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L

The arithmetical theorem in question may be stated as follows :—

Let o be & primitive m-th root of unity, x a rational integral function
of w with real integers as coefficients, and x' the conjugate imaginary of
x- Let S8 (= Zxx') be formed by taking for w each of the ¢(m) distinct
primitive m-th roots of unity in turn, constructing the produet xx', and
adding the ¢(m) products so obtained. Then the absolutely least value
of S, other than zevo, is ¢ (m).

The case in which m is the power of a prime, say p®, will be first

onsidered.

Since  is the root of an irreducible equation of degree ¢(m), with
unity for the leading coefficient, x can be expressed as a rational
integral function of w, of degree not exceeding ¢(m)—1, with integral
coefficients. Hence

X = a0+a1 w+a2<oz+ “es +CL\1, (m)—1 wb=1

Since x and x' are conjugate imaginaries, xx' must be positive or zero, and
S can only be zero when x is zero. Now
i=¢ (m)—1 L. X
X' = 2 aitZage ™+,
i=0 i
t=¢(m)-1
and therefore S =Zxx'=3s 2 a+2Zs_ja:a;
i=0 1,J
where s, = ¢(m) = sum of the m-th powers of the primitive m-th roots,
$i—j = sum of the (¢—j)-th powers of the primitive m-th roots, and the
latter sum in the expression for S is taken for each distinct pair of suffixes
% and j.

* [The proof of the theorem in Section I. originally given was incomplete; it has been
replaced by that now printed.—October 17¢k, 1903.]
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Unless ¢—j is a multiple of m/p, or p*~', s;_; is zero; and, when ¢—j
is & multiple of p*~Y, s;; is equal to —p°~Y, i.e., —so/(p—1). Hencethe
product a;a; will occur in S only when ¢ and j differ by a multiple of p*~1.
The a’s may therefore be divided into s,/(p—1) sets of p—1 each, so that
no product term occurs except among the @’s belonging to the same set.
Any such set will have suffixes

-tz (z=0,1, ---’P—z),

So
p—1

So

while the values 7 =0, 1, ..., T —1 give the different sets.

p.—.
The part of S which arises from the first set will be
S, = pﬁl I:(p—-l) ? aﬁl,.,-n—2§yam-law-1:|. (i)

From this the part of S which arises from the ¢-th set will be given by
increasing each suffix by ¢—1.
Equation (i) may be written

S, = sz;—l I:E,afp,q-l-ﬁ (axp..-l—am,.-x)g].

Since each of the p—1 a’s is an integer or zero, it is quite obvious that
the number in the square brackets cannot be less than p—1, unless it is
zero. Hence S, if not zero, is at least equal to s,. The same is true of
the part of S which arises from any other set of a’s; and therefore S
itself, if not zero, must be equal to or greater than s,.

It will now be assumed that the theorem has been proved when m has
not more than n—1 different prime factors. Suppose then that

m = p°q,
where ¢ is the product of powers of n—1 distinet primes, and let » be a

primitive p°-th root of unity and «' a primitive g-th root of unity; so that
we' 18 a primitive m-th root of unity. Here x may be expressed in the form

X = Yot ottt o™ DY
where each y is a rational function of ' with integral coefficients. Also

XX = 2Pt 2 @it ).

From this expression S is obtained by summing, after replacing o by
each primitive p°-th root of unity and ' by each primitive g-th root.
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Let 2 denote the partial sum, when w is replaced by each primitive p°-th
root of unity. Then from the previous case

2 =p 7 p— D 2Yii—pt T T W +a ),

where in the second term on the right-hand side only those products occur
in which ¢ and j differ by a multiple of p*~'. Hence X can be expressed
as the sum of p*~! parts, of which the leading part is given by

2y =p""(p—1) %wrp‘“ Vo1 —p* " Zy Wt Yrge 1= Wign-1 Yrype-)
= pa_l [? \Pxp" -1 \p:rp“" +127, (‘pmpﬂ -1 V’yp“ -1) (\P':rp“ 1 \P:/P" ")]’

while the other parts are obtained by increasing each suffix by the
same number.

The part of S which arises from X, say S, is obtained by summing
when o' is replaced in turn by each primitive g-th root of unity. For
each » that occurs, Zyry', if not zero, is not less than ¢(q). Now,
exactly as before, it is clear that, of the #p(p—1) products in the square
brackets of the last equation, at least p—1 must be different from zero,
unless all are zero. Hence, if S, is not zero, it cannot be less than
N (p—1)¢(Q), t.e., than ¢ (m). The same is true for the part of S
which arises from each part of 2. Hence S, if greater than zero, is not
less than ¢ (m); and the theorem is true when m has = distinet prime
factors, if it is true when 2 has n—1. The theorem is therefore com-
pletely proved.

The quantity S, can be represented in a remarkable form, which is
perhaps worth reproducing. It is given here for the case

- m o= pgPr,

which immediately suggests the form in the general case. S, is a
quadratic function of (p—1)(g—1)(r—1) a’s. If these are

ap. I1LiL<p—1, 1Li€g—1, 1<k r—1),
then Sy/p*~tqP~1r¥~!
2

= o0 Be=or Y (Sou) 23 (Fou) —re% (2an) 42 2 (o)

+a3 (Ro) 472 (300) - (20w
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1L

Let S be any operation of order m belonging to a group G of finite
order N. The ¢(m) powers of S of order m will in general belong to a
number of different conjugate sets. If ¢ and no more belong to one set,
¢t must be a factor of ¢(m), and the powers of S will be distributed among
¢ m)[t, = ¢, distinet conjugate sets, each of which will contain ¢ of them,
while the number of conjugate operations, %, in each of the sets is the
same. Suppose that in an irreducible representation of G the character-
istic of S is x;. If n is the number of symbols in the representation, yx, is
the sum of » m-th roots of unity; and, if S”is conjugate to S, x, is
unaltered when w, the primitive m-th root of unity in terms of which it
is expressed, is replaced by «® If, on the other hand, S’, where y is
relatively prime to m, is not conjugate to S, then, when w is replaced by
»’, x, becomes the characteristic of the conjugate set to which S” belongs.

Hence, if Xy, X .-, Xy aré the characteristics of the ¢' conjugate sets to
which § and its powers of order = belong, then, when w is replaced in
turn by each of the primitive m-th roots of unity, x, takes each of the
values xy, Xz --.» Xy ¢ times. Therefore

, 1
X txaxet - Hxexo = 4 Zxx's

where Zxx' is the sum for all primitive m-th roots of unity. But Zxx' is
either zero or not less than ¢ (m) (= ¢¢'). Hence A (x1x1+Xe X2+ - -+ Xe X2)-
if not zero, is not less than A#'.

Now ZhAxx' = N, where the sum is extended to all conjugate sets
of G, and £h= N; moreover, for the identical operation xx' is 7?
Therefore, if » > 1, for at least one conjugate set xx', and therefore x
itself, must be zero. Hence :—

In any vrreducible group of linear substitutions of finite order, other
than a cyclical group in a single variable, at least one of the character-
8tics 18 zero.

To this property of group-characteristics I hope to return on another
occasion. It may be here pointed out that, in general, it considerably
facilitates the calculation of the characteristics for any given group. As
an example the table of characteristics of the simple group of order 504
is given with a short indication of the manner in which it has been
arrived at. A

The group, which may be represented as a triply-transitive group of
degree 9 and class 7, contains the identical operation, represented by S, ;

12
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63 operations of order 2, forming the set S,; 56 operations of order 3,
forming the set Sy; 872 operations of order 7, forming the sets S5, Sy, St;
3'56 operations of order 9, forming the sets Sj, Sq, Sp.

For any irreducible representation, x, and xs are rational, as also are
= xax7, for the three sets of order 7 and Zx,x, for the three sets of order 9;
and, except for the set in which each characteristic is unity, one of these
four quantities must vanish. Further Zhxx' = 504 and Zhx = 0.

If, for instance, x, vanishes, x; must be a multiple of 7. Taking then
as g first trial x, = 7,

9 +80G+Zxoxs) = 65, Ixat+8xs+Zx9) =—1,
and the only possible solutions of these, subject to the above conditions,
are
Xa==1 xs=—2 x9=1 or xx==1, x3=1, x9=—B—87,
where 8 is a primitive ninth root of unity. If a represents a primitive
seventh root of the unity, the complete table is that given below ; and the

check on its accuracy is that it satisfies the complete system of relations*
that a set of group-characteristics must in any case obey.

¢ | G 61 67 G’ Gy | 6o Gy 6 |
s, 1|7 7 1 7 8 9 9 9 1
So | 1 | =1 -1 -1 -1 0 1 1 1 63
8, 1 | =2 1 1 1 -1 0 0 0 56
S 1 0 0 0 0 1 | a+a! [a2+a2]at+a-t] 72
5; 1 0 0 0 0 1 {a®+a?|at+a-?]| ata-l |72
s7 11 0 0 0 0 1 |at4+at]| ata! |a®+a-2| 72
Sg |1 U} —B=B1 | —p—Bt| ~p—B"4| —1 0 0 0 56
S |1 1 |-pg—p-2|—pi—p-4| —p-p-'| -1 0 0 0 56
S0 1 |-p—p-t| —8=p-1|-p2-p-2| -1 0 0 0 56

* ¢“Group-Characteristics,”’ Proc. Lond, Math. Soc., Vol. xxxuu., p. 154.



