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NOTE ON AN OVERLOOKED THEOREM REGARDING THE
PRODUCT OF TWO DETERMINANTS OF DIFFERENT
ORDERS.

By Tromas Muir, LL.D.

(Received January 8, 1913.)
(Read April 16, 1913.)

1. Hidden away in an investigation on the common roots of two
equations (Comptes Rendus . . . Acad. des Sci. (Paris), Ixxxviii, pp. 223
224), there occurs the following theorem :—

“Sotent A=3248,,8,, ... 8pm 66 B=34+Db,;b,, ... by (m>n) deuxr dé-
terminants : st Uon désigne par By, le résultat de la substitution des n
premiers éléments de la X*™ ligne de A d la place de la s*™ ligne de B, par
. les maneurs de A par rapport aw ¥ colonne et par By le mineur de B
par rapport au r*™ élément de la k*™ ligne, on a identiquement—

B+ do B+ .o+t B = AB
en considérant 3y corvme nul quand r est plus grand que n.”

No proof is given, and it is consequently a little difficult to see how
the author came to reach a result of such importance without obtaining a
much more extensive generalisation.

2. A brief scrutiny suffices to convince one that what the theorem
really gives is an expression for the product of any two determinants of
the pth and gth orders (p>q) in the form of a sum of products of two
determinants of the (p - 1)th and (g +1)th orders. It is at once clear, for
example, that the Zth row of B in the identity is a fiction, for on the left-
hand side it is explicitly supplanted by rows obtained from A, and on the
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right-hand side it and the 7th column of B are simultaneously excluded.
Thus, taking the case

m,n, k,7=4,3,3,3

we have
l({l’T (/}2 ('44 I : ’11]11 bxz Z)x3 - ,an (1'12 ({/.MI : £blr blz b!}
‘ib“ bzz b'z;‘ bz( bz: bz‘;‘
‘.a/n @, alh Qyr  Qpz ﬂ”‘
+ I yy Gy 6044 l * bxx bxz bl’; - ]a'n (429 a34| ) Jlbn bxz [)13
b’n b22 b23 bzx bzz 1)23\
Y 2 a’33J Uy Oy

zla’xx (/29 a‘33 a44l ) |b11 bzz'y

where neither on the one side nor on the other do the elements by, b,,, by,
(that is to say, the third row of B) cccur. As a matter of fact there are
only four elements of B found on both sides: and it is the introduction of
the two extra elements b,,, b,; which makes the identity possible.

3. The following mode of establishing the theorem in the foregoing
particular case throws additional light on the point raised.

The right-hand member of the identity is clearly equal to

Qi1 Oy Grq Uy, . \
Qor gy Qpy Oy . ‘
(3r 3z Gy Qg . }
Qyr Quz Oy Gy o

b, b,, 0

bix b,
bar b by b

bax

22

which, again, by subtraction of the first two columns from the last two
columns is equal to

Ay Oy Opy Q. —Opp  — Gl
i Aoy Qgp Qpy Opy  —Qpy  — Qg “
Ugr  Qyp O3y O3y —dyr — 0y
Mgy Qg Qyy Gy — Q. — Gy |

by by by . . .
boo b by o

and the expansion of this by means of Liaplace’s theorem gives the left-
hand member.
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Had we omitted the elements b,,, b,, on starting, the result would have
been nugatory, namely—

lan (2™ (7’3'3 ”’-;4l ) bex b22|:lbn bezl " taxy, a/z.; a/;x a’42l'

If on the other hand we had in addition inserted b,,, b,, we should have
obtained for

Ian gz O3y a44| . Ibn bzzl

an expression consisting of six terms of a similar form beginning with

Wyy Oy Qg G| . [0y Oyl
Apr Oy oy Gy La“ Qo) -
bXI b12 b13 b14
bzx Z)zz b23 b24

4. It is thus evident that the product of two determinants of the
pth and gth orders is expressible as a sum of products of two determinants :
(1) of the (p - 1)th and (g +1)th orders, (2) of the (p —2)th and (g + 2)th
orders, (3) of the (p—3)th and (g + 3)th orders, and so on, the number of
results being p —gq. :

In Sylvester’s similar theorem, which has received every attention
from writers of text-books, g is equal to p, and the orders of the determi-
nant factors in the expansion are the same as those in the original
product.

Of course any one of the expansions obtained for the given product
can be equated to any other, and there is thus originated a series of
identities similar to Schweins’ of 1825 (see Philos. Magazine, xviii (1884),
pp. 416-427).



