is sufficient to prove that ∀ 0 <
∆1 ≤ ∆2 and ∀ t = 0, 1, 2, · · · :

Vt (b,∆1, ) ≤ Vt (b,∆2) . (33)

Without loss of generality, we assume V0 (b,∆) =
0, ∀(b,∆) ∈ S. Thus, (33) is true for t = 0. Next, with
the assumption that (33) holds till t > 0, we show it holds for
t+ 1. Let us define x, y, u, and w as follows:

x = ∆1 +
∑
s′∈S

P [s′|s1, a = 0]Vt(s
′), (34)

y = ∆1 +
∑
s′∈S

P [s′|s1, a = 1]Vt(s
′), (35)

u = ∆2 +
∑
s′∈S

P [s′|s2, a = 0]Vt(s
′), (36)

w = ∆2 +
∑
s′∈S

P [s′|s2, a = 1]Vt(s
′), (37)

where s1 = (b,∆1), s2 = (b,∆2). So we have Vt+1 (s1) =
min {x, y} and Vt+1 (s2) = min {u,w}. Using the transition
probabilities, we can show that:

x = ∆1+αptVt (b+1, 0)+αp̄tVt (b+1,min{∆1+1,∆max})
+ ᾱptVt (b, 0) + ᾱp̄tVt (b,min{∆1+1,∆max}) , (38)

u = ∆2+αptVt (b+1, 0)+αp̄tVt (b+1,min{∆2+1,∆max})
+ ᾱptVt (b, 0) + ᾱp̄tVt (b,min{∆2+1,∆max}) . (39)

Since ∆1 ≤ ∆2 and Vt (b,∆1) ≤ Vt (b,∆2), each term
in x is smaller than (or equal to) the corresponding term in
u. Therefore, x ≤ u. Similarly, according to the following
equations, y ≤ w.

y = ∆1 + αβVt (b, 0) + αβ̄Vt (b,min{∆1+1,∆max})
+ ᾱβVt (b−1, 0) + ᾱβ̄Vt (b−1,min{∆1+1,∆max}) ,

(40)
w = ∆2 + αβVt (b, 0) + αβ̄Vt (b,min{∆2+1,∆max})
+ ᾱβVt (b−1, 0) + ᾱβ̄Vt (b−1,min{∆2+1,∆max}) .

(41)

If x ≤ u and y ≤ w, then min {x, y} ≤ min {u,w}; there-
fore, Vt+1 (s1) ≤ Vt+1 (s2) and the proof is complete.

APPENDIX B
PROOF OF THEOREM 1

Proof. The Bellman equation at state s = (b,∆) can be
simplified as follows:

J∗ + V (s) = min
a∈{0,1}

{
∆+

∑
s′∈S

P [s′|s, a]V (s′)

}

= ∆+ min
a∈{0,1}

{∑
s′∈S

P [s′|s, a]V (s′)

}
. (42)

Therefore, the optimal action can be obtained by:

a∗(s)=argmin
a∈{0,1}

{∑
s′∈S

P [s′|s, a]V (s′)

}
=

{
0, DV (s)≥0,

1, DV (s)<0,

(43)
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where we have defined V 0(s) =
∑

s′∈S P [s′|s, a = 0]V (s′),
V 1(s) =

∑
s′∈SP [s′|s, a=1]V (s′), and DV (s) = V 1(s)−

V 0(s).
As can be observed, the optimal action a∗(s) is related to

the sign of DV (s). To demonstrate that the optimal policy is a
threshold policy, we consider two cases for the states: ∆ = 0
and 0 < ∆ ≤ ∆max. When ∆ = 0 or b = 0, it can be shown
that DV (s) = 0; therefore, the action a = 0 is optimal. In the
other cases where b > 0 and 0 < ∆ ≤ ∆max, we have:

V 0(s)=αptV (b+1, 0)+αp̄tV (b+1,min{∆+1,∆max})
+ ᾱptV (b, 0) + ᾱp̄tV (b,min{∆+1,∆max}), (44a)

V 1(s) = αβV (b, 0) + αβ̄V (b,min{∆+1,∆max}) (44b)
+ ᾱβV (b−1, 0) + ᾱβ̄V (b−1,min{∆+1,∆max}),

DV (s) = DV (b,∆) = V 1(s)− V 0(s). (44c)

It is obvious that DV (b,∆max) = DV (b,∆max − 1).
Therefore, the optimal action at the state (b,∆max) will be
identical to the optimal action at the state (b,∆max − 1).
Thus, we can limit the remainder of the proof to the states
where 0 < ∆ < ∆max, allowing us to omit the operator
min{·,∆max}.

In what follows, we demonstrate that DV (s) = DV (b,∆)
is a decreasing (non-increasing) function of ∆, i.e., for ∆− ≤
∆+, we show that DV (b,∆+) ≤ DV (b,∆−) or DV (b,∆+)−
DV (b,∆−) ≤ 0. This leads to a threshold policy, as a negative
value of DV (b,∆) for a threshold ∆T (b) implies that it will
also be negative for ∆ ≥ ∆T (b), maintaining the optimal
action at 1. By simplification of DV (b,∆+) and DV (b,∆−)
based on (44) we obtain the following equations:

DV (b,∆+)−DV (b,∆−)

= V 1(b,∆+)− V 1(b,∆−)−
[
V 0(b,∆+)− V 0(b,∆−)

]
= αβ̄

[
V (b,∆++1)−V (b,∆−+1)

]
+ᾱβ̄

[
V (b−1,∆++1)−V (b−1,∆−+1)

]
− αp̄t

[
V (b+1,∆++1)−V (b+1,∆−+1)

]
−ᾱp̄t

[
V (b,∆++1)−V (b,∆−+1)

]
= α

{
β̄
[
V (b,∆++1)−V (b,∆−+1)

]
−p̄t

[
V (b+1,∆++1)−V (b+1,∆−+1)

]}
+ ᾱ

{
β̄
[
V (b−1,∆++1)−V (b−1,∆−+1)

]
−p̄t

[
V (b,∆++1)−V (b,∆−+1)

]}
. (45)

According to (45), to confirm the inequality DV (b,∆+)−
DV (b,∆−) ≤ 0, it suffice to demonstrate that β̄

[
V (b−1,∆+)−

V (b−1,∆−)
]
− p̄t

[
V (b,∆+)− V (b,∆−)

]
≤ 0, for b > 0 and

1 < ∆− ≤ ∆+. We utilize the VIA and mathematical induc-
tion to proceed with the proof. VIA converges to the value
function of the Bellman equation irrespective of the initial
value assigned to V0(s), i.e., limk→∞ Vk(s) = V (s) ∀s ∈ S.
Therefore, it suffices to establish the following inequality for
all k ∈ {0, 1, 2, · · · }:

β̄
[
Vk(b−1,∆+)−Vk(b−1,∆−)

]
−p̄t

[
Vk(b,∆

+)−Vk(b,∆
−)

]
≤ 0. (46)

Assuming V0(s) = 0 for all s ∈ S, equation (46) holds true
for k = 0. Now, with the same assumption extending up to
k > 0, we prove its validity for k + 1, i.e.,

β̄
[
Vk+1(b−1,∆+)− Vk+1(b−1,∆−)

]
− p̄t

[
Vk+1(b,∆

+)− Vk+1(b,∆
−)

]
≤ 0. (47)

By defining V 0
k+1(s) =

∑
s′∈S P [s′|s, a = 0]Vk(s

′),
V 1
k+1(s)=

∑
s′∈SP [s′|s, a=1]Vk(s

′),

V 0
k+1(s) = αptVk(b+1, 0) + αp̄tVk(b+1,∆+ 1)

+ ᾱptVk(b, 0) + ᾱp̄tVk(b,∆+ 1), (48a)

V 1
k+1(s) = αβVk(b, 0) + αβ̄Vk(b,∆+ 1)

+ ᾱβVk(b−1, 0) + ᾱβ̄Vk(b−1,∆+ 1), (48b)

the VIA equation is given by Vk+1(b,∆) = ∆ +
min{V 0

k+1(b,∆), V 1
k+1(b,∆)}; thus the inequality (47) can

further be simplified:

β̄
[
∆+−∆−+min{V 0

k+1(b−1,∆+), V 1
k+1(b−1,∆+)}

−min{V 0
k+1(b−1,∆−), V 1

k+1(b−1,∆−)}
]

− p̄t

[
∆+ −∆− +min{V 0

k+1(b,∆
+), V 1

k+1(b,∆
+)}

−min{V 0
k+1(b,∆

−), V 1
k+1(b,∆

−)}
]
≤ 0

⇔ (pt − β)︸ ︷︷ ︸
<0

(∆+ −∆−)︸ ︷︷ ︸
≥0

+ β̄
[
min{V 0

k+1(b−1,∆+), V 1
k+1(b−1,∆+)}

−min{V 0
k+1(b−1,∆−), V 1

k+1(b−1,∆−)}
]

− p̄t

[
min{V 0

k+1(b,∆
+), V 1

k+1(b,∆
+)}

−min{V 0
k+1(b,∆

−), V 1
k+1(b,∆

−)}
]
≤ 0. (49)

The first term in (49) is non-positive; thus, it is sufficient
to demonstrate that:

β̄
[
min{V 0

k+1(b−1,∆+), V 1
k+1(b−1,∆+)}

−min{V 0
k+1(b−1,∆−), V 1

k+1(b−1,∆−)}
]

− p̄t

[
min{V 0

k+1(b,∆
+), V 1

k+1(b,∆
+)}

−min{V 0
k+1(b,∆

−), V 1
k+1(b,∆

−)}
]
≤ 0. (50)

To proceed with the proof, we consider four cases.
Case 1. V 0

k+1(b − 1,∆−) ≤ V 1
k+1(b − 1,∆−) and

V 0
k+1(b,∆

+) ≤ V 1
k+1(b,∆

+).
Case 2. V 0

k+1(b − 1,∆−) ≤ V 1
k+1(b − 1,∆−) and

V 0
k+1(b,∆

+) > V 1
k+1(b,∆

+).
Case 3. V 0

k+1(b − 1,∆−) > V 1
k+1(b − 1,∆−) and

V 0
k+1(b,∆

+) ≤ V 1
k+1(b,∆

+).
Case 4. V 0

k+1(b − 1,∆−) > V 1
k+1(b − 1,∆−) and

V 0
k+1(b,∆

+) > V 1
k+1(b,∆

+).
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Case 1. V 0
k+1(b − 1,∆−) ≤ V 1

k+1(b − 1,∆−) and
V 0
k+1(b,∆

+) ≤ V 1
k+1(b,∆

+). In this case, equation (50) is
further simplified:

β̄
[
min{V 0

k+1(b−1,∆+), V 1
k+1(b−1,∆+)}−V 0

k+1(b−1,∆−)
]

− p̄t

[
V 0
k+1(b,∆

+)−min{V 0
k+1(b,∆

−), V 1
k+1(b,∆

−)}
]
≤ 0.

(51)

We know that min {x, y} = x+min {0, y − x}, so we can
simplify further:

β̄
[
V 0
k+1(b−1,∆+)−V 0

k+1(b−1,∆−)
]

+β̄min{0, V 1
k+1(b−1,∆+)−V 0

k+1(b−1,∆+)}︸ ︷︷ ︸
≤0

− p̄t

[
V 0
k+1(b,∆

+)−V 0
k+1(b,∆

−)
]

+ p̄t min{0, V 1
k+1(b,∆

−)−V 0
k+1(b,∆

−)}︸ ︷︷ ︸
≤0

≤ 0, (52)

where the second and last terms are negative (non-positive),
thus it suffices to show that:

β̄
[
V 0
k+1(b−1,∆+)− V 0

k+1(b−1,∆−)
]

− p̄t

[
V 0
k+1(b,∆

+)− V 0
k+1(b,∆

−)
]
≤ 0. (53)

According to (48), it can be written as follows:

β̄
{
αp̄t

[
Vk(b,∆

++1)− Vk(b,∆
−+1)

]
+ ᾱp̄t

[
Vk(b−1,∆++1)− Vk(b−1,∆−+1)

]}
− p̄t

{
αp̄t

[
Vk(b+1,∆++1)− Vk(b+1,∆−+1)

]
+ ᾱp̄t

[
Vk(b,∆

++1)− Vk(b,∆
−+1)

]}
≤ 0

⇔ αp̄t

{
β̄
[
Vk(b,∆

++1)−Vk(b,∆
−+1)

]
−p̄t

[
Vk(b+1,∆++1)−Vk(b+1,∆−+1)

]}
+ ᾱp̄t

{
β̄
[
Vk(b−1,∆++1)−Vk(b−1,∆−+1)

]
−p̄t

[
Vk(b,∆

++1)−Vk(b,∆
−+1)

]}
≤ 0. (54)

both the expressions within the braces are negative according
to (46), and the proof is complete for Case 1.

Case 2. V 0
k+1(b − 1,∆−) ≤ V 1

k+1(b − 1,∆−) and
V 0
k+1(b,∆

+) > V 1
k+1(b,∆

+). In this case, equation (50) is
further simplified:

β̄
[
min{V 0

k+1(b−1,∆+), V 1
k+1(b−1,∆+)}−V 0

k+1(b−1,∆−)
]

− p̄t

[
V 1
k+1(b,∆

+)−min{V 0
k+1(b,∆

−), V 1
k+1(b,∆

−)}
]
≤ 0

⇔ β̄
[
V 0
k+1(b−1,∆+)−V 0

k+1(b−1,∆−)
]

+β̄min{0, V 1
k+1(b−1,∆+)−V 0

k+1(b−1,∆+)}︸ ︷︷ ︸
≤0

− p̄t

[
V 1
k+1(b,∆

+)−V 1
k+1(b,∆

−)
]

+ p̄t min{V 0
k+1(b,∆

−)−V 1
k+1(b,∆

−), 0}︸ ︷︷ ︸
≤0

≤ 0. (55)

It suffices to show that:

β̄
[
V 0
k+1(b−1,∆+)− V 0

k+1(b−1,∆−)
]

− p̄t

[
V 1
k+1(b,∆

+)− V 1
k+1(b,∆

−)
]
≤ 0. (56)

According to (48), it can be written as follows:

β̄
{
αp̄t

[
Vk(b,∆

++1)− Vk(b,∆
−+1)

]
+ ᾱp̄t

[
Vk(b−1,∆++1)− Vk(b−1,∆−+1)

]}
− p̄t

{
αβ̄

[
Vk(b,∆

++1)− Vk(b,∆
−+1)

]
+ ᾱβ̄

[
Vk(b−1,∆++1)− Vk(b−1,∆−+1)

]}
= 0, (57)

where the equation is equal to zero, and it concludes the proof
for Case 2.

Case 3. V 0
k+1(b − 1,∆−) > V 1

k+1(b − 1,∆−) and
V 0
k+1(b,∆

+) ≤ V 1
k+1(b,∆

+). In this case, equation (50) is
further simplified:

β̄
[
min{V 0

k+1(b−1,∆+), V 1
k+1(b−1,∆+)}−V 1

k+1(b−1,∆−)
]

− p̄t

[
V 0
k+1(b,∆

+)−min{V 0
k+1(b,∆

−), V 1
k+1(b,∆

−)}
]
≤ 0

⇔ β̄
[
V 1
k+1(b−1,∆+)−V 1

k+1(b−1,∆−)
]

+ β̄min{V 0
k+1(b−1,∆+)−V 1

k+1(b−1,∆+), 0}︸ ︷︷ ︸
≤0

− p̄t

[
V 0
k+1(b,∆

+)− V 0
k+1(b,∆

−)
]

+ p̄t min{0, V 1
k+1(b,∆

−)− V 0
k+1(b,∆

−)}︸ ︷︷ ︸
≤0

≤ 0. (58)

It suffices to show that:

β̄
[
V 1
k+1(b−1,∆+)−V 1

k+1(b−1,∆−)
]

− p̄t

[
V 0
k+1(b,∆

+)−V 0
k+1(b,∆

−)
]
≤ 0. (59)

According to (48), it can be written as follows:

β̄
{
αβ̄

[
Vk(b−1,∆++1)− Vk(b−1,∆−+1)

]
+ ᾱβ̄

[
Vk(b−2,∆++1)− Vk(b−2,∆−+1)

]}
− p̄t

{
αp̄t

[
Vk(b+1,∆++1)− Vk(b+1,∆−+1)

]
+ ᾱp̄t

[
Vk(b,∆

++1)− Vk(b,∆
−+1)

]}
≤ 0, .

By adding and subtracting the following expression:

p̄t

{
αβ̄

[
Vk(b,∆

++1)−Vk(b,∆
−+1)

]
+ ᾱβ̄

[
Vk(b−1,∆++1)−Vk(b−1,∆−+1)

]}
, (60)
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we have:

β̄
{
αβ̄

[
Vk(b−1,∆++1)− Vk(b−1,∆−+1)

]
+ ᾱβ̄

[
Vk(b−2,∆++1)− Vk(b−2,∆−+1)

]}
− p̄t

{
αβ̄

[
Vk(b,∆

++1)− Vk(,∆
−+1)

]
+ ᾱβ̄

[
Vk(b−1,∆++1)− Vk(b−1,∆−+1)

]}
+ p̄t

{
αβ̄

[
Vk(b,∆

++1)− Vk(b,∆
−+1)

]
+ ᾱβ̄

[
Vk(b−1,∆++1)− Vk(b−1,∆−+1)

]}
− p̄t

{
αp̄t

[
Vk(b+1,∆++1)− Vk(b+1,∆−+1)

]
+ ᾱp̄t

[
Vk(b,∆

++1)− Vk(b,∆
−+1)

]}
≤ 0, (61)

and by rearranging the equation:

αβ̄
{
β̄
[
Vk(b−1,∆++1)− Vk(b−1,∆−+1)

]
− p̄t

[
Vk(b,∆

++1)− Vk(b,∆
−+1)

]}
+ ᾱβ̄

{
β̄
[
Vk(b−2,∆++1)−Vk(b−2,∆−+1)

]
− p̄t

[
Vk(b−1,∆++1)− Vk(b−1,∆−+1)

]}
+ αp̄t

{
β̄
[
Vk(b,∆

++1)− Vk(b,∆
−+1)

]
− p̄t

[
Vk(b+1,∆++1)− Vk(b+1,∆−+1)

]}
+ ᾱp̄t

{
β̄
[
Vk(b−1,∆++1)−Vk(b−1,∆−+1)

]
+ p̄t

[
Vk(b,∆

++1)− Vk(b,∆
−+1)

]}
≤ 0, (62)

where all the expressions within the braces are negative
according to (46), and it concludes the proof for Case 3.

Case 4. V 0
k+1(b − 1,∆−) > V 1

k+1(b − 1,∆−) and
V 0
k+1(b,∆

+) > V 1
k+1(b,∆

+). In this case, equation (50) is
further simplified:

β̄
[
min{V 0

k+1(b−1,∆+), V 1
k+1(b−1,∆+)}−1V 1

k+1(b−1,∆−)
]

− p̄t

[
V 1
k+1(b,∆

+)−min{V 0
k+1(b,∆

−), V 1
k+1(b,∆

−)}
]
≤ 0

⇔ β̄
[
V 1
k+1(b−1,∆+)−V 1

k+1(b−1,∆−)
]

+ β̄min{V 0
k+1(b−1,∆+)−V 1

k+1(b−1,∆+), 0}︸ ︷︷ ︸
≤0

− p̄t

[
V 1
k+1(b,∆

+)−V 1
k+1(b,∆

−)
]

+ p̄t min{V 0
k+1(b,∆

−)−V 1
k+1(b,∆

−), 0}︸ ︷︷ ︸
≤0

≤ 0. (63)

It suffices to show that:

β̄
[
V 1
k+1(b−1,∆+)−V 1

k+1(b−1,∆−)
]

− p̄t

[
V 1
k+1(b,∆

+)−V 1
k+1(b,∆

−)
]
≤ 0, (64)

According to (48), it can be written as follows:

β̄
{
αβ̄

[
Vk(b−1,∆++1)− Vk(b−1,∆−+1)

]
+ ᾱβ̄

[
Vk(b−2,∆++1)− Vk(b−2,∆−+1)

]}
− p̄t

{
αβ̄

[
Vk(b,∆

++1)− Vk(b,∆
−+1)

]
+ ᾱβ̄

[
Vk(b−1,∆++1)−Vk(b−1,∆−+1)

]}
≤ 0,

⇔ αβ̄
{
β̄
[
Vk(b−1,∆++1)− Vk(b−1,∆−+1)

]
− p̄t

[
Vk(b,∆

++1)− Vk(b,∆
−+1)

]
+ ᾱβ̄

{
β̄
[
Vk(b−2,∆++1)−Vk(b−2,∆−+1)

]
− p̄t

[
Vk(b−1,∆++1)− Vk(b−1,∆−+1)

]}
≤ 0, (65)

both expressions within the braces are negative according to
(46), concluding the proof for Case 3 and Theorem 1.


