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obtain

~:y :z:w= G, '.ng%—gai:ahi—'ha%:ghi-'hgi,

= ty% — A i : ©s : Wh—hbt: hf% —fhit

= c/9 —fc%: cg%—gc%: 6 8 : fgt — p/ , ,

= icj— cb%'.ca% — aCj'.abj—iaa: G;

where Qi = —/a,—6gr,— ch3, =

9 , = —afs—gbt—chst =

G, = — a/,—bgt—hcv =fai+gbi+chi,

Q as - a/3—6gr9—cft8, = / a s + gb3

For the point 3, we have, of coarse, the same formulae, with the
suffix 3 instead of 2.

Notes on Dualistic Differential Transformations. By E. B.

ELLIOTT. Received and read March 10th, 1892.

In these notes I have foand it impossible not to introduce much
that is well known. I believe, however, that no one else has called
attention to the coincidences with established theories, which give
completeness to the later results of the first section, and clues towards
completing those of the second ; and I am not aware that anyone has
spent time upon the case of three indepeudent variables, considered
in Seotion III.

I. Transformation of Ordinary Differential Expressions.

If, as usual, p denote -^ , and p' denote - ^ , the transformation
dx dx

for z and y, in terms of x and y',

ax-f hy-f g _ hx + by+f _ gx+fy+o
—p' 1 ~~ p'x'—y *
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-Gp' + F + Oip'x-y')'

are non-vanishing reciprocal deter*

minant8, is one possessing the quality of duality; in other words,
»'» y\ a>» y, p may replace x, y, x, y\ p' in the formulae given. The
transformation, in fact, effects polar reciprocation with regard to the
conic

= 0.

In general the transformed expressions, for second and higher
derivatives oiy with regard to x, involve the variables «', y'themselves
as well as derivatives. This is not the case, however, if h = 0 and
6 = 0, i.e., if the base conic be a parabola with axis parallel to x = 0.
In such a case

dx* dx'% f '

Since we can at any time re-introduce the right power of

- y asa faotor by mere consideration of dimensions, we lose no real

generality by putting a = 1, / = — 1, and so taking as our base
parabola

The formulae of transformation then become

» = p'—g, y = gp'+B+p'x'-y't

where B — c—g%. I t is, of course, generally convenient to take g
and B zero.

We notice at once that ytt yt, yit ..., the second and higher deriva-

tives. of y with regard to x, are merely - - , —-, —T, ..., while
ax axr ax
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/ / / i i . ( • . . i i > dx dx diX

y» 2/»> 2/<, ...» those of y with regard to a, are —„ ^ 3 , —%, ... ,
Thus the transformation of second and higher derivatives amounts
simply to the interchange of dependent and independent variables in
a set of first and higher derivatives. Now, of this interchange a com-
plete theory is at our disposal. It tells us that

1
2/3 = —Ft

y»
j u. i. d i dand that T" = —r -7-7;ax ,ya dx

xv. * ( I d V " ' flso that y»= - 7 7 7 I—\y% dxJ \yt

To transform any function of the derivatives, it is not, however,
necessary to substitute for all derivatives yn separately the values
thus given. We have only to adapt as above a theorem of Mr.
Leudesdorf's (Proc. Lond. Math. Soc, Vol. xvn., p.-333). The theorem
at which-we arrive from it is that, if

dy0

= 2 2 (m)r-1«/rym-r+
dymi

where (m)r.i denotes the number of combinations of m things r— 1
together, and, if / denote a homogeneous isobario funotion of second
and higher derivatives, of degree i and weight w,

Thus, if any differential expression is the sum of such terms as

2 / 3 , y't> - • • ) .

where / is homogeneous and isobaric, its dual consists of such
corresponding terms as

(-1)> (p-9, gp+B+px-y, xi-g)yre-ll^uf(-yit yt, yt, ...).

Another remark, of very comprehensive importance, to which the
simple fact we have noticed" leads, is that the whole theory of recipro-
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cants has its direct application to our dualistic transformation. If,
in fact,

be any reciprocant whatever, pure or mixed, and if in it we replace
each derivative by the next higher, we thus obtain

a function of the second and higher derivatives which, but for a power
of I/, as factor, is its own dual. In other words, such functions are
the criteria of curves whose reciprocals, with regard to a parabola with
axis parallel to that of yv constitute the same family.

In particular, functions of y.A, yit y6, ... without yi} or with only odd
or only even powers of y%, which U annihilates, are such functions.
They correspond to pure reciprocants, or sums of products of pure
reciprocants and odd or even powers of the first derivative.

II. Partial Differential Expressions with Two Independent Variables.

1. In this, the case of ordinary three-dimensional geometry, let, as
, , , dz dz

usual, p. a denote -—, — .•
dx dy

Two classes of transformations, expressing xt y, z homographically
in terms of p', q', p'x' + q'y'—z', have the dualistic property, and coire-
spond to two kinds of .geometrical reciprocity of surfaces. The
horaographic formulae have been given by Ohasles (AperQtt Historique,
Note zxx.) for .the first class, and he has also indicated the second
class by means of its most important case. The classes are .(A) that
of transformations in which the coordinates of a point of a surface
are expressed by means of a corresponding point on the surface which
is the polar reciprocal of the former surfaco with regard to a fixed
quadric, and (B) the class in which the cooixlinates of a point of a
surfaco are expressed by means of the coordinates of tho point of con-
tact with the surfaco, which it envelopes, of a plane passing through
the first point and orthogonal to tho direction of its motion on an
instantaneous screw of given pitch and axis.

(A) The formulee givou by Chasles for the first class are in effect

ax + hy + gz + l _ hx + by+fz + m _ gas +fy + cz + n _ Iv. + my + nz + d
—p —q 1 p'x+q'y'—z'
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i.e.,
Ap'-H</+G + L (p'x'+q'y'-z)

V

_ __

~^Gp—Fq'.+ C+N (p'x + gy~«0
1

-Lp'-Mq'+N+D (p'x+q'y'-z)

where a, h, g, I and A, 27, G, L are non-vanishing reciprocal

h, 6, / , m H, 2?, 2 ,̂ JfcT

g, / , c, n G, F, 0, N

I, m, «, d L, M, N, I)
determinants.

Of these the Monge-De Morgan formulae

* = P'I y = g\ .* =

are a particular case.

(B) The general formula) for the second class of dualistic trans-
formations are found by identifying

with {vl + u> (jnz—ny)} ({—a?) + {t>m + w (was—&)j(ij—y)

+ {yn + w (Zy—wi)) (i—z) = 0,

where a5, y, 2 stand for «—o, y—6, «—c, where

a;—a y—6 z—c
I m n

is the axis of the screw, and vu>~1 its pitch. They are of the form

—p' _ —q' _ 1 _ z'—p'x'—q'y'
mz—ny-\-\ nz — lz+fi ly—mx+v \x+py-\-vz '

which may be written

x 1/
wi'+/J—^ iz' ~v'x' ~i'y) — v p—^— m (z'—p'x'—q'y')

z

' — \q'—n{z' —p'x'—q'y') lp' + mq' — n



1892.] Dualistic Differential Transformations. 193

The only restrictions upon the constants are that they be finite and
such that IX + mfi + nv, i.e., w"1, do not vanish.

The included transformation discussed by Chasles is

aj = g', y = —p', z = z—p'x'—q'y'.

2. Regarding Class (A) first, I have considered the transformation
of second and higher derivatives only for the included cases where
so, y, z' are linear in p, q, px + qy—z. With altered notation we have

x = ap' + hq'—g,

y = hp' + bq'—f,

z = gp'+fq'+c+p'x' + qy'—z,

leading to x = ap+hq—g,

y = hp+bq—f,

z — gp+fq + c+px + qy—z.

We have at once

d{x',y') v

. 4 , , ., A . dh dh dlz dV dV dV
where r, a, t, r,s,t denote - - , -—- , — , . -—-, -z-rj-,, r-^, so
,1 , dx dxdy dy dx dx dy dy

(ab-h*)* (rt-a^ir't'-s*) = 1.

We have also, since

du _ d (it, y') dfx, y)
dx' d (x, y) d (x, y') *

, du _ d (V, u) d (x, y)
dy d (x, y) d{x,y)

the operator equivalents, tufficing to pioduce derivatives of any
order from those of the order preceding,

d\
dyy

d I 1
dx'~ (ab-K^Crt-J) i

d _ 1 |
dy' (ab-K^irt-s*) 1

VOL. XXIII.—NO. 442.

\(hs + b t ) f -
I dx

' (ar + hs) d

1 {™ i8) dy
0

~ •] .
dx)
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By use of these, or by the method of Forsyth's " Differential Equa-
tions," § 242, we readily obtain

rb-s1

ahr+fa

* = = 7 I T5Ts * 1 i '
(ao — h) rt—s

whence the derivation of the transformed values of higher derivatives
is direct, though soon laborious.

3. The Monge-De Morgan case

or the very slightly more general

x' — p—g, y'—q—f, z'=gp+fq + c+px + qy—z,

x = p'—g-, y = q~ji *• = gp'+fq'+c+p'x'+q'y'—zf,

which is that of reciprocation with regard to a paraboloid of revolu-
tion with its axis parallel to that of z, is of special interest; and here
a contact with an existing theory affords, as in the corresponding case
in Section I., a means of elaborating many interesting results.

We notice, in fact, that the second unaccented derivatives are

merely — , — =-^- , '-^-, and that the corresponding accented
ax ay ax ay

derivatives are • —, —;=-^> , , > and generally that the theory
ax ay d.c ay

of the expression of the second and higher derivatives of z', with
regard to x' and y in terms of those of z with regard to x and y, is
included in the theory of the interchange of the depondent and the
independent pairs in functions of the first and higher partial deriva-
tives of one pair of variables with regard to another pair of which
thoy arc regavded as functions. A. pnpor by the present author on
this latter theory will bo found in the Proc. Lond. Math. Soc,
Vol. xxu., pp. 70, &c. It must be remembered that the theory whoso
application to Mic purposes of the present article is immediate is
included in, but less general than, that developed in the paper referred
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to. The faot that, as above noticed, -r- = -T-% has nothing
dy dx

sponding to it in the paper quoted. The r—• and
r dxm-ldyn dxmdy"

Jm+n _
that paper have here both the same meaning, namely, —-—-•

dm+"z'Similarly -r-t—rr~r a n d -r-7—, , "-7 both mean —; —.
* dxm-ldy'n dxmdy'n-x dx"ndy'n

For instance, what is given by the last result of the paper is that

t h e d i s c r im inan t of [h-— +k—) z, is , b u t for a power of rt—s*
\ dx dyl

as factor, unaltered by our dualistic transformation, i.e., is the
criterion of a family of surfaces whose polar reciprocals, with regard
to a paraboloid with axis of revolution pai'allel to the axis of z, are
surfaces of the same fnmily. The fact is otherwise at once clear from
the equalities, written down by the means already described,

z!n= {- rs\, + (2rst + s*) zn - (ri2 + 2sH) ziX + si%0] +,

the common denominator boing (ri—52)8.

The transformed expressions for higher derivatives are deduced by
aid of the operator equivalences

d I i . d d
= 7. \ t . - — & • -dx rt — s1 ( dx dy

d 1 ( . d d
dy' rt — s2 [ dy dx

Elementary absolute self-dual functions are

(r«-«8)"» s, (r/-.s2)-» (r + 0, (H -s8)~» ( r -*) ,

of characters —, + , — respectively; and, M, V being .any two abso-
o 2
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lute self-dual functions, another is

d (x, y)

We may, for instance, conveniently take for u and v the two

in the first place, and successively afterwards others derived

from those two.

4. For the linear case of Class (B),

»' = hq+g,

y = — A P + / I

z =gp +fq+z —pz - qy,

which is cnly in appearance more general than that of Chasles,

we have h* (r*-sJ)(rY-s '2) - 1,

A r' _ « ' _ * ' _ ! 1and — —. — ~ry. „.
r s t fir rt—s*

W e h a v e a l so - — = — — — ^ - i r - — « T - ) - ,
dx h [rt -s") \ ay ax)

d d = 1 (c
d —t d }

dy hfrt—s*) \ dy dx)

Hence, quite readily,

z'n = {-sPza+VsH+rt*) zn-(2rst + s*) 213

the common denominator of all four being h*(rt—«J)8.

If ^ be unity,

(r<-sa)-«r, (r<-sJ)-*«, (r^-«J)~*<

arc elementary self-dual functions, absolute, and all of negative
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character. From any two such, u and v say, we can at once derive
another of higher order, viz.,

For instance, we may, in the first place, take — and — for u and v.

III. Partial Differential Expressions with Three Independent Variables.

1. If u is a function of three variables x, y, z, and if p, q, r denote

now -—, —, —-, dualistic formulro of transformation analogous to
ax ay dz

those of Class (A), Section II., are with ease developed. In what
follows attention is confined to those in which new independent
variables x\ y\ z ai'C expressed linenrly in terms of p, q, r and

—u. They arc

+gr—I,

y —hp-\-bq +fz —w,
z> — 9P+fa +cs—n,

u = lp-\-mq-\-nr-\-d-\-px-\-qy + rz — n.

Without real loss of generality, wo may put x, x', y, y', z, z for
x + l, x' + l, y + m, y'+ in, z + n, z' + n, and writo

X

y

-'

n'

of which the first three,

= ap + hq + gz,

= hp + hq+fz,

— UP \ j ' l I ' - .

= px +'/ y + rz—u + d,

otherwise written, Jiro

±p = Ax+lly'+Gz,

Ar — (!/ (- F,j -I- ('/.-',

wliero A, 11, 0, F, G, / f a r o the minors r.drro.spoiiding to <t, It, r, f, y, It



198 Mr. E. B. Elliott on [March 10,

in the non-va nishing determinant

A = a, h, g

K b, f

Sr» / i c

By differentiation of u', we have

p'dx' 4- q 'dy'+r'dz' = xdp + ydq + zir

= i {(4z + ny + Gz) dx' + (JIx + By f Fz) dy' +(Gx + Fy + Gz) dz'};

from which it follows that

Ap' = Ax+Hy + Gz,

*q' = IIx + Vy+Fz,

Ar' = Gx + Fy +Cz,

which, with

= -^- 2.(Ax+Hy'+Gz')(ap+hq'+gr')—u'+d

= jp'a;' + j'y'+T'Z —u' + d,

show that the duality is complete.

2. Let, uu, uw ..., u'u, u[2, ... denote the second derivatives
d?n d?u il?u <l2u' , ,

dx'2' dxdy' ' dx'z' dx'dy"

J =

a determinant whoso minoi-B will be called / n , Jw ... . Moreover
J\ '̂ I'IJ -Ki> •-• are the like fnnctions of accented derivatives.

By differentiation of x\ y', z\ we obtain

dx = (nun 4- htt „ + flfttls) ̂ a; 4- (aun 4- 'i«2, + gu^) dy + ( ann + 7m28 4- guM) d>z,

dy' = (hun 4- &«is +/"i 8) dx 4- (AM194- 6«22 +faiS) dy + (huw + hua4-/«M) &zi

dz = (gun+fuyi+cn13) dx+(gnu+fu.,1 + cu23) dy+(guii+fnu+cu33) d:.
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We have also, by differentiation of Ap', Ag', A/,

A (u'ndx +uiidy'+u[3dz) = Adx + Hdy + Gdz,

A (u[2dx'+Undy' + u'23dzf) = Hdx + Bdy + Fdz,

A (ti'isdx' + u^dy'+u'^dz') = Gdx + Fdy + Cdz,

which give other linear expressions for dx\ dy\ dz\ in terms of dx
dy, dz. The identification of these with the former gives at once

A,7' (<m

A , / ' C ' M i i u y w ) ii

A.r (gf?in +/«!«+CM,,) = ^Ji's

.r (A.«I8+6MH +/%,) = njy,+J//2;+F.T.:,,

^/• ' (oMu + ZMigs + flrttja) = (7,7',

A.7 ' (r/w,, +/«

These express for us uw «,3, ... in terms of >P and its minors. They
give us, in fact,

A \J'uu = A\Tn 4- 2^17/;, + 2 A QJ'a 4- 2Z9^2 + 21TG.K, 4 G9^,,

A2/«12 = yl/ZJn 4- (ill?4-IT.2) J,'2+ (AF+ Gil) J'^

P) J'l2+(CII+FG) .T'n
+ (BC+F2)J.;3+

We may briefly express tho facts arrived at by saying that the
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linear transformation
a = aa' + A/3'+ gy\

produces y {JW + rn^ + J

as the equivalent of

«ii «2 + ur.ft + us3y2 + 2'Wty + 2tt,sya + 2u,9a/3.

One conclusion hence is that

AVJ' = 1;

and this might at onco have beon written down by noticing that

d (x, y, z) _ ^j
d (x, ?/, z)

and A(^^).=A,r.
d(x,y,z)

3. A few words as to the particular dualistic transformation

x = p,

V = ?>

z = r,

xi = px + qy + rs—it,

which, as in Section II., 3, may be given an apparently slightly more
general form, will concluclo the present paper. The formula) of
transformation of second derivatives become now

!iu =; "12 = ?*!» — n« =
 un — % — . 1_ = ^

"11 "12 "13 "'J2 " W " M •'

__ 'M l __ f ' l 2 _ 'MS _ . 1:22 __ ''23 __ ^ M

7{|'j 7tJ._, 1l.'yx n'v. It',;; 1l'a

As an example of conclusions arrived at it may bo noticed that
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every solution of an equation linear in ulv uw &c, corresponds to a
solution of a corresponding equation linear in J[u JJj, <&c.

In particular, to every spherical harmonic, or solution of

d*u d^u d?u _ 0

dx* dy* dz> " '

) = 0

corresponds a single solution of

2 i*H ^-(J
I dx2 dtf \dxdyl

For instance, u = (x2+yi+z')~i = p"1 is a spherical harmonic. The
corresponding solution of the dual equation last written is obtained
from

x = p = — ay>~3,

y' = q = - yp~'\

z -=zr •=• — zo~3,

xi = px+qy + rz—u= — 2p~'

Thus tt' = p'1 is a solution aa required.

More generally, let uH be a spherical harmonic of degree n. It is
homogeneous in x, y, z. A corresponding solution u of the dual
equation is given by

dun

u dy

, _ dun

dz

u = (n— 1) un

= a homogeneous function of degree —— in x'f y\ z'.
n — 1

Thus the degrees «, ri of tho spherical harmonic and its dual are

connected by the relation 1 r = 1. Moreover, to the relation
n n
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= — 1, connecting the positive and negative degrees of two
associated spherical harmonics, corresponds the relation

3n{ni-2(n[ + i4) + l = 0 ,
/

connecting the degrees of two associated solutions of the dual equa-
tion. Such two associated solutions differ by a factor which is a

power of (f-^) + ( ~) -f- (JT), where u is either of the two.
\dx I dy / \dz I

On certain Quartic Curves of the Fourth Class and the Porism of

the Inscribed and Circumscribed Polygon. By R. A. ROBERTS.

Received March 8th, 1892. Read March 10th, 1892.

In a former communication to the Proceedings of the Society, I
showed (see Vol. xvi., p. 53) that for certain plane curves of the
fourth degree there existed an infinite number of polygons simul-
taneously inscribed in and circumscribed about the curve; and I gave
tho means of determining the parameter in the equation of the curve
in the same way as Professor Cayley has done for the similar problem
of two conies, namely, by equating to zei'o determinants formed by
the coefficients in the expansion of a radical expression. It may be
worth while, however, making tho investigation directly, with the use
of the elliptic integrals by means of which the results are arrived at.

In the place referred to, I showed that the curves are unicursal
and possessed of two cusps and a node. Slightly altering the nota-
tion, I write the curve now

(xy + zx — yzy—mWxy = 0,

where xs, yz are the cusps, and xy is the node. This equation, it is
easy to verify, is satisfied by taking

a- = 1 -tf-md, y = 62 (1 -03—mfl), z = 6\

whero 0 is a puranicjbor. Hence, if a lino

vz = 0


