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Received and read March 10, 1898.

1. On a number of previous occasions, and more particularly in a
paper " On the Interchange of the Variables in certain Linear
Differential Operators" [Phil. Trans., Vol. CLXXXI. (1890), A,
pp. 19-51], I have applied a simple but artificial method to the
transformation of linear differential operators from forms in which
their arguments are the successive derivatives of a dependent with
regard to one or more independent variables to the forms which they
assume when dependent and independent variables are transposed.
Again, in a paper " On the Reversion of Partial Differential
Expressions with Two Independent and Two Dependent Variables "
(I'roc. Lond. Math. Soc, Vol. xxn., pp. 79-104), I have somewhat
extended the method, by application to a case in which there are
more independent variables than one. Up to the present time I have
not, nor, so far as I know, has any oue else, applied the method to
the transformation of operators consequent on continuous transform-
ations of, or substitutions for, dependent and independent variables
in terms of new dependent and independent variables ; but it is one
which admits of wide applications in this direction. The following
paper deals with a class of such applications.

I.
2. There is no new difficulty of principle when the formula) of

transformation are linear, and the original variables are supposed
connected by one relation only, so that a single one of them is
dependent and the rest independent. Let us first consider the case
of two variables x, y, supposed counected by one relation of quite
arbitrary form and not necessarily known, und consider them, and
the successive derivatives of the latter with regard to the former, to
be expressed in terms of x', y, and the successive derivatives of y'
with regard to x by the transformations of the general linear group

and its extensions.

x — axx+\y'+cx\

y — a2x'+b.,y'+cj
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Let yr and y' denote respectively —-.-?*• and —-.-^- for allJ r! dxr r\dxr

positive integral values of r. Corresponding finite increments S, »; of
x and y are connected by the relation

and corresponding increments £', r( of x and y' by the relation

i^yir+ytfM-tfrN-.... (3)
Moreover, if the increments £', »?' are those of x\ y necessitated by
the increments £, »/, of x, y,

which we may also write

»« — a*b,) f = bA—b, n\
(4B)

We do not need for present purposes the expressions for either of the
sets y,, ya, y3, ... and y[, y'lt'y3, ... in terms of the other, but it is
important to notice that the expressions in question do not involve
explicitly x, y or x, y, but that

_ aa + ba y[
111 — , 7 ' />

a + O^

and generally that we pass from yr to y,.+i by a total differentiation
with regard to a:', i.e., by operation with

2 y : ~ + sy'3^.f + 4y:^-/ + ...,
Cyx Oy2 Oi/3

and division by (r +1) times a, + 6j y. Herein lies the special virtue of
an extended (enveiterte) linear group that its extensions alone,
apart from the original linear equations, form a group—in the present
case a group of the fourth order or four-parameter group, the para-
meters being Oj, 6,, a2, b2, while the complete extended group is of tlie
sixth order, having the six parameters av hv cn a2, 62, ca.

The problem before us is the following. If

/ ( ^ y> yu 2/2. Vv •••) = F ( x ' i y \ y\% y* v* • • • )
is any equivalence which holds, whatever bo the relation connecting1
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x, y, in virtue of the transformation (1) and its extensions, it is
required to express ^, ^. %* -\. \ .

of oj_ of Of of

Ox Oy dj/j Oyz Oya

as linear functions, with constant or variable coefficients, of

dF dF dF dF dF
/' 5 / ' 3 »' 5 ' ' Ci / ' * • • *x Oy 0y{ Oyz 0y3

The coefficients will, of course, be independent of the forms of / and F.

We have seen that x\ y only enter explicitly in F, if at all, in
virtue of the explicit occurrence of x, y in / , and conversely. In fact,

d)
! tr-
oy

a a
5-, = a, —
Ox Ox

or, otherwise written,

(5A)

,) — = 02 — • - a2 —
da; da? dj/

1 ^ 1
(0x6,-0^6,) - = a, — - 6, —

dy Oy Ox

(5B)

a awhere, for shortness,/ is omitted as the subject on which —, — act,
dx dy

and the equivalent F as that on which —, — act.
3.c' dy'

In order to transform —, —, ——, ..., let us regard the relations
oyl oy2 oy3

(2), (3), (4), which connect finite increments of x, y, x', y'. Elimi-
nating Tj and T)', we have

£ = ai$'
(6A)

Avhich do not involve x, y, »', y' explicitly. These two equalities
cannot be independent, but are identical in meaning. For substi-
tution from (4M) for £', ?/ in (3) gives a relation in £, ij, and y'u y'2, y'3, ...,
which, when these last are replaced by their expressions in terms of
Vv Vii VM ••••> must be identical with (2), as otherwise corresponding
increments £, 17 of two variables connected by a single relation would
be connected by two relations, as is not the case. Let us consider tho
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equivalent relations (6A) in the slightly more convenient forms

(6B)

oyr oyr oy,.

fr = (a ,6 3 - tfs&i) ?£'.

Here, since y is a perfectly arbitrary function of x, and £ is also
perfectly arbitrary, we may, for a given x, regard y,, y2, ?/3, ... and £
as quite independent variables. We must then consider y[, yi, y'3, ...
and £' as dependent variables, all but the last of them as dependent
on yu T/2, ys, ... in virtue of the extensions of (1), and £' as dependent
on these and also on £ in virtue of either of the equivalent relations
(6B) at present before us. Now, of the independent variables
yu y2, ?/,,, ...,£, let y,. alone receive an infinitesimal increment dyn and
let $£' be the consequent increment of £'. The equalities (6B; yield
us the two equivalent results

Accordingly,

{ '3£
i+...)}. (7)

In this, on the right, substitute for $ its equivalent

* = 0^+^ (ytf + ytf*+ !&**+-) (8)
from (4A). We then have on the right a rational integral expression
in £', which we can expand and arrange by powers of $'. We are
thus given in (7) the identical equality of two expansions in powers
of £', the coefficients on the two sides being all in no way dependent
on £'. Corresponding coefficients on left and right must then be
eqnal. In other words, the coefficients of successive powers of £ on
tlie right are, in succession, the expressions for

4/i Oil hll
dyr dyr dyr

in terms of y[, y'i, y[, ... . It appears at once that the lowest power

of £' which occurs on the right is $'r, so that -& is the first of these
vyr

derivatives which does not vanish. In other words, as is otherwise
obvious, y'r is the lowest of the derivatives of y with regard to x'»
whose expression in terms of ?/„ ?/,, y3, ... involves y,..
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3. But in the identity (7), when the right-hand member is, as
above described, expressed in terms of £' and expanded, we may put
for £'* on the two sides any quantity or operator we please, and so
for every other power of £'. Let us then put the corresponding

-— for each $" (s = 1, 2, 3, ..., co), the subject of operation being

any function F(x\ y, y[, y',, y'3, ...)• We thus get on the left

dy[ 3 ( dy'j 3 ( dy3 3 [

dy,- dy[ dyr dy2 dy, di/3

3

the subject of operation being the function f(x, y, yv y2, y&, ...) of
unaccented letters which is equivalent to F. Consequently, to obtain

the equivalent of -— in the form
dy,-

., d , ., 3 , ., 3 .

which is its proper one when the subject of operation is expressed in
terms of x, y, y\, y!2, y~, ... instead of in terms of a:, y, yv y3, y3, ..., we
have the following rule :—Expand

in ascending powers of £', writing the power of £' last in each term, and
then put in the expanded result, for every power $'' which occurs, the

A- 3

corresponding ——.
dy',

Referring to (6A), this product to be expanded is seen to be
briefly expressible as

\"1"J "SCI/ •» i p.. ,

or, more shortly still, as

where ^ is supposed to bo expressed, as if an actual finite increment
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of x, in tei'ms of £' and the derivatives y't, which latter are not fun c-
tions of £'.

Now, just as we have found it convenient to take £'' as a symbolic

representative of -— for every positive integral s, so it occurs to

take £'' as a symbolic representative of ^—. Our result may then be
Cyf

stated as follows :—If

/ (« , y. V» Vv 2/s> •••) = F(x\ y, yu y*, yM ...)

be any identity consequent on the general linear transformation (1)
and its extensions, then

whose symbolical form is £'/,

has for its equivalent

where a,£' + 6, (yl£' + ̂ P+2/af8 + • • •)

has to be substituted for £, as it would have were £, ^' corresponding
increments of x, x instead of mere symbols, after which the result
obtained has to be expanded in powers of £', and then in the ex-
pansion every power £'* to be replaced by the corresponding

differential operator •—.
oy',

The rule for transforming any linear operator

Ox Oy oyl dy2 O7/3

is immediately deduced. As to the first two terms they become at
once ( >\ p\ ̂

(a,bs—Ojfc,)"1) (Pbi — Qbi) - +(Qal — Paa) — [ ,
C Ox' Oy J

by (5JJ). AS to the rest of the operator, wi'ite it symbolically

Al£-\-A2£'j-Azt + . . . ,

multiply it by (ai^j —"j^i)"1 -rl'i
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then substitute for £ its expansion in terms of £' as above, expand the
result and arrange it as a series in powers of £', writing each such
power of g as the last factor in its term, and, finally, for every power

>\
£' in the expansion, write the corresponding —- .

dy'.
If P, Q, Au A2, Aa, ... are constants, the transformation is thus

completed. If they are functions of x, y, ylt y2, ya, ..., they need for
useful purposes to be expressed in terms of x, y\ y'u y'2, y'3, ... by
means of (1) and its extensions. But, as we shall see, this expression
is automatically effected in a wide and important class of cases,

di d? ,
i^1

and since the determinant of the coefficients of £, tf in the expressions
for £', rf is the reciprocal of the determinant of the coefficients of
£', r{ in the expressions for £, JJ, we at once see that, as should be the
case, the rule obtained for the expression of an unaccented operator
as an accented one affords the exactly corresponding rule for the
expression of an accented operator as unaccented.

4. Let us apply these conclusions to the transformation of what
I have called in the Phil. Trans, (loc. dt. in § 1) MacMahon
operators. Such operators (of four elements) are those included
in the definition

the summation being with regard to s, which assumes in turn all
positive integral values not less than the greater of m and — w + 1,
w and n being integral or zero, and Yt

m denoting the coefficient of
£' in the expansion of

This operator is the result of replacing in the (/u, v ; m, n) of Major
MacMahon's remarkable first paper on multilinear operators*

a, b, c, d, ... by 0, yv y,, y3, ...,

* " The Theory of a Multilinear Partial Differential Operator, with Applications
to the Theories of Invariants and Rcoiprocants " (Prop. Land. Math. Soc, Vol.
XVHI., pp. 61-88).
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or, again, tha t of replacing in (ft + vm, v; m, n+iri— 1),

a, b, c, d, ... by yu y9> yit y4| ... .

We shall confine attention to cases in which m is not negative, and
ra+w not less than unity. The summation for s in {/u, v; m, w}tf is

*"0D

then 5 , i.e., no coefficient T, which actually occurs in the expan-
<a»l

sion of the multinomial is absent from the summation. The elabora-
tion of results for the excepted cases of m + n < 1 could be added,
much as in my paper to which reference has been made, but would
unduly lengthen the present communication. The case m — 0 has
some speciality, and will be only partially included.

5. Symbolically expressed, as in § 3, it is clear that

V1 p
where i? stands for 2/i£+2/a£

8 + y8£
3+ ••• 5 ar |d that in particular

{1,0; m , n } , = — £ y \
m

and {0 ,1 ; m, n}y = f V " 1 ^ .
(it

We can at once then apply tbe rule arrived at in § 3; and obtain
that the results of transforming these two last operators by the
extended linear scheme (1) are respectively in symbolic form

and

Each of these expressions expanded is a sum of multiples of terms of

the two types £V"+"-p, l'V"+"~"%;, *-e., a sum of multiples of

MacMahon y'-operators with m' + n = m + n. In fact, if, as usual,

(n\ denote the number of combinations of n things r together, the
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results of the transformation are, when n as well as m is not negative,

m (aj&2—asb,) [ 1 , 0 ; TO, «}„

( ) ( ) orb"-"'a-b"-e•','«"-'- ijl
r-0,«»0 \ r / \ * /

• 'X" () ()
X ( l , 0;

+ r!«l"o" ( r ) ( ^ ) ai6;""+1(*2&;""J {0. 1

and («i&j — a»^i) {0, 1 ; TO, «

x ( l , 0; vi + n—r—s, r

X {0, 1; m + ?i—r—s + 1, r + s—1 ]„,.

The transformation of (ji, v; TO, wjj, is immediately deduced by

adding — times the former of these results to v times the latter.
m

6. Such formulae have necessarily some cumbrousness of ex-
pression ; and clearness of realization is, I am sure, gained by think-
ing of them as before us in their symbolical forms, namely,

and

where before interpretation expansion on the left has to be in powers
of £, and on the light in powers of £'.

The interpretation presents no difficulty when m as well asm + n
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is a positive integer. Moreover, the value m = 0 has no speciality as
far as the transformation of |"^"' is concerned ; but this value has in

connexion with the transformation of iH+xr]"'~l-~ . As it is not pro-

posed to deal with this, the second of the two above transformations
is better written

in which, as in the first, m is a positive integer or zero, and m + n a
positive' integer. We will, in fact, only attend to cases in which
neither m nor n is negative in the last article, the cases to which the
forms of equalities written at the end of that article apply.

7. Let us speak of an operator which is a linear function with

constant coefficients of operators of the two types $"n"\ £"r)'" ~ with

the same value of m + M as being of the (m + ?i)th order. The results
before us involve the fact that it transforms into another operator of
the same order m + n.

Some facts with regard to the linearly independent operators

> j . d n (In . i d , 2\

d£ d£ </£

of the first order will now be adduced. Written at length they are
respectively

a , a , a .
-Vx^r- +2/2 5 - + 2 / 3 ^ r - + •••,

otji Oy% vy*

a
dyl

yi (Jy.A
ij/'2)4- + 5

(J



1898.] Linear Partial Differential Operators. 449

where V is Sylvester's operator

They are recognized as being the known operators which determine
the four independent infinitesimal transformations of the group
which consists of the extensions of the general linear group (1).
(A more general fact including this will be proved in § 16 below.)
The general infinitesimal transformation of this group of extensions
is determined by An

i.e., by the general operator of the first oi'der. The functions of the
derivatives yu y2, y3, ... which are absolute differential invariants of
the group of extensions are exactly those functions "which have the
four operators for annihilators. They are also the absolute differ-
ential invariants of the extended linear group (I) itself, as the two
annihilators of such invariants given by infinitesimal variation of cx

p\ *\
and ca in the first place are — and ^—, which show that there is no

Ox Oy
differential invariant of the group which involves x or y.

Now, a function / (y,, y3, y3, ...) annihilated by $ or — is free from
dyi

yx; one annihilated by »/ is homogeneous of degree zero; one

annihilated by $ -— is isobaric of weight zero, weight being measured

by sum of suffixes; and one annihilated by i}1— in addition to the

above, or, less exactingly, in addition to $ and »/ + £' ^, is annihilated
by V. ll*

Consider now the transformations of these operators of tho first
order, as given by § 6. They are

l (abab')

\oi. xxix.—NO. G10.
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We notice here a difference of character between the middle pair

and the extreme pair—the coefficients of £', r{, f-rp-, V—, are linearly

independent in. the one pair of cases and not so in the other pair.
Look, as we of course may do, upon the equivalences as t'esults of
applying a general linear transformation to the accented variables
instead of to the unaccented, i.e., look upon /(?/„ ?/s, ys, ...) as
having been found as the equivalent of a function F(y[, y',, y's, ...)
and not vice versa. We see that for »j to annihilate / , whatever the

linear transformation may have been, or for £ — to annihilate it in
at

like case, it is necessary for all four of £', rf, l'l~, Vi'—y to annihilate
di di,

F. On the other hand, for I or for »/ ~ to annihilate / , whatever the

linear transformation may have been, it is only necessary for £',

'/ + £' -TZ; 1 vi ~ITT to annihilate F.
dl di

We may therefore state as follows. In order that a function of the
derivatives may become a homogeneous function of degree zero of the
new derivatives after every linear transformation of the variables, or
in order that it may become an isobaric function of weight zero, it is
necessary that it have the four properties of being free from the first
derivative yu homogeneous of degree zero, isobaric of weight zero,

and annihilated by 17 —- or V; in other words, it must be an absolute

differential invariant of the general linear group. But, in order that
it may become, after every linear transformation of the variables, a
function free from the first derivative, or a function annihilated by
V", it is only necessary for it to have the three properties of being free
from ylt being of zero sum of degree and weight throughout, and
being annihilated by V; in other words, it need be only an absolute
pure reciprocant (or linear function of such), i.e., an absolute differ-
ential invariant (or linear function of such) of a linear group whose
generality is limited by the one relation a,b2—aibx among the
coefficients—a sub-group of the general linear group.*

•By •• uTMolute differential invariant" of a continuous group, I, in this paper,
moan, with Lio, a function of derivatives, and it might bo also of tho variableH—
though theso last do not occur in tho caHOB of groups hero considered—which in
u'tjHolutely uimltcrcd in f6nn by the KuhfttitutionH of the group and its extensions
A function which persistM in form hut for a factor is called a "relative or non-
uhsoluto iliffcruitiul invariant." By "absolute pure reciprocant," I mean, with
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8. It is an interesting subject of investigation whether there are
MacMahon operators which transform, by the general linear scheme,
into themselves, as there are for mere interchange of the variables
and some other very special schemes. Were there such, and were
the coefficients in them free from the constants in the scheme, then
any such operator would generate absolute differential invariants
from absolute differential invariants. But the answer appears, for

Sylvester, a function of second and higher derivatives which persists in form but
for the assumption of a factor which is a power of — 1 when dependent and inde-
pendent variables are interchanged. A non-absolute pure reciprocant persists in
form after such interchange except for a factor which is not a mere power of — 1.

It is a prevalent, but mistaken, impression that absolute pure reciprocants are
identical with absolute differential invariants of the general linear group. "What
Sylvester proved {Amcr. Jour., Vol. VIII., pp. 248, &c.) with regard to the differ-
ential invariancy of a pure reciprocant R for the general linear substitution is that,
if homogeneous (of degree «'), and consequently isobaric (of weight to), it becomes
(«i*2—«3^i)' (ai + blyl)''"~iR, with ray notation as above: his tv is different. If it
be an absolute reciprocant, what he has proved at an earlier stage is that w + i = 0,
but not that i = 0, to = 0 separately. There is absolute invariancy for the substi-
tution only if i = 0 as well as w + i = 0. There are, however, absolute pure
reciprocants of all degrees », and even non-homogeneous ones. Sylvester calls those
of degree zero plenarily absolute to indicate that they are absolutely invariant for any
linear group. Absolute pure reciprocants which are not of degree zero are, if
homogeneous, differential invariants of any linear group, but are absolute differen-
tial invariants only for linear groups in which generality of constants is limited by
the one relation albi—r/s/;, = 1.

Again, what I myself proved (Proc. Loud. Math. Soe., Vol. xix., p. 388) with
regard to the differential invariancy of pure cyclicants or ternary reciprocants for
the gcnei'al linear substitution of U + tny + tiz + p, &o., fora1, &c, is that there is
persistence in the case of a homogeneous one but for a factor of the form

I, «»,

/", in''
The second index here vanishes when the pure cyclicant is absolute; but the first »,
as a rule, does not. Thus absoluto pure cyclicants include, but are not only co-
extensive with, all absolute differential invariants of the jrenernl linear group in
three variables. Linear fuuetions of them nro identical wit I absolute differential
invariants of a sub-group of the general linear group, namely, of the special sub-
group in which the generality of coefficients is limited by the one relation

1.

I', m'

I", in'

Those Avho, like myself, in l.SSG and following years, followed Sylvester in
researches on reriproca.nts and allied classes of differential invariants, ami showed, it
must be confessed, imperfect acquaintance with Sophus Lio's grand work on
Continuous Groups and Differential Invariants in general, have reason to bo
grateful to Heir 0 . A. Stoekcrt for a recent memoir, Vckr ilia liczichmigcn
<lrr ltmprukitiitrullit'nrir :ur n//i/r/in inrn Thcoric tfrr J)ijtcmttiitlinnn i-intm (Chemnitz,
18(Jf>), in which he elucidates very instructively Lie's theory in its bearing
on Sylvester's and our own. Tn that memoir tho error occurs (pp. 30, 32)
of attributing to Sylvester the opinion that an absolute pure rcciprocimt is ucccs-
wirily of zero degree and weight. Tho proof given fails on p. ol at lino 11.

o ,-, <>
tmt \J _
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practical purposes, negative. It is true that inspection of the
symbolic equivalences of the last article gives us one such persistent
operator of the first order

*X V* J - + 2y8 JL + 8y4 *L + ... == y ' S + 2</3'£ + 3rf £ + ...,
<tyj cty8 dy4 Oy2 Cty3 Oy4

so that the persistence (19) of my memoir in the Phil. Trans. (Joe. clt.
p. 25) is one which holds in general; but this has merely the effect
of multiplying a homogeneous isobaric function by the excess of its
weight over its degree. It expresses the persistence in value of the
characteristic w — i, but gives, in cases of interest, nothing new by its
operation (a conclusion drawn by means of it which, though of
interest, is not new, is the case for q = 2 of one in § 17 below). The

more general operator ^m-1
f/"

1"1 ] $~ — i [ [loc. cit., (17)], which is
( a£ )

persistent in the special theory, is not so in the present general one
except for m = n = 1.

Nor do the operators £^+17, £M-1 v'"'1 \ £ ? i + i { » which are
d$ C d£ )

negatively persistent in the special theory [loc. cit.t (20), (18)], yield
directly anything of much interest, in general. If we take the
general operator of the first order,

and try to find all values of X, p, v, tar for which the form persists
but for a factor, upon substitution from the last article, we obtain,

besides the persistent £-^- —rj as above, only the equivalences
dg

and (a,-fes) ( a 9 £ - M ^ ) +20,6,

+ 2O.1, (v' + Cff) ± v'O'-y' + k^a.^' + fwl) ]
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which, involving as they do a,, &„ a2, 63 as coefficients, give us no
information as to persistence for all linear transformations, so that
they are only matters of curiosity in general. It is the latter,
however, which, for the case of a, = 6g = 0, a, = 6j = 1, i.e., for
the case of mere interchange of variables x, y, gives the negative

persistence of rj + $—j, i.e.,

\loc. cit., (20)]. It also gives for that case the negative persistence

of i+Vrli i.e., ofd$

and the former gives the positive persistence of rj -9 — £, i.e., of

oyx oyi dj/8

two facts not expressly introduced in the memoir to which reference
is made.

9. The digression may be pardonable if I consider for a moment
some properties of operators of the types l"rim, £,"rf" -2 without refer-
ence to transformations. To find their alternants will really be to do
otherwise what MacMahon has already done (Proc. Lond. Math. Soc,
Vol. XVIII., pp. 66-69), but the use of the present compact symbolic
forms so simplifies the process, and exhibits the results in such
suggestive shape, that I believe there to be justification.

Let us denote by (AZ + BF+ ...)(A'l + B'£1+...) the operator which
results from the performance of the operation represented by the first
written factor on the back of that represented by the second. The
part of the resultant operator which does not involve symbols of
second partial differentiation will be obtained in symbolic form by
making the left-hand operator act only on A', Ji', ..., dealing with
the $ in the right-hand operator as if it were a constant. Thus, in
particular,
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where B involves ^ - j , ^—5—, . . . . So

and (ii*+B? + 0 ? + . . . ) ^ r ^ m f V ! ?

Now, •&, ̂  being any two linear operators, we call as usual $<p—<j>$
the alternant of $ and <f>, and write it (S.p). The terms R in %> and
p$ are the same. Hence we at once deduce

Thus the alternant of two MacMahon operators of given orders
(m + n, ft + v) is a MacMahon operator whose order (wt+n+yu + v —1)
is one less than the sum of the orders of the two.

Moreover, the alternant of two operators of the same type

I £"i?m or £V" -^) is an operator of the same type. The alternant of
\ d£ I

two of different types [ ̂ "if and |"ijm ~-\ is.as a rule the sum of two
\ d£l

operators, one of each type.
It is easy to see, by consideration of the indices and coefficients in

the three types of alternant equalities that IJ is the only operator of
positive integral order of the type £">/m which cannot he expressed as
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an alternant of operators of the same type, and that £-5 is the only

one of the type £"17'" —̂  which cannot be expressed as an alternant
^»

of operators of its type. It is also easy to see that the alternant

[G-Vjl) ig the only one of the type (£vn"-£nnm(-ji) which cannot be

linearly expressed in terms of alternants of the two types (£*V.£V),

The alternants of operators of the first order are themselves of the
first order, i.e., are linear functions of themselves, a fact which
expresses that, as mentioned earlier, they possess the group property.
They are

It is, moreover, evident hence that, as also stated earlier, £, ij + £-T?t

17-^ form a sub-group, as their alternants in pairs are linear in

themselves.
What the group and sub-group are has been already indicated

(§7).
10. To return to transformations by the extended linear scheme (1).

The transformation of MacMahon operators of positive integral order
is what we have so far considered in application of the method of
§ 3. Bat the method is one which, as we saw, applies to all linear
operators whatever. One simple MacMahon operator of zero order
may be mentioned in passing, namely,

§_„•%, 8+^8+4,,.J- + ...,
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whose effect is that of —, the symbol of total differentiation with
dx

regard to x in so far as yv y9, ys, ... are functions of x in virtue of
the relation connecting x and y. After substitution for yx in terms
°f y'u by § 1> its transformation becomes by the general rule

(dv
f

which accords with the facts of total differentiation.

We may transform linear operators whose symbolical expressions

involve -r^, --^, ..., in so far as we know the expressions for those
dq dq

derivatives in terms of -jz,, -p-j, -—, ..., when £, % £', •>/ are actual
G&£ (Iq Clg

increments of x, y, x\ y'. The expressions in question are of the same

form as those (§ 2) for £» , % ... in terms of ^ , ^ , % ... .
d a r C&B8 dx dx* dx*

Thus, for instance, since

we have, by § 3, that the transformed equivalent of

f^ = 1.2yi|-+2.3y,A-+3.^4j5-+... (n>0)
at oyn vy,i+i fyn+2

is, symbolically, the expansion in powers of £' of

*%(f)8= {a^+hM?+y

and, actually, the result of replacing, in the expansion,

e by £ (r = l , 2 , 3 , . . . ,oo);
C*2/r

and more generally that the transformed equivalent of

d?)
is, symbolically,
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An interesting class of examples of such transformations is afforded

( dfri d3n d*rt \
—J, — j , - J , . . .1

be a pure reciprocant in £, rj of degree i and weight (sum of indices
of differentiation in each term) w, we know (§7, footnote) that its
expression in terms of £\ rf (regarded as actual and not symbolic) is

Hence the transformed equivalent of the operator whose symbolic
expression is the expansion of

$ - % > ••••) < " * » •

where 17 denotes 2/i4 + 2/s£
4+y8£

s+..., is, symbolically, the expansion of

where rf denotes y'ti'+yii®+y'9£'s+

II.

11. We now proceed to the more general analogous theory when
there are q variables supposed connected by one relation. Let 5—1
of them, chosen as the independent variables, be called xu a?2, ..., xq_u
and the single dependent one y. After the preceding exposition of
the fii"st case of q = 2, a much slighter general presentation will
suffice than would have been necessary had a different order been
chosen, and the inevitable imperfections of a notation for partial
differential coefficients, and the necessary avoidance of extensively
writing out explicit forms of operators dealt with, will, it is hoped,
cause but little obscurity.

The notation y,.fti,. will be used as denoting

There are supposed to be always q — 1 suffixes, each of which may be
zero or any positive integer, while their sum is 1 at least.

Let £„ £3, £8, ...,£,.] be independent simultaneous finite increments
of the q—1 independent variables, and 77 the corresponding increment
of y. It is supposed that Taylor's theorem applies to y as a function
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of xlt tCj,..., aj,_! for values considered, so that

r = » , g = oo, < = « , . . . , r j = oo

r+s+t+...+r9_j = l

As well as using £„ £2, ...,£,_i, *7 in an actual sense, we shall also
use them purely as symbols with a meaning now to be explained.
The symbol rj will always mean the above expansion in terms of the
symbols £. These latter symbols will have no individual meaning
except when standing alone in the first power in an ultimate ex-
pansion. A power or product of symbols 2j in an ultimate expansion
will have a meaning as a whole, namely,

mean

a symbol of partial differentiation, the supposition being that it is
acting on a function of the various partial derivatives of y, and, it
may be, of the variables y, xt, xt, ..., »,_i in addition. Thus, for
instance, t t t t2 t? t

s i i t j , Cs> fcj, s i ^ s i •••

will mean respectively

By an operator such as

for instance, we shall mean the operator obtained by substituting in
the product for i\ its expansion in terms of the £s as above, per-
forming the partial differentiation with regard to £,, expanding the
resulting product in powers and products of powers of £„ £2, ...,£g-i,
writing every such power or product of powers after its multiplier in

the expansion, and finally substituting for each, product £j£2£8... as
it occurs ultimately the corresponding symbol of partial differentia-
tion as above.

12. We shall have to consider largely operators of the q types

where nj, n2, ..., n,_i, m are positive,integral, or zero, and
Such operators are for the case q = 2 the MacMahon operators of



1898.] Linear Partial Differential Operators. 459

the preceding section, and, for the next case g = 3 the analogous
ternary operators which I have used on a previous occasion (Phil.
Trans., loc. cit., pp. 36, &c). We speak of an operator which is a
linear function with constant coefficients of operators of these types
for which %n+m, is constant as being of order 2,n + m.

The alternants of pairs of operators of these types are with ease
written down as in §9. There are three classes of fundamental
alternant equalities: viz.,

1 3»7 t»\ t»2 t»g-1 "

32.

of which the last includes in particular (r = s)



460 Prof. E. B. Elliott on the Transformation of [March 10,

On inspection of these identities we at once see that the alternant
of two operators of given orders %v+p, 2,n + m is an operator of the
same kind whose order S^ + Sw + fi + m—1 is one less than the sum
of those given orders.

In particular, the alternant of two operators of the first order is
itself an operator of the first order. The linearly independent
operators of the first order are j * in number : viz., q—1 operators $r

(r = 1, 2, ..., q — 1), one operator 77, q — 1 operators of the type

£1 ̂ » (2~~1X2~2) operators of the type £, ̂ -, and q—1 operators

77—2. (r = 1, 2, ..., j — l) . The alternant identities for them in pairs

are of the following types, the number of each type being written
after every one, an alternant ($.<]>) not being reckoned as distinct
from its negative (<p. S) ;

2)i «,.K) = f,, q-l;

| ) =0, ( J - 1 ) ( I -

,|^-f.^)=O. *(j-D(S-2);
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The whole number of these equalities is iqi(gi — 1)-

As the alternants in pairs of the q* linearly independent operators
of the first order are linear with constant coefficients in the
operators themselves, except suc'u of them as vanish, they are the
operators appertaining to the infinitesimal transformations of a
continuous substitution group of q1 parameters." It will be seen
later (§ 16) that the group in question is that which consists of the
extensions of the general linear group of substitutions for the
q variables xx, x%, ..., xq.u y.

Moreover, we notice that the q — 1 operators £, the (</ —1)(5~2)
o "1

operators £r¥^- (r=fcs), and the q — 1 operators t)-^- all occur as
v£. . v£

alternants of operators; but that the operator -q and the q—1 operators
$r ^~ only occur in alternants in the connexions rj + £. —• and
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The g3 — 1 operators

& h A (r= 1,2, 3, ...,9-1)

are then seen to be a set whose alternants are linear with constant
coefficients in themselves. These are consequently the operators
appertaining to the infinitesimal transformations of a sub-group of
the general group of extensions. What we see in § 16 will also show
us that this sub-group is the group of extensions of the group of
linear substitutions in which the generality of the coefficients of
xu ajs, ..., a;,.,, y is limited by the one relation that the value of their
determinant is unity. It will also be proved that this system of
gs—1 operators is the system of annihilators of absolute pure 7-ary
reciprocants, i.e., that, as in the cases of j = 2, q = 3, such recipro-
cants are, with a reservation which will appear, identical with
absolute differential invariants of the linear group in which generality
of coefficients is limited by the one relation just stated.

13. We proceed to consider the transformation of operators linear
in symbols of partial differentiation with regard to the partial deriva-
tives yrtt...oi y with regard to xx,x», ..., xq.u consequent upon the
q general linear equations of transformation of the q variables

Xi = a,1o!1' + a,3^+...+«,-.9-i^.1 + awy' + cJ (i = 1,2, ...,3—1),

y = aqix[ + a^x^ ... + aq.q_lx'q.l + aqqy + cq.

Let £„ £3, ..., £9_i be actual finite increments of xu xit ..., xg.u and 7/
the actual consequent increment of y, given as an expansion in terms
of the £s by Taylor's theorem, as in § 11. Let £[, & ..., £_,, rf be
the corresponding increments of the new variables. Then

a = 1, 2, ..., q-1),

which, if A denote the determinant of q* constituents | ay | , and if
AnM be its first minor corresponding to o,,,,,, may also be written

l.l£q_l + Aqtii (i = 1, 2, ..., g - 1 ) ,

We have also if = :%',,...£'£•£' ... Q;\

a summation exactly corresponding to the already written
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The formulas of linear transformation of the variables lead to
formulae for the expression of all derivatives yrst.., in terms of deriva-
tives y'fit...) and conversely. These formulae express Avhat are called
the extensions of the linear transformation. It is unnecessary to
wait to prove here the well-known fact that, because the scheme of
transformation of the variables is linear, its extensions do not involve
the variables explicitly, but only the derivatives. Thus in the

accented equivalent of in terms of symbols of partial differ-
vy,»t...

entiation with regai'd to accented letters there will be no occuri'ence

of any — or of —.
Ox' Oy'

If, then, we are transforming an operator

2 (P*y

oy,st..

supposed to act on a function / of #„ xv ..., r»tf_i, y, and the deriva-
tives yisl,.., into its equivalent in form suitable for action on the
equivalent function F of the accented variables and derivatives, we
may substitute for the first part

from the formulas

A 3 • 3 . , 3 . . , 3 . , 3
A ;r- = Aix — +Ait — + ... + A(.q r-— +AiQ ^

o.Vi d.t;, ox., o.iy., Oy

(t = 1,2, ... l3-l),

A 3 _ J 3 . 3 . 3 , 3
dy dx't o4 c\«-;_, cy

and transform the remaining part exactly as if it acted on a function
of the derivatives only.

14. Now, in the q equations of transformation of the last article
for 6, &, ..., £,_„ 7] in terms of $[, &, ..., ^_,, T/', suppose rj replaced
by its expansion in terms of the £s with coetiicients like yrst..., and if
replaced by its similar expansion in terms of the £'s. We have then
q equations connecting the q — 1 quantities $, tho q — I quantities £'r
the derivatives y,̂ ..., and the derivatives v/',,.. . As tho one relation
supposed to exist among y and xlt x.,, ..., aî .i is of perfectly arbitrary
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form, and may be varied as we please, we may consider the deriva-
tives yr,t... as an infinite number of quite independent variables. Also
£u £3, ..., £,_i are quite independent of these derivatives and of one
another. The other quantities involved in the equations we are
considering are dependent variables ; viz., £[, £, ..., ££_, are functions
of £„ $2, ..., £,_i and 7], which is a function of the others and the
derivatives given by its expansion, and the accented derivatives y'rst...
are functions of the unaccented derivatives determined by the
extensions of the linear transformation. The equations which we
are regarding, with 17 and if replaced in them by their expansions,
are in appearance q equations for the determination of £[, $'2, ..., ^_,
in terms of £„ £2, ..., £g_i and the derivatives. But q—1 equations
suffice for the purpose. Hence any one of the q must be a con-
sequence of the rest, and the expressions for accented derivatives in
terms of unaccented.

Let yrit... alone among the quantities now regarded as inde-
pendent variables receive an infinitesimal increment £ynt..., and let
H'u <>£» •••> ^9-1 be the consequent increments of £, £, ..., $'q.v

It is most convenient to regard the q linear equations connecting
the £s and r\ with the £'s and if as before us in their second forms—
those which express accented letters in terms of unaccented. These
give us at once

A.c£ = A^tf,... ty,,,.. (t = 1, 2, ..., 2-1)
and

fo ...J

where the summation Avith regard to p, o-, T, ... covers all zero and
positive integral values, such that p + O-\-T + ... <f 1. The fact that
the first q — 1 of these equations must lead to the last gives us at
once the identity

Here A is the determinant | au | of the rf cocfliclents in tho linear
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expressions for £„ £2, ..., £„_,, 17, and each A,.s is a first minor

-— of that determinant.
oaf,

Had we in finding this identity pi'oceeded by consideration of the
linear expressions for unaccented in terms of accented letters instead
of vice versa, the right-hand side would in the first place have
presented itself in the form

where, in the Jacobiau functional determinant,

d£,. 9£.- . 9£. 0r>' . , 9J/'
——• m e a n s -— + •^-/ - — , z.e., a,., •+• arq ^~ .

This latter form, whose identity with the former is easily verified, is
occasionally the most convenient for the expression of results.

Now suppose the right-hand member of the identity arrived at to
be expanded in terms of £{, £> •••> $!2-i by means of the linear ex-
pressions for £,, £j, ..., £7_i and the expansion for rf. The various
coefficients in the development obtained must be severally equal to
the corresponding coefficients in the left-hand expansion.

We thus have expressions in terms of accented derivatives of y

for all partial derivatives • • "; and these must be those which

would be obtained from the extensions of the formula) of linear
transformation, were they actually exhibited.

But let us use otherwise the fact of the absolute identity of the
two expansions before us. We may substitute for every product
$[P$',°$3T ... any quantity or symbol we please in both of them, and
the identity will still remain one. Lot us then substitute for them
according to the symbolism explained in § 11 ; i.e., for £',"&'£'/ ... on

both [sides the corresponding :-——, the supposition being that it is

acting'on a function of the derivatives y'H.T.n or some of them, and it
may be] also (of x[, .v',, ..., ,r,].„ //'. The left-hand expansion then
becomes . -\ , ^ .

•i.e., s i m p l y •- - ,

VOL. XXIX.— NO. ( J l l . 2 II
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regarded as operating on the equivalent function of derivatives y,.sr...,
and it may be also of u\, ci\2, ..., xv.u y.

Accordingly, the tiunsformation of operators of partial differentia-
"\

tion is before us, and is expressed by the rule : Replace such an
c

operator symbolically by the corresponding product £[^£8...;
multiply it by

I A ^ - A ^ ' - - A &>

express the result in terms of £{, £, ..., £J_i by the linear formulas
and the expansion for 77'; expand in powers and products of powers
of £i> &» •••> iq-i'j &nd, finally, for each power or product £["£'£3'...
which occurs in the expansion, write the corresponding operator of

-\
partial differentiation .

Lloreover, the transformation of any linear partial differential
operator (see § 13),

oyraJ

is at once effected in like manner. Write it symbolically

multiply it throughout by the factor just written ; and complete the
process of expansion and interpretation of symbolic products as
before.

15. We Avill now consider in particular the transformation of the
operators of § 12. We may deal witli such operators together by
considering the operator

where X,, X2, ..., \_ , , A,; are q arbitrary constants. The symbolism is
that explained in § 11.

By immediate application of the rule just arrived at, the trans-
formation of this operator is symbolically

but this may be written in better form.
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Identification of the Pfaffian equations

3ft 3ft 3^_!

3ft' 3£ 3£-i

where the £s and r, are actual quantities linearly expressed in terms
of the £'s and r,', gives

dv Or, dr,
3ft 3ft 3ft-i

7 - 1 (. = 1,2, ...,3-1)

—An -j- —•Ai2 — —...—
irr (»' = 1, 2,

Thus

-A
77 ""9 3ft'

Applying tins fact for each value of i, we see that the transformed
operator above may be written

where

2 H 2
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or, more simply,

X, = a1A' + ai2^+...+a,-.,_1X^_, + a1-, (—\'q) (i~l,2,...,q-\),

— A, = aql\[ + aqi\!2 +... -fer,.,-i^-i + a,9( — X'q),

so that X,, X2, ..., X?-1, —Xg express in terms of X(, X£, ..., Xq.u X'q, as
do quantities cogredient with £ls £,, ..., £q_{, -q. We shall exemplify
the use of this fact later.

For the present our object is to draw a conclusion from the form
of the transformed operator without paying special attention to this
connexion between the Xs and X's. We have, in particular, that the
transformations of

£, £j ...£,!, y] and £, ti\..Sq:lr] "V

are of the above form, i.e., since we can express £,, £„, ..., £,_i, rj
linearly in terms of l'u 'i^, ..., E'q_u rj', are linear functions of operators
of the same tsvo forms as themselves with different values of
oiy, w.3, ..., nq_u in, and r. The sum %n+m is, however, the same for
each part of the transformed operators as in the operators subjected
to transformation, in virtue of the linearity of the expressions for
£,, $2i ••••> £?-i> V- Consequently, an operator of any order %n-\-m
transforms into a linear function with constant coefficients of opera-
tors of the same order %n-\-m.

In particular, the complete system of operators of the first order
(§ 12) transforms into the complete system of operators of the first
order, a fact in accord with the next article.

10. I will now utilize the method of transformation before us to
prove that, as stated earlier, the (/'"independent operators of the first
order are the operators appertaining to the q2 independent infinitesi-
mal substitutions of the group with q" parameters, which is consti-
tuted by the extensions of the general linear group with q(q-\-1)
parameters; so that the writing down of explicit forms of these
operators of infinitesimal substitution to any extent is reduced to
mere multiplication of multinomials, and, indeed, to the mere
squaring of one multinomial tj.

Consider, Mist, u substitution which loaves ,r,, .!•._,, ...,fi'(?_, unaltered,
but replaces y by

a,.r, + ci8.r2 + ... + n,.,.r,., + (1 + o,) y + y,

where «„ o2, ..., aq, y are infinitesimal constants. Here y does not
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affect the derivatives y,.,t...- The increment which it gives to a

function / of variables and derivatives is only y -P- f-
dy

Again, a,, o2, ..., a,.] affect each only one, a first, derivative.
Thus, for instance, a, alters only ym..., changing it into 2/100...+ ai-
Thus the a,, u2, ..., a9_j increments of /are respectively

3 . 0 \ , / d . d \ . / 3 . 3
+ l / a[x + ) / ( « +l/i

j oy QymJ v oy

i.e., a, (a?, ̂ - + £,) / , aJxt-§- + £,) / , ..., a , . , ^ . , — + £,_,) / .

Once more, the existence of aq changes yr,t... into (l + aq) y,st.... Its
elt'ect is then to give / the increment

) / ,

Again, consider a substitution which leaves y and a*.,, .rs, ..., .r,.i
unaltered, but replaces xt by

where the /3s and y are infitiitesimal constants. The consequent
increment of / is in just the same way what, in a notation which
regards y, x.2, 3's, ..., xq.\ as independent variables and re, as dependent,
would be written

but we have here to express the symbolic operators by their equi-
valents when, as in fact, y is dependent and .rl5 a*,, ...,a*,_i independent.
In other words, we have to transform the operator as in the last two
articles, taking

x2 = a4 xs = x's, ..., .r,_i = a^_j, y — y', .r, = x[,

where, on the left, ,r, is dependent, autl, on the right, 1/; and then
remove accents.
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Now, here, A = 1, 0, 0, ..., 0, 0 =—1,

0, 1, 0, ..., 0, 0

0, 0, 1, ..., 0, 0

0, 0, 0, ..., 0, 1

0, 0, 0, ..., 1, 0

and the other factor which has to be introduced as well as A"1 may,
as we saw in § 14, be calculated as the Jacobian of the old independ-
ent Greek letters (in this case £a, fs,..., £,_„ r,) with regard to the new
independent ones (in this case &, £'3, ..., £'q.j, £,'). It is then

1,

o,

o,
a?-
d£' '

0,

1,

0,

ev
a&'

o, ...,
o, ...,

o, ...,
a*,-
a s J

o,
0,

i,
dr,'

3G-I '

0

0

0

Or,

Thus wehave to substitute for £2, £g, ...,f,-i,»7,fi, their equivalents withy
j i i. > d»7 /. Or,
d e p e n d e n t — $a^~-, — f 8 ; r S •••»

oil d&

dr,' dr,' tdr)' .
.i - — , —7j -—, —Ci -—, w n e r e

2̂. Is. —i 4-i» *li î a r e t n e s a m e a s S» & •••> £«-i. f, î- Doing so, and
removing the accents which have been used only for temporary con-
venience, the aggregate of the second set of infinitesimal increments
of / becomes

In these two partial aggregates of infinitesimal substitutions,

. symbolic operators of all types £r, rj, fr^-, $, tp-ir^s), Vzr^ have
O£r v£, V$a

been introduced, every one -which has occurred, occurring once only ;
and no operators, having reference to derivatives yrtt..., of any other
kind are present. It is clear that we complete the entire aggregate
of infinitesimal substitutions by giving next ar3 its most general
infinitesimal increment, keeping a1,, a:3, ...,xq.uy unaltered; then xs
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in like manner, and so on. No new type of operator is thus intro-
duced ; but every one of each type, as above, is just once presented.
The proof for the case of a1,, which has been given, applies to all the
others with alterations of suffixes.

We thus have it clearly before us that the ?(g + l) operators
appertaining to the independent infinitesimal substitutions of the
general linear group and its extensions are

"\
(i.) one of the type —,

dy
c)(ii.) q — 1 of the type — ,

vxr

p\
(iii.) 9—I of the type xr — +£,,

dy

(iv.) one of the type y^- + 77,
dy

(v.) q — 1 of the type xr-r £r;r^,
dxr d;,

(vi.) (q-1)(q-2) of the type xr A -I, ^ (r =£ ,),

(vii.) q-1 of the type y rj -2..
ox, cls

The 9* operators appertaining to the group which consists of the
extensions only are given by (iii.) to (vii.) inclusive with the
9 8 3 , .,, ,
—, —, — parts omitted.
dy oxr ox,

As to the sub-group of the general linear group in which the
generality of the constants is limited by the one condition

A 3 K | = 1,
the fact of its having one infinitesimal substitution fewer is expressed
by the vanishing of the sum of the infinitesimal multipliers of the
g operators (iv.) and (v.). The conclusions which follow have been
stated in the latter part of § 12.

17. Let us now think of diffei*ential invariants, with a view to
arriving at a proof that the absolute differential invariants of this
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last-mentioned sub-group—an invariant sub-group (Lie) or self-
conjugate sub-group (Burnside) of the general linear group—are
identical with absolute pure q-ury reciprocants ; or, more precisely,
that absolute pure g-ary reciprocants are coextensive with these abso-
lute differential invariants of the sub-group, which are homogeneous
or entirely of odd or entirely of even degree.

Notice that it is not a necessity, but a convention, to regard the
differential invariants of the sub-group, or the pure reciprocants, as
homogeneous,* just as it is not a necessity, but a convention, to
regard ordinary invariants,f except those of a single quantic, as
homogeneous. The convention is reasonable; for the separate
homogeneous parts of a non-homogeneous differential invariant or
pure reciprocant are themselves differential invariants or pure
reciprocants, just as in the case of ordinary invariants. It will
illustrate the usefulness of our present method to prove this for
absolute differential invariants of tlie self-con jugate sub-group.

The following is an equivalence of symbolic operators for the
general linear scheme :—

u dr) t dr) & Or) _ f.,dri J . /CV . . t, drj' ,

To prove it we apply § 15. The operator which transforms into

* In the second of my papers on ternary reeiprocants the unjustifiable remark
was made (Proc. JMHII. Math. Soc, Vol. XVIII., p.157) that a ternary reciprocant is
vrcesstirUi/ homogeneous, and was based on the unjustifiable statement that this is
so for ordinary invariants of a Rystcm of binary quantics.

t An oi'dinnvy y-nry invariant or covariant (non-absolute) is an absolute invariant
of a group holohedrically isomorphous with a linear homogeneous group of q vari-
ables in which the generality of coefficients is limited by the one relation A = 1,
the special siib-trroiip of the general linear homogeneous group. For instance,
when the variables in (ff,,, «\, ..., a,) (x, >/)>' arc substituted for, according to this
special group, the group of substitutions for the coefficients involves the same
independent parumoters, and the infinitesimal transformations, namely, in the one

case y , .•>•-'-, »/-' —.»: ' , and, in the other,
ii.v i)y " <)y ?•>•

« « ~ + 2 " . , - + • • • , P"iJ
>-+(p-^)"2^-+-, P«o *-+ (P-2) «i * +.. . ,

d»i ()'<2 (>u "r'\ ""{) »"l

have the same composition. An absolute, invariant or covariant is an absolute
invariant of a group holohedrically isomorphisms with the general linear homogeneous
group.
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£' •- is, by immediate application of that article,

Or) Or) Or)

(r = l , 2 , . . . , 2 - 1 ) ,

and that which transforms into — ij is

> ^ On Or) . Ov 7

addition of which gives, by means of the linear expressions for
£„ 2̂, ..., ^_i, r) in terms of î', £,, ..., £'q.u -q', the identity which has
been written.

From this equivalence, a persistence in form of an operator, it
follows that

t Or) t Or) t Or)

is an operator which, acting on an absolute differential invariant of
a linear group, produces another absolute differential invariant. It
annihilates one of the general linear group, but not, as a rule, one of
the sub-group.

Now absolute differential invariants of the sub-group we are con-

sidering have r, + £, ̂  , rj + $2~^-, ... for annihilators (§12). Hence

the effect on any such of $,.— (for any r) is the same as that of —r).

It follows that —<p7, and consequently rj, is an operator which
generates absolute differential invariants of the sub-group from
others. Now the effect of r\ is to multiply any homogeneous function
by its degree. If, then,

is an absolute differential invariant Avith parts of degrees i,j, k, ...,
it follows in succession that

etc.,
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are also absolute differential invariants ; and, consequently, that
Hf, Hh Hk, ... separately are. We lose, then, no generality, as to
complete systems, if we confine attention to differential invariants
•which are homogeneous.

Let us now consider what a homogeneous absolute differential
invariant of our sub-group becomes when a linear substitution is
applied for which A = — 1 instead of +1 . Such a substitution may
be effected by two stages : (1) a change of sign in y, and (2) a sub-
stitution of determinant + 1 . The first stage does not alter the
differential invariant if its degree be even, but changes its sign if its
degree be odd. The second stage makes no alteration in it, being
merely the performance of a substitution for which it is invariant.
Thus a function of derivatives which does not contain parts of both
odd and even degrees, and which is an absolute differential in-
variant for a linear group for which A = + 1 , is, at most, changed in
sign by a substitution for which A = — 1.

18. In my paper " On Ternary and n-ary Reciprocants" (Proc-
Lond. Math. Soc, Vol. xvii., p. 191), the only one in which cases of n
(i.e., q) > 3 have been introduced, I gave only a provisional definition
of a g-ary reciprocant, expressing no confidence that the best form of
presentation was given. It now seems better to adopt the following
definition for the class of g-ary reciprocants which is of importance
in the present connexion. A function of the derivatives of y with
regard to «„ x%, ..., xn ..., xq.\ is called an absolute g-ary reciprocant
when it is equal, but for a constant factor, to the same function of
the derivatives of xr with regard to a:,, x3, ..., y, ..., a;,.,, for each of
the q— 1 values of r. Here y occupies the old position of xr in the
series of independent variables. The reciprocant is called pure when
first derivatives do not occur in it. All this is in strict accord with
Sylvester's definition of ordinary reciprocants. The constant factor
is either ± 1, as the conclusions which follow will establish.

We notice, first, that any absolute differential invariant, which does
not contain parts of both odd and even degrees, of the linear group
with generality of coefficients limited by the one relation A = 1, is
an absolute g-ary reciprocant. For the substitution which effects a
change of independent variable as a.bove is (as in § 16) one for which
A =—1, and the effect of this on the differential invariant is, at
most, to change its sign, by the preceding article. One which con-
tains parts both of odd and of even degrees is not a g-ary reciprocant,
but the sum of two such of opposite characters.
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We have, further, to prove conversely that any absolute pure
g-ary reciprocant is an absolute differential invariant for the Rpecial
linear group. We shall see this by showing that it has the full
system of annihilators of absolute differential invariants of the group.

The property of absolute pure g-ary reciprocants which suffices to
give the entire conclusion is that any one, and all its equivalents
arising from interchanges of the dependent with one of the inde-
pendent variables, are free from first derivatives.

That the reciprocant Bv itself (y dependent) is free from first
derivatives is expressed by saying that it has the q — 1 annihilators

fel> fe2> fc8> • • • > * 9 - l *

That its equivalent with xx dependent and y occupying the place of
xl is free from first derivatives is, in like manner, expressed by saying
that it has q — 1 annihilators which, were a;, dependent variable,
would be t t t

Now, as in § 16, these annihilators, expressed in the notation which
has meaning when y is dependent, are, respectively,

In like manner, expressing that the equivalents of Bv with
x», xit ..., xq.\ in succession as the one dependent variable are free
from first derivatives, we get q—2 other sets of q — 1 annihilators of
Bv, but no new types are introduced. So far, then, the information
is that By has

(i.) q—1 annihilators £„ £,, ..., £9-n

(ii.) q — 1 annihilators t]-^- (r = 1. 2, ...,<j —1),

(iii.) (q— 1) (g — 2) annihilators £r -2- (rj=s; r, s = 1, 2, ...,g — 1),

i.e., together g2—3 annihilators.
But each of the facts (ii.) really gives two facts of annihilation

independent of one another and of (i.) and (iii.), in consequence of By

being free from first derivatives. Consider, for instance, the

annihilation by 1/—-. The terms in the expansion of tj —̂  which
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involve the first derivative ym,_, in their coefficients must by them-
selves annihilate Rv, as otherwise operation with them would produce

terms in t] —— Rv against which no other terms could cancel. Now,

as 17 only involves t/10o in the term ym £i> these terms in 17 -%- are

ym..[£i^ +y)- Similarly as to t}-^- in general. Thus, besides

the q*—q annihilators above classified, Rv must also have

(iv.) the q — 1 annihilators £,. - +r), (r = 1, 2, ..., 5 —1).

Consequently, our supposed absolute pure ^-ary reciprocant Rlt has
for annihilators the full system of q'*— 1 operators which belong to
the infinitesimal substitutions of the group of extensions of the linear
group with generality of coefficients limited by the one relation
A = 1. Ry is then an absolute differential invariant of that special
linear group.

Accordingly, the statement that absolute pure g-ary reciprocants
are identical with those absolute differential invariants which do not
contain parts of both odd and even degrees of the special linear
group is correct.

Thursday, April 1th, 1898.

Dr. E. W. HOBSON, F.R.S., Vice-President, in the Chair.

There being only five members present, and so no quorum, no
meeting could be held.

The Chairman (provisionally) communicated the following
papers:—

An Essay towai'ds the Generating Functions of Ternariants:
Professor Forsyth.

On Systems of One-Vectors in Space of n Dimensions : Mr.
W. H. Young.

Zeroes of the Bessel Functions : Mr. li. M. Miicdonald.
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The following presents were received for the Library :—
" Proceedings of the Royal Society," Vol. LXII., NOS. 38C, 387.
"Year-Book of the Royal Society," 1896-7, No. 1.
" Berichte iiher die Verhandlungen der Kiinigl. Sachs. Gesellschaft der Wissen-

schaften zu Leipzig," v., vi; 1898.
" Beibliitter zu den Annalen der Physik und Chemie," Bd. xxn., St. 3 ;

Leipzig, 18U8.
" Balletin of the American Mathematical Society," 2nd Serie3, Vol. iv., No. 6 ;

New York, March, 189S.
" Science Abstracts," Vol. i., Pts. 1, 2 ; London, Taylor & Francis, 1898.
Rayet, G.—"Observations Pluviometriques et Thermom6triques faites dans le

Departenient de la Gironde" de Juin 189-1 a Mai 1895 ; Juki 1895 a Mai 1896,
8vo; Bordeaux, 1895-6.

" Rendiconto dell' Accademia delle Scienze Fisiche e Matematiche," Vol. iv.,
Fasc. 2 ; Napoli, 1898.

" Menioires de la Societe des Sciences Physiques et Natureles de Bordeaux,"
Tome i., Cahier 1, 2, 1895-6 ; Tome n , Cahier 1, 2, 1896. " Proces-Verbaux de
Seances de la Societe des Sciences Physiques et Naturelles de Bordeaux,"
Annce 1894-5; 1895-6.

"Comptes Rendus de la Section de Physique et de Chiraie de Varsovie,"
1895-6; 1897.

" Comptes Rendus de la Section Biologique, 1895-6," et " Proces-Verbaux des
Reunions Gencrales," Annee 7 ; Varsovie.

"Atti della Reale Accademia dei Lincei—Rendiconti," Sem. 1, Vol. TO.,
Fasc. 5 ; Roma, 1898.

"Educational Times," April, 1898.
" Annales de la Faculte des Sciences de Toulouse," Tome xn., Fasc. 1, 2 ; 1898.
"Rendiconti del Oircolo Matematico di Palermo," Tome xn., Fasc. 1, 2;

February, 1898.
"Annals of Mathematics," Vol. xn., No. 1 ; Virginia, February, 1898.
" Indian Engineering," Vol. xxin., Nos. 8, 9, 10, Feb. 19-March 5, 1898.
Nova Acta :—
" Beitriige zur Geschichte der Trigonometric," von A. v. Braunmiihl, Bd. LXXI.,

1 ; Halle, 1897.
"Nassir Eddiu Tusi und Regiomontan," Bd. LXXI., 2, von A. v. Braunmiihl;

'Halle, 1897.
"Zur Geschichte der Geometric mit csonstanter ZirkeliitEnung," Bd. LXXI., 3,

von W. M. Kotta.
(" Abh. der Kainerl. Leop.-Carol. Deutschen Akad. der Naturforschen.")

2 f
" On the Definite Integral —- e-^dt, with extended Tables of Values," by

VTIJ
Jas. Burgess, Edinburgh (Offprint from the " Transactions of the Royal Society
of Edinburgh," Vol. xxxix., Pt. n., No. 9).




