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On some Classes of Multiple Definite Integrals.
By E. B. ELLIOTT, B.A.

[Bead November 9th, 1876.] •

1. In what follows, repeated use will be made of the foots that, a and
a' being any positive constants,

C^{ax)-^(a'x)dx _ f°d a r ^ ( a a j ) ^ = l o g_a ^ ( o o ) _ ^ ( 0 ) |
Jo x J«« Jo a

(1)

if the limits # (oo ) and <p (0) are definite, and that

f° 9-(™)ji:±l**)jx=(*da? ^'(aa!)(faJ = l o g - ^ ^ ( 0 ) ^ ( _ o o ) }

(2)
if the limits <f> (0) and 0 (—oo ) are both definite.

Consider first the double integral f f »("» + t y W (<*• + » » da5 d y ,
in which a, a', ft, ft' are any positive constants.

By (1)> we have
rrt{ax + by)-^ax + b'y)da;d, ^ -ft } ( q p ) _ 0 ( a g ) { ^
Jo Jo »y Jo fc *

provided that neither ^ (oo ) nor 0 (aas) be infinite, and

r rt^x + bW-^a'x + b'y) dzd = f log ̂  U (oo ) - * (6'y)} &
Jo Jo a y Jo a y

under a like condition. Thus, adding,

y a b ) Jo x

* * J o * a Jo *

Therefore, in the case when log-^, +log-=7- = 0, i.e., when ab = db\
a b

Jo Jo ^ «' Jo
^ £ (3),

the only restriction aR to the nature of the function <p being, that it be
not made infinite when its argument is zero or any positive quantity
finite or infinite.

In precisely the same manner, using (2), we find that, if the function
D2
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<j> be such as not to become infinite when its argument is zero or any
negative quantity, then, under the same condition ab = a'b',

xy
_a l o g a
a o

In the results (3) and (4), it is of coarse to be noticed that a may be
either one of the two constants a and b.

2. Consider now the triple integral

0 ( fo rfOm"
the function 0 being of the same nature as in (3), and the coefficients
a, b, c, a', &', o all positive. We have, by three applications of (1),

f f f 0
Jo Jo Jo

0 Jo Jo *y
r r r ^ax+by + c'z)-<^ax+b'y + c'z) & . &

Jo Jo Jo ^2

A r r ( )

iTf"
Jo Jo Jo

, = log-rr
I & l« In «»

=log A r r
aJoJo

If then log-^ + log-TT+ log-^ = 0, i.e., if a&c = a'6V, we have,
• a o o

by addition,
r r r
Jo Jo Jo

*rr »»

(gg-f 6y)'— Q

xy
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and so, provided that log-^ log— = log"-^-log ~,
a o -a o

= log-^-log-^-log-^-{*(oo)—A (0)} (5).
a, o c

The two conditions in the six constants formed above for the truth of
this may be written

abo = a'b'c, log-iLlog-£ l o g J*. _ l o g * log A w ±,
0/ 0 C C C C

In precisely the same manner, using (2), we find that, <p being of the
same nature as in (4), under the same two conditions in the coefficients,

)-t(a* + b'y + <fz)dxddz
xyz" f f f

J -OB J -oo J - a

It is to be noticed that, in these conditions and results, a denotes any
one of the three a, 6, c, and o' any one of a, b't o.

3. Again, the quadruple integral, in which <p is of the same nature as
in (3) and (&), and the constants a, 5, c, d, a', b', c', d' all positive,

)—<p (a'x + b'y + cz + d'u)
XVZU

o Jo Jo Jo

rrr r
Jo Jo Jo Jo

= log jlog±f r

by (3), provided that ab — db' and cd = c'd'. If, in addition,

log JL log iL + log 4- log -4- = 0, this becomes
a o c d

JSL log-S. P r
a' b Jo Jo

= Iog4 tag £log4-log4 !*(•)-*(<>)} (7),

if the additional condition ab = c'd' is satisfied. Thus there are alto-
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gether four conditions
ab = cd = a'b' = c'd', log 4 log J +log -, log 4 = 0 .

a o o a
In like manner, under the same four conditions, <f> being now of the

same nature as in (4) and (6),

P f° [° f
I..J-J-J-= log | r log- | log ^ l o g ^ C O ) - * ( -oo) | (8).

Like methods may now be employed to calculate the yalues of the
analogous multiple integrals of higher orders nnder conditions which
are obtained in the course of the work.

4. Again, consider the double integral

f f <l>(ax)<l>(by)-<p(az)<l>(by)rf ,
• Jo Jo . **

the function <p being such as in (3), (5), and (7). We have

r r<p(ax) <t>(by)-<!> (ax) <p (b'y) dxd

Jo Jo *y
= f tlgg) dx r * (6y)"^ W dy

Jo x Jo y
= log A {*(oo)-p (0)}

in like manner. Thus, adding, under the condition log —7 +log —, = 0,

i.e., ab = a'b', we have that in that case

K <f> (ax) ft (by) —<f> (a'g) <p (b'y)
*y

f o ? (9).
In precisely the same way, by (2),

f [° 4>(a»)^(by)-H>(a'x)^bfy)dxd

J-J- ay
= -log-^log| {f(0)-f ( - • )}• (10),
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nnder the same condition rib = db', <p in this case being of the same
nature as in (4), (6), and (8).

5. The triple integral

f" f f ft (^) ft (fr) ft («) -ft C «̂) ft (&V) ft (<ft) ffajy fc

Jo Jo Jo «*«
Jo Jo xy Jo g

o ^z Jo y

I-i—JS T \ 1 fly dz I -I—» 1 I_i i (Jjy

o yz Jo *

f
o Jo

6 Jo Jo ** a Jo Jo
which, if log — +log — + log -y =s 0, i.e., if a&c = a'6V, may be written

a o c

= {ft(»)-ft(0)} {log jr I" p (aa?) » W ^ » ^aa?) » ^C» dxdy

_ l 0 g 4- [" f" ftV) ft (c'y)--»(&'*) ft (c'y)

= {ft(oo)-ft(0)}»

which, if log A log -w = log — log - r , may be written

= {ft (oo)-ft wiMog ^iog f r * w - * w ^

= log^-logf log^{^(a>)-^(0)}» (11).

So, too, tinder the same two conditions,

abe = a'6'c, log -^ log-J = log -rlog-^,
Q ) O C C

which latter may be written more symmetrically
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{ax) 0 (by) <p (cz) -fl (a'x) <p (b'y) 0 (c'z)UJ* •dxdydz
xyz

.*( -» . )}• •• (12>-

6. The corresponding quadruple integral

u)-^(afx)9{iy)f(c'z)^u)^ddzd/u

IOJOJOJO x v m

> - ^ (c'z)
= r rt±™mhid*.dy f r *(6g) 0 (c/w)

Jo Jo *y Jo Jo

JoJo 2" Jo Jo

o Jo

by (9), provided that cd = cct and a5 = a'V. If in addition

log 4 log-J+log 4 log 4=0,
this becomes

= iog i t log 4 {»(oo) - »(0)}' p f K

a o J 0 J 0

(13),

provided that also ab = c'i'.
Similarly, nnder the same four conditions ab = cdz=: a'b' = c'd and

log—> log-̂ 7 +log 4"1°& 4r = 0, the value of the quadruple integral
a b e d

of the like expression, each integration being between lower limit
—oo and upper limit 0, is

- log-^log | : log- | log- | .{0(O)-0(-QO)} ' (14).

Like methods may now be used to evaluate the corresponding multiple
integrals of higher orders, under conditions in the constants obtained in
the course of the work.

It is. to be noticed that the conditions for the truth of the theorems
(9) to (14) are in each case precisely the same as for that of the cor-
responding ones of the class (3) to (8).
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7. Consider now the quadruple integral •

+ du)-<j> (a'x+b'y)* (c'z0°° f r
o J o J o

It may be written

,... = r r *(ax+by) „ r r
Jo Jo *!/ Jo Jo

Jo Jo ZM Jo Jo .

= f [t^Mdxdy' l°e 7iog|"{^(«)-^(0)}
Jo Jo *

+ r r * ^ ^ **•iog 7io^ T {• <«)
Jo Jo ZM a °

by (3), provided that cd = c'd' and ab = a'6'. If also

this becomes

_ i o g ^ i o g «
a o

provided that also ab = c'd'.
In just the same way, under the same four conditions in the con-

stants, viz.,

ab = cd = a'6' = c'd', and log -^ log -^ + log -^ log ~ •= 0,
a o c a

T f° f° f° 4>(ax + by) 4>(cz+du)-<i>(a'x+b'y)<l>(c'z + d'u)d^didu

J .OB • -OB J - » « - « 0 "

= -log £lQgflog^log.J{f(0)-*(-«)}• ...... (16).

Observe that the conditions in the constants for the truth of (15)
and (16) are the same as for that of the allied identities (7) and (8),
and (13) and (14).

8. To take one more example of the same class: by three applica-
tions of (3),



42 Mr. E. B. Elliott on [Nov. 9,

Jo Jo
^jax + by)0(cz + du)$(ev +fw)—0(ax + b'y)0(c'z + d'u)0(e'v +fw)

xyzuvw
X dx dy dz du dv dw

[
g Jo Jo Jo XVZU

X log Alog-^ {0(oo) - 0 ( 0 ) }

+ 1
'o Jo Jo Jo

X log^log^{^(a>) -0(0)}

o Jo Jo Jo

->g-57{0(°°)-?(O)}>

provided that ef = ef, cd = c'ci', and ab = a'6'. If then, in addition,

log->g-f, + log^log % + log A logi, = 0,

this becomes, by two more applications of (3),

C

provided that also cd = e'/ and a6 = c'tf,

if the additional condition

Alogf , log^ log-£ = ^ - ^ ^ ^ ^ ^ 1 0 8 ^ - holds,
a o e a e j e j

log^log^log^

if also ab = e'f.
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In the same way the -value of the like integral, with — oo and 0 for
the limits of each integration, is the same multiple of j ^ (0)—<j> (—oo ) |8

tinder the same conditions, which may be written as seven, thas

ab = cd = s/s= a'6'= c'e?= e'f.

- r log ̂  log 7 log T\og -r log j

+ l0g j - log Y log y7 log -J log — log ̂  = 0.

9. Take, lastly, the simplest example of another class,

cz)<p

X cZx dy dz du dv dw.

f* f* r^>(euB+by + cz)<p(du+ev +fw)—<f>(a x + b'y + cz)<p(£u+e'v +fw)

Jo J o " Jo xyzuvw

By two applications of (5), this may be written

o Jo Jo

snbject to the four conditions

abc = oW, ^ / = dV/, log ̂  log £ log -̂  = log i log 1 log A,

log jr log i . log A = log | log JL bg / ;

g ^ g g
0 , 0

x

if in addition

rrr
Jo Jo Jo

log | Iog4-+log|log|-log^ = 0,

g | | ^ | ' ... (18),

if the two other conditions

b6 = d'e'f, l o g | - l o g ^ l o g ^ = l o g | - l o g | . l o g - | hold.
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Similarly, tinder the same seven conditions, the like integral, with all
the lower limits — oo and all the npper ones 0, is the same multiple of
{

10. The above theorems may be multiplied by easy transformations.
Thus, in (3), the substitution of logs, logy for as, y respectively gives
that, if ab = ab\

which may be written

rr y d x d = x ^ *
the function \p being such as not to become infinite for any value of its
argument equal to or greater than unity.

So (4) gives that, under the same conditions ab. = a'b\ if «// be a
function not made infinite by any value of its argument between 0
and 1 inclusively,

0'

The same substitutions applied to (9) and (10) give
b-r*r d, (a;0) \L(yh)-\p (xa>) ih(yb) , , , a , a

Jilt ^VlQg^logT^ J= 8* l°8T
and

under the same condition ab = ah'.

And so like transformations may be applied to all the other above
results (5) to (8) and (11) to (18), giving a new series of theorems
true under the same conditions as before.

All these results may however be proved independently, using instead
of (1) and (2) the equivalent formula

which may be seen at once just as (1) and (2) were.

11. Again, transform (9) by substituting c", ev for x, y respectively;
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and for convenience write also a for log a, /3 for logJ, &c. Then it
becomes that, if a + /3 = a'+(¥,

which may be written

f" {F(aJ+o)F(y+/3)-F(a5+a')F(y+/3')}daJ^
~"J~" S = - ( a - « ' ) ( a - ^ ) { P ( » ) - F ( - o o ) } » l

F being a function which no value of its argument makes infinite.
A like transformation applied to (11) gives that, under the conditions

(«-«') (a-/T) (a-y) = (a-y') (/3-y') (y-y'),

r r r
J- .J - .J -

= (a-a')(/3-/3')(y-y') {F(oo)-F(-oo)}8.

In like manner, from (13), if a+/3 = y + ? = a' + /3'= y'+V, and
- y ) ( y - O = 0,

f r f f

Other though less simply expressed theorems are obtained by similar
transformations from (3), (5), (7), (15), (17), (18) above.

All these, however, may be proved easily without transformation.
For they can be deduced, in the same way as their corresponding
theorems have been from (1), by means of

r.
a transformation of (1) proved readily in the same way.

12. If it be allowable to substitute #m, yn, zp, &c, for z, y, z, <fcc, in
results (3) to (18), much more general results are obtained under the,
same conditions as before. I have not, however, been able to prove
directly any of these theorems except in the special case when
m = n = p = &c, and have considerable doubt as to the lawfulness in-
general of the transformation. The class, however, for which
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f = » = &o., m being any positive quantity, of which the first, the
tranformation of (3), is

IT
Jo Jo

xy

under the condition ab = ab\ are readily proved, using instead of (1)

(ttXm) ̂  0 (bx1*) j I i / \ tt\\ l i ®

a; m o

and the corresponding formula instead of (2).

NOTE.*—In formula (3), ab=ab', and factor in the result is log —, log jr.
a o

Write log a, log J, log a', log 6'= a, /3, a', &; then a+/3 = o'+ /3',

4-a'/5', = o'/3'—a/3, viz., the factor is = — {log a log 6—log a' log b'}.

So, in formula (5),

abc = a'fcV and log-^ log-£- log-^- = log -§- log ̂  log A- •
a o c c o o

Factor in result is log -̂ - log -^- log -^ .
a b c

Write log a, &c. = a, /3, y, a', jS*, y'; then a +/3 + y = o'+ /̂ -H y';
and it is clear d priori, that the factor should be expressible in any
one of the six forms

factor == a—a. a—ft. a—y' = a—o'./3—a'.y—a'

= y—a', y—/3*. y—y' s= a-y'.$-y.y—y'.

It at once appears tbat, besides u+/3 + y == o'+/3' + y', we must have
/3y + ya + a/3 = (¥y+ya+aft ; viz., these two relations existing, each
form of the factor reduces itself to a/3y—o'/3'y', thus

= aj3y-o'/3Y.

Thus relations between the constants are

aftc=a'6V, i.e., log a+log b+log o = log a'+log 6'+log c,

* For this note I have to thank Professor Cfeyley.
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and log b log o+log c log a+log a log 6

= log 6' log o + log c' log a'+log a' log b\

and factor == log a log b log e—log a log 6' log o\

It is presumed that, in the other cases considered, the forms of the
factors might be modified in like manner, but this has not been
examined.

On certain Identical Differential Relations.

By J. W. L. GIAISHEH, M.A., F.R.S.

[Head November 9th, 1876.]

1. In the " Nouvelle Correspondance Math&natique," Tom. ii.,
pp. 240—243 (August, 1876), I have shown that the function e^*
possesses the curious property that its (n-f-l)th differential coefficient
is equal to its nP integral, to a power of 4x pres; that is to say, that

or, otherwise, that

f
Jo

This result is there obtained in the way in which I was led to it, viz.,
by means of the integral

e
Jo

but it can be proved more easily by expanding e^* in ascending

powers of </x, that is, by replacing e^' by l+»*+ =—jc + .. o +<fec,

when it is readily seen that this series reproduces itself. It is rather
interesting to note how this reproduction is brought about by the
differentiations.

2. If in (1) we write o </x for >/», we have


