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Isoscelian Hexagrams.* By R. TUCKER, M.A.
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I. Positive Hexagrams.f

1. At the point L in BO (Fig. i.), make the L BLN'=B,/i CLM'^C;
then make Z M'NA = A, L BNL'= Bt L L'MG = 0, and join MN'.
Now Z M'LN'= A — I M'NA, therefore L, N\ N, IV are concyclic;
also L GLM'= G = L CML', therefore L, L\ M, M' are concyclic;
and £AM'N= 180°-2A = tML'N, ;. L', M, M\ N are concyclic;

* Of. Proc, Vol. xix., p. 163.
t When \ corresponds to the point of doparture of a positivo isoscolian, I call the

figure a positive hexagram; and when to that of a nogativo isoscolian, a negative
hexagram.
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hence L, L', M, M\ N, N' are concyclic, and £AMN'= L ANM'= A.

C

Fig. i.

2. The lines N'L, L'M, M'N are positive isoscelians, and LM\ NL
MN' are aegative isoscelians. Since

b,

, JMN*+N'L s c

all such isoRcelian hexagrams are isoperimetrical, and have their
perimeters equal to the pcrimofcer of the triangle ABC.

3. Write

so that

Now

BL = \a, GL = X'a,

03/ = fib, AM ~ p'b,

AN = fc, BiV = v'c, J

X' = 1 =s p+fx'sz I/+J/'.

2BL' cos B = BN= v'c,
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whence

i.e., if we write

2a =

26 = X'a sec O-\- vc sec .4,

2c = ft'&sec/l + Xasecl?;

p = a cos A, g = 6 cos B, r — c cos (7,

fxq=zr—

vr = r—

4. The trilinear coordinates may bo written

L, 0, X'c, X&

JJf, /ic, 0, n'a

N, v'b, va, 0

11, 0, fxcosB, y'cosO'

M', X' cos A., 0, v cos

N', Xcos-4, fi'cosB, 0

5. The equations may be written

to NL', vdcos Ga — v'b cos Gft + ftb cos J?y = 0,

to LM', vc cos Oa +X& cos yl/3—X'c cos Ay = 0;

these intersect, in A", on cry= bqft; hence iM", BB", GO" cointerscct

in T (paa =. qbfl = cry) ;

and the triangle A"B"G'\
A"=2B-C,

B"=20-A,

G"= 2A—I3,

is similar to the negative in-isoscclian triangle.

G. The equations to LN', ML' are, respectively,

/i'beosBa— Xb cos-4/3-f-X'c cos Ay = 0, )

|u'acosi?a + v'c cos Gft—yuccos j^y = 0, \

and these intersect, in A', on bqfi = cry ; hence AA\ BB', CC' cointer-
sect in T, and the triangle A'B'G',

A'=2G-B}

B'=z2A-C,

O'= 2B-A,

is similar to the positive in-isoscclian triangle.
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The triangles ABO, A'B'G', A"B"G" are then in perspective, with
T for their centre of perspective. The point T is the isotomic of the
circnmcentre.

7. The respective axes of perspective are

(ABC, A'B'G'), p'q. aa + v'r. 6/3 + X'p. cy = 0,

(ABO, A"B"0"), vr . aa + \p. bfl+pq . cy = 0,

(A'B'O', A"B"0") (fi'q-vr) aa + (v'r-\p) bfi + (\'p-fjtq)cy = 0.

8. From § 3, we have the relation

0 = — 2, p sec 0, v sec B

X' sec G, — 2, v sec A

XsecJ?, /u'sec .4, —2
whence

(X/iv+X>'v') sec 4 secBsec C+2/*V sec3 A+2v'X sec1 B+2X> sec 0 = 8.

Now the triangle L'Al'N', which is similar to ABC,

= A 1~1 X^ t i l vK 1
L 4 cos2 G 4cos2-4 4cos2i?J

= A (Xfiv + X'/x'v) sec A sec JB sec G / 8 .

But, if p be the hexagram radius, then triangle L'M'N'—pl^/Bi;

therefore 8p3 cos .4 cos i? cos G — II2 (\fiv + X'/iV).

The triangle LMN = A {1 - /t*' F — v'\—X> } = A (X/iv + X>V),

and it is similar to the pedal triangle of ABC.
9. Let the bisectors of angles AM'N, AN'M meet in P; then, since

these lines are perpendicular to AB, AC, respectively,

Z M'PN'= L A,

therefore P is a point on the " H." circle.

The equations to PN', PM' arc

fx'a cos Ba —\a cos ,4/3 — (/z + 1) ccos By = 0,

— vacos Ga-\-{y' + 1) 6 cos (7/3 + X'a cos Ay = 0;

these intersect in
ajzos^A fi

cos B cos G cos (J3— G) cos B cos 0+ X sin (7 sin A

y
cos ^COS(JB —C7)—X sin ,4 sin I? a cos 5 cos G'
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therefore aa _ 6/3-fey _
cos (B—C) cos A sin B sin 0'

i.e., the locus is a'straight line BXGX, parallel to BO, and bisecting the
distance between A and the orthocentre (H).

\

Fig. ii.

Hence, completing the triangle AyBfi^, we see that the loci of
P, (Q, 12), are the lines determined by the sides of this triangle, which
we propose to call the Director triangle.

P, Q, Jl are, of course, the raid-points of the arcs M(N, NL, LM, and
are, further, the orthocentres of the triangles AM'N', BN'L', GL'M'.

10. The triangle PQR is similar to ABO, and therefore = L'M'N'.

11. By § 9, the circle ANM has P for its centre. If we put

0= afty +... + ..., L =
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the circles AMN, BNL, GLM are given by

(i.),

6 . 0 = L(a\'y + cva) (ii.),

c.G = L(bfi'a + a\p) (iii.),

of which the radical axes are, (i., ii.), (ii., iii.),

vcaa—v7/c/3-|-(a2\'-&V) y = 0,

(by-c*v) a + Xa6/3-\'cay = 0 ;

these intersect in . a cos A = y cos C,

hence the radical centre is H.

The straight lines PL, QM, TIN consequently pass through E, nnd
the sides PQ, QR, BP of PQB are perpendicular to EN, HL, HM;
hence H is the orthocentre of PQB, and the centre of perspective of
PQB and LMN.

12. If 0 be the circumcentre, we have

tan OL'B = 22? cos A cos C/ (a cos C—pb),

and tan HLG = 2R cos B cos (7/ (X a—6 cos G).

Now (§ 3) a cos B cos G—pq = Vp—6 cos (7 cos .4,

hence Z OL'i? = Z BIO,

and Xf'O meets the " H." circle in the point P", where it is cut by
J9j(?i and so for the points Q', B'. Hence the triangles P'Q'B'
L'M'N' have 0 for their centre of perspective.

13. Further, by § 9, L PLM = Z PLN, therefore E is the in-centre
of LMN, and it is also readily seen to be the circumcentre of -4lJ51C71.

14. Since

LPL'G = ( 9 0 ° - J 1 ) + ( 1 8 0 O - 2 ( 7 ) = 90°+B-G - tFLB,

Bcos (B-C) = PL'sin (90°+B-C) = PL'cos (B-C),

i.e., PL'= B = P'L, and so for the other points Q, Q'; B, B'.

Hence, if we take any point P on a side of the director triangle,
the " H." circle, through P, can be easily constructed.*

15. We have B = PL'= 2P sin PP'L'— 2p sin OL'B,

therefore 0L'= 2p cos A.

* A variation in the construction is suggested by $ 32, infra.
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Now, since AO makes, with BC, an angle = 90° + B—O = L PL'G,

therefore PL'= and is parallel to AO,

therefore AP = and is parallel to 0L'= 2p cos A.

Similarly, BQ = 2p cos B, GB = 2p cos G.

Hence AP sin APP1— E cos 4 = 2p cos 4 sin -4PF,

therefore sin APF = JB/2p = sin BQQ' = sin GBR'.

16. The equations to the circles AMN, .DM', CL'-flf are

2 cos B cos (7. (7 = L(Xcos C(i + X' cos By) (i.),

2 cos G cos -4. (7= i/(/x cos Ay +f/cosGa) (ii.),

2 cos .4 cos 2?. C= L(vcoaBa+v COBA(3) (»«•)•

The radical axes of (i., ii.), (ii., Hi.), (iii., i.) are

f/seoAa — \ secBft-\-(fi — X') sec Oy = 0,

(f—fxr) sec Aa + v sec Bfi—n sec Gy = 0,

— v sec A a. + (X—v) sec J5/3 + X' sec Gy = 0.

Tho radical centre of tliese is the circnmcentre 0.

Now N'L' = 2p sin .BiVT/ = 2p sin B,

therefore radius of circle BN"L' (and of the others) is p; i.e., these
circles are equal to the " H." circle.*

17. Assume the cqaation to circle LMN to be

We get aX\' = fixX'c + vx\b,

whence

CVV =

0, X'c, X6

fie, 0, n't

p'b, va, 0

i.e., X, abc (X/uv+X'/iV) = afi'v (

^l » » = ^ '̂X (—fi/a'6*

XX'a, X'c, X&

/i/i'&, 0 , /^'a

J/I» c, ^tt, 0

* If 0j be the centre of the circle, then O'L'O2N' is a square.
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, X,cos A u, cos B v,cos Gwhence -*—;— = "'- , = - ^
fiV V \ A/A

cos' I? - 2X cos I? sin 0 sin 4 4- X8 sin8 4
sec .4 cos B cos (7 (X/iv+\'fx V)

The radical axis of .ABO and 2/ilfN is

2/ = ^V sec A .a + v'Xeeci? ./3+X'/usec (7.y = 0,

and the equation to LMN is
2G = ££' .

18. The projection of OL' on J?O

= (a cos 0—fife) / 2 cos (7 = (c cos A cos 2?—Ap) / 2 cos B cos 0,

therefore

OL'2 = ii2cosMsec'£sec* C(cos'2*-2\ cos Bsin 0sin4+Xa sin* 4

hence (by § 15) V cos' B cos' 0 - W ( ),

or 12p' cosa A cos' B cos' 0

= B8 f cos0 A cos' B—2X sin J. cos' A cos J5 sin C+X8 sin' A cos8 -4"

+ cos8 B cos' 0—2^ sin B cos21? cos (7 sin A + fJ sin' J? cos' B

-f cos8 (7 cos8 A — 2»- sin (7 cos2 G cos .4 sin B -f »-8 siu' (7 cos8 G

19. If Tn, Tb, Tc be the tangents to LMN from ^1, i?, 0, then

TJ = /i'6. vc/2 cos ^4, &c,

and Tl.Tt.Tt— XXV./i/x'6'. vv'c*/8cos^1 cosBcos 0

= (LM'. MN'. NL') (LNf. ML'. NM')f8 cos A cos B cos (7,

which can be otherwise expressed, since

8 cos A cos B cos 0 = (iilf. Jftf. tfL) / ( i ' i f . J H ^ . N'L').

20. If 0' be the centre of LMN, then the projection (x say) of BO'
on BO = % [(X + l ) a-ixb/2 cos 0 ] .

Assume a, /5, y to be trilinear coordinates of 0', then

y + acosJ? = a:sin I? = B'mB[q—\(p—2a cos 2?cos (7)]/4cosBcos 0,

a sin I? = [gcos i?+Xasin5sin (#—(7)] / . . . ,

whence Jlf = y cos JB + a cos 22? =Xa sin 3J9/4 cos I? (i.),

and J^^acos G+ft cos 2(7 = /t6 sin 3(7/4 cos 0 (ii.)}

L =/3cos.4 + ycos24 = vcsin 3^4/4 cos A (iii.)-
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From (ii.), (iii.)> with the aid of §2, we get

4 cos A cos B cos G [JVsin (B—C)/mn 3C+L sin (O-A)/Bin ZA]

= — Ap cos G sin (A—B) ;

hence, making use of (i.), we have

wherein the coefficient of a = sin3it [S (cos 2.4)—2 (cos4.4)],

therefore locus of 0' is

a sin 3yl+/8sin 3B+vsin 30 = 0.*

This straight line is perpendicular to 0Ht being the radical axis of
ABO, -4,2?, 0,, and passes through the centre of tho " N.P." circle,-as
it should do, since that circle is a circle of this system.

21. Since LP'LB = 90° + B-C,

and L Q'LB = BLN'- Q'QN'= B-90°+O,

therefore I FR'Q- L P'L'Q' = 18O°-20,

therefore AfQ'E' is similar to the pedal triangle and = &LMN;

also, z P'0Q'= L L'0M'= 18O°-0,

therefore 0 is the incentre of P'Q'E'.

Now / ilf L'P'= L M'PF= 90° - B,

therefore 0 is the orthocentre of T/M'N'.

From §13,

ps (1 - 8 cos A cos B cos 0) = O'Oi = O'R* = p*—2pru

if r-! is the inradius of LMN (or P'Q'R') ;

hence r, = 4p cos A cos B cos G.

Also, Q'L'=PM (or Ptf),

m i ' = QN (or QL),

and FN'= UL (or E3/).

22. Referring to §17, we can write the equation to the radical axis
L'= 0 in the form (multiplying all through by abc cos A cos B cos G),

aa (p q p ) ( q p)
+ cy(l-\)p(r-

* Cf. Prac, xv., p. 129.
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or (p + q-r)(r—q) aa+p(r—p) cy

q ( p ] =-29?Ap

(aa + ty8+cy) = 0, [
Hence, for the envelope, we have 3l(£ = 33*.

Substituting and reducing, we obtain

pWa2 + 23fe2/32 + r-cY + 2aabft [2r(p + q-r) -pq]

+ 2bficy [2j3 (q + r-p) -qr~\ +2cyaa \_2q (r+p-q)— rp~\ = 0 ;

i.e., pW+... + ... + 2pqaft (4c8 cos C-ab) + ... + ... = 0 .
To obtain the envelope of the ellipses, we have merely to subtract

from the sinister side of the above result

aa+...

i.e., 8(afiy+... + ...)pqr.

Hence the envelope is

pia?a%+ ... + ...-2pqabap- ....... = 0 .
This is the conic */paa + y/qbj3 + >/rcy = 0.

The centre of this conic is the " N.P." centre, and it touches the
sides of ABG in (say) tu tv ts, so that Atu Btit 0t3 intersect in T. Its
foci are 0 and £T, its (semi-minor axis)3 = 2I22 cos A cos B cos C, and
its major axis is B ; hence the " N.P." circle is its auxiliary ciicle.

23. Let X, X, be values corresponding to centres equidistant from
the "N.P." centre; then, §20,

4 cosB cos 0 sin B. B cos(B— G) = 2q cos B + (X + A,) a sin B sin(J5 — C),

i.e., 26 cos B [cos C cos (B—(7)-cosS] = (\ + \t) asin B sin (B—C),

therefore (X+A,) a — 2c cos B.

By § 22, the radical axes are given by

= 0,

i = 0,

whence a$=p(§.c cos B,

•e-» (q—r)aa + (r—p)b/3+(p -q) cy = 0,

or the radical axis of any two "conjugate " circles of the system is
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Off. Hence locus of radical centre of two "conjugate" circles and
ABO is the same straight line.

24. From § 16 we see that N'L' envelopes a parabola touching the
sides BG, BA, with 0 for its focus.

If we take, for the moment, a, h', c to be the mid-points of the
sides BO, (JA, AB, then Ob' is the direction of the axis of the curve,
and c'a is the tangent at the vertex; henco the latus rectum
= 47? cos0cos A, and the directrix is the side GXAX of the director
triangle. Similar results hold for the envelopes of T/M', M'N'.

25. The eqnation to the above parabola in trilinear coordinates is

[(aa-6/3) sin (A-B) + cy sin G']2 = 4«b a/3 sin 24 sin 25,

so that the chord of contact is

(aa-hft) sin (A-B) + cy sin 0 = 0.

Referred to BO, BA as axes of x and y, the envelope of N'L', i.e., of

x/y'c + y/\a = 1/2 cos B,

is %/2aj cos (J + v ty cos A = </b.

Hence, if K, K are the points of contact, we have

BK = 6/2 cos 0, BIC = fc/2 cos A,

and therefore equation to KIC is

2.'c cos G + 2y cos 4 = 6.

The equation to CM is h -̂ - == 1;
a c

hence 04. meets KK' in a/2, c/2; i.e., OA is bisected.
To find direction of axis, we must join B to the mid-point of KK'

(6/4 cos 0, 6/4 cos A) ; the equation to this line is

y cos A = x cos C ;

i.e., it passes through IT. If it cuts KK' in K", then mid-point of
£i?" is on the curve.

Since the sides of the director triangle are directrices of the
parabolas, we obtain, from a tangent property, another proof of § 9.

26. Prom § 11, we see that the envelope of NL is a parabola
touching BO, BA, with If as focus. In this case, if AD, BE, OF are
the perpendiculars on BG, GA, AB, DF is the tangent at the vertex,
and the latus rectum = 812 cos A cos B cos 0.
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In trilinear coordinates, the equation is

[aa (q—r) + bfiq — cy (p—g)]2 = 4>cyaarp ;

and, referred to BC, BA, it is

\/x cos A + \/y cos G = ^/q.

If If,, if,, are the points of contact, then

BKX — q sec A, BK[ — q sec G ;

hence -£",!£[ makes the samo angle with BG that KK' does with BA.

The equation to KXK[ is

a;cos yl+y cos G = g.

The equation to the bisector (from B) of KXK\ is

?/ cos G = ic cos At

and this is a line passing through 0; henco BO is the direction of
the axis.

27. The UN' series of envelopes can be written in the form

\/y cos 6'+ v/acos^. = v/ft sin B (i.),

>/a cos.4+ \//JcosI>' = y/Bain G (ii.),

\//3 cos B -f \/y cos t/ = )

these respectively pass through

(X,) 422o/clcosil, 2fi/csinA, Utyja2 cos G,

(X2) Ula/tfcosA, IBfi/a2 cos B, 2y/asinU,

(X3) 2a/6sin(7, 4fi/3/cs cos 2?, 4 Ky/c2 cos 4,

aud -4XU 2?X2, (7X8 cointersect in

aa tan yl = Z>/i tan B—cy tan 6' = 2A tan w.

28. The LN scries of envelopes touch the aides in (Kci Kb), (La, Le),
(Mb, Ma), say.

The equations to the chords are

aasin A cos A + 6/3 cos B sin ((7— 4 ) — cy cos G sin (A—B) = O...(i.),

—oa cos .4 sin (B— G) + bft sin B cos i? + cy cos C sin (A—B) = 0... (ii.),

aa coa A Bin (B—G)—bfl COB Bain (G—A)+ cy sinCeoa(7 = 0...(iii.);
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(ii.), (iii.) intersect in

an _ bjl _ cy _ 2A
sin.i/sin (B-O) 1 —1 sin.l/sin (B— 0)

,e., these chords intersect in points (Plf Qlf 2^) on lines through
A, B, 0 parallel to the sides:

PXK (in figure) i ? ^

= & sin (B—G),

i.e., Al\ = 211 sin (B-U).

The equation to the circle FlQ1lil is

C + L[l{a cos yl sin 2.4 sin3 (B-C) + ... + ...} /sin 2̂ 1 sin 2I?sin2C]=0

29. In "Fig. iii., S, V, W are the mi^ -points of the arcs M'N\ NL',

L'M'; i.e., NS, MS bisect the angles at N [and If; then the angles
S, V, W are, respectively,

i.e., the triangle is similar to the iutriangle of ABO whose circum-
circle is the incircle of ABU.

A

Since

therefore

and

N'W is perpendicular to SV,
US „ Fir,
M'V „ \VS.
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Let H' be the orthocentre; then circle whose centre is 8, and
which passes through M'N', also passes through H', and so for the
allied circles; whence we see that the sides of 8VW bisect H'L', H'M\
H'N'; hence these distances equal

4psin— sin —, &c.
a a

Further, H' is clearly the incentre of L'M'N', and also the centre of
perspective of this triangle and 8VW.

We have, if rj be the inradius of L'AfN',

p' ( i _ 8 s i n - | - s i n | - s i n - | ) = {O'H'f = P ' -2prI ;

therefore r[ = 4p sin --- sin — sin — .
A 2 2

30. If the circle N'H'M' cuts BA in X, then

because L H'= 90°+ ~ ,

therefore Z NXM' = U0°- 4 »

and NX = NM' = AM'.

31. Assume

,, sin (B + (j>) BL' v'c _ q—\p
sincp BN' \a AucosC

., „ , . cosJB—Xsin^l sin G
therefore c o t <b — • —••—7— ;

A s i n A co s U

whence, § 18, cos <J> = cos A (cos B—X sin A sin 0)/I>,

sin 0 = X sin 4 cos 0 cos .4/1),

where D is a symmetrical expression.

Now a (of H') = H'L' sin ( A . + ^ \

O73 • A . B • GZR sin — sin — sin —
= (§ 29) L- £- ± (x'cos B+X cos 0) ;

cos B cos 0 ' '
VOL. XXI.—NO. 371. c
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hence coordinates are given by

act _ __ 6/3 __ cy #

p (A'cosii + Acos G) q (p cos C+fi cos A) T^V'COBA + VCOBG)'

or, using § 3,
act

p cos B—\p (cos B—cos G)

bft

cosB(bcosA+r—q)—\p (cosA— cos B)

aa + bfl -f- cy £>ct -j-g/3 + ry

2 (a + 6 + c) cos J. cos iy cos 61 (a + b + c) cos/1 cos JW COS G

therefox*e locus of 11' is

(u-2p) u + (b-2g)P+{c-2r)y = 0,
a straight line which passes through (6 + c)/a, (c-\-a)/b} (a + l)/c,*
and is parallel to

usin24+jflsin2£ + ysin2C/= 0.

32. Since I NN'Q = 90°-JU = Z P'PM\

therefore arc NQ = arcP'AP,

and tlieicforc I*'Q = jl/'JV,

and Z Q2J/a, = L PRQ -LG;

henco P'QR'PQ'R is an equal hexagram.

The negative isoscelians are

P'Q ( = if'JV), Q'iJ ( = N'L), E'P ( = EM) ;

and the positive ones are

QR'(=M'L), PQ'(=N'M), RF(=L'N).

33. With centro N\ the circle Gl P'Q' passes through 0, and the
radius = 2p cos 0; and N' is the orthocenh-e of APQ(7.

* This point is the mid-point of TT (sec " A Group of Isostoreana," Proc, Vol.
xix., p. 219).
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Since IPHQ - 180°-G,

therefore circle O^PQ passes through JET.

34. Bisect the arcs PQ, QB, BP in W, 8', V, respectively;

then &S'V'W' = ASVW,

because W'P' bisects L QP'OX, &c.

Now L WV'Q = l W'JIQ = (7/2,

therefore V'Q is perpendicular to 8'W; hence if II" be the orthocentre
of S'V'W, the circle, centre S\ through Qll, will pass through II";
this point is also the incentre of &PQR.

[The envelopes of PQ, QB, RP, and of P'Q', Q'B\ B'P', can be
easily obtained by reference to the foregoing results.]

35. We collect here some other results of interest. Suppose

BM, ON intersect in / , (auu'v = hftv'fi — cypv),

ON, AL „ in g, (aa\v = bft\v' = cy\'v),

AL, BM „ in h, ( t ia\ ' / /= h(i\fx = oyA'/tt).

Similarly, let

BM', ON' intersect in / ' , ( —7-̂  = •—- -• = — - — - ],
\AA COS A. \fl COSii Av COS 01

. , / a ft y \
ON , AL' „ in g, [ - - - - - - = --,c — = jrr^j),

AL\BM' „ in h', (
1.... — „ . . v v c o g

then the equations toff, gg' am

act f }/»•. AJU v — /.t'g . A'/iV1 + 6/3 f \p . A'̂u V — v'r . A/u i/ J

H~°y [z1? • A'/uV—\|>. A/*»>] = 0,

cm I" vr. X'^tV—n'q . \pv~\ + hft \\p . Xfiv — v'r. X'/A V'l

\H 1. • ^'/i>''—A.'p.A^j'J = 0 ;

whence we find that ff\ gg', hli cointerscct in T, which is therefore
the centre of perspective of the triangles fgh, f'g'h'.

C 2
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36. If (MN, M'N') meet in /",

(NL,N>L') „ i n / ,

and (LM, L'M') „ in h",

then equation to Af" is

/3 cos G (/iV'g—j'Ap) = ycos B (X'ft'p—fivr),

and Af'\ Bg", Gh" cointersect in T";

37. For the intersections of (MN\ M'N if"), (NLf, N'L; g"),
(LM\ L'M\ h'"), we have equation to Gh"\

cos A (\ixq—\'v'r) cos B (\'n'p—fivr) '

hence GA, GT', CB, Gh'" form a harmonic pencil.

38. The equation to the circle AXBXGX is

4 sin A sin B sin G. G = L (a sin 3.A +|3 sin 3B + y sin 30),

and the equation to Bx Gx is

- a a cosil + (6/3 + cy) cos (B—G) = 0.

39. The conic through intersections of ABG, AXBX Gx is

X _
ap cos (G—A) cos (̂ 4 — B)

2\ '
bccos (U—(7) [cos^.cos2^-cos(JB-0)]

If we call the points of intersection (of the triangles) on BG (1, 2),
on GA (3, 4), on ^J5 (5, 6), then (14), (25), (36) cointersect in the
" N.P." centre; and if

(35, 46) intersect in A,

(51, 62) „ in ^

and (13,24) „ in vx

then A\t BpXt Gvx cointersect in

a
sTn2ilcos(B— G) '

which is the point (/3) of Question 9950 of the Educational Times.
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40. The centroid of L'M'N' is given by

a/(X'o cos B + Kb cos 0) p = /3/(/*'a cos G'-f/-«c cos A) q

= yl(y'b cos A -f-»'« cos B) r.

Assume A'~b cos C—c con B, B' — ccosA—acos G,

C = a cos J?—?> cos ./I,

then the above may be written

a /3
c cos B COH A (b—2B'

~ coaJi(ar-bC'j + \pC

A'y-C'a
A'c cos A {b-W)-B'cp A' (ar-bV) -G'pc

C'fi-B'y
(Yc co*A(b- 2 /*') - li' (ar - b(J')'

whence, after reduction, and writing

AVC get locus required to be

aa (3a2-K) +bft (!W-K) + cy (3c2—JST) = 0.

41. The centroid of LMN is given by

aa _ bft_ _ cy _ 2A

qn, cos (// — C) —2rrcosyf ens Ji — Xp (7 —r)

2r—5 — X(r— ̂ >) '2c cos yt cos Ji — A.(p —

r(aa-f-cy)

After reduction, we get for locus

... + ... = 0.

42, To find the Rymmedian point of L'M'N', we must cut
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in a point P, so that
M'P : PN' = c2 : ft5.

The coordinates of P will be given by

a/(Ar -f X'g) cos .4, /3///r cos JB, y/eg cos C,

and the equation to L'P is

afiecyt (fiv'r—fivq) -ft seciip' (Xr + X'g) 4-y sec (7/u (Xr+^'g) = 0 .

Similarly, the symmedian line through M! is

a sec .4 V (^p+/*V)+/3secJB (v'\'p—v\r)~y sec (7X' (fip+p'r) = 0.

Eliminating y, and removing the factor r (X/ui'-f X'/uV), we get coor-
dinates of symmedian point to be

ft BPC/7 _ y scc_O
Xr + X'gr pp + /x V vj + y p

= P = 2A/[2 (pg + gr + r ^ - C ^ + ̂  + r2)] = 2A/(-I2), say.

Hence aa = P [jp {5—X (g—r)} ] ,

6/3 = P [2jpr—p2-ra + 2r-pX (r-_p)],

cy = P [q (p—q + r)—\p (p-q)] ;

therefore paa + 2?>/3+rcy = dpqr P — %pqr (aa + hft + cy) / [ • • • ] ,

i.e., aa (pR + 3pqr) + ... + ... = 0 , the locus required.

This passes through
o a / ( 2 - r ) = ... = . . . ,

and is, hence, parallel to paa+qbft + rcy = 0.

43. In lilec manner, to find tho fjyiiimcclian point of the triangle

LMN, we cut MN in P (say), so that

MP : PlY = r2 : q\

The coordinates of P will be given by

a/bc (?V + g^), ft/car*y,

and the equation to iZ1 is

«a

similarly, the symmedian line through M is

[ r V ] = 0.
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Eliminating y, and removing the factor r2 (X/ir + X'^V), we have

_aa bft _ r cy _ 2A

j L
These may be written

aa bft
q ( 2r —p) -f Xp (g—r) JJ2+rs—gr + Kp (r—p)

<yy paa + gift + cry
q(p + q — r)+\p{p — q) pq(2r

paa + qb/3 •+• cry _

i.e., 3pgr (aa + bft + cy) = (p* + g2 + rl) (jpaa + qbft + rcy) ;

whence aa [p (jp9 + g2+rs)—3pgr] + ... + ... = 0

is the locus of the symmedian point of LMN. This line is also
parallel to paa + . . . + ... = 0 , and is therefore parallel to the line
in § 42.

II. Negative Hexagrams.*

4<4i. The construction is made as in I., 1.

45. Write BL'=\a, GL'=X'a'

Gtf=pb, AM'=fi'b

AN=vc, BN'= vc

Here X, X' may have the same values as in I. 3, but the /i, v will bo
different.

Now 2v'c cos B = BL,

2fib cos C=GL ;

whence a =2/xb cos G+2v'c cos B1

6 = 2vc cos ,4 + 2X'a cos 0 I >

c = 2XacosJ5-f 2/u'6cos^l J

* The geometrical properties of the two hexagrams are, of course, identical; but
the analytical work is very different. Sometimes results come more easily by the
negative hexagram equations.
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i.e., 2fi'b cos A = c—2\a cos B,

2vc cos yl = 6—2a cos O + 2Aacos C,

2v'c cos A = b—2\a cos C,

2[ib cos ̂ . = 2& cos A—c+2Xa cos B.

46. The trilinear coordinates may be written

L', 0, X'c,

ilf, fxc, 0, j * '

N', v'6, va, 0

Xb L, 0, /x cos G, v cos JB"

M, X'cosO, 0,

N, XcosB, n'cosA, 0

47. From § 45, we have the identical relation

0 = - 1 , 2/i cos , 2/cos.B

2\ ' cos C, —1, 2v cos A

2\cosB, 2}x'cosA, - 1

whence 8 (X/Jv + X'ft'v') cos yl cos P cos C—1

+4 {/x'v cos1 ^-I- v\ cos8 B+X> cos8 C} = 0.

The triangles L'M'N', LMN are respectively similar, as in § 8, to
ABC, and its pedal triangle; and we find

AL'iU'JV' = A (X/iv + AVV) = p'^/B\

where p' is the hexagram radius. Also,

ALMN = 8A (A/jy + X'̂ u'r') COS A cos 7? cos C.

48. We may note here that for the positive hexagram

LN'. ML'. NM' = \fxv nbc/8 cos yl cos B cos C,

LIT. MN'. NL' = X>V abc/S cos yl cos B cos 0 ;

whereas for the negative licxagr.im

Ltf'. ML'. NM'= Xfx'v'abc,

LM'. MN'. NL'— Xftv abc.

49. We give here some results, referring to the corresponding
articles for the positive hexagram.

§17: A
'cosyt v'XcosB \'n cos C 2cos2yl (X/xv + X7*V)

The equation to the radical axis is

fx'va cos A + v'A/3 cos B + K^y cos 0 = 0,
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§ 18: projection = a(2\—1)/2 = BsinA ( 2 \ - l ) .

OL'2 = E* (1 - 4\ sin8 A+4\2 sin3 ̂ 1) = 4p'2 cos8 A.

§ 20: 2acos4 = —{Ecos2B + Xasin(B-0)},

2flcoaA= {Bcos (2A-C)-\asiv (G-A)},

2ycos>l= {jRcosB — Xasin (-4 — P»)} ;

multiplying these respectively by sin 3.4, sin ZB, sin 'SG, we get

a sin 3 4 + . . . + ... = 0 .
§ 2 3 :

2Rcos A cos (B—C) = — 2Bcoa2B—(\ + Xi) a sin (B— G),

i.e., B (cos 2.8 + cos 2(7-2cos 25) = (X+X,) asin (B—C);

therefore X+X2 = 1.

NOTE.

[50. Referring to § 9, through P draw a parallel to BG, cutting the
circle in P*, and the perpendicular (AD) in / . Then

Z PMI! - \AM'N+ L MM'L',

and L MM'L' = z MNV = G- L MNM'

therefore Z PM'L' = G+NPM'-^AM'N

then PL' = 2p sin Pilf'L' = 2p sin APP',

and 4 J = AP sin 4 P P ' = PJV sin APP'

— 2p cos A sin ylPP'= P i ' cos A.

Again, by §14, perpendicular from P on BG = PL'cos (B—C);
hence J"is the mid-point of AH, and P i ' = JR.

51. Let the normal at a point P of an ellipse cut the axes in 0, g,
and parallels to the axes, through P, meet them in N, n ; then, with
the usual notation, if Pg = r,

because PF. Pg = AC3 = a\

we have r*—c? — r. gF = Cg. <p (because (7, JF, P, n are concyclic) ;

but since CG = e2. P»,

therefore r*-as = (Cgr)a/e* = d'/e9, say.
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Hence, if from any point on the minor axis as centre, with gP aa
radius, we describe a circle to touch the ellipse, we have the above
relation.

Now, if we call the distance between 0' and the " N.P." centre d,
and put 0 for the angle which the line connecting them makes with
BG and 2a, e, for the major axis and eccentricity of the ellipse of §22,
we have

2dcos 6 = BL + BL'-R {2 sin A +sin (0- B)}

= - ~ -p [2\acosi?cos G + bcosB —XacosA} —B{...]

— — T : T, (2 cos .B cos C—cos .4] fAsin.4—cosBsinO) ;

cos B cos G *• } <• J

but OH cos 6 = 2 cos JB cos G—cos A,

therefore d cos B cos G = (\s\nA — cos B sixx G) ae,

i.e., d2cos2 J5cos2 G = aV . {\2 sin3vl - 2 \ s i n A cos B sin G

+ coss.B--cos'S cos10}

= aV.{4p2/jes- l} cos25cos2O, by § 18,

7 = a lit*-l\=<•-"'
hence, if we take p = r, we see that the " H." circles touch the in-
ellipse of §22.

From the above result we at once get

PV = (Z
2 + nV = OO'3 (or O'fl2),*

therefore 00' = O'll = pe ;

and 2p cos O'OH = 2a = li, cf. § 15.

52. If we suppose the points L, L' to coincidef so that BG is
a tangent to the H. circle, then, if pa be the radius of the circle, we

have LN'z^ 2pn sin B, LM = 2pa sin 2(7; "

hence a = 2po (sin2J5 + sin2(7},

i.e., 2RsinA = 4-paa\n A cos (B—C),

* This result follows also from ${ 21, 22.
t The reader is requested to draw the figure.
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or R = 2Pacos(B-O), "j

= 2Pbcos(C-A),

if pb, pc are the radii when the circle touches CA, AB respectively.

The points L, M, N (when M, M'; N, N' coalesce) are readily seen
to be the points of contact of the sides with the in-ellipse, so that AL,
BM, ON (in this case) cointersect in T.

53. Since BN. BN'= £L2 = 4p2 sin2 2B,

and BN'= LN'= 2pa sin B,

therefore BN = 2pa sin B . 4 cos2 B;

hence NN'= 2Pa sin 3J5 and MM'— 2pa sin 30.

Now the angle

O'N'A= (7r-2C) + (ir-2A)-l~-B) =3B-£-1

and Z O'MA = ^ -SO ;

hence coordinates of 0' are

pn» — pa cos 30, —pa cos 3.B.

54. The equation to the circle, which passes through

N' {bBinB, a sin (20-B), 0], L (0, c2cos(7, i2cosB),

ill' {csinC, 0, as in(2B-C')} ,

n , . (aa-|-... + ...)

4c sin J. sin B cos3 (B — G)

X [2aa cos ̂  sin ( 2 0 - 5 ) sin (2JB - 0) +/36 sin2 2B+yc sin2 20 ] .

55. If we project O'O on £0 , and on a perpendicular thereto, we
get

(0'0)% =pl [sin 2B~ sin 2O)2 +(1+008 25 + cos 2O)2]

= p2 f 1 — 8 cos A cos JB cos 01 ;

therefore O'O — epu, cf. § 51.
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01? = [2pacos4 sin (B M 0)]*+ [2p0cos4 cos (B~0)]%

= 4p* cos8 4,

therefore OL : 00' : 1 0 ' = 2 cos 4 : e : 1;

and z0L0'=B~0t therefore I 0LH - 2 (B ~ 0).

From the above, we have

ecos OO'L = l + cos2B+cos2O ;

and sin HLO = sin OL B=R cos 4 / 2po cos 4 = cos (B « 0),

therefore lHL0=^~— (0~B) = $.
2

56. If p, is the radius of curvature of the ellipse at L, we have

therefore

P. = /31 cosec8<p/a — 4<Bcos ,4 cos B cos 0/cos8 (B — 0)].

57. Let A' be the area of the triangle tlt2t3 (§ 22), and put

5) = cos (A -B) cos (B—0) cos ( 0 - 4 ) ;

then A-A' = E*[sins24sin.4cos(B-C) + ... + ...]/23)

= R* [sin 24 sin 2B (sin 24 + sin 2B) + ... + ...] /4JD

= .R8 sin 4 sin B sin O

x [{ l + cos24 + cos2B + c o s 2 ( 4 -

= R3 sin .1 sinB sin C [ l +cos 24 + cos 2B+cos 20

+ 2 cos ( 4 - B ) cos (B-G) cos ( 0 - 4 ) ] / $

= A - E* sin A sin B sin 0 (4 cos A cos B cos 0) /2>,

i.e., A' = 2A cos 4 cos B cos 0/2).

58. From the Geometry of the Ellipse, the joins of 4 (B, 0) and of
the " N.P." centre bisect *,i8 (/,*„ txtt).

59. If <[, <j, t'3 are the raid-poiuts of t3t3, tstx> txt» then equations of
txt[, ttti are

aa sin 24^! + 6/3 sin 2Bpi—cy sin 2Cp% = 0,

—oa sin 24gs,+ 6/3 sin 2Bjj + cy sin 2Og8 = 0,
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where p1 = c sin 20cos (A—B)—h sin 2K cos (G—A),

and similar expressions for q, r; hence we get the coordinates of the
centroid of txt2ts to be

a/pjcos (B—G) = /3/gscos (G—A) = y/r3cos (A —B).

We may putfij into the form

where E = sin 2.4 sin 2B+... + . . . .

60. The circle t^t^ has for its equation

where X =

0 c sin 20 b sin 2B

c sin 20 0 a sin 2A

B a sin 2.4 0

B sin2 2,4

sin2/jsin2O • nr, r • or,
— c sxu 2C 6 sin 2B

cos (11—G)
sin 20

cos ( 0 - 4 )
sin 2B A

———- a 0
cos (A-B)

hence equation is
2abc D . 0 = L fa8a cos J (sin B sin 0 + 2 cos 4 cos 2B cos 20)"1,

L+... +••• J
61. If we suppose our "H." circle to touch the sides CA, AB in

M, N, then the hexagram is NLMNL'MN, i.e., MN is a doubled line.
From a considei-ation of the figui'e, we see that

A-1SO°-2A,

i.e., AMN must be an equilateral triangle, and we can farther readily
prove that M, N are the points tv tt.

The radius of the " H." circle in this case is

( ^ 3 + 2 sin 2B)/c = l/f> = (-/3 + 2 sin 2O)/6.

January, 1890. J




