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I.
The arithmetical theorem in question may be stated as follows :—
Let w be a primitive ?w--th root of unity, x a. rational integral function

of (o with real integers as coefficients, and x' the conjugate imaginary of
X- Let S (= ^xx') be formed by taking for o> each of the 0(ra) distinct
primitive m-th roots of unity in turn, constructing the product xx'> a n ( i
adding the #(wi) products so obtained. Then the absolutely least value
of S, other than zero, is 0 (m).

The case in which ra is the power of a prime, say pa, will be first
onsidered.

Since « is the root of an irreducible equation of degree <p(m), with
unity for the leading coefficient, x c a n be expressed as a rational
integral function of co, of degree not exceeding <j>(m) — l, with integral
coefficients. Hence

Since x a nd x' a r e conjugate imaginaries, xx' must be positive or zero, and
S can only be zero when x is zero. Now

i = $0)0-1

i = 0

and therefore S = 2xx' = so

where s0 = <f>{m) = sum of the m-th. powers of the primitive m-th roots,
Si-j = sum of the (i—j)-th powers of the primitive ???.-th roots, and the
latter sum in the expression for S is taken for each distinct pair of suffixes
i and,;'.

* [The proof of the theorem in Section I. originally given was incomplete; it has been
replaced by that now printed.—October \1th, 1903.]
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Unless i—j is a multiple of m/p, or pa~l, Si-j is zero ; and, when i<—j
is a multiple of pa~l, Si-j is equal to —pa~l, i.e., —so/(p—1). Hencp'+he
product aity will occur in S only when i and j differ by a multiple of p*~l.
The a's may therefore be divided into so/(p—1) sets of p—1 each, so that
no product term occurs except among the a's belonging to the same set.
Any such set will have suffixes

while the values i = 0, 1, ..., —^——1 give the different sets.

The part of 8 which arises from the first set will be

1

x x, y J

From this the part of S which arises from the vth set will be given by
increasing each suffix by i—1.

Equation (i) may be written

So = —-S— 2a;lpa-i+2 (ari,a-i—aw,a-02 .
JJ X L. x a;y -I

Since each of thejp — 1 a's is an integer or zero, it is quite obvious that
the number in the square brackets cannot be less than p—1, unless it is
zero. Hence So, if not zero, is at least equal to s0. The same is true of
the part of S which arises from any other set of a 's ; and therefore S
itself, if not zero, must be equal to or greater than s0.

It will now be assumed that the theorem has been proved when m has
not more than n—1 different prime factors. Suppose then that

m = paq,

where q is the product of powers of n—1 distinct primes, and let to be a
primitive pa-th root of unity and w' a primitive q-th root of unity; so that
coco' is a primitive m-th root of unity. Here x naa,y be expressed in the form

where each \js is a rational function of to' with integral coefficients. Also

From this expression S is obtained by summing, after replacing w by
each primitive pa-th root of unity and a/ by each primitive q-th. root.
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Let 2 denote the partial sum, when w is replaced by each primitive ^;a-th
root of unity. Then from the previous case

2 = 7)a~l('D —'.

where in the second term on the right-hand side only those products occur
in which i and j differ by a multiple of pa~l. Hence 2 can be expressed
as the sum of p*~l parts, of which the leading part is given by

while the other parts are obtained by increasing each suffix by the
same number.

The part of S which arises from 20, say SQ> is obtained by summing
when co' is replaced in turn by each primitive q-th. root of unity. For
each \js that occurs, 2 ^ ' , if not zero, is not less than ${q). Now,
exactly as before, it is clear that, of the $p {p — 1) products in the square
brackets of the last equation, at least p — 1 must be different from zero,
unless all are zero. Hence, if So is not zero, it cannot be less than
pa~l(p — l)(f)(q), i.e., than <f>(m). The same is true for the part of S
which arises from each part of 2. Hence S, if greater than zero, is not
less than <p (m); and the theorem is true when m has n distinct prime
factors, if it is true when on has oi—l. The theorem is therefore com-
pletely proved.

The quantity So can be represented in a remarkable form, which is
perhaps worth reproducing. It is given here for the case

m = paqPry,

which immediately suggests the form in the general case. SQ is a
quadratic function of {p — l)(q — l)(r—l) o-'s. If these are

then Sfo/p-V"1**-1

( \2 / \2 / \2

2a^) —rp2(2ayfc -jpg 2 l2aijk) +^
if ik \j I ij \k /

+q 2 ( 2aijfc) + r 2 (2 am) — (2 aiJk) .
j \ik / k \ij I \ijk /



1903.] AN ARITHMETICAL THEOREM CONNECTED WITH ROOTS OF UNITY. 115

II.

Let S be any operation of order in belonging to a group G of finite
order N. The <f>(m) powers of S of order m will in general belong to a
number of different conjugate sets. If t and no more belong to one set,
t must be a factor of <p(m), and the powers of S will be distributed among
<j>(m)/t, = t', distinct conjugate sets, each of which will contain t of them,
while the number of conjugate operations, h, in each of the sets is the
same. Suppose that in an irreducible representation of G the character-
istic of S is xi- If n is the number of symbols in the representation, xi is
the sum of n m-ih. roots of unity; and, if Sx is conjugate to S, Xi is
unaltered when w, the primitive ?n-th root of unity in terms of which it
is expressed, is replaced by of. If, on the other hand, S!l, where y is
relatively prime to m, iŝ  not conjugate to S, then, when a> is replaced by
co2', Xi becomes the characteristic of the conjugate set to which S" belongs.
Hence, if xi> X2> •••> Xu a r e ^Q characteristics of the t' conjugate sets to
which S and its powers of order m belong, then, when w is replaced in
turn by each of the primitive ra-th roots of unity, xi takes each of the
values xi> X2> • • •» Xf t times. Therefore

tt = —

where Sxx' is ^ne s u m for aH primitive ra-th roots of unity. But 2xx' is
either zero or not less than <p {in) (= tt'). Hence It (xi x'i+X2X2+ • • • +Xt'Xt')-
if not zero, is not less than lit'.

Now 2&xx' = ^ where the sum is extended to all conjugate sets
of G, and 2,h = N; moreover, for the identical operation xx' is n2>
Therefore, if n > 1, for at least one conjugate set xx'» a n ^ therefore x
itself, must be zero. Hence:—

In any irreducible group of linear substitutions of finite order, other
than a cyclical group in a single variable, at least one of the character-
istics is zero.

To this property of group-characteristics I hope to return on another
occasion. It may be here pointed out that, in general, it considerably
facilitates the calculation of the characteristics for any given group. As
an example the table of characteristics of thex simple group of order 504
is given with a short indication of the manner in which it has been
arrived at.

The group, which may be represented as a triply-transitive group of
degree 9 and class 7, contains the identical operation, represented by Sx;

1 2
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G3 operations of order 2, forming the set S2', 56 operations of order 3,
forming the set S3; 372 operations of order 7, forming the sets S ,̂ Sj, S'";
3'56 operations of order 9, forming the sets S>9, Si, S!>'.

For any irreducible representation, xa anc^ Xa a r e rational, as also are
Sx7x'7> for the three sets of order 7 and Sxgx'g for the three sets of order 9;
and, except for the set in which each characteristic is unity, one of these
four quantities must vanish. Further 2/txx' — 504 and S/ix = 0.

If, for instance, X7 vanishes, xi must be a multiple of 7. Taking then
as a first trial xi — ?>

2xj»> = - 1 ,

and the only possible solutions of these, subject to the above conditions,
are

X2= — 1. Xa= — 2> X9 = 1» o r Xz= —1» X3=l> X9=— P—£~\
where fi is a primitive ninth root of unity. If a represents a primitive
seventh root of the unity, the complete table is that given below ; and the
check on its accuracy is that it satisfies the complete system of relations*
that a set of group-characteristics must in any case obey.

Si

•So

S-s

Si

«T

So'

s9"

sl,"

G>

I

1

1

1

l

1

1

1

1

G;

7

- 1

- 2

0

0

0

1

1

1

G\

7

- 1

1

0

0

0

-0-J3-1

-<82-0-2

- 0 4 - 0 " 4

G'-'

7

- 1

1

0

0

0

-0;-j3-2

-0-/3"1

7

- 1

1

0

0

0

— >B4 — J8 -4

- / 3 - J 8 - 1

G8

S

0

- 1

1

1

1

- 1

- 1

j

9

1

0

a + er1

d2 + a' -

a^+a-4

0

0

0

9

1

0

a2 + o"-

o + o"1

0

0

0

G'9"

9

1

0

a4 + o - 4

o+ a"1

a-+a-2

0

0

0

h

1

63

56

72

72

72

56

56

56

* " Group-CharacterifiticB," Proc. Lond, Math. Soc, Vol. xxxin., p. 154.


