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obtain
m~lyiziw= O, lag,—ga,:ak,—ha,:gh—hg,
= bfy—fby: O :bhg—hby: hfy—fl,
=cfy—foieg—ge: 6, :fg—gfy
= beg— cbyicag—acytab,—ba,:  O;
where 0, = —fa,—bg,—ch,, = af;+gbs+he,,

0, = —afy—~gby—ch;, = fay+bgs+hey,
0, = —afy—bgy,—he,, = fas+gbs+chy,
6 = —af;—bg;—chs, . = fa,+gb,+he,.

For the point 3, we have,' of course, the same formuls, with the
suffix 3 instead of 2.

Notes on Dualistic Differential Transformations., By E, B.
Eurrorr. Received and read March 10th, 1892,

In these notes I have found it impossible not to introduce much
that is well known. I believe, however, that no one else has called
attention to the coincidences with established theories, which give
completeness to the later results of the first section, and clues towards
completing those of the second ; and I am not aware that anyone has
spent time upon the case of three indepeudent variables, considered
in Section III.

1. Transformation of Ordinary Differential Expressions.

!
If, as usual, p denote %, and p’ denote %;L,, the transformation

for » and y, in terms of z’ and v,

avthy+g _ le+by+f _ gz+fy+o
’ - - 7’ 2 ]

—p 1 pPE—y
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¢ z = y
“n - TA Y H+G(pr—y)  —Hp+B+F(po—y)
_ 1
—Gp'+F+0 (p2—y)’

where | a, A, g| and | 4, H, @| are non-vanishing reciprocal deter-
by b, f H, B, F
ok e G, F, 0O
minants, is one possessing the quality of duality; in other words,
«, o, x, y, p may replace z, y, #, ¥, p" in the formule given. The
transformation, in fact, effects polar reciprocation with regard to the

conic
az' + 2hzy + by* + 292 +2fy+06 = 0.

~ In general the transformed expressions, for second and higher
derivatives of y with regard to @, involve the variables &, 3’ themselves
as well as derivatives. This is not the case, however, if = 0 and
b =0, v.6., if the base conic be a parabola with axis parallel to @ = 0.
In such & case

.d_’y ‘i,l: —] 'g:.'

da? da’? f’ ’

Since we can at any time re-introduce the right power of

- -?- as a faotor by mere gonsideration of dimensions, we lose no real

generality by putting ¢ =1, f=-1, and so taking as our base
parabola
@ —2y+2gp+c=0.

The formule of transforma.tion_ thep become
p=p'—g, y=gp+B+pa’—y,
& =p~g, y' =gp+Bt+po—y,

where B = ¢—g% It is, of course, generally convenient to take g
and B zero.

We notice at once that y,, ys, ¥ ..., the second and higher deriva-

de’ dz’ d’

tives. of y with.rqgard to z, are merely e while
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dw d’w de .
do”’ do™ dg® "
Thus the transformation of second and higher derwatlves amounts
simply to.the interchange of dependent and independent variables in
a set of first and higher derivatives. Now, of this interchange a com-
plete theory is at our disposal. It tells us that

Yas Yty Yty +iry those of y” with regard to 2’, are

1
Y9 =—
.4 _1 d
gnd that - T ‘Ay; pd]
1 d ned
)
so tha Yy = v @7 "

To transform any function of the derivatives, it is not, however,
hecessary to substitute for all derivatives y, separately the values
thus given. We have only to adapt as above a theorem of Mr.
Leudesdorf’s (Proc. Lond. Math. Soc., Vol. xvir., p:333). The theorem
at which-we arrive from it is that, if

_apd
U=3y, dy, +10y,y4 5— dy + (153/0'.'/5'*‘10.14)”"' +..

rem

= 2 3 rel Jr Inier
med rgd (m) 1Y y * W dyyll+l

where (m),., denotes the number of combinations of m thmgs r—1"
together, and, if f denote & homogeneous isobaric function of second
and higher derivatives, of degree 7 and weight w,

T o vy ) = (=1)ws* e T (=Ya Ys» Yoy o)
~ Thus, if any differential expression is the sum of such terms as
‘P (ms y P)f(?/z, :‘/3: ?/47 ---)’

where f is homogeneous and isobaric, its dnal consists of such
corresponding terms as

(=1)¢ (p—g gp+B+pa—y, z+9) y7* ™" U f (=us Yp» Yur oo0)-

Another remark, of very comprehensive importance, to which the
simple fact we have noticed leads, is that the whole theory of recipro-
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cants has its direct application to our dualistic ‘transformation, If,
in fact,

B (31 92 Yo g")

be any reciprocant whatever, pure or mixed, and if in it we replace
each derivative by the next higher, we thus obtain

B (Y2 Y3 Yo ++-)s

a function of the second and higher derivatives which, but for a power
of y, as factor, is its own dual. In other words, such functions are
the criteria of curves whose reciprocals, with regard to a parabola with
axis parallel to that of y,, constitute the same family.

In particular, functions of vy, y,, ¥s ... without y,, or with only odd
or only even powers of #,, which U annihilates, are such functions.
They correspond to pure reciprocants, or sums of products of pure
reciprocants and odd or even powers of the first derivative.

I1. Partial Differential Expressions with Two Indspendent Variables.

1. In this, the case of ordinary three-dimensional geometry, let, as
da’ dy’ _

Two classes of transformations, expressing z, y, z homographically
in terms of p', ¢’, p'*’+¢'y'—2’, have the dualistic property, and corre-
spond to two kinds of geometrical reciprocity of surfaces. The
homographic formule bave been given by Chasles (Aper¢u Historigue,
Note xxx.) for the first class, and he has also indicated the second
class by means of its most important case. The classes ave (A) that
of transformations in which the coordinates of a point of 'a surfaco
are expressed by means of a corresponding point on the surface which
is the polar reciprocal of the former surface with regard to a fixed
quadric, and (B) the class in which the coordinates of a point of a
surface are expressed by means of the coordinates of the point of con-
tact with the surface, which it envelopes, of a plane passing through
the first point and orthogonal to” tho direction of its motion on an
instantaneous screw of given pitch and axis. ‘

usual, p, ¢ denote

(A) The formules given by Chasles for the first class are in offuot

ax+hy+gz+1 = he+by+fz+m — g +fy+cz+n — letmytuz+d
_p' _qi 1 p’x’-f—q'y'-—:' )
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@X

—dp'—Hy+G+L(p'a +qy'~7)

T.e.,

Y
—Hp'— By’ + F+ M (p'2’ +q"y' —4")

z

1
—.Iq),—AIqI+N+D (p'a:'-}-q'y'—z') ’

where |a, k, g, ! | and | 4, H, @, L| arenon-vanishing reciprocal

k, b, f, m H B, F, M

o fcn G, F,C N

l, m, n, d L M,N, D
determinants.

Of these the Monge-De Morgan formule
w = pl’ y _.-= ql, z = plzl+qul—zl
are & particular case.

(B) The general formulew for the second class of dualistic trans-
formations are found by identifying

P (E=2)+q (n—y)—(—2) =0
with  {ol+w (mz—ng)} —a) + {om+w (n5—12)} (n—y)
+{om+o (ly—mz)} (4—2) =0,
where 3, y, 7 stand for 2—a, y—b, 2—c, where

z—a __y—b__s—c

l m n

ig the axis of the screw, and vw™' its pitch. They are of the form

—pl — _q’ — 1 — z’—p'zl—q'yl
mz—ay+A  nx-lzt+u  l—mz+v  Aztpuytvz

which may be written
z = y
vy’ +p—1("—p'c"—q'y) - —vp'—A—m (z'—p'z’—q'y’)
= z _ 1
T up A =n(Z —p'T’—q'y)  Ip +mg —u
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The only restrictions upon the constants are that they be finite and
such that IN+mp+nv, i.¢., vo~), do not vanish.

The included transformation discussed by Chasles is
w —- ql, y = .__pl, z = zl~_pla:l_qul‘

2. Regarding Class (A) first, I have considered the transformation
of second and higher derivatives only for the included cases where
&', y', 2" are linear in p, g, px+qy—=z. With altered notation we have

@ = ap’+hg'—g,
y=lp' +bg'—f,
z=gp' +fg +o+p +qy' -7,
leading to 2 = ap+hg—g,
y = hpt+bg—f,
7 = gp+fetotprtqy—z
We have at once

A2 U) _ (hm ('t —s?) = 1
L@, y) - @Y= = ey

dz d dz d%F d% d7

;:;:l‘e 7, 8 t, T’, 0’, t, denote "i':;‘, E;ay, @?,v Em—q, m,, ‘E,,—z, 80

(ab=1% (rt—8*)(+'t' —s™) = 1.

‘We have also, since
du __ d(u, y') d(z, y)

da’~ d(zy) d@,y)’

du _ d(2, w) d(2.9)

&~ Ay A6y

the operator equivalents, sufficing to produce derivatives of any

order from those of the order preceding,

d ' 1 d d }
- S & — u
de’ (ab—h*)(rt—+s") { (hs +-20) dz (hr+b) dy )’

and

d 1 d d }

—_—— 4 hg) — — ht)— ¢ .

Ay~ (@b—F)(rt—s) {(‘“'" W) gy (@) g,
VOL. XX111.—NO. 442. o



194 Mr. E. B. Elliott on [March 10,

By use of these, or by the method of Forsyth’s “ Differential Equa-
tions,” § 242, we readily obtain

, 1 Kr +2hbs + bt

T T @Iy T =
f— 1 ahr+ (ab+h?) s+ hbt
(ab—h3)*’ rt—g !
, 1 a’r + 2ahs+ ht

b= (ab—0%)" rt—s

whence the derivation of the transformed values of higher derivatives
is direct, though soon laborious.

3. The Monge-De Morgan case
¥=p Y=g F=petey—s
or the very slightly more general
o =p—g, ¥y =q—f F=gp+fgtetpztqoy—s
s=p'—g y=g'—f 5=g8+fg +o+pT +qy 7,

which is that of reciprocation with regard to a paraboloid of revola-
tion ‘with its axis parallel to that of z, is of special interest; and here
a contact with an existing theory affords, as in the corresponding case
in Section L., a means of elaborating many interesting results.
We notice, in fact, that the second unaccented derivatives are
de’ da’ __dy' dy’
merely T d—y::i-i, (—l‘j'
derivatives are gf,, %E g—:f-,, gg,; and generally that the theory
of the expression of the second and higher derivatives of 2’, with
regurd to 2’ and ¢’ in terms of those of s with regard to x and v, is
included in the theory of the interchange of the depondent and the
independent pairs in functions of the first and higher partial deriva-
tives of ono pair of variables with regard to another pair of which
they are regarded as functions. A paper by the present anthor on
this latter theory will bo found in the Proc. Lond. Math. Soc.,
Vol. xxiw, pp. 79, &e. Tt must be remembered that the theory whose
‘applicalion to the purposes of the present arvticle is immediate is
included in, but less gencral than, that developed in the paper referred

and that the corresponding accented
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to. The faoct that, as above noticed, % = %’;, has nothing ocorre-

dm‘-n-lm' dm+n-l y' ¢
dzm—ldyn an dwm dyu—l o!

m+nz

dz™dy" .

sponding to it in the paper quoted. The

that paper have here both the same meaning, namely,

.. dnu—n-la: ,lm+n-l y dm+v| Z’
Similarl d s t —_
imilarly pREE an T dy T both mean T g

For instance, what is given by the last result of the paper is that
4 (zsozu‘—z:l)(zn zos_zfz) — (225 —2n212)%

the discriminant of (h 2

dx
as factor, unaltered by our dualistic transformation, ze., is the
criterion of a family of surfaces whose polar reciprocals, with regard
to a paraboloid with axis of revolution pavallel fo the axis of 2, are
surfaces of the same family. The fact is otherwise at once clear from

the equalities, written down by the means already described,

8
+I'%) z, is, but for a power of rt—s*

2o = { %0 — 382+ Bstizy — 02} +,
g = { =%+ (2rst+ 5%) my— (rl? + 25°) 2y Fst2y } +,
gy = {r'szg— (25" +07t) 55+ (2rst+5°) £ — sz}
2y = { — 13205+ 3772, — 3152y, +s”zso} -,

the common denominator being (rt—s*)%.

The transformed expressions for higher derivatives are deduced by
aid of the operator equivalences

d 1 'f(l d}‘

de’ = VRCh B M dy

d 1 { dod ]
=y =g
dy’ rt—s U dy  de

Elementary absolute self-dual functions are
(rt—s?)"ds, (rt—=§)"(r+1t), (vt=s)"1(r—1),

of characters —, 4, — respectively; and, u, v being any two abso-

o2
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lute self-dual functions, another is

"o d(u, v
(7't'-8) ‘mz%.

We may, for instance, conveniently take for » and v the two

T—f-tin the first place, and successively afterwards others derived

from those two.

4. For the linear case of Class (B);
o’ = hq+yg,
y =—hp+f,
z' = gp+fe+z—ps—qy,

which is cnly in appearance more general than that of Chasles,

we have B (rt =) (r't' —67) =1,
R S S | 1
and C R =

d

a__1 (.4 _ 9_}
We have also pr il N T {rd” 8da: ,

and

4L _fd_ 4}
dy ~ hri—) \'dy  da
Hence, quite readily,
2 = { —5%y,+ 32y — 3s1*23+ 20 } =,
2y = {—stoy+ ("4 2rst) 25— (2rs’ +7%) 2y +1%s2, } +,
7y = {— s+ (2" +1t%) 2 — (205t +5°) 29+ 78%2} +,
20 = { — 2+ 35z, — stz + 5% } +,
the common denominator of all four being h*(rt—s")"
If & be unity,
(rt—&)"Vr, (rt—38)"s, (rt—5")"4t

arc elementary self-dual functions, absolute, and all of negative



1892.] - Dualistic Differential Transformations. 197

character. From any two such, % and » say, we can at once derive
another of higher order, viz.,

—g)-18(u v)
(rt —s*) ld(w,y)'

For instance, we may, in the first place, take % and % for « and v.

II1. Partial Differential Bapressions with Three Independent Variables.

1. If « is a function of three variables =, ¥, z, and if p, ¢,  denote
du du du
de’ dy’ dz
those of Class (A), Section 1L, are with ensc developed. In what
follows attention is confined to those “in which new independent
varinbles #’, 4, 2 are expressed linenrly in terms of p, q, r and
pe+qy+rz—u. They are

now , dualistic formule of transformation analogouns to

¥ =ap+hq +gr—|,

y =hp+bq +fz —m,

?=gp+fq +ez—nm,

u" = lp+mq+nr+(l+pm+qy+'r:—u.

Without real loss of gonerality, we may pnt z, 2, vy, vy, 2z 2 for
z+1, " +1, y+m, ¥y +m, 245, 2 +n, and writo

& = ap+lg -+,

¥ =hp+bq+fz,

Sy by b,

w' = paetqy+rz—u+d,

of which the firgt three, otherwise written, areo

Ap = Aa'+ 11y’ + G,
Ay = 1l + By 4+ 1%,
Ay oz R Iy -

where A, I, €, I, @, JT are the minors corvesponding to a, b, ¢, f, 4, h



198 Mr. E. B. Elliott on [March 10,

in the non-va nishing determinant

A=|a, b ¢
hv b) f
g, fHoe

By differentiation of «', we have
Pz’ +q'dy’ +7'd2’ = adp +ydg+2dr
= % {42+ Iy + Gz) do’ + (ITa+ By + Fz) dy’ + (Gw+Fy + Cz) dz'};

from which it follows that
Ap’ = Az + Hy+ Gs,
Aq’ = ITz+ By + Iz,
Ar' = Qz+ Iy + C,
which, with
= prtqy+rz—u’ +d
= 713- 3.(Ax’+ Hy' + Q") (ap’+ hq' + g1 ) —w' +d
=p’ml+qul+‘rlzl_u,+ d,
show that the duality is complete.

2. Let 2y, %4 ..., %, 2, ... denote the second derivatives
d*n  du d

Ty s eeey =31 550 40 e ond let
de?’ dudy’ U dx’ da'dy s and fe

J=]uy, gy wygl,
Tgyy gy, Mgy

I"’an Uggy Mgy

a determinant whose minors will be called J,, Jiy ... . Moreover
I, T, Ty ... are the like functions of accented derivatives.

By differentiation of &, ¢/, 2/, we obtain
do’ = (a2, + hat gy + ) de+ (aaugg + bty + grtys) dy + (@it + haegy + grayy) dz,
dy’ = (T + buyg + fug) de + (Bugg + batgg +f1ey) Ay + (htigg + bitgy + frigy) dz,
dz’ = (guy + fuyy +crys) de+ (g + frosg + crig) Ay + (gresg+ frigg +cugy) dz.
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Dualistic Differential Transformations.

We have also, by differentiation of Ap’, A¢’, A7,

A (unds +uj,dy’ +uiydz’) = Adz+ Hdy+ Gdz,.
A (uipdz’ +upndy’ +uyds’) = Hde+ Bdy+ Fdz,
A (upyda’ + undy’ +usdz’) = Gdz+ Fdy+ Cdz,

199

which give other linear expressions for dz’, dy’, d2’, in terms of dz
The identification of these with the former gives at once

dy, dz.

These

&) (auy, +huy+gug) = AJ5 + HIp+ G,
AT (huy +bug+fuyy) = ATy + 11T+ Gy,
AT (guy +fwn+ouy) = Adi+ 1T+ Gy,
AT (g + hwg +gugg) = I} + B+ P,
AT (R + bitgy+ fug) = ILT,+ BJ,+ BT,
AT (g, +frgy +cuy) = HIy+ B+ T3,
AT (@t + hatgg + gugy) = GJ7y + FJl+ C T,
AT (htyg+ by +frey) = AT}y + I+ Oy,
A (gug+ fugs + cug) = GJi+ T+ Cli,

express for us «,,, w,, ... in terms of J' and its minors.

give us, in fact,

A 'uy, = AT + CAITT + 2A QT s+ I8, + 211G T + GMT,
AW ugy = HJ}, + 21T}, 4 2 F T+ B3y + 2B T 3y + F:J,
ALy, = AT, 4+ 2O P T+ 20T, + T, + QFOT, + O,
A wyy = AT} + (AB+ II°) Ji,+ (AI'+ GLL) T3+ BILJ,
+ (IIF+BG) Jy+FQT;,
A'uyy = AGT) + (AF 4+ GH) J},+ (AC+ G*) T+ HIT,
+(CII+ FQ) T+ CQJy,
A'uy = GHJ 4 (BG+ OF) Jjy+ (CIL+ FQ) T+ BT,
+ (BC+I") J+ CI'V3,.

They

We may bricfly express tho facts arvived at by saying that the
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linear transformation
a = ad'+h3"+gv),
B=ha'+1B'+fy,
'y =-ga’+fﬁ'+c-y'

produces - {Taa+ T+ Ty +2Ta8'y +2Tuy'a + 2T B},

as the equivalent of
Ugy @ 2090 37 + 2055 Y + 200 By + 2105y + 200903,
One conclusion hence is that
AT =1;
and this might at once have been written down by noticing that

d (&, 9, z‘:) = Al
d(z, vy, 2) !

d(z, y, 2) ,
d eV =l = rT.
an d(, vy, 7) A

8. A few words as to the particular dualistic transformation

¥ = p,
'—
Y=
’

=,

u'=pe+qy+rz—u,

which, as in Scction II., 3, may be given an apparently slightly more
general form, will conclndo the present paper. The formule of
transformation of second derivatives become now

Ty Uy Tyt Ty My ]

VAR A A A

- '»711 — '_Il! — "I-’I — J:z*.' 'r‘.’:l — 'Ig_l .

, , , B 7
"n W Uy W M Uy

As an example of couclusions avrived at it may bo noticed that
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every solution of an equation linear in wu,, u,, &c., corresponds to a
solution of a corresponding equation linear in Jj,, Ji,, &e.

In particular, to every spherical harmonic, or solution of

du  du  du_

a0

corresponds a single solution of

[ d*w d'u d®u \? }
siduau_ (anw ') _ 9
{dm” dy? (da;dy)
For instance, = (2*+y*+2") "¢ = p~! is a spherical harmonic. The

corresponding solution of the dual cquation last written is obtained
from

¥ =pr+qytrz—u=— 2p!
= =2 (2" +y"+)
Thus «" = p't is a solution as required.

More generally, let «, be a spherical harmonic of degree . It is
homogeneous in =, y, 2. A corresponding solution «’ of the dual
equation is given by

o = P
T ds’
Y
Yy = dy’
2 = W
dz '

' =(n—1)u,

= 8 homogeneous function of degree ina’,y, .

»
n—1

Thus the degrees n, #’ of the spherical harmonic and its dnal are

1

connected by the relation 1 + —=1. Moreover, to the relation
n "
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m+mn, = — 1, connecting the positive and negative degrees of two
associated spherical harmonics, corresponds the relation

3nyng—2 (ni+ny)+1 =0,
/
connecting the degrees of two associated solutions of the dual equa-
tion. Such two associated solutions differ by a factor which is a

power of (Z—:;)’+ (‘3}')2-# (Z—;‘;)B, where %’ is either of the two.

On certain Quartic Curves of the Fourth Class and the Porism of
the Inscribed and Circumscribed Polygon. By R. A. RoBERTS.
Received March 8th, 1892. Read March 10th, 1892.

In a former communication to the Proceedings of the Society, I
showed (sce Vol. xvr, p. 563) that for certain plane curves of the
fourth degree there existed au infinite number of polygons simul-
taneously inscribed in and circumscribed about the curve; and I gave
the menns of dctermining the parameter in the equation of the curve

in the same way as Professor Cayley has done for the similar problem
of two conics, namely, by equating to zero determinants formed by
the coefficients in the expansion of a radical expression. It may be
worth while, however, making the investigation directly, with the use
of the clliptic integrals by means of which the results are arrived at.

In the place referred to, I showed that the curves are unicursal
and possessed of two cusps and a node. Slightly altering the nota-
tion, T write the curve now

(zy + 2w — yz)! —m 2y = O,

wheve az, yz ave the cusps, and ay 4s the node. This equation, it is
easy to verify, is satisfied by taking

2=1—0—mb, y=06Q—0—nd), z=26,
where 0 is a paramcter.  Ience, if a line

A +py+vs =0



