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It has been assumed here that O lies within the parabola so thatb<a.
‘When O is without the parabola, the equation will be

- [ X+b
r,.0F,-r,.0F,4=r.F,F,,/XT%____.a:o,

and, if 2a be the angle between the two tangents drawn from O to the

X+a 2(X+b)
a—-20—X X+2b~a'

given parabola, cos2a = 2sin'a =

or the vector equation is
7,.0Fy—7,.0OF, £ r . F,Fysina=20.

* When 0 lies on the parabola, b=a, OF,=0, or F, cvincides with O,
which is then a triple focus (and cusp) of the pedal, ¥, = 0, &k, = — 2,
and the coordinates of Fy, the only real single focus, will be X—4a, —Y;
OF, being normal at F, to the parabola y* = 4a (z+4a). When O
lies on the axis, on the opposite side of the focas to the vertex, b =0,
OF,, OF, are normals dravn from O to the parabola y*=4a (2+a),
and the vector equation is 7,47, = 2r.

On the Calculation of Symmetric Functions.
By Mr, J. Haumono, M.A..
[Read January 12¢4, 1882.]

1. Consider the equation
(2—p) @ —p "'+ pa*t—p2*+..) = 0(1),
suppose the roots of the equation of the #** degree to be a, B, v, ...,
and let a3 ¥ eis = (D1 Pay Py vooeee )i’

the introduction of the mew root u, on the one hand, changes

Py Pa Py .. into py+p, py+ppy, py+pp,, ..., and, on the other, intro-
duces into the symmetric functiou new terms of the form

piZal . o ... .
Hence

Zafpt...y .+ pt B0l +p2atBl. 8 +u'Za?Br.. .y . e
= ¢ (D, Datupy, Pyt Py ovees) covinivnninninnane(2)s
If now the expanded value of ¢, in (), is written

P +uo+p'0+ a0yt ey
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equating coefficients, we have
¢.=0 unless k=g, r,8
¢ = Za... 90" ......

Or, the symmetric fanction equivalent to ¢, is obtained by simply can-
celling one of the letters in the original symmetric function that occurs
with the index «. If we wish to find the value of Za",

yPar oo Ppy = O,
and ¢, = 1. P b ' '

2. Several terms of a symmetric fanction can often be found by in-
spection from known formule.
Thas, let = Za'By* ...... ,

and suppose 2,a'3"y’... to denote the value of the symmetric function
when p,.; and all succeeding coefficients in (1) are equated to zero;

then ¢ (p1, Py Pos -+ Pn) = ¢ (P12 Pis Py ... Py 0, 0, ...)
+ terms containing pu, i, Puess Passr -+ Pu
= 3,0 ...... +other terms ...............(4).

In the case Za3'yd%, we have
‘ZyaBlydle = p, BBy,
and, referring to tables of the 10 degree, we see that
Zufly'de = ps (P10 12— 3P, Pu— 3P 1L + P2 P} — 8p1 1] Ps 40} P s

+ 53 s Ps— 58} )
+terms containing py, Py, Pas -+ Prse

If ¢ = 2, it is easily seen that

B (1=3) ey n(n—4)(ﬂ —5) e

2,q‘=p‘,'—-np’,‘"p,+-—-—-———p, Pa V2O
+ 2 =DE=OEZT) st g . (5).

In fact, if we consider the equation
2'—2zcos 0+1 = 0,

in which p, =2 cos 0 and _p,-= 1, it is obvions that Z,a" = 2 cos nf,
and hence that the coefficients in (5) are those of the development of
2 cos n6 in descending powers of 2 cos 0.

ntl

This gives - or ——+1 of the leading terms of Za" according as

n is odd or oven.
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8. The use of ¢, alone will somefirnes enable us to calculate the
value of a symmetric function, and in the case where Z contains no
letters with unity for their index, the determination will be independent
of the values of symmetric functions of inferior degrees, since here
¢ =0. .

For example, if ¢ = Za’8%'......, the index of the last letter being
1 or 2 according as = is odd or even.

First, when n = 2m, assume

¢ =P:.+A|Pu-1P-'|+Aupm-:Pms+AaP--sP--|+---
ot Aoy Py Pruat AuPim;

operating with — D ==+ Pyt ceeeen ,
p g dpl Pldp’ P’dp,

we have

$1 = Pa-1Pm (24 4) +Pm-1 Pt (i + 4)) + Puuos Pues (4 + 4) + ...

. coetPimot (Auat4a),
where, since in this case ¢, = 0, it follows that
4.,=-2, 4,=2, ...... 4, =(-)"2,

te, 2=l -2 1PuitPu-sPuis— o+ (=) 21),_ «..(6).

Secondly, if # = 2m+1, assame
9= PuPa1tBiPa-1Pusrt By PusPucst ..t Busi PiP1at Bu Pimni
as before,
9, = P+ Puc1Pues (14 B) +Pacs Paes (B4 B) + ...+ (Buor+ Ba) Pam;

" but here, since the index of the last.letter in 3 is unity, this value of ¢,
maust be equivalent to (6). Hence
1+B,=—2, B+B,=2, ...... B,.+B.=(-)"2
giving zﬂ.ﬁ’y’... = p.p,.&.[_sp.-l Pu?l+5pn-2p-*!—' ses
et (=)* Cm+1) pruer-..... .
Again, if ¢ = 2a’Byd... = u,, the destruction of the last letter
changes u, into u,.,, so that, if

Uy = Py Puat -Anpun

d . d d _ - )
(‘E + Pu-s a;n—_l_'l'l’.-la}:) Up = Upo) = 210+ (1+4,) paa
From this we obtain 1+4.= 4.
and finally Ba'Byd = PrPuar— P i (8),

4. Bat ¢,, wlhioh is of weight n—1, will not in many cases give
¢.10ugh relations among the coefficients of ¢, which is of weight n, to
VOL. xi1r.—xo. 185. @
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determine all of them. In such cases the missing relations can be
supplied by using single terms of ¢, Po ee the method of finding such
terms is in every case the same as in the following example, where
n = 11, and it is required to find the coefficient of p, p,p} in ¢,.

If we consider all the factors of pipap}, Dot exceedmg in this case

the second degree, viz., 1, Dy Py Py D1 Py P1Py PaPy P,, and the
corresponding terms of the operator, in this case

1@ o
a1 (E{ + 21"dp,dp,+"') ;

we see that the term p, p,p} in ¢, can only come from

*%(pipspi), P (BB B dp (p.p.),

dp, dp
a? . ;
P d—_p, dp, (21 Ps0s2s)y 22 Ps dp, dp, (PsP, ) D EITT (P} 2:20»

4
P3P ‘m (PIP: P4)s ‘}P; pg (PlPlP. );

and hence, if
$ = ......+ Ap} ps2} + Bp, p} 1} + Op} 9} + Dp} paps s

+-EP:P: + Fpipsp, + GPIP:P4 + HPIP:P: +...... ’ -

$2= ...+ (SA+2B+60+2D+3E+2F+2G+H) pypy p} +......,

and if we have already found all but one of the quantities 4, B, ... H,
the remaining onse is found from ¢,.

The remaining article consists of applications of this principle,
chiefly to the case Za”.

5. Suppose
$=A4op} + 4"+ 40"t
et Aus P} Pu-st Aue1 1 Pa-r+ 4, patother terms,
then, if e <n the last terms of ¢,, ¢, ... $, are respectively
(Auar+A) pucry (AucstAus) Pacsy ooo (Ancat A i) Puess

for the factors of p,., are simply 1 and p..., so that the last term of
¢. is obtained from

‘,d ,( n-e P} Pu-2)s

1 dr
(x—l)!p"" dp: ™ dPu-en

and is therefore (AucetAu-rit) Pa-ce

ﬂnd (Au-u*l P:.lpn-ul):
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When ¢ = Za®, since from (5), or otherwise, we have 4, = —n, it
follows that Ay=n A, =—mn, .. A, =(—)"n
But if ¢ = Za’}", where g>r and ¢+r =n, we have
¢r = 2af, ¢, =2a’, ¢, =0,
for other values of «; thus
A;+ A, = coeff. p, in Za? = (—)"'g,

and A +A4,,=(-)"r
Here, than, ) A, 4, ... A4,=0,
A= (=)"r dpa=(=)"r ... A,=(=)r,

Aga=(=)""(g+7) = (=)""n, dgs=(=)""n, ...... 4,=(=)"n.
These values must, however, be modified in the case

g=r= -’—"—
2’
when Aqn = (—')'.l %’ ----- 4, = (_)' %'

Other symmetric fanctions may be similarly treated.

Again, suppose

0= cooeet An D} " Pt Ba p} " Py Pt A 507" P+ .. ,
and consider the term p}~~'p,, in ¢, ; factors 1, p,, p..

This term is

;%(A-P?"'Pm) “‘dep (BmP: »- P!Pm) +P"d (A-npi""' Pu+r)
= {(n—m) Au+ B, +A....}p""""p..., lf m>2,

When m = 2,
¢ =... +A’Pr-’P’+B’p;-‘P: + A‘p"-a‘p."‘ ------ ’
and 1T +{(n—2) 4,4+2B,+ 4,) Phs I TN .

Hence A, 4, ... 4, having been found from the last terms of
¢1s $gs --- 3 By, By ..., can be found from ¢, only.
If ¢ = 2u”, since
dy==n . Ay =(=)""n,

it follows that B, = An ("2—-3)’
which agrees with (5), and

B.,=(-)"n (n—'m—-l'), m>2 .. bessusaees (8),
a2
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the last of the series being

B,_y = (—)"n = coeff. p, p,_, in 2a”, n>4.
If, as before, m >2, the term p{~""*p,. in ¢, whose factors are 1, p,,
Py P} P P, CBD only originate from the five terms

i —= (D™Pu)y Pro—i— dp a (P} Prpe)s

dp,
P (277" Pmer) il LG T
.dpld_p.’ m+l/y z dpg 2 ’
d’ n-t-3
and DriPw d[” Pm#l(pl PsP-nl) H

so that with coefficients 4, ... B,, ... as before, if the coefficient of
27 "4 pl p. in ¢ be denoted by (,, the term in ¢, is

{ (n—m) (;“m‘ D 4+ (n—m—2) B+ (n-m—1) dou,
+ 0-.+.Bn+l } pr-.‘-’Pn'
whence the coeflicients C,, are determingd.
In the case Za", substituting for the A’s and B's their values found

above, we obtain
Cn= (vr)"""(”"’f‘_zz) (1=m=8) 5o .......(9),

the last term of the series being
Ouei=(=)"'n.
The calculation of C,, like that of B,, will only reproduce a term of

(5). Coefficients of other terms of Za" may be found in the same way,
without the slightest variation in the method.

Thursday, February 9th, 1882,
S. ROBERTS, Esq., F.R.S., President, in the Chair.

Mr. J. H. Tompson, F.C.S., F.G.8., Science Master in the Auckland
College, New Zealand, was elected a Member, and Mrs. Bryant was
admitted into the Society.

Mr. Tucker read a short abstract of a paper by Mr. H. M. Jeffery,
F.R.S., “On certain Quartic Curves having a Tacnode at Infinity at
which the Line at Infinity is the Multiple Tangent.”"
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Mr. J. W. L. Glaisher, F.R.S., having taken the Chair pro tem., .

the President communicated some results connected with Ealer’s
Formula connecting the sum of the Divisors of a Number with .the
Pentagonal Numbers, and remarked that the formula really expressed
the equality of the sum of the divisors to the sum of the m“' powers of
the roots of a certain eqnation.

"Mr. Hummond and Mr. Tucker also made brief communications.

The following presents were received :—

Carte-de-vigite likeness from Mr. C. E. Bickmore.

“ Mémoires de la Société des Sciences Physiques et Naturelles de Bordeaux,' 2¢
Série, Tome iv., 3¢ Cahier; Paris, 1881.

¢ Atti della R. Accademia dei Lincei—Transunti,”” Vol. vi., Fasc. 3°, 4°, 6°

¢¢ Educational Times,’”’ February, 1882.

‘¢ Proceedings of Royal Soclety," Vol. xxxiii., No. 217

- % Tidsskrift for Mathematik . . . . Fjerde Raokke, Femte Aargang, Forste, Andet,
Tredie, Fjerde, Femte, Sjette Hefte ;'’ Kjpberhavn, 1881,
¢ Archives Néerlandaises des Sciences Exactes et Naturelles,”” Tome xvi., 3me,
4me  5me T ivraivons ; Harlem, 1881.

¢ Jahrbuch iiber die Fortschritte der Mathematik,”” elfter Band, Heft 3; Jahr-
gang 1879 ; Berlin, 1882.

Donations to the Bodleian Library during the year ending November 8, 1881;
Oxford, 1881.

* The Scientific Proceedmgs of the Royal Dublm Soclety," Vol. ii., Pt. vii.
(November, 1880), Vol. iii., Pt. i. (January, 1881), Pt. ii. (April, 1831), Pt. iii.
(July, 1881), Pt. iv. (Octcber, 1881). :

“The Scientific Transactious of the Royal Dublin Saciety,”” Vol.i., Series ii.,
Pt. xiii., *‘ On the Possibility of Originating Wave Disturbances in the Ether by
moans of Electric Forces,”” Pt. 2, by G. F. Fitzgerald (read May 19th, 1880).
Pt. xiv.,  Explorations in the Bone Cave of Ballynamintra, near Cappugh, County
Waterford,” by A. L. Adams, G. H. Kinahan, and R. J. Ussher (read November
15th, 1880), )

The following three Mémoires (des xii. Bundes der * Abhandlungen der Mathe-
matisch- Physischen Classe der Konigl -sichsischen Gesellschaft der Wissen-
‘schaften”’ ) :—

C. Neumann: * Uber die Peripolaren Coordinaten,”” November (Leipzig, 1880).

C. Neumann: “Die Vertheilung der Elektricitit auf einer Kugelcalotte,”
November 1 (Leipzig, 1880).

W. (. Hankel : “ Elektrische Untersuchungen, fiinfzehnte Abhandlung iiber die
aktino- und V’iezo-elektrischen Eigenschaften des Bergkrystalles und ihre Bezchung
zu den Thermo-elektrischen,” No. vii. (Leipzig, 1881).



