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The present paper deals with a theorem analogous to the theorem
that: Every plane cubic which passes through eight fixed points must
pass through a ninth. It will be proved that a very similar theorem
exists for plane bicircular quartics, and for twisted quartic curves,
and, as might be expected, the theorem leads to as many, if not more,
interesting results than the one for the cubic. It has been thought
advisable to state for circular curves the corresponding theorems to
those which are given in Salmon ("Higher Plane Curves," §§30-34)
for ordinary plane curves, although of course the former may be easily
deduced from these. And it should be stated that a.circular curve of
the 2»th order is always understood to mean a curve of order 2n,
having each of the circular points at infinity as multiple poiuts of the
n^ order.

The paper is divided into three sections: in the first are given the
general theory of the intersection of circular curves; in the second
section a particular theorem relating to plane bicircular quartics is
developed; and in the third section the corresponding theorem for
twisted quartics is proved independently, and it is explained how the
particular theorems in the second section may be translated so as to
apply to twisted quartics.

General Theorems on Circular Curves, §§ 1-4.

1. The general equation of a curve of the 2nth order having
multiple points of the »th order at each of the circular points, is of
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the form

where ur and vr are homogeneous expressions of the rth degree in »
and y.

Such a curve is determined when we have given

i.e., n(n+2) points.

2. Two circular curves of the 2wth and 2nth orders intersect in
2mn points, excluding the circular points. Hence it follows that
every circular curve of the 2»^ degree which passes through
n(n + 2) — 1 fixed points must also pass through (w—I)2 other fixed
points.

We may also deduce the theorem : If of the 2»* points of intersection
of two circular curves each of the 2»th order, 2np lie on a circular
curve of order 2p, the remaining 2n (n—p) will lie on a circular
curve of order 2 (n—p).

3. Again, every circular curve of the 2wth order which passes
through 2np— (p — l)a points on a circular curve of order 2p (p being
less than n) meets this curve in (p—l)s other fixed points.

For through any other (n— p)(n— p+2) points on the curve of
order 2w we can draw a circular curve of order 2 (n—p), and this, with
the curve of order 2p, makes up a curve of order 2n passing through

i.e., n(n+2)~ 1 points; hence, by §2, it must pass throngh (n—l)*
other fixed points on the given curve of order 2n ; and these must lie
on one or other of the curves of orders 2p and 2 (n—p) ; but these
curves can only meet the given curve in 2np and 2n (n—p) points,
respectively; hence the truth of the theorem is manifest.

As a particular case, we see that every circular curve of the eighth
order which passes through 15 points on a bicircular quartic passes
through one other fixed point; and every circular curve of the order
2n which passes through 4n—1 fixed points on a bicircular quartic
must pass through one other fixed point.

4. An extension of the theorem in § 3 may be thus stated:—
Any circular curve of the 2»th order (r being greater than m and n,

T 2
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but less than m+n— 1), which passes through all but (m+«— r—l)f

of the 2mn points of intersection of two circular curves of orders 2m
and 2n, will pass also .through the remaining intersections.

For, if we draw a circular curve of order 2 (r - m) through

(r-ra) ( r - m + 2)

arbitrary points on the curve of order 2n; and a circular curve of
order 2 (r—n) through (r — n){r — n + 2) arbitrary points on the curve
of order 2m; these curves make up, with the curves of orders 2m and
2n, two curves each of order 2r, and each passing through such a
number of the 2mn points of intersection of the given curves of orders
2m, 2n as make up r (r+2) —1 points in each case; and hence these
two curves pass through (r—l)s other fixed points.

But

= 2mn— (m+n—r—1)*;

hence the theorem is seen to be true. For the theorem to be applicable,
it is easily seen that r must be at least equal to the greater of the
integers m and n, also r—m must be < », otherwise it would not be
possible to draw the auxiliary curve of order 2 (r—in) ; and, as the
theorem is nugatory when r = m-f-w—1, we see that we must have

r < m+n—1.

Application to Bicircular Quartics, §§ 5-12.

5. The general theorem in § 3 states that every circular curve of
the eighth degree which passes through 15 fixed points on a bicircular
quartic must pass through a sixteenth fixed point; in other words, if
two circular systems each of the eighth degree intersect in 15 points
which lie on a bicircular quartic, their sixteenth point of intersection
also lies on the quartic.

Suppose we have three circles A, B, C cutting a bicircular quartic
respectively in the points a,, a,, a8, at; bv bt, 68, b4; c,, c2, c8, ct; and
let the circles (a,, bv c,), (a,, &„ c,), (a8, b6, c8), (a4, bt, ct) meet the
quartic in the points d^, dv d3, dt, respectively; then these points must
be concyclic. For let the circles (a,, bu c,), (o2, bv c,), (o8, bs, c8),
(a4, bt1 ct) be denoted by L, M, N, P; aud let D denote the circle
(d,, dv dt) ; then each of the systems A, B, 0, D and L, M, N, P are
of the eighth degree, and fifteen of their points of intersection lie on
the quartic, therefore the remaining point in which the system A, B,
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G, D meets the quartic must be the point dt, which is the sixteenth
point in which the system L, M, N, P meets the quartic. Hence the
circle 1) must pass through the point d4.

6. Suppose now that the circles A, B, G coincide; then the circles
L, M, N, P become the osculating circles at the points a,, a,, a8, a4;
hence we have the theorem that: The osculating circles at four con-
cyclic points on a bicircular quartic, meet the quartic in four points
which are also concyclic.

The circle D passing through the points dv dv dt1 dif in which the
osculating circles at alt a,, a8, a4 meet the quartic, might be called the
satellite circle of the circle A.

7. Let us now suppose the points a,, a3, a8 are cyclic points ; then
the circle D must coincide with the circle A ; and hence the point aA

must either be another cyclic point, or must coincide with one of
the points a,, a2, a3; in other words, the circle which can be drawn
passing through any three cyclic points, meets the quartic in a fourth
cyclic point or touches it at one of the three points.

Now we know that there are sixteen cyclic points on a bicircular
quartic, viz., four cyclic points on eaoh of the principal circles of the
quartic.

Let a,, a9, as, a4 be the four cyclic points on the principal circle J,;
&> Pa &, Pi t n e cyclic points on J%; yv ys, y8, yi those on ,78; and
5,, Sit £8, $t those on Jt. If a% be the inverse point to o, with respect to
Jt, it is evident that the circles o,as)3i, a^Ji^ Oi"^, c^a^ will touch
the qnartic at the points /9,, /?„ (iv fi4t respectively. And it follows from
the theorem that two pairs of inverse points are concyclic, that no
other circle passing through a,, a, and a third cyclic point, y, say, touch
the .curve at either of the points a,, a,, y,. Now sixteen points may be
arranged in groups of three in 16.15.14/6 = 560 ways; through each
pair of points such as a,, <i, we can draw four circles touching the
onrve at another cyclic point, and we can take a pair such as a,, a, in
6 x 4 ways (viz., 6 pairs on each principal circle); hence, of the 560
circles that are obtained by taking any three of the 16 points,
6 x 4 x 4 = 96 touch the quartic; we have left 464 circles, and, by
what was proved above, each of these must meet the curve in a fourth
cyclic point. Dividing this number by 4, we see that 116 circles can
be drawn each passing through four cyclic points on a bicircular
quartic.

It will be interesting to see how these circles may be grouped.
There are the four principal circles; and then we know that pairs of
inverse points are concyclic, thus we shall have 48 circles of the type
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8, at and a, being inverse points with respect to / „ as also yx and
y,: we shall also have the circles aja^y^ ax<n^xhv

 aia»^^«! l-e-» ^ o u r

circles for each pair of points axat on Jv and so £ .4 X 6 x 4 = 48 in all;
the remaining 64 circles will be circles passing through one point on
each of the principal circles.

8. We know that nine circles can always be drawn through any
point a on a bicircular quartic which will osculate the curve elsewhere;
let us suppose, then, that the osculating circles at the points au av...a%

meet the curve again in the point a; and let the osculating circles at
&„ 6|, ... 60 meet the curve in 6, the osculating circles at cv cv ... c,
meet in c, and the osculating circles at dv d3i... d0 meet the curve in
d. Then, if the points a, 6, c, d are concyclic, it follows from § 6 that
the circle passing through three points such as a,, 6,, ck must pass
through one of the points d^ rfj,... d9.

Consequently, though there corresponds but one satellite circle
D for every circle A% yet corresponding to a circle D there are
9 X 9 x 9 = 729 different circles -4.

9. Let us suppose that the points a, e, d coincide ; then we see that,
if the osculating circle at the point a meets the curve in the point b,
and if the osculating circles at a,, aiy... a9 meet the curve in the point
a, and the osculating circles at &„ b2, ... bs meet the curve in b, then
the circle passing through any three of the points a,, Oj,... a, must
pass through one of the points 6,, b3, ... b6. In other words, if
av aif... <% are the points, the osculating circles at which meet the
curve in the point a, then the 9 . 8 . 7/6 = 84 circles which can be
drawn through the points o,, a2,... a9, taken three at a time, meet again
in eight other points which are also on the quartic, and the osculating
circles at these eight points meet the curve again in the same point
as the osculating circle at the point a.

10. Returning to the general theorem in § 5, let us suppose that the
circles A, B, C are bitangent circles to the quartic at the points
a, a ; b,b'; c, c', respectively; then the circles L, Mcoincide, and also
the circles N, P. Hence, if the circles abc, ab'c'ont the curve again in
the points d, d', we infer that the circle which touches the curve at
d and passes through d' must touch the carve at d'. If the three
bitangent circles aa\ 66', cc belong to the same system, i.e., cut
orthogonally the same principal circle, then it is obvious that d, d' are
inverse points with respect to the same principal circle; but in the
above reasoning it would seem that the three bitangent circles A, B, 0
need not necessarily belong to the same system.
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11. Further, let us suppose that the points a, 6, c coincide ; then we
Bee that, if three of the bitangent circles at the point a touch the carve
again at the points a,, a2, a8, respectively, and if the osculating circle
at a and the circle 0,03a, meet the curve again in d, a", then d, d' are
points of contact of a bitangent circle.

Now there are four circles which touch at a and touch the curve
elsewhere; let a,, a2, a,, at be the points of contact (i.e., the inverse
points of a with respect to the four principal circles), then we infer
that the four circles which can be drawn through these four points meet
the curve in four points du d2, dt, dt which are the points of contact
of the bitangent circles which touch the curve at d, the point where
the osculating circle at a cuts the curve.

12. Again, let the points of contact of the bitangent circles at o, 6,
c, dhe respectively a,, a*, o8, a4; bv &„ 68, bt; cu <%, Cj, c4; d\, d̂ , d*8, d4;
then, if a, 6, c, d are concyclic, we see, from § 10, that any circle such
as a{bjck must pass through one of the four points d*,, dJt df, dt.

Hence these 16 points lie on 64 circles, each circle passing through
one and only one of the points corresponding to a, bt c, d, respectively.

Analogous Theorems in connexion with Twisted Quartics, §§ 13-15.

13. Since the equation of a bicircular quartio may be written in the
form

where x, y, z, w are the " power-coordinates " of a point referred to
four mutually orthogonal circles, so that they are connected by the
identical relation

= 0 ,

it follows that, corresponding to all theorems connected with bicircular
quartics, there exist analogous theorems concerning quartic curves in
space. In fact, we have merely to substitute the word " plane " for
" circle " in the enunciation of theorems concerning bicircular quartics
to obtain the corresponding theorem for twisted quartics.

Thus, in place of the theorem in § 5, we shall have the theorem :
Every quartic surface which passes through 15 fixed points on the
curve of intersection of two quadrics must pass through one other
fixed point on the curve.

14. I t may be as well to give an independent proof of this theorem.
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Thus, let u, v denote two quadrics, and 8 any quartic surface passing
through 15 fixed points on the curve of intersection of u and v ; wo
have to prove that any other quartic surface which passes through
these 15 points must pass through the remaining point of intersection
of 8 with u and v.

Now, through any 8 arbitrary points on the curve of intersection of
u and S, and through an arbitrary point P on S, we can draw a quadric,
v say ; also, through 8 arbitrary points on the curve of intersection of
8 and v, we can draw a quadric, u say, also passing through P (P
being supposed not to lie on either u or v); then we have three quartic
surfaces, 8, uu\vv, each passing through 15 + 8 + 8 + 1 = 32 fixed
points, and every quartic which passes through these points must be
of the form S+\uii+ftvv, and therefore must pass through the
remaining 32 points in which 8, uu, and vv intersect.

Hence every quartic surface which passes through 15 of the points
of intersection of S, u, v must pass through the remaining point of
intersection.

15. We have at once the theorem, that if three planes A, B, 0 be
drawn catting a twisted quartic in the points a,, a2, a3, ai; &„ bt, &„ b4;
Cj, cif c8, cit respectively; the planes aj^q, a262C2, a868c8, atbtct will cut
the quartic in four coplanar points du d^, d&, dt.

Consequently, all the theorems stated previously may be at once
translated so as to apply to twisted quartics.

On the Arithmetical Theory of the Form xi + ny*-\-niz*—3nxyz.
By Professor MATHEWS, M.A.

[Head May 8th, 1890.]

In the last four papers contained in Vol. i. of Dirichlet's collected
works will be found some remarkable propositions relating to certain
arithmetical forms of higher degrees.*
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