1901.] On the Algebraic Properties of Pfafians. 143

Note on the Algebraic Pm'pertie's of Pfaffiuns. By J.Briu, M.A,
Received September 17th, 1901. Read November 14th,
1901.

1. My object is, in the first instance, to obtain a generalization of
the ordinary theovem for the expansion of a Pfaflian, viz.,

[123... (2m)] = [12] [345 ... Cm)])—[13] [245 ... (2m)]+ ...
e (1) [1(2m)] (234 ... @n—1)]; (1)

and afterwards to develop some of the consequences of the formulw
s0 obtained.

Equation (1) gives the expansion of a Pfaflian of. the mm-th type in
terms of certain Pflaflians of the first type and -their complementaries.
It would seem probable that similar formule should exist for the
development of a Pfaftian of the m-th type in terms of Pfafliuns of
any lower type and their complementavies.  We will endeavonr to
obtain such formulc by the method of induction.

Now we have

[123... (2m)] = —[2184 ... (2m)]
= —[21][345 ... (2m)]+[23][145 ... (2m)]
~C 241135 ... (2m)]+ ...
A (=1 (2 (2m) ] [134 .. (Bie—~1)]
= T12][345 ... (2m)]+[23][145 ... (2m)]
—[24][135 ... 2m)]+ ...
b (=1 [2 2m)] [134 .. (Rm—1)].
Similarly, we should obtain
[123 ... (2m)] = — [13][245 ... (2m)]+[23][145 ... (2m)]
+{34][1256 ... (2m)J—[35][1246 ... (2m)] +...
e (=1 [3 (2m) ] [1245 ... (2m—1)].

We have, in all, 2m equations of this type, including equation (1).
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Adding these together, and dividing the result by 2, we obtain

m[123 ... (2m)] = [12][345 ... (2m)]—[13][245 ... (2m)] + ...
et (1) [1 (2m)][234 ... (@m—1))
+[23][145 ... (2m)]—[24][135 ... (2m)]
ot (= 1)1 [2 (2m) ] [184 ... (2m—1)]
+[34][1256 ... (2m)]—[35][1246 ... (2m)] +...
ot (=1)™°2[3 (2m) ][1245 ... (2m—1)]

T e

Taking account of equation (1), this reduces to
(m--1)[123 ... @m)] = [23][145... (2m)]—[24][135... @m)] +...
et (1)1 [2 (Cm) ] [134... (2m=1)]
+[34](1256... (2m)—[35][1246...(2m) ] +...
et (=13 (2m)][1245 ... Cm—1)]+....

This equation may be written in the form
(m—1)[123 ... (2m)]
=3+[123...(p—D(p+1) ... (@—1)(g+1) ... @m)][pq], (2)

where p and q denote two numbers, standing in their natural order,
abstiracted from the set
2, 3, 4, ..., 2m,

The 3 denotes that all possible products of the given type ave to
be included, the sign of any given product being positive or negative
according as the number of displacements required to rvestore the
series

P qQ 2, 31 4” ey (P_l)a (P"'])a eeey (q_l)a (Q+1)1 eeey (2"1)
to its natural numerical order is even or odd.

Now the theorem expressed by equation (2) may be applied to
each of the coeflicients in that equation. Thus we have

(m—2)[128 ... (p—1)(p+1) ... (¢—1)(g+1) ... (2m)]
=3x[12...(p—D(p+D)...(a—1)(g+1) ... (' —1)(r+1)...
e (s—=1)(s+1) .. (2m)] [rs].
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Therefore we obtain
(m—1)(m—2)[123 ... (2m)]
=234[12...(p—1)(p+1)...(¢g—1)(g+1)... " =1}(»+1) ...
' o (s=1)(s+1) ... (2m)]
x {[pg] [vs]—[pr] [g5)+[ps](gr1},
which reduces to
3 (m—1)(m—2)[123... (2m)]
= 34[12... (p—=1)(p+1)...{g—1)(g+1)... = 1) (»+1) ...
w(8=1)(s41) ... (2m)] [pgrs). (3)

In equation (3), p, ¢, , s denote four numbers, standing in their
natural order, abstracted from the set

2, 8 4, ..., 2m.

A rule similar to that we gave in the case of equation (2) obtains
for the determination of the sign of any particular product included
under the =. ‘

We may again apply the theorem expressed by equation (2) to
the coefficients of the Pfaftians of the type [ pgrs] contained in equa-
tion (3). Thus suppose p, ¢, 7, s, ¢, » to be six numbers, standing in
their natural numerical order, abstracted from the set

2, 3, 4, ..., 2m.
We will denote the Pfaffian formed from the nurmbers
1, 2 3,4, ..., 2m

by leaving ount Dy qy Ty 8 b u

by the symbol C [pgrsta].

Then we have

3 (m—1)(m—2)(m—3) [123 ... (2m)]

= 320 pgrotn] { [pq) [rstu)—[pr)[gstu]) +[ ps) [grtu]

—[pt)[grsul+ [pullgrst]+ [9v] [pstu]
—[gs1[prtn] + [qt] [prsu] —[qu] [prst]
+ [rs][pgtu] —[rt] [pysu] + [ru] [pgst]

+[st][pqru] — [sw][pgre] + [cu][ pgrs]} .
YOL. XXXIV.—No. 773. L
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But, in virtue of what we have proved above, we see that

(pq] [rstu]—[pr][gstu]+ ...+ [tu] [pgrs] = 3 [ pgrstu].
Thus we obtain

(m—l)(ﬁ —2)
1.2.3
The method of procedure is now evident, as it is easily seen that the
same process may be iepeated. By its repeated application we arrive
at a theorem which may be written in the form-
(m=1)(m=2) ... (n—n-+1)
(n—1)!

(m=3)[123.... 2m)] = 20 pgrsta] [pgrta]. (4)

[123 ... (2m)]

=3£[Ipypy . Pua] C(1pips o pauc]. (5)
In this formula Py Pos -y Pruey

denote 2n—1 numbers, standing in their natural ovder, abstracted
from the seb 2 3, 4, .., 2m.

The sign of any particular product, inclnded under the 2, is decided
by the number of displacements required to restore the series of
nnmbers

Pv Py ooy Py 2: 37 4) teey (Pl—l)a (P|+1),

to its natural numerical order, according to the customary rule.

2. Reverting to the original definition of a Pfaflian as the square
root of o skew-symmetrical determinant of even order, we see that it
is easy to justify that the repetition of any one of the numbers
ocemrring within its symbolical expression necessitates the evan-
cscence of the said Pfaftian. )

Thus, if in equation (1) we replace 2 by unity, we obtain the
known theorem
[12][1345 ... Cm—1)]—[13][1245 ... Rm~1)]+...

e+ (=111 (2m—1)][1234... (@qm—2)] =0, (6)
which is also capable of an easy direct proof.

In a similar manner we can deduce a new theorem from any
special case of the general theorem of the preceding article. Thus
we have

3 (1pgr](123... (p—D(p +1) ... (g—1)(g+ 1) ... ' —1) (v +1) ...
' : . @m=1)] =0, (7)

and so on.
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Now consider the expression
[12zy][1345 ... 2m—1) ay]—[132y][1245 ... (Zm—1) ay]+...
vt (=)™ [1 (Cm—1) ay] [1234 ... (2m—2) ay].

On expanding the Pfaflians of the second type we obtain for the
coefficient of [1z] in the above expression

- {[2y] (1345 ... (2m—1) ay]—[3y][1245 ... (2m.—1) wy]+ ...
e (=1 [(@m—1) y][1234 (2m— 2) ay] }
= [ey] (1234 ... (2m—1)y]—[1y] [2345 ... (@m—1) ay],
by an application of the theorem contained in equation (6).

Hence the above expression becomes
[=y] {[12][1345 ... (2m—1) ay] —[13][1245 ... @m—1) ayl+ ...
vt (=1)"1 1 (Cm~1)][1234. ... (Zm—2) ay)
+[12][1234 ... Cm—1) y]—[1y][1234 ... @m—1) 2]} =0,

by a further application of the theorem contained in equation (6).
Thus we obtain

[122y] (1345 ... 2m—1) ay]—{132y][1245 ... (Cm—1) ay]+ ...
et (1)1 (Cm—1) 2y] [1234... @m—2) 2y] = 0. (8)
Consider next the expression '
(12 y, 2,1 [1345 ... (2m— 1) 2y, 239s]
— (18, 3, %y, ] (1245 ... Cm—1) 2y, 257, + ...
ot (1) L (2m—1) 2y, 2,] (1234 .. (2m—2) @y 3 2y,

Expanding the Pfaffians of the third type, we obtain for the co-
efficient of [la,] in this expression

— {2y @] [1345 ... (2m—1) 2y, @3,
— (3, 23,1 [1245 ... Cm—1) 2,9, 29, + ...
e (1) [(Cm—1)y, 2y y,) [1234 ... (2m—2) 2y, 2,7,] }
= [ayy, 0y} [1234 ... Cm—1) 3, z,y,]
— [y 23] [2345 ... (2m—1) 2,9, 2,35),

by an application of the theorem contained in equation (8). Hence,
since we have

[Les] [y ags] — (1a] (Lo 2+ (o] (Lo ] — (] (L] =

L2
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it follows that our expression reduces to
(eignrgys] § [121[(1345 ... (2m—1) ayy, 7]
—[13]1[1245 ... (@m—1) a5, 295 ]+ ...
veeh (1)1 (2 —1)][1234 ... (2m—2) w,y, 23y5]
+[12,][1234 ... @m—1) y,ayy,]
—[1y,]{1234... @m—1) 2,7y 9,]
+[1x,][1234 ... @m—1) 2,9, 9,]
—[1y,][1234 ... @ —1) 2y, )} =0,
by an application of the theorem contained in cquation (6). Thus
we have
(1229, 2ay,] [1345 ... (2m—1) a,y, @,9,]
— (18,9, 2y, ) [1245 ... Cm—1) 2y, mya] + ...
b (= 1)1 [1 (2m—1) 2,9, 0y,] [1234.. (2= 2) 2,9, 2y5] = 0. (9)

.This process is clearly capable of jndefinite repetition. Thus we
eventually obtain, as the generalization of the theorems contained in
equations (8) and (9), the equation

(1229, ... 2, 5.] [1345 ... Cm—1) 2y, ... 2 1,].
—{18z,y, ... vy, ] [1245 ... Cm—1) &y9, ... 2umu ]+ ..
e (D) e —1) iy [ 123 4. (e — 2) 2y ... 2a ] = 0.
10)

We are now in a position to obtain an interesting general theorem
which possesses an important application. Thus, consider the ex-

pression
(1229, ... 2.4.] [345 ... @m) 21, ... 7]
—[182,y, ... ] [245 ... @) 21y, o Y] + -
e (D [1Cm) gy, oo =,y [234 . Ce—D) &y, L 209

Expanding the Pfaffians of the (n+1)-th type, we obtain for the
coefficient of [1,] in this expression

—{ [y wy][845 ... @m) 2y, ... 2yn]
—[3yy ... @y ][245 ... Cm) &y, ... vy ]+
et (=1 [(2m)y, o ya) (2340 =D @y, ]}
=—[2 ... Y [234 ... (Cm) 4y 20y ..o TuYa)s
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by an application of the theorem contained in equation (10).* Thus
our expression becomes

[z, 9 ... Zaln] ’; (1277345 ... Cm) 2y, ... 2.9.]
—[138](245 ... (2m) 2,7, ... @uYu]+ ...
v (=1 [1(2m)][234 ... C@m—1) 7y, ... @,9,]
—[12,][234 ... (@m) ¥, @3y ... 2, Yu]
+[1y,1[234 ... (Cm) @ @y, ... Bpyu]— ...
e [19,1[234 ... (2m) 2,7, .. 2]}
= [2y, ... 2y, ][123 ... (@m) 24y, ... 2,9,
Thus we obtain the general theorem
(1229, ... 29,1345 ... @Cm) 2y, ... xu 9]
—[132,y, ... ,9.](245 ... (@m) xyyy ... w9 ]+ ...
vt (=D [1 Cm) 2y, ... 2,91 [ 284 ... C—1) 2,9, ... ,y,]
= [20 oe 2un] [123 ... (2m) @19, oo 20y]. 1)

_3. It is evident that the process which we have employed in Art. 1
to obthin equations (2), (3), (4), &e., from equation (1) may with
equal facility be applied to equation (11). The equation correspond-

_ing to (2) is obtained without difficulty. On the left-hand side of
the equation corresponding to (3), we shall have

(m—1)(m—2) [123 ... (Zm) @y, ... 2.7.] HERTER R L
Coz‘msponaing to the expressidn
(pgl(rs]—Lpr]lgs]+[ps]ler]
- on the right-hand side of the same equation, we shall have
(pg@yn - gl sy - mya)=[prauys .. 2ayu] [gs @y - @y

+,[Ps‘“"l?/| oo wuyn] [qr ‘731'.’/1 e m,,y,,],

* To obtain this particular application, write out the theorem on the supposition
that the numbers involved are.’

1, 2, 3, ..., @m+1), 2g Yo, .y Tuy Yus

and then replace unity by y; and (2#: + 1) by z, and transpose the numbera within
the square brackets.
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which, by means of the theorem contained in equation (11), reduces to

a1y o wayn] [pg7s @y - @yl
Dividing both sides of the equation by [#y, ... 2,9,], we obtain the
required result.. '
Similar remarks apply to equation (3). Thus, if we make use of

the symbol K[1p,ps o pui]

to denote the Pfaffian obtained from the set of numbers
1,23, ..., 2m, 2, 41y eey @y Y

by leaving out the set 1, 9 poy ooy Py

which are all supposed to be abstracted from the set formed by the
first 2m of these numbers, we arrive at the theorem

3x[1pp, o puartiy oy ) K [y py oo paaa]

_ (m=1)(m—=2)...(m—1+1) ) 2
= 25 [123... 2m) 2y,

12)
It is evident that we may treat this equation in a similar manner to
that in which we treated the equations of Art. 1 in order to obtain
equations (6) and (7). We shall thus arrive at a general thcorem

containing that expressed by equation (10) as a particular case.

Thus, supposing Do Par oo Pais

to be any set of numbers abstracted from the set
2, 3, 4 ..., 2m—1,
and denoting the Pfaffian formed from the set
1,2 8 4 ..., 2m—1, &, wy -y @uy Un
by leaving out these by the symbol

K [pps o paas
we have  S[lp,py...patyyy ] K[pypy...paa] =0, (13)

4. In the theory of the reduction of a Pfaflian expression, we come
across Pfaflians of a special form. This special form, though giving
rise to certain differential relations of great importance, in no way
modifies the form of the algebraic relations by which the Pfaffians
are connected. From the theorems developed in the present com-
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munication, we can deduce certain relations that are of importance
‘in the said theory. Thus, consider the theorem
(122y, ... 2.y.] (B4, ... awy ] — (1329, .. 2y ) (24,3, ... 2y ]

+ ey, ... 2,y.] (2329, .. 2.9,)

= [y ... 2.9.] (123429, ... ©Ys )
As particular cases of this we have a set of theorems of the type

(1256 ... (2m)][3456 ... (2m)]—[1356 ... (2m)][2456 ... (2m)]
+[1456 ... (2m)][2856 ... (2m)] = [56... (2m)][123 ... (2m)], (14)

which are of importance in the theory referred to.

On Burmanw’s Theorem. By A. C. Dixox.

Received September 28th, 1901. Read November 14th, 1901.

The following method gives a proof of Burmann’s form of
Lagrange’s theorem, and also an extension of it which is curious
and may possibly be useful.

Let Fx, fe be two functions of the complex variable z, and C a
simple contour in the a-plane such that Fr, fo are analytical within
and on O, and that | fx| = &, a constant, along C.

Let a,, a; ay, ... be the points within C at which f2 vanishes, and
by, by, by, ... those at which fz has a value ¢ such that |c| < k.
Denote fo + (z—a,) by f,2(r=1,2,...), and suppose fia, fsa, ...
not to vanish.

The value of j Fefzde

ey J&—¢C

is 2w {Fb,+ Fb,+ Fby+ ...}

But the subject of integration may be expanded in ascending powers
of ¢, since |¢] < |f| along C. Hence

ur {Fbl+Fb,+...}

_ Fafx Faf'x " Fxfa
= ———dw-i-cj el el /2 SR .[ S drt ... .
jw) Jz @ (fz)! @ (fe)"*!





