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SOME THEOREMS CONNECTED WITH ABEL’S THEOREM ON
THE CONTINUITY OF POWER SERIES

By G. H. Harpy.

[Received March 31st, 1906.—Read April 26th, 1906.—Received in revised form May 6th, 1906.]

1. It will probably make the object of this paper more easily
intelligible if, at the risk of repeating a certain number of well known
facts, I preface it with a brief historical résumé.

In his famous memoir on the Binomial Series Abel proved that, if @
series Ta,, 15 convergent, the series Za,x™ ts convergent for all positive
values of  less than unity, and represents a function f(z) which is con-
tenuous for all such values of x, unity included.*

An alternative proof of Abel’s theorem was given later by Dirichlet.+

Stated in the language of the modern theory of functions, Abel's
theorem runs : ““ If a power series in z converges to the sum s at a point P
on its circle of convergence, and f(z) is the function represented by the
series within the circle, then f (z) tends to the limit s when z tends to P
along a radius vector from the origin.”

This theorem has proved the starting point for a considerable number
of later researches. Stolz was the first to prove that the result still
holds if z tends to P along any path which lies entirely within the circle
of convergence.; At a later date Pringsheim returned to the subject in
a very instructive memoir,§ in which he shows that Abel’s proof suffices
to prove not only the continuity of f(x), but also the wniform convergence
of the series Za,z" throughout the interval (0, 1). Of this the continuity
of f(z) for z =1 is a corollary ; but Abel had really proved more than
mere continuity, and Pringsheim justly remarks that Dirichlet’s proof is
inferior to Abel’s in that it obscures this fundamental point.

This is not the only direction in which Abel’s theorem has been
generalised. The property of the special function z" upon which Abel’s

* (relle, Bd. 1. ; GEuvyes, T. 1., p.'223.

t Liouville, Sér. 2, T. vi1. ; Werke, Bd. 11., p. 305.

t Zeitschr. f. Math., Bd. xx., p. 370, and Bd. xxrx., p. 127. This staterucnt is sumewhat
loose ; see § 4.

§ Minchener Sitzungsberichte, 1897, p. 343,
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proof was based, was simply that expressed by the inequality
>ttt 0L,

and it was at once suggested that similar theorems must hold for more
general classes of series of the type Za.f,(¥). And, in fact, Dirichlet
and Dedekind* arrived at the following results, which for the sake of
brevity I state on the hypothesis that the functions f, (x) are real functions
of z defined for the interval 0 <z < 1.

() If @ > fink) 20 0z,

and Za, is convergent, then Za,f,(r) is convergent and, if every f, is
continuous, the sum of the series is a continuous function of .

(0) If Za, oscillates between finite limits of indetermination,
fn(-l') >fn+1($), and lim f,,l =0,

then Za,f,(r) is convergent; and, if every f, is continuous, the sum of
the series 1s a continuous funetion of .

Dirichlet and Dedekind were concerned mainly with applications of
these theorems to Dirichlet’s series, and pass somewhat lightly over the
general properties of series which are involved in them. Their exposition
is also obscured to some extent by the fact that they do not utilize the
notion of uniform convergence. 1 have therefore discussed the question
further in § 2, and have stated a few theorems which summarize the
conclusions which can be drawn from the discussion. I cannot claim any
particular originality for these theorems, but, so far as I know, they have
not, in the form in which I state them, been included in any published
work. They would naturally suggest themselves to any one who under-
took a careful analysis of the various theorems stated in this section, and
Prof. Bromwich informs me that he has himself included Theorem I.a in
a tract on the theory of series which will ultimately form one of the
Cambridge Tracts in Mathematics and Mathematical Physics.

I have also included in §§ 8, 4 some applications of these theorems
which do not appear to have been noticed hitherto, and in §5 I have
discussed a passage in Kronecker's Vorlesungen iiber Integrale which is
concerned with the subject, but appears to contain serious errors.

There is yet another form of generalisation of Abel’s theorem which
has occupied the attention of mathematicians. It may happen that the
series Za,x" is divergent at a point on the circle of convergence, but is
capable of ‘“summation” by one or other of the methods furnished by

* Vorlesungen iiber Zuhlentheorie, 3§ 100 and 143-4.
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the theory of divergent series, Cesaro’s method of mean values, or Borel’s
method of exponential summation, or one of the various generalisations
of either method. And it results from the combined researches of a
number of writers that, if Za. has the sum s when summed according to
any of these methods, then f(x) tends to the limit s when z tends to the
potnt in question on the circle of comvergence by any path subject to
certain restrictions. In the latter part of the paper I have occupied my-
self with series summable by Cesiro’s method. The theorem for such
series which corresponds to Abel’s original theorem was first proved by
Frobenius,* and states that, if

sn = @yt a,+...+as,

and lim SEStt o

=S
n=w ’ll+1 ’

then lzli]?ll f@) =s.

I have attempted to prove a general theorem which shall stand to this
theorem in the same relation as Theorem I. to Abel’s theorem. This
theorem (Theorem II.) is the principal result of the paper: it will be
found in § 6.

Finally, I have illustrated some of the most obvious applications of
this general theorem, and I have indicated some further questions which
are naturally suggested, but which I cannot profess to have completely
solved.

I may remark that I was led to this investigation by considering
various problems concerning the limits approached by the g-series of
elliptic functions, when ¢ tends to a point on the unit circle, and a
number of my illustrations are furnished by g-series. But I have not in
this paper attempted to treat any such particular class of problems
systematically.

2. Tueorem L. a.—If fy(@), fi(x), fo@), ... is a series of real finte
positive functionst such that

1) @) = fin@ 0<<eL),

¢ Crelle, Bd. LxxxIx., p. 262.

t A finite function ( fonction bornée) is a function whose absolute value is, throughout the
interval of variation of the independent variable, less than a constant &. It would obviously be
enough to assert that | f | < A.
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and Zay 15 any convergent series, then the series Zan fa(x) is uniformly
convergent throughout the interval (0, 1).

For .
n n—1
D) 2 af= Z @ntanat...+a)(i—frr)+@ntanat...+ad) fo

Choose my, so that, for v >m > m,,

I antamir+...+a, I <e
Then é:m a’va

< ¢fn < €M,

where M is the maximum of f;(z) in the range (0, 1). The theorem is
therefore proved.

CoroLrary.—If the functions fu(x) are continuous, the series Zan f,(z)
represents a function of x continuous throughout the interval 0 < z << 1.

TreoreM I. a 1.—If the restriction that f. is real and positive is re-
moved, and the condition (1) is replaced by the condition that

(1@) % |fv(x)— v+1(x) | < K’
where K s a constant, then the series Zay, fn 1s stell untformly convergent.*

We first observe that the existence of such a constant K involves that
of a constant L, such that | f,(z)| < L, for all values of z and n. For

n—-1
@] <|fo@ |+ 2 |f@—fin@)| < M+E.

n
Hence , Zaf,
m

n—1
<"\ fmfonl +1f:l | < car+2m),
and the result follows as before.

CoroLLARY.—If the functions f, are continuous, the sum of the series is
continuous.

An obvious generalisation is—

TueoreM I.a 2. — The conclusions of the preceding theorems and
corollaries still hold if the terms of the series Zan are functions of z,
provided the series ts uniformly convergent, and (in the corollaries) the
SJunctions a, are continuous.

* "We may suppose either that £, is a complex function of a real variable, or a function of a
complex variable ; in the latter case the interval (0, 1) must be replaced by a region.
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These theorems all arise from the Theorem (a) of Dirichlet-Dedekind.
It is with this rather than with Theorem (b) that I am concerned in this
paper ; but the latter also raises interesting questions.

Treorem I. b.—If the functions f,(x) satisfy, in addition to the con-
ditions of 1., the condition }Li=n°1° fo@) =0, and if Za, oscillates between

finite limits of indetermination,* then the series Za, f. is uniformly con-
vergent.

In the first place there is & number K such that
| @nt-Girt...+a, | < K

for all values of m and v. In the second place f,(z) is a function of z
which never increases as n increases, and whose limit zero is a continuous
function of z. The convergence of f,(x) to its limit is therefore uniform,t
and we can choose m, so that, for m > m,, and for all values of z,

Ifm(x) | <e

The theorem now follows immediately from (1).

CoroLLARY.—If the functions f, are continuous, the sum of the series
2 anfys (@ is a continuous function of .

TreoreM 1. b 1.—If the restriction that the functions f, (z) are real and
positive is removed, and the conditions to which they are subject are
replaced by the condition that the series Z | fu(x) —an(:c)] 18 convergent,
the series Za, fn 15 convergent.

TreoreM L. b 2.—If in addition the functions f. are continuous and
either of the equivalent conditions (i.) that the series Z| fu—fn+111s uniformly
convergent, or (ii.) that its sum represents a continuous function of =z, 1s
satisfied, the series Za, f, will be uniformly convergent and continuous.

TreoreM 1. b 8.—The preceding conclusions are not affected if the a.’s
are functions of x, provided a constant K exvsts such that

| agta,+...+a. | < K
for all values of n and z, and (if the continuity of the series is asserted)
the functions a. are continuous.

These theorems follow at once by trifling modifications of the preceding
arguments. It will be seen that the series of theorems I.b, 51,02, 638
runs almost, though not exactly, parallel to the series I. a, a1, a 2.

* Le, |agta+...+a, | < K.
+ Dini, Grundlagen, pp. 148, 149. The corollary is substantially Dedekind’s theorem : his
proof is less simple, owing to the fact that he does not employ the notion of uniform convergence.
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8. Of the preceding theorems those of which the applications are
most interesting are I. @ and its extension L. a 1.

Since fr > fo+1, fu tends to a limit for n = o for all values of z; but
in general it will not tend uniformly to this limit, and the limit will not
be & continuous function of z. In the most important applications such
a non-uniformity or discontinuity occurs at one or other end of the
interval (0, 1), and the interest of the theorem lies in its application to
establish the continuity of the series Za, f, at this end. Thus

(1') If fn(z) = xny fn. }f’ﬂ-'!-l’
limf,=00<Lz<1), limf,=1(@=1),
and we obtain Pringsheim’s form of Abel’s theorem.

(ii') If fn (x) =n-% fu qufh
limf, =0 0 <2<1), limfi=1 (z=0),

and we deduce that the Dirichlet’s series

is uniformly convergent throughout (0, 1), and so continuous for z = 0, which is one of the
Dirichlet-Dedekind theorems.

(iii.) If (denoting the independent variable now by ¢) we take

fulg) = -,

0=

so that fomFfosr = -9 =0,
(l+q1l)(l+q"v’l)

and im f=0 (g <), =3 (@=1),

and we deduce that, if Za, is convergent,

n .
liu} 3 lg:-iq'-‘ = }Zay,
em

numerous applications of this result [and the similar results for X a,¢"/(1 + g2»), ...] may be made
in the theory of elliptic functions. For instance, from

log & = log ¢ Vg + 4% =9

n(l+q")
we deduce 1qmlx loghk =2log2-4(4—1+3—...)=0,
a8 may be verified independently.
(iv.) Let us next consider the series
nay g™ (1 —q) nanq"
PR N Tl L .
1—¢" l+g+g3+.. +qn-?
= g
Here S l9) = L+g+gi+..+gnV
1—g)29n
Sr@=fonlo = U0 e tmge—gn) 2 0,

(l_qll)(l_qfnl)

* Jacobi, Fundamenta Nova, p. 103.
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"
i = Za",

‘We deduce that lim (1~¢) 3

provided only the latter serics is convergent. This result has been proved (by a special method
depending upon integrals) by Franel.* Similar results may, of course, be proved for such series

as

s ang" S (@ntl)a, g

1__q2u’ l_qhn‘.‘ ’
2n+1
For instance, fro ~logh'=8% — 7+
or inetance, Trom o8 ¥ @arn= ‘"*2)
we deduce - fy LT
€ log ' ~ 9 (l—q)’
2w ur g+l Uy
and from = puma) = coseo 5743 7 ein { (2 e 1) T 3
2 sin {(2n+1)2—!}
w
we deduce - V(Pu—e3) NIqu —rT = m,

according to the value of . In the last equation we must suppose that « is constant and that
«’ varies in such a way that ¢ tends to 1 along the real axis.

In an interesting note recently published in the Messenger of Mathematics,§ Prof. Bromwich
establishes the asymptotic equality
g (=rtt log2

f{6) =3 *————
() 12 sinh 76 [}

for @ = 0. This result follows immediately from what precedes if we write ¢ for ¢. I shall
refer later on to Prof. Bromwich’s further results.

4. 1 shall now consider some examples of the use of Theorem I.a 1.

(1.) Suppose that f,(z) = z", and that the
region of variation of z is a triangle formed by
joining 0 and 1 to any point inside the unit
circle.

It is easily verified that a constant K (de-
pending only on the triangle) can be found such
that for all points within or on the boundary of

the triangle 1—z I
| <K.

Hence, if |z| = 7,

2 | /@ —fonr@)| = E 7| 1—z| <K’z; 71— <K,

* Math. Annalen, Bd. vir.

+ Fundamenta Nova, l.c.

1 Halphen, Fonctions Elliptiques, t. 1., p. 431.

{ ¢ Some Contributions to the Theory of '['wo Electrified Spheres,”’ Messenger, Vol. xxxv., p. 1.
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and the conditions of the theorem are satisfied. We thus obtain
Pringsheim’s generalisation of Abel’s theorem.*

(ii.) The theorem may be applied to g¢-series such as those previously considered when ¢
moves (let us say) along a radius vector to a rational peint on the unit circle, i.e., a point ewi®«,
where a and b are integers. Take, e.g., the series for log% considered above,t and suppose that
q = revd4, where b is even and ¢ odd, and that r tends to unity along the radius vector (0, 1).
Then none of the terms of the series become infinite in the limit; also

(=g R (—q)ars

m—-..—: _.._..__.___=" — )8 pspsriba o1
Yo =2 et ey = F (Frret e Bl

rher e =
where F(p) f (,"m_’_a)(l +p" +s'a gs-ibla)

This last series satisfies the criteria of I. a1 for uniform convergence throughout the interval (0, 1)
of values of p. For, if a, = (—=)"/(ma +8), Za.. is convergent. Also, if

_ p"l
fm (P) =1

- - L
f'" (P) f””'l(P) (1+Apmfau)(1+Apylt+l+sfn)’

where A = ettba, Now
| 1+ dpm+sa =J{1 + ptlmeafa) 4 Ypm+s.a cog (Sﬂb/ﬂ)}.
[f cos (axb/a) > 0, this is greater than umity: if cos (smd/s) < 0, it has a minimum when

pm*#e = —cos (swbfa), this minimum being | sin (swé/¢) | . And in any case

| fun (0) =St () | < Ep™ (1=p),

from which it follows at once that the conditions of I. ¢ 1 are sutisfied.

Hence the original series for log & converges uniformly when ¢ =re"i¥s, 0 < »r < 1. For
» = 1 it assumes the form
2log2+ 20423 L0 (1 4itan ) Ty 93 L a7
2a 1 N a

»
a 1% a

and this is therefore the value to which log/ tends as » approaches unity. The series on the
right may be summed in finite terms.}

5. In a passage in his Vorlesungen iiber Integrale, which has doubt-
less puzzled many readers besides myself, Kronecker apparently essays to
prove a theorem designed to be a generalisation of Abel’s theorem some-
what on the lines of Theorem I.«, except that there is no mention of
uniform convergence. The whole passage is obscure; but the suggested

* Miinchener Sitzungsberichte, L.

+ §3, dii.

1 See H. J. S. Smith,  On some Discontinuous Series considered by Riemann'' (Messenger,
Vol. x1., pp. 1-11; Collected Math, Papers, Vol. 1., p. 312); Dedekind’s Note in Riemann’s

Werke, pp. 427447 ; G. H. Hardy, ¢ Note on the Limiting Values of the Elliptic Modular
Functions,”” Quarterly Journal, Vol. xxx1v., pp. 76-86.
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theorem seems to be as follows :—* “ If
(i) Zas is a convergent series,
(ii.) the functions f,(z) are positive and continuous throughout
(@, 4),
(i) fa(@) = fa+1 (@),
(iv.) liril Inl@) = lilil Ja(@), for all values of m and =,

then Za, f,(z) will be convergent and continuous for z = 4.”

My criticisms on the passage are in brief (i.) that the conditions are
redundant, the fourth of them being quite unnecessary and having nothing
to do with the essence of the matter; and (ii.) that the proof is altogether
unsound. The unsoundness of the proof appears to have arisen from a
mistaken idea of the importance of condition (iv.). Kronecker argues as
follows. Starting from Abel’s partial summation lemma, the origin of all
these theorems, viz.,

60f0+2:‘: (C,,—G,,_.l.)f 1= 21": Cy (f —1—fv)+cnfm

and putting ¢, = —(a,Fta,n+...),

he deduces

_f0§ au+% av—lﬂ'—l = — ? (f -1 v)-\;- ax—fn % ay
= - (fo—fn) ]‘Iu-‘fu. % QA
where M, lies between the least and greatest of the values of
§ a (=12, .., 9.

Making » tend to infinity, and observing that Z a,-1 f,- is convergent, we
obtain’

—fo %au'}'z} av—lfv—l = - (fo—},if}fﬂ) M,

where M lies between the least and greatest of all the values of ? Q-

He then makes z tend to 4, and (unless his meaning has been entirely
obscured by misprints), argués that, because

i fo =l

® | have altered Kronecker’s notation so as to agree with my owa (Kronecker, l.c., pp. 88, 89).
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for all values of n, therefore
115 (fo—}liﬂ fa) =0;
and therefore 11=n} .? a,._.'l ,_lA = 11212 fox%‘ a,.
But it is obvious that all that he is justified in asserting is that

lim f, = lim (lim f,),

nN=w z=A4

and not Him fo = Jimp Gl /2

the two repeated limits only being equal in exceptional circumstances.
And, in fact, in the very simplest case, when f,(z) = z" and 4 =1,

lim lim 2" = 1, lim lim z" = 0;

n=w z=1 =1 n=o

so that his argument does not even suffice to prove Abel’s theorem itself.
And a careful examination of the passage will, I think, lead any reader to
the conclusion that the flaw in it is fundamental and not to be repaired by
any alterations merely of detail.

6. I shall now consider the case in which the series Sa, is divergent
but summable by Cesaro’s method of mean values. I use the following
notation and terminology. We shall say that Za, is summable if

SotSi+...+ S
n+1 ’
where Sn = Gyt a;+ ... Fan,

tends to a finite limit for » = o; and, if the terms a, are functions of a
variable z, and the convergence of this mean value to its limit is uniform
throughout a certain interval or region, we shall say that Za, is uniformly
summable. It is evident that the sum of a uniformly summable series of
continuous terms is a continuous function of z.

TrEOREM 2.—If the functions f, are finite, real, and positive, and
Jo—fas1 an@ fo—2f ni14fuse, their first and second differences, are positive
for 0 <z <1 and for all values of n, and if the series Zan s sum-
mable, then the series Zay fn ts uniformly summable throughout (0, 1).

. CoroLLARY.—If the functions f, are continuous, the sum of the series
2 s fn 15 a continuous function of z.

The proof of this theorem presents somewhat greater difficulties than
those of the simpler theorems of § 2. e shall find it a necessary pre-
liminary to establish a series of lemmas.
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Levma 1.—If s, tends uniformly to a limit s, the series Zan ts uni-
SJormly summable and has the sum s.

If we omit ““ uniformly,” this is a well known theorem* asserting the
consistency of the new definition with the old. The insertion of “ uni-
formly ” in no way affects the proof.

_ - Sets s
Lemma 2.—If lim 1 =0,

we can determine a series of positive quantities e, e, ..., whose limit s

zero, such that
’ 3p+3p+l+--~+3p+r

p+r+1

<e&
for all values of r.
For we may write sy+s,4... 45, = (n+1) nn,
where lim », = 0. And then
Sptspi1t .- FSprr = (PF+7+1) mprr—pup-a,

from which the lemmas follows ; for we can choose p so that, for v > p—1,
| n,| < e, however small be ¢, and then

3p+sp+1+ cee +S]|+'r
p+r+1

for all values of . In particular, as is well known,
lim s,/(p+1) = 0.

< 2¢

Lemya 8.—If f, is finite, real, and positive and f. > fus1 for all
values of n and z, and
. SoFSiF. F S _ -
lim el 0,

Sofotsifit. . Fsnfu 0
n+1

then lim

uniformly for all values of z.

For
n—1

so f0+ oo +Snfn = VEO (So+ +sv)(fv_fv+l)+(so+ .. -+sn)fn

r—1 n—1
= (5+72) Gt FsIi—ford ot 0 fo

v=

= (fo—Jf) Mo.r1+fr My, ,

* See, e.g., Bromwich and Hardy, Proceedings, Vol. 11., p. 172.
sEr. 2. vor. 4. No. 928. 3
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where M, ,_, lies between the least and greatest of
Sp SoFS1 «eey SoFS1F .. FSeo,
and M, » between the least and greatest of
SoFsiF.. F38m ooy SoFSIF ... S0

Let e be an assigned positive small quantity. We can choose 7 so that for

=T stsitots |
v+1 ’
and, a fortiors, wﬁl—tﬁ <e
for » > v > 7; and therefore we can choose 7 so that
le
n+1
for all values of n > 7. But when r is fixed we can obviously choose
so that
MO, r—1 <e.
n+1

‘When r and n are thus chosen

Sofotsifit...+snfa
n+1

where M is the maximum of f,(z). The lemma is therefore proved.

< 2Me,

Lemma 4.—If the conditions of 8 are satisfied except that

lim Sotsite s o)

n 1
then im S°f°+51'£11_1'”+s“f" = s lim f,;

but the convergence to this limit will in general not be uniform.

For let s, = s+1¢, s, =s+¢, .... Then

i bt Fitn
nl=.: n+1 =0;

tofo+t1f1+ ot b fo
n+1

and therefore
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converges uniformly to zero. Also

g Sothb ) — sy

but the convergence to this limit will not in general be uniform unless f,
converges to its limit uniformly, which will not generally be the case.

lim Sotsit...+s 0,

Lemma 5.—If 1 po

and the f,’s satisfy the further condition
fu-fn+1 >fn+1_fn+2
Jor all values of n and z in question, then the series

% Sn (fn_fn+l)

s uniformly convergent.

In the first place
Jo—fn=(o—f+ ...+ (farr—Ffa) = 1 (famr—fo).
Hence a constant K can be assigned so that for all values of z and n
Sor—fo < K/n.
Now 5 (fo—rFe ) F8pe1 (psr—Fpsd o891 ot —f2
= 8y (fo—fpr1 /42 + 6ot Sp+) o1 — 2 piat 49
+ .
+(sptspart .. 8- (fo—2—2f1 /)
+(sp+spe1t. .. +80-0) (fe-1— 19,
the modulus of which is less than
& {@+ D= pn1Hfoed @+ 21— 2iratfoped + ..
o q=Doe— Y+ )+ =10 }
= & {p(fr—for)+fo—fol <e{K+2M},

where M is the maximum of f, (z). The lemma is therefore proved.
s 2
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Leyya 6.—I [f the f.'s satisfy the conditions of 5, but

Eﬂﬁi%%fiﬁ=“¢m%

the series § Sa(fa—fn+1)
0

15 convergent (but, in general, not uniformly convergent).
 Let $n=5+1tn;

then, by 8, the series Z¢,(fu—/fs+1) is uniformly convergent. On the
other hand, the series Zs(f,—fa+1) i8 convergent, but not uniformly con-
vergent, unless f, tends to its limit uniformly.

7. Proof of Theorem 2.—Let s be the sum of the divergent series Zay,
and let

A= Ay—S, A1 = Ay, A2 = Ay ..., Sp = G+ W+ ...+ = $,—5;
then Za, is summable, and its sum is zero; t.e.,

so+sit+...+sn —o.

lim pryrg
S(’)f0+si,fl+---+3;hﬁt
By Lemma 8, nt1

tends uniformly to O for n = ®; and, by Lemma 5, the series

Zsn (fn —f n+1)
is uniformly convergent. Hence, if
8= 5, (fi—ford)
S, tends uniformly to a limit for » = =, and so, by Lemma 1,

So+Si+...4+8n
n+1

does the same.
Now a,f = (s,—s.,-)f = S:,fv—s:«—lf-l‘f‘sl—l v—1—fV).
Hence, if on = @y fo+a, fit .+ 0nfa o0 = aofotarfit...+anfu

kid ’
on = S;Lfn+z sv-1(fomr—f)) = S;Lfn+sﬂ-h
1

gotoi+...+an _ s(')f0+---+s'nfn+ ( n )86+Si+-.-+Sn_1,
n

and nF1 = 1 F1 n
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and therefore tends uniformly to a limit for n = . But
ootot...ton _ cotoit...Fa
n+1 = oot n+1 ’
and therefore also tends uniformly to a limit for » = . Hence the

series Za, f. 18 uniformly summable, and, if the functions f, are continuous,
tts sum 18 a continuwous function of n. The theorem is therefore proved.

8. In order to show more precisely the relations of the preceding lemmas and theorem I
take a very simple example.

Let =1, a==2, a=2 a=-=2 ..
80 that S = 1, sy = ’—1!
and 1im-"0+8|+...+8,,=0.
n+1 !
and suppose f, (#) = 2. Then
(i.) S fu = (=) 2m,
Sofotsifit 48 fu _ L4 (=)rand
n+1 (+1)(1+2)’

which converges uniformly to 0 for n = w (Lemma 3).

"

{ii.) Again % St (foc1=f) = ZI (=)ylz-t1(1—2) = (1—2) {1 +(—)"":t"}/(l +),

which tends uniformly to (1—x)/(1+2) for # = o (Lemma 5). For, although z* does not tend
uniformly to its limit,

xn_x)ul_(xtul_znvZ) —_ ;l:"(l _$)2 > 0’

and I—zt+l = (1—a)+ (=22 + ..+ (" =z"*)) = (n+1)(a"—2n+)),

so that 2 (l—-2z) < —,
n+1
and therefore does tend uniformly to zero.

1—
Tie

1+2 (

(iii.) Finally, on=1-20422"—.. +(=)"22" = 137

and Gytoi .. to, _ -z 2 {w+ (=) 22}

nel P P T
which tends uniformly to (1—z)/(1 +2) for n = o« (Theorem 2).
If the conditions were altered by changing ¢, into 1 +a (a 7= 0), we should have
sufo = {a+ (—l\"} z",

sofotsifit . Hsufu _ T4 (~=)nane?

and n41 ¢+(n+1)(l+x)’
1—zn+!
where ¢ = 1—5_:_1 131' (v < 1),
¢=a (x=1),

and the convergence of ¢ to its limit is not uniform (Lemma 4). Similarly s, (fo-1—f.) is in-
creased by the addition of the non-uniformly convergent series Za (z"~!—2") (Lemma 6); but it is
easily verified that the uniformity of convergence which is prescribed by Theorem 2 is not
dffected, the two non-uniformities (so to say) cancelling one another.
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9. Applications of Theorem 2.—(@.) If f.(x) = =",
fn—2_ﬂ1+1+j;t+2 = 1.1L(1_x)2 > 0
for 0 < x << 1 and all values of n. Hence, if £a, is summable, Za,z" is

uniformly summable for 0 < « < 1; and its sum is a continuous function
of z for £ = 1, which is Frobenius’s theorem cited in § 1.

(1) If fu(8) = n=*(n = 1, x = 0), it is easy to see that the first and second differences of

[f., are positive (or zero). Hence we obtain the theorem that, if s a, is summable, ;;a,.n" is
1 1

uniformly summable for all positive values of ., including zero, and its sum is a continuous

function of # for »» = 0. That is to say

. o a o LSS .+
lim (—l+-—i2 +——"—+...) = lim 2T T T

re0 V1727 37 naw n+ 1

if the latter limit exists. For example,

Lim (’l.-“Lﬁ—,' =t
z=0 1 2 3 /
(i) If B =L (0<qg<D,
T+q"
fomet fve = (1= L =g""])

(1 +q{-)(1 .,'_qnvl)(i]_q.nz) =

Hence, if Sa, is summable, 2a,9"/(1 + ¢") is uniformly summable for 0 < ¢ < 1, and represents
a continuous function of ¢, in particular for ¢ = 1.

For instance, from the formula

WE_ | 4, ¢ _ s,
- 1+ 144 14¢°
we deduce that lim?k!1 =l=4{(3-3+..)=1-4.1=0.¢}
g=1 7
2 3
(iv.) Consider the series L - — 2, iq——,—m,
1—¢g% 1—¢% 1—¢°
whose sum is easily found? to be é—n (E-k2K).
e’
We may write this in the form i 9 _sa.f.(a),
-
"
where a,=(—=1)" and fu(g) = {n+llg

sy

and it is easy to verify that the first and second "differences of f, are positive. Hence Za,f, is
uniformly surnmable. For g = 1 it takes the form

I-1+1—...=1i.

* Fundamenta Nova, § 40, (6).
+ Strictly speaking, the divergent series should be written
3+40-4—-0+%+0—-%—....

t E.y., by making » = 4w in formnla (1} of § 41 of the Fundamenta Nova.
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We deduce that K (E—kK) ~

nd
2(l-gq)
for ¢ = 1.

10. It would be easy to multiply instances of interesting applications
of Theorem 2. Those which I have given are fair examples of some of
the simplest types which naturally occur, and the length of this paper
forbids that I should attempt to treat them in a more systematic manner.
I shall conclude by indicating briefly certain actual or possible further
generalisations.

In the first place we may at once enunciate

TueoreM 2 @ 1.—The conclusions of Theorem 2 (and the lemmas pre-
liminary to it) are still valid if the functions f,(x) are not restricted to be
real and positive, and the condition that the first and second differences of
the functions are not negative is replaced by the conditions

n n
% |fv—' v+l | < If' %’" (V+1) |fv_2fv+l+fv+2| <Ky
Sfor all values of m, n, and x.

The course of the proof is unaffected save for slight modifications in
the case of Lemmas 3 and 5.

Consider, for example, the series

dy(v,9) =1+2 5 (=)" ¢"" cos 2nme.
1

Taking a, = 2 (- )*cos 227v (» >0) and f, = ¢"°, we may verify without difficulty that the con-
ditions of the theorem are satisfied. Since the series

1—2cos 2rv + 2 cos 4mv—...
has the sum zero when summed by Cesiro’s method, we deduce that

lim 9, (v, ¢) = 0.*
qul

TreoreM 2 a 2.—The preceding conclusions are not affected if the
terms of the series Za,, are functions of z, provided the series be uniformly
summable.

A much more interesting and more difficult question is that of the
extension of Theorem II. to cases in which the summation of Za, requires

* Sce Borel, Legons sur les Séries dwergentes, p. 7; L. Fejér, Math. dnnalen, Bd. vvur.,
p. 66 ; Hardy, ‘‘ Note on Divergent Fourier Series,”’ Messenger, Vol. xxxmmr., p. 144. I refer
later to Herr Fejér’s investigations.
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one of the extended forms of the mean value process, e.g., when, if

Sot+s1+...+5n
n+1 ’

1
=

1 . .
sf.) oscillates for » = o, but

1 1 1
O sS4y 4P
" n+1

has a limit.

The following more general theorem is naturally suggested, and I have
no doubt that it is true. We define ““summable” to mean ‘‘summable
by % repetitions of the mean value process.” Then,

If the first, second, ..., (k+1)-th differences of the functions fr(z)
are positive (or zero) for all values of = and n in question, and the
series 2a, ts summable, then the series Za,f,(x) is uniformly
summable, and therefore its sum is a continuous function of x

—with corollaries and generalisations in every way analogous to those of
Theorems I.a and II. Such a theorem would be related to Holder’s
extensions of Frobenius’s theorem asis II. to Frobenius’s and I. @ to Abel’s
theorem. But I have not up to the present succeeded in overcoming the
algebraical difficulties attendant upon a complete and rigorous proof.

In the most interesting cases Theorem II. is generally sufficient. But
the latter theorem does not cover such cases as those in which Za, is a
series like 1—248—44... or 12—224-82—4%4- ...

An example in which a result more general than that of 1I. is needed may be found in the
theory of two electrified spheres. In the paper already referred to, Prof. Bromwich, seeking &
rigorous proof of Lord Kelvin’s theorem that the force acting between two spheres in contact and
at potential ¥ is 77 (log 2—4), requires to show that, for small values of o,

- gzt _log2
JO) = 2= =

The first approximation was established in §3 (iv.). To obtain the second we must prove that

lim = 3 (—)-! (l——--l \! =5

9a0 ny  sinh 16/
The limiting form of the series is L(1=2+3—4+..),
which is summable by two repetitions of the mean value process, and has the sum ;. Here we
could take a, = (—)"-1n and f,(0) = ]—6 (;‘1-0— :m}l—”—‘g ) , and so obtain the result desired.

Although I have not succeeded in proving the suggested general theorem, I have, starting
from a theorem of Herr Fejér’s, succeeded in proving a number of theorems of a more special
character which do enable us to deal effectively with cases such as these: e.g., to assign the

limit of
7 _ 2, 3¢
l+q l4g2 1+g3
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for ¢ = 1. I confine myself at present to stating one of these theorems. Herr Fejér's theorem
(modified so as to correspond to Theorem 2*) runs as follows :—If
(1.) 2 e, is summable (to the sum s),
(iL.) the functions f, (z) and their first and second differences are positive (or zero),
(iii.) = nf, (2) is convergent for >0,
(iv.) lilgf,. (z) = 1 for all values of n,
then Za,,j;: (z) i8 absolutely convergent for z >0, and its limit for £ = 0 iy 8.
The more general theorem is that the same conclusion holds when /4 repetitions of the mean
value process are necessary in order to sum the series Z7,, and
(ii.)’ the first, second, ..., (k+1)-th differences of the functions f,(z) are positive
(or zero),
(iil.)’ =#*f, () is absolutely convergent.
The proof is not difficult. The other theorems relate to cases in which condition (ii.) or

(ii.)" is not satisfied. I have included proofs of these theorems in a paper which will be pub-
lished in the Muthematische Adnnalen.

* The conditions actually stated by Herr Fejér differ from the above in the restriction of
/« (%) to be of the form ¢ (nz), and the substitution for (ii.) and (iii.) of the conditions

K " X
@1 < 1970 < 30,
where p > 0. The proof of the theorem as I state it may be made a good deal simpler than
Herr Fejér’s proof. :



