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Isoscelian Hexagrams.* By R. Tucker, M.A.
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I Positive Hexagrams.t

1. Atthe point L in BQ (Fig. i.), make the 2 BLN'=1, £ CLM'=C;
then make £ MNA = A, ¢BNL'=D, ¢£L'MC = O, and join MN"
Now £ M'LN'= A =£4MNA, therefore L, N, N, M are concyclic;
also £ CLM'= C = ¢ CML/, therefore L, L', M, M  are concyclic;
and £ AM'N = 180°—24 = ¢ ML'N, .. I’y M, M', N are concyclic;

* Cf. Proc., Vol. x1x., p. 1685.
t+ When A corresponds to the point of doparture of a positive isoscelian, I call the
figure a positive hexagram ; and when to that of a nogative isoscelian, a negative

hexagram.
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hence L, L', M, M, N, N’ are concyclic, and £ AMN'= L ANM'= A.

2. The lines N'L, L' M, M’'N are positive isoscelians, and LM’, NL

MN’ are megative isoscelians. Since
NL'+L'M = a,
LM +MN=1b, 1
MN'+N'L = c,-J

all such isoscelian hexagrams are isoperimetrical, and have their
perimeters equal to the perimeter of the triangle ABC.

3. Write
BL =\a, CL = \Xa,
CM = pb, AM = F'b,l
AN =ve, DN =/,
so that N=l=pt+u'=v+v.
Now 2BL cos B = BN = v'c,

2CL/cos C = OM = ub;
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whence 20 = vcsecB+ubsecC,
2b = XN'a sec O+ vesec 4,
2¢c = p'bsecA +AasecB;
t.e., if wo write
p=acosA, g=bcosB, r=ccosl,

pg=r—p+Ap, pq=p+q—r—Ap,

vr =r—q+Ap, Vr= q =Mp.
4. The trilinear coordinates may be written
L 0, Xe¢ N\ L, 0, pcosB, v.cosO
M, pe, 0, pal, M, XNcosd, 0, vecos C
N, b, va, O N, Acosd, p'cosB, 0

5. The equations may be written
to NL', wacos Ca—v'bcos Of3+pubcos By =0,
to LM, wvccos Ca+Abcos AB—Nccos Ay =0;
these intersect, in 4", on cry=0gf3; hence 44", BI", C0” cointersect
in 1 (paa = gl = cry) ;
and the triangle 4"1"C”,

A4"=2B-C,
B'=20-4,
0"= 24—2D,

is similar to the negative in-isoscelian triangle.
6. The equations to LN', ML/ are, respectively,
pbcos Ba—AbcosAB+Nccos Ay =0,
p'acos Ba+v'ecos CB—pccos By =0,

and these intersect, in A’, on bgf3 =cry ; hence 44, BB, CC cointer-
gect in T, and the triangle A’B'C’,

A'=20-B,
B=24-C,
C'=2B-—A4,

is similar to the positive in-isoscelian triangle.
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The triangles ABC, A'B'C', A"B"C” are then in perspective, with
T for their centre of perspective. The point 7' is the isotomic of the
circumecentre.

7. The respective axes of perspective are
(4BC, A'B'C), pq.aa+vr.b8+Np.cy =0,
(4BO, 4"B"C"), vr.aa+Ap.bB+pg.cy =0,
(4BC, A"B’C") (Wg—v»r) aa+(v'r—Ap) b3+ (Np—pq) cy =0.
8. From §3, we have the relation
O=!| -2, pusecO, +secB|,
NsecC, —2, wsecd

: Asec B, p'sec 4, —2
whence

(AMpv+XNp'v') sec A sec Bsec O+ 2u’v sec® A+ 2v'Asec’ B+2 N usec C=8.
Now the triangle L’M'N’, which is similar to ABC,
— A[l-— Nu _ u'v _ YA ]
4cos’C  4cos’A  4cos’B
= A (\uv+Nu'y’) sec A sec Bsec (/8.
But, if p be the hexagram radius, then triangle I'M'N'= p*'A[/R*;
therefore 8p cos 4 cos B cos C = I (Auy +X'p"v).
The triangle LMN = A {1 —p.'v—v')\—)\'p} = A Ay +X'pY),
and it is similar to the pedal triangle of ABC.

9. Let the bisectors of angles AM'N, AN'M meet in P; then, since
these lines are perpendicular to AB, AC, respectively,

, L M'PN'=: £ A,
therefore P is a point on the ¢ H.” circle.
The equations to PN’, PM are
#acos Ba—Aacos AB—(p+1) ccos By =0,
—vacos Ca+(v+1)beos OB+Nacos Ay =0;

these intersect in

acos 4 _ B
cos Bcos Ccos (B—C)  cos Beos O+Asin Osin 4
Y —_ bB4ey

= CosBcos(B—0)—AsmAsin B acosBcosC
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aa — b3+ cy — A
cos (B—C)  cosA ~ sinBsin ('

therefore

i.e., the locus is a}straight line B,C,, parallel to BC, and bisecting the
distance between A and the orthocentre (H).

e ———
P ) PO
- ~

]

-
- -
—~— -
.-

Fig. ii.

Hence, completing the triangle A,B,C,, we see that the loci of
P, (Q, R), are thelines determined by the sides of this triangle, which
we propose to call the Director triangle.

P, Q, IR are, of course, the mid-points of the arcs MN, NL, LM, and
are, further, the orthocentres of the triangles AM'N’, BN'L', CL'M".

10. The triangle PQR is similar to ABC, and therefore = L'M'N".

11. By §9, the circle ANM has P for its centre. If we put
C’Ea}37+...+... y L=aa+t..+...,
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the circles AMN, BNL, CLM are given by

a.C=L(eB+bpy) .ooovvvninennnn (i),
b.C=L(aXNy+eva)....ooeeeenennnn ol (i),
c.C=L(bpatarB) ...ccocovvnnvennnnn. (iii.),

of which the radical axes are, (i., ii.), (ii,, iii.),
veaa—v'bef 4 (a’N' —b'pn) y = 0,
(%' —c%) a+AabB—Ncay = 0;
these intersect in . acos A= ycosC,
hence the radical centre is H.

The straight lines PL, QM, RN consequently pass through H, and
the sides PQ, QR, RP of PQR are perpendicular to HN, HL, HM ;
hence H is the orthocentre of PQR, and the centre of perspective of
PQR and LMN.

12. If O be the circumcentre, we have
tan OL'B = 2R cos A cos C[ (a cos C—pb),

and tan HLC = 2R cos Bcos Cf(Ma—bcos C).
Now (§3) a cos Bcos C—pgq = Np—DbcosCcos 4,
hence ¢£OL'B= £ HLC,

and L'O meets the “H.” circle in the point P, where it is cut by
B,C, and so for the points @, R’. Hence the triangles P'QR
L'M’N have O for their centre of perspective.

13. Further, 'by §9, £ PLM = £ PLN, therefore H is the in-centre
of LMN, and it is also readily seen to be the circumcentre of 4,B,0,.
14. Since
L PLC = (90°—A4)+ (180°—20) = 90°+B—C = ¢ PLB,
R cos (B—C) = PL'sin (90°+B—C) = PL cos (B—0),
i.e., PL'= I = P'L, and so for the other points @, @'; R, R".

Hence, if we take any point P on a side of the director triangle,
the «“ H.” circle, through P, can be easily constructed.*

15. We have R = PL'= 2psin PP'L’'= 2p sin OL'B,
therefore OL'= 2p cos A.

* A variation in the construction is suggested by § 32, infra.
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Now, since A0 makes, with BC, an angle = 90°+B,—\0= < PL'C,

therefore PL’= and is parallel to 40, A
therefore AP = and is parallel to OL'= 2p cos A.
Similarly, BQ =2cos B, CR = 2pcosC.

Hence AP gin APP'= R cos A = 2 cos Asin APP,

therefore sin APP' = R/2 = sin BQQ =sin CRR'.

16. The equations to the circles AM'N , BN'L/, OL'M’ are
2cosBcosC.C = L(Acos CB+NcosBy)............(i),
2cosCcos A. C= L(ucos Ay+p'cosCa).............(iL.),
2cos AcosB. C = L (vcos Ba+'cosd B)............(iii.).

The radical axzes of (i, ii.), (ii, iii.), (iii., 1.) are
WsecAa—Asec BB+ (u—X)sec Oy =0,

(v—u') sec Aa++' sec B8—pusec Oy = 0,

~vsecAa+ (A—+»)sec B3+ XN sec Cy = 0.
The radical centre of these is the circumcentre 0.
Now NI’ = 2psin BNL' = 2psin B,

therefore radius of circle BN'L’ (and of the others) is p; t.e., these
circles are equal to the “H.” circle.*

17. Assume the cquation to circle LMN to be
C=LMA\ea+mB+ry).
We get a\\’ = u N'c + v, A\b,
bup'= Mpe +npa,
evy’ = \vh +pyva;
whence MO, XNe, Ab | =|ANa, XN, Ab|;
pe, 0, wa pe'b, 0, pla

vh, va, O w'e, va, 0
1.e., Ay abe (Apv+N'p'v') = ap'y (—ANa® +Apb?+\'V'cY),
Mow » = A (—pp'b*+prd’ +Np'a?),
Yio» » = cAp (— v+ rAa’+pu'v'h);

* If O;be the centre of the circle, then 0'L’0,N is a square.
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Mcosd _ pcos B _ vcos 0
gy VA - ANp

— cos’ B—2A cos B sin Osin 4+ N sin® 4

sec A cos B cos C (A\py +Nu'v')
The radical axis of ABQ and LMN is
L'=pvsecA.a+vAsecB.B+Nusec 0.y =0,
and the equation to LMN is

whence

20 = LL.
18. The projection of OL on BC .
= (acos O—pub) 2 cos C = (¢ cos A cos B—Ap)/2cos Bceos C,
therefore
OL”? = R’cos® A sec? B sec’ C (cos®* B—2A cos Bsin 0sin A+A\ sin® 4);
hence (by §15) 4p* cos’ Beos' 0 = R* (......),
or 12p® cos® A cos? B cog® O
= R'( cos® 4cos’ B—2\sin A cos® 4 cos Bsin O+ A*sin’ 4 cos® 4
+cos® B cos’ 0 —2usin B cos® B cos O sin A+ p*sin® B cos® B
+cos® C cos® A—2v sin (' cos® C cos 4 sin B+4* sin® C cos® C
19. If T,, T}, T. be the tangents to LMN from 4, B, O, then
T: = u'b.vc[2co8 4, &e.,
and T%. T, T, = A\Na'. p'b. vw'c* /8 cos A cos B cos O
= (LM’'.MN'.NL) (LN'.ML'. NM") /8 cos A cos B cos C,
which can be otherwise expressed, since
8cos Acos Beos 0= (LM .MN . NL) /[ (L'M. M'N'. N'L)).
20. If O’ be the centre of LAMN, then the projection (z say) of BO’
on BO=1[(A+1)a—pb/2cos C].
Assume a, /3, v to be trilinear coordinates of O, then
y+acos B = wsin B = sinB [¢—X(p—2a cos Bcos 0) ] /4 cos Bcos O,
agin B= [qcos B+MAasinBsin (B—C)]/...,
whence M=ycos B+acos 2B =Masin3B[4cosB...........(i),

and =acos C+ficos 20 = pbsin3Cf4cos O ........... (i),
L=fcos A+ycos24 = vcsin 34 /4 cos 4 .........(iii.).
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From (ii.), (iii.), with the aid of §2, we get

4cos 4 cos B cos C [ Nsin (B—C) [sin 8C+ L sin (0—4) /sin 3A]
= —~Apcos Csin (4—B) ;

hence, making use of (i.), we have

Lsin (0—A4)sin3Bsin3C+ Msin (A—B) sin30sin34d+... =0,
wherein the coefficient of a = sin34 [ 2 (cos 24) —Z (cos 44) ],
therefore locus of O’ is

_asin 834+8sin3B+vsin 30 =0.*

This straight line is perpendicular to OH, being the radical axis of
ABO, A,B,C,, and passes through the centre of the * N.P.” circle,.as
it should do, since that circle is & cirele of this system.

21. Since ¢ PLB = 90°+B-C,

and ¢ QLB = BLN'-Q'QN’'= B—90°+0,
therefore LPRQ=LPLQ = 180°—
therefore AP Q'R is simila_m to the pedal triangle and = ALMN ;
also, tPOQ = L'OM'= 180°-0,
therefore O is the incentre of P’Q'R’.

Now LMLP=¢MPP=90°—
therefore 0 is the orthocentre of 7/M'N’.

From §13,

p* (1 —8cos A cos Beos () = O'O’ OH? = p’—2pr,,
if 7, is the inradius of LMN (or P'Q'IY’) ;

hence r, = 4p cos A cos B cos C.

Also, Q'L'= PA (or PN),
R'M'= QN (or QL),

and F'N'= RL (or RM).

22. Referring to §17, we can write the equation to the radical axis
L'= 0in the form (multiplying all through by abc cos A cos B cos C),

aa (p+q—r—2Ap) (r—q+Ap)+bBAp (¢~ Ap)
+ey(A=N) p (r—p+rp) =0,

* f. Proc., xv., p. 129,
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or (p+g—7)(r—g) aatp(r—p) ey =
+Ap [{P+2 (g—7)} aa+gbB+(2p—r) cy] = —2Brp
—Aip? (aa+bB+cy) =0, = E\'p%,

Hence, for the envelope, we have A€ = B°.
Substituting and reducing, we obtain
plata®+ 0’3 + r*cy* + 2aabP [‘27' (p+q—7) —pg]
+2bf3cy [2p (g+r-p) —qr] +2cyaa [2q (r+p—q)—7p] =0;
te, plald+..+...+2pqaf (4 cos C—ab)+...+... = 0.
To obtain the envelope of the ellipses, we have merely to subtract

from the sinister side of the above result

4 (aa+bB+cy) 2—(35—%—*;)19%

2.8, 8 (aBy+...+...) pqr.

Hence the envelope is
pa’d+...+...—2pgabef—...—... = 0.

This is the conic vpaa+ Vg3 + Vroy = 0.

The centre of this conic is the “ N.P.” centve, and it touches the
sides of ABC in (say) ¢, i, t;, so that A¢, Bt,, Ct, intersect in T. Its
foci are O und H, its (semi-minor axis)® = 2R* cos 4 cos B cos C, and
its major axisis 2 ; hence the “ N.P.” circle is its auxiliary circle.

23. Let A, A, be values corresponding to centres equidistant from
the “ N.P.” centre ; then, §20,

4 cos B cosC sin B. Il cos(B—C)=2q cos B+ (A+),) a sin Bsin(B—(),
i.e., 2bcosB [cos Ccos(B—C) - cpsB] = (A+A)asin Bsin (B—-0),
therefore (A7) a =2ccos B.
By § 22, the radical axes are given by
A—2B8Ap + EA%? = 0,
A—2BAp+CAIp? = 0,
whence a®B = pCccos B,
€. (q—7) aa+ (r—p) b8+ (p—q) ¢y =0,

or the radical axis of any two “conjugate” circles of the system is
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OH. Hence locus of radical centre of two *conjugate’ circles and
ABUO is the same straight line.

24. From § 16 we sce that N’ envelopes a parabola touching the
sides BC, DA, with O for its focus.

If we take, for the moment, o', ¥, ¢’ to be the mid-points of the
sides B(, U4, AD, then O is the direction of the axis of the curve,
and ¢« is the tangent at the vertex; hencoe the latus rectum
= 4N cosCcos 4, and the directrix is the side C,4, of the director
triangle. Similar results hold for the envelopes of /M, M'N'.

25. The equation to the above parabola in trilinear coordinates is
[ (aa—bB) sin (4—B)+cy sin ' ]* = 4abaf sin 24 sin 2B,
so that the chord of contact is
(aa—bB) sin (4A—B)+cysin € =0.
Referred to B(/, DA as axes of » and y, the envelope of N'L/, i.e., of .
zfv'e+y/Aa =1/2cos B,
is V/2z cos U+ +/2y cos A = /b.
Hence, if K, K are the points of contact, we have
BK = b/2cos !, DK =1/2cosd,
and therefore equation to KXK' is
2zcos C+2ycos 4 = b.

The equation to CA is % + }cL =1;

hence 04 meets KK’ in af2, ¢/2; i.e., CA is bisected.

To find direction of axis, we must join B to the mid-point of KK’
(b/4 cos C, b/d cos 4) ; the equation to this line is

ycosAd =xzcosC;

1.e., it passes through H. If it cuts KK in K", then mid-point of
BK” is on the curve.

Since the sides of the director triangle are directrices of the
parabolas, we obtain, from a tangent property, another proof of § 9.

26. From § 11, we see that the envelope of NL is a parabola -
touching BC, B4, with H as focus. In this case, if AD, BE, CF are
the perpendiculars ou BC, C4, AB, DF is the tangent at the vertex,
and the latus rectumn = 8L cos A cos B cos C.
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In trilinear coordinates, the cquation is
[aa (g—7)+bBg—cy (p—q) |'= doyaarp;
and, referred to BC, B4, it is
Vzcosd+ x/ycos C=Vq.
If K,, K, are the points of contact, then
BK, = gsec 4, BK| = qsec(;
hence K, K| makes the same angle with BC that ICK’ does with BA.
The equation to K, K] is
wcos A+ycosC = q.
The equation to the bisector (from B) of K K] is
ycos U = wcos 4,
and this is a line passing through O; hence BO is the divection of

tho axis.

27. The L'N’ series of envelopes can be written in the form

V708 O+ Vacos d = /R sinBoveeeerreen.n., (i),
Vacos A+ Beosli=/RsinC................(ii.),

VBcos B+ vycos! =/Bsin A......... e (1iL)
these respectively pass through
(X)) 4Rafc*cos A, 2fB[csind, 4Iiy/a®cos(,
(X;) 4Ba/t’cosd, 4Rf[a*cos B, 2y/asin b,
(X3) 2a/bsin C, 4Lf/Fcos B, 4Lly/ctcos A,
and AX,, BX,, CX, cointersect in
aa tan A = 1 tan B = cy tan { = 2A tan w.

28. The LN series of envelopes touch the sides in (I, K,), (L, L),
(M., M,), say. ’

The equations to the chords are

aasin 4 cos 4+ bp cos Bsin(C— 4) —cyéos Csin(4—B)=0...(i.),
~aacosd sin (B—() +b[§ sin B cos B+ cycosC sin (4—1) =0...(ii.),

aa cos 4 sin (B—C) —bfcos Bsin ((~4) + cy sin Ccos C =0...(iii.) ;
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(ii.), (iii.) intersect in

sind Jsin (L= 0) Z1 " sind/sin (B—0)
.., these chords intersect in points (P, ), Il;) on lines through
4, B, ¢ parallel to the sides:

P K (in figure)
= bsin (B-0),
%.e., AP, = 2R sin (B—0).

a B _ ey 2A
L=

The equation to the circle P, Q, LB, is
C+L[4{acos Asin24sin* (B—() + ...+ ... } [sin24 sin2Bsin20] =0,

29. In Wig. iii., S, V, W are the mi -points of the arcs M'N’, NL,

Fig. iii.

L'M’; de., NS, MS bisect the angles at N 'and A ; then the angles
S, V, W are, respectively,

(B+O)2, (C+4d)/2, (4+D)/2,
1.e., the triangle is similar to the intriangle of ALC whose circum-
circle is the incivele of ADC.

Sinco LSWN' = —[)1 ,
therefore N’ is perpendicular to SV,
s " r,

and MY " Ws.
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Let H’ be the orthocentre; then circle whose centre is S, and
which passes through M'N’, also passes through H’, and so for the
allied circles; whence we see that the sides of SVW bisect H'L, H'M’,
"H'N’; hence these distances equal

4p sxn£ sin g &ec.

Further, H' is clea.rly; the incentre of L' 'N’, and also the centre of
perspective of this triangle and SVW.,

We have, if 7, be the inradius of L'M'N’,

(1 SSIn%sm%sm——)—(OH)'—p —2pri;

’ . A . B . C
therefore 7{ = 4p sin S sin 7 sin—5.
30. If the circle N'II'M’ cuts BA in X, then

4

because ¢ H = 90°+ R
therefore L NXM =90°— _‘.;_ ,
and NX = NM' = AN
31. Assume (N'LB = ¢,
then ELM_&_E:M
sin ¢ BN’ Xa  AucosC’

therefore cot ¢ = p-oiggﬁ%gg‘llg ;

whence, § 18, cos ¢ = cos 4 (cos B—Asin A sin 0)/D,
sintp = Asin 4 cos U cos 4/D,
where D is a symmetrical expression.
Now a(of H') = H'L sin (-‘2‘1— +9)

2R sin 4.4 sin — sx

0l
2

= (§29) P T— (Mcos B+hecos 0)

VOL, XXI.—NO. 371. ]
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hence coordinates are given by

o ae  _ _bB — cy .
p(NcosB+AcosC)  q(ucosC+pucosd) 7 (vcosd+vcosU)’

or, using § 3,
wa

p cos B—Ap (cos B—cos O)

= .. .
" cos A cos B(2q+b—2c cos 4) —Ap (cos C—cos A)

= e WO
" cos B(bcosA+r—gq) —Ap (cos 4 —cos B)
aa+bf+ocy _ pa+qB+ry .

T 3(atb+c)cosdcoscos U (a+bto) cosdcos eosU’

therefore locus of H' is
(a—2p) a+(b—29) B+ (c—2r)y =0,

a straight line which passes throngh (b+c¢)/e, (c+a)/b, (a+Dd)/c*
and is parallel to

asin 24+ 08sin2B+vysin 20 = 0.

32. Since LNN'Q =90°-B = £ PP,
theretore arc NQ = arc P'M,
and thercfore P'Q= MN,
and LQPC, =¢LPROQ=1¢LC;

hence P'QR'PQ'L is an equal hexagram.
The negative isoscelians arc
P’'Q(=M'N), QR(=NL), RP(=LMN);
and the positive ones are
QL' (= M'L), PQ(=NMN), RF(=LN).

33. With centre N', the circle 0, P'Q’ passes through O, and the
radius = 2p cos 0; and N’ is the orthocentre of APQC.

* 'This point is the mid-point of 77° (sec ¢ A Group of Isostoreans,’” Proc., Vol.
XIX., p. 219).
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Since L PHQ =180°—
therefore circle 0, PQ passes through H.

34. Bisect the arcs PQ, QR, RP in W', 8, V', respcctively;

then ASV'W = ASVW,
because WP bisects ¢« QP'0,, &c
Now LWVR=2¢WLQ=C/2,

therefore V() is perpendicular to S'W’; hence if II” be the orthocentre
of S'V'W’, the circle, centre S', through QIz, will p'm% through H”;
this point is also the incentre of APQT.

[The envclopes of PQ, QR, RP, and of I’Q, QI¥', R'P, can be
easily obtained by reference to the foregoing results.]

35. We collect here some other results of interest.  Suppose
BM, CN interscct in f, (aan’y = U3’y = cypv),
CN, AL ” in g, (aakv = DAY = cyXv'),
AL, BM  ,  inh,  (aaNp = bBAu = cyNp).

Similarly, let

y /s ke a _ 3 _ Y
B, ON' interscet in. /' (M' cos A~ Nug'cos B Aveos G)'

yN-;, A , . : t, (’_J____ — b . /'y .)
c L g MicosA ~ pp’cos B T wvcos ()

AL, BM  ,, in ¥,

(_.".‘_= B v )
vNcosA  purcosB  w»/cosC/’
then the equations to ff, gg° are
ac [vr. Aur —pi'q. Xp'v'] +03 [)\p Ay -, )\pv]
+oy [pg Np'v' —Np. My ] = 0,
aa [vr N —pq. X;zv] +073 [Ap .")\;w —v'r. )\'p'v']
‘ +ey [yq.k’y'v'—?\'p.)wv] =0;
whence we find that ff’, gg, ki cointerscet in 7, which is therefore

the centre of perspective of the triangles fgh, f'g'h’.
¢2
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36. If (MN, M'N’) meet in f,
(NL, NI » in g*,
and (LM, I'M) ,, in }’,

then equation to Af” is
‘Beos C (Wv'g—vAp) = ycos B (Np'p—prr),
and Af”, By”, CF” cointersect in T";

=p/(..) =7/(...)-

. a
b cos A (»'N'r—Apq)

87. For the intersections of (MN', M'N; f), (NI, N'L; g”),
(LM, LM ; k"), we have equation to Ok,

a _ B .
cos A (A\ug—XN¥'7) ~ cos B(Nu'p—pvr)’

hence C4, OT', CB, Ck'” form a harmonic pencil.

38. The equation to the circle 4, B,C, is
4sin AsinBsinU.C = L (asin 3448 sin 3B+ysin30),
and the equation to B, 0, is
—aa cos A+ (b +¢y) cos (B—C) = 0.

39. The conic through intersections of ABC, 4,B, 0, is

A - =
apcos (C—A)cos(A—B) '~~~
_ 2\ = =
be cos (B—0) (cosA cos 24 —cos (B—-G')] '

If we call the points of intersection (of the triangles) on BC (1, 2),
on CA (3, 4), on AB (5, 6), then (14), (25), (36) cointersect in the
“ N.P.” centre; and if

(35, 46) intersect in A,

(51, 62) s Dy
and (13, 24) N |
then A\, By,, Cv, cointersect in

a

sin 24 cos (B—0) ==y
which is the point (3) of Question 9950 of the Educational Times.




1889.] Mr. R. Tucker on JTsoscelian Hexagrams. 21

40. The centroid of L'M’'N’ is given by
a/(N'ecos B4+Abcos ) p = 3f(p'a cos C+puccos 4) g
= y[(»'b cos A +va cos B) r.

Assume A" =bcosC—ccos B, IB'=ccos A—acos(,
¢’ =acos B—bcos 4,

then the above may be written

- B
pccos B+ApA”  ccos Beos A (b—2B") +ApB’
= Y
cos B (ar—0bC") + ApC”’
o AB—Be Ay —Ca
Accos A (b—2B)—=Bcp A (ar—00")—C'pe
CB—NBy

= e A(p—2I) =T (ar—b0)’
whence, after reduction, and writing
K=d+b+d,
we get locus required to be

aa (3a’—X) +b8 (3*~K) +cy (3—K) = 0.

41. The centroid of LMN iy given by

ac b5 _ ey 24
u+v v N )\+p.'— 37

——. aaqr R
qin cos (B—)—2ercos A cos B—=Xp (g—7)

t.e.,

=M oo
2r—q—N(r—p) Z2ecosdcosB—A(p—y)

= bBrtoyg 7 (ea+cy)
r+p+X(g—7) g+r+A(r—p)

After reduction, we get for locus

aa (p2 +@+7=3p)+ . +... = 0.

42, To find the symmedian point of L'M'N’, we must cut M’'N’
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in a point P, so that

M'P:PN =c:».
The coordinates of P will be given by

af/(M+Xgq) cos 4, Bfu'rcosB, y[vgcosC,

and the equation to L'P is ‘
agecd (u'v'r—pvg) —Bsec By A\r+Nq)+ysecCu(AMr+Ag) =0
Similarly, the symmedian line through M’ is

asec Av (pp+p'r) +Bsec B (vVN'p—rAr)—y sec CX' (up+p'7) = 0.

Eliminating vy, and removing the factor r (Apv+A'u'v"), we get coor-
dinates of symmedian point to be

ascc A =ﬁsocB — ysecO
Ar+N'g o pptp’r

vq+v'p
= P =25[[2(pg+qr+7p)—(p"+¢'+7") ] =24/(—R), say.
“Hence aa =P[p {g—r(g—}],
b8 = P [2pr—p*—r'+gr—p\ (r—p) ],
cy=P[qg(p—q+r)—rp (p=9)]; '
thereforec paa+qbB+rcy = 3pqr P’ = Bpgr (aa-}-bﬂ—{-cy)/[...],
i€,

aa (pli+3pqr)+ ... +... = 0, the locus required.
This passes through

aaf(q—1r) = ... =
and is, hence, parallel to paa+qb0 +rcy

=0,
43. In like manner, to find the symmedian point of the triangle
LMN, we cut MN in P (say), so that

MP: PN =1+: ¢
The coordinates of P will be given by

afbe (' +qn), Bfoar’, ylabg'w',
and the equation to LI is

aa [R'p'g’—v)\r’] + U8\ [r'r’-{»q"p.] —cy\ [v'r’-{-g’y] =0;
similarly, the symmedian line through M is

—aap’ [p"’)\'-i-'r’y] +UB [p'y"r’—}\yp"'] +oyp [pzk'-}- r’y] =0.
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Eliminating y, and removing the factor »* (Apr+X'p’»"), we have

_ea 0B cy - 2A_____'| _
™ +gu T PN+ ¢+ PPttt

These may be written

aa _ 1t
q(2r—p)+Ap(g—r) P+r'—qr+Arp(r—p)
cy paa+qbf3+ery

T a(pta—n Fre(p—9) pg@r—p)+aF+r—gn) +ar (p+a—7)
— paatqbB+cry.

3pgr ’
i.€., 3pgr (aa+bB+cy) = (P*+¢*+7°)(paa+qbB +rcy) ;
whence aa [p (p’+g’+fr“)—3pqr]+...+... =0

is the locus of the symmedian point of LMN. This line is also

parallel to paa+...+... =0, and is therefore parallel to the line
in §42,

T1. Negative Hezagrams.®
44, The construction is made as in I, 1.
45, Write BL'= X1, CL=M\a
IM'= pb, AM'=pu’db
AN =ve, BN'= ¢

Here A, X’ may have the same values as in I. 3, but the p, » will ba
different.

Now 2v'c¢cos B = BI,
2ubcos C =CL;
whence a = 2pbcos C+2v'ccos B ]

b =2vccosA+2NacosC {5
¢ = 2\acos B+2u'bcos 4

* The geometrical prof:erties of the two hexagrams are, of course, identical ; but
the analytical work is very different. Sometimes results come more casily by the
negative hexagram equations. )
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8., 2u'b cos 4 = c—2\a cos B,
2vc cos A = b—2a cos C+2\acos O,
2v'ccos A = b—2Aacos C,
2ub cos 4 = 2b cos A —c+2Aa cos B.
" 46. The trilinear coordinates may be written
L, 0, Xe¢ X L, 0, pcosC, »cosB
M, pe, 0, pat}; M, XcosOC, 0, vcos A
N, Vb, va, 0

N, XcosB, p'cosd, 0

47. From § 45, we have the identical relation

0=| =1, ZpucosC, 2V cosB|,

2\cosC, -1, 2vcos A

2 cos B, 2u’cosd, ~—1
whence 8 (Apy +X'p'v') cos A cos Beos C—1
+4 { w'v cos' A+v'A cos’ B+Xpcos® C } = 0.
The triangles L'M'N’, LMN are respectively similar, as in § 8, to
ABC, and its pedal triangle; and we find
ALM'N' = A Apv +XpV) =p"Al IP,
where p’ is the hexagram radius. Also,
ALMN = 8A (Apv+N'p'v") cos A cos Beos (.

48, We may note here that for the positive hexagram

LN.ML'. NM = A\uvabc[8 cos A cos Bcos C,
LM. MN'. NL' = Ng'v abe/8 cos A cos Beos (1 ;

whereas for the negative hexagram

LN'. MI/. NM'= Ny'v abc,

LM MN'.NI'= Apr abe.

49. We give here some results, referring to the corresponding
articles for the positive hexagram.

[ LA E—— d

: — = = 1—4A sin’ A +4Msin’ 4
" u'veos A vAcosB T Aucos( 2cos’ A (A\pv 4+ Np'v')
The equation to the radical axis is

'p’va cos A+v'Aj3 cos B+ANpycos 0 = 0,
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§18: projection = a (2A—1) /2 = Rsin 4 (2x—1).
OL” = B* (1 —4A sin® A +4\*sin® 4) = 4p” cos* 4.
§ 20: 2acos 4 = — {Rcos 2B+ Aasin (B—0)},

2Bcosd= {Rcos(24—C)—Aasin (C—A4)},
2ycosA= {Rcos B~Aasin (4—B)};
multiplying these respectively by sin 34, sin 3B, sin 3C, we get

asin34+...4+...=0.
§23:

2R cos 4 cos (B— () = —2R cos 2B—(A+X,) asin (B—C),
1.6, R (cos 2B +cos 20 —2 cos 2B) = (A+A,;) asin (B=C);
therefore AA, =1,

Nore.
[50. Referring to §9, through P draw a parallel to BC, cutting the
circle in P, and the perpendicular (4D) in J. Then

LPML =1AMN+ ¢ MM,

and LMML = ¢t MNL =C— ¢ MNM'
= 0—(AM'N—NPI),
therefore L PM'L =0+ NPM —3AM'N
= C+A—90°+NPM'= £ APP’;
then PL' = 2psin PM'L'= 2psin APP,
and AJ = AP sin APP'= PN sin APP’

= 2pcos Asin APP'= PL’cos A.
Again, by §14, perpendicular from P on BC = PL’cos (B—0);
hence J is the mid-point of 4H, and PL'= R.

51. Let the normal at a point P of an ellipse cut the axes in G, g,
and parallels to the axes, throngh P, meet them in N, n; then, with
the nsual notation, if Pg = r,

because PF.Pg=AC’= d’,

we have P—a'=7.gF = C(Cg.gn (because C, F, P, » #re concyclic) ;
but since CQG =é'. Pn,

therefore r’'—a* = (Cg)’/ & = d*[¢’, say.
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Hence, if from any point on the minor axis as centre, with gP as
radius, we describe a circle to touch the ellipse, we have the above
relation.

Now, if we call the distance between O and the *“ N.P.” centre d,
and put 6 for the angle which the line connecting them makes with
BC and 2a, ¢, for the major axis and eccentricity of theellipse of §22,
we have

2dcos 0 = BL+BL'—R {2sin A +sin (C— B)}

1
= el {2\a cos Bcos C+bcos B—Aacos A} —R{...}
= e §2cos Bcos C—cos A} {Asin A—cos Bsin C} ;
but OH cos 8 = 2 cos Bcos C—cos 4,
therefore d cos B cos C = (Asin A—cos B sin 0) ae,

1.6, d*cos’Beos! (} = d’e. {)\’ sin®* A —2Asin A cog Bsin O
+ cos® B—cos® Beos® C'}
= a’¢*.{4p’/ R*—1} cos’ Beos C, by § 18,

i.e., d—': =a Iiélf —I:I =p*'—a’;
hence, if we take p =, we sce that the “H.” circles tonch the in-
ellipse of § 22.
From the above result we at once get
p'e¢ = d*+a’® = 00% (or OH?),*
therefore 00" = Ol = pe;
and 20cos OO =2a= IR, cf. §15.

52. If we suppose the points L, L’ to coincidet so that BC is
a tangent to the H. circle, then, if p, be the radius of the circle, we

have IN'= 2,sin B, LM = 2p,sin 2(;
hence a =2, {sin 2B +sin 20},
ie., 2R sin A = 4p,sin A cos (B—0),

* This result follows also from §§ 21, 22,
t The reader is requested to draw the figure.
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or B =2p,cos (B—-0), )
= 2p, cos (C —4),
= 2p, cos (A—B),
if p,, p. are the radii when the circle touches C4, AB respectively.

The points L, M, N (when M, M’; N, N’ coalesce) are readily seen
to be the points of contact of the sides with the in-ellipse, so that AL,
BM, CN (in this case) cointersect in 7.

53. Since BN .BN’= BL} = 4p} sin’ 2B,
and BN'= LN'= 2p,8in B,
therefore '~ BN =2p,sin B.4cos® B;
hence NN’= 2p,8in 3B and MM’'= 2p, sin 30.

Now the angle .

ON'A = (v—2C) + (zx—24)— (%—B) =3B Z,

§_1_r_30;

and ¢ OMA = 5

hence coordinates of 0 are

Py —paco8 30, —p,cos3B.

54. The equation to the circle, which passes through
N’ {bsin B, asin (2C—B), 0}, L (0, ¢*cos O, ¥’ cos B),
m’ {csinG, 0, asin (2B—C’)},

. . _ (aa+...+...)
® aﬁy-*-"'_*-'"——f}ca;in‘/isinBcos'J B-0)

X [2aa cos 4 sin (2C— B) sin (2B —C) + b sin* 2B + yc sin’ 20].

55. If we project O'O on BC, and on a perpendicular thereto, we
get '

- (0'0)* =p; [ sin 2B ~ sin 20)*+ (1 + cos 2B+ cos 20)* |
=p [3+2 (cos 24 +cos 2B +.c<-)s 20)]
=p?[1-8Bcosdcos BeosC|;

therefore . 00 =ep,, cf §51.
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Again,
oL = [2pa cos A sin (B~ O)]’+ [2p,, cos A cos (B ~ 0)]’
= 4p} cos’ 4,
therefore OL:00 :L0O'=2cos84d:¢:1;
and £OLO'= B~ 0, therefore £OLH =2 (B~ 0).

From the above, we have
€co8 O00'L = 1+4cos2B+c0s20 ;
and  sin HLO =sin OLB=Rcos 4/2p,cos 4 = cos (B~ 0),

therefore ZHLC = —;; —(C~B)=24¢.

56. If p, is the radius of curvature of the ellipse at L, we have

(afp)isin*¢ = 5

therefore
p.= 3 cosec’¢ [a = 4E cos 4 cos B cos O[cos” (B—-O)].
57. Let A’ be the avea of the triangle ¢, ¢t (§ 22), and put
D = cos (4 —B) cos (B—0) cos (0—4);
then A—A" = R*[sin*24sin4cos (B—C)+...+...]/2D
= B*[sin 24 5in 2B (sin 24 +8in 2B) + ... +... ] [4D
= R*sin A sin Bsin 0
x [ {1+cos24+cos 2B+cos2 (4—B)} +...+...] /2D
= R*sin A sinBsinC [1 + cos 24 + cos 2B+ cos 2C
+2 cos (4A—B) cos (B—C) cos (O—A)] /D
= A—R*sin A sin Bsin 0 (4 cos 4 cos Beos 0) /D,
t.e., A" = 2A cos A cos Bcos 0fD.

58. From the Geometry of the Ellipse, the joins of 4 (B, U) and of
the *“ N.P.” centre bisect ¢3¢, (¢3¢, ¢,t;).

59. If ¢}, t;, ¢t are the mid-poiuts of t3t;, 4, ¢ ¢, then equations of

t, b1, tt; are
aasin 24p, + b3 sin 2Bp;—cy sin 20p; = 0,

—aas8in 24¢,+ b3 sin 2Bg, +cy sin 20¢; = 0,
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where p, = ¢s8in20cos (A—B)—10 sin 2B cos (0 —4),
pi = ” + ”

and similar expressions for ¢, ; hence we get the coordinates of the
centroid of ¢ ¢,¢, to be

a/p,cos (B—0) = /gy cos (0—A) = y/r,cos (4—B).
We may-put p; into the form
I [ E+sin2Bsin 20,
where E =5in245in 2B+...+....
60. The circle ¢,¢,¢t, has for its equation
C =1L (Aat+up+vry),
0 ¢sin2C bsin 2B

¢ sin 20 0 asin 24
bsin2B asin24 0
where A = BT 20 H
sinz2lh sin 20 . Y .
'&_)Q_(‘L"—:D)_ ¢csin2C  bsin2B
R sin? 24 sin 20 0
8in’ 2 cos (O’_——A) a
sin 2B @ 0
cos (A—B)

hence equation is

2abec®.C= 1L [a"a cos < (sin B sin 0+ 2 cos 4 cos 2B cos 20)],
+... +..

61. If we suppose our “H.” circle to touch the sides (4, AB in
M, N, then the hexagram is NLMNL'MN, i.e., MN is a doubled line.
From a consideration of the figure, we see that

A = 180°-24,

i.e., AMN must be an equilateral triangle, and we can further readily
prove that M, N are the points ¢, ,.

The radius of the “ H.” circle in this case is
(v/3+2sin 2B)/c = 1/p = (v/3+2sin 20)/b.

January, 1890.]





