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ART. n.-Description oj a method oj Reducing Observations of 
Temperature; by Professor J. D. EvERETT, of Kin,gs College, 
Windsor, Nova Scotia. 

THE climate of a place, as regards temperature, involves three 
principal elements-mean temperature-range-and date of phase, 
using this last term to denote the earliness or lateness of the 
seasons generally, as regards temperature. 

The first of these elements is subjected to measurement by 
nearly aU meteorological observers; the other two, and espe· 
cially the third, have not received equal attention. These three 
elements appertain alike to daily and to annual variations, but 
we shall confine our remarks to the latter. 

Annual range (i. e. the range that occurs within the year) bas 
been measured in various ways. Sometimes it is assumed as the 
difference between the two extreme readings which occur within 
the year-sometimes as the difference between the two extremes 
of daily mean temperature-sometimes as the difference between 
the mean temperatures of the warmest and the coldest calendar 
month-sometimes as the difference between the mean tempera
ture of Do certain number of the warmest calendar months, and 
that of an equal number of the coldest. 

The two latter modes of measurement are open to serious ob
jection from the unequal manner in which they apRly to differ· 
ent places. It is obvious that the range, if estimated as the dif. 
ference between the warmest and the coldest calendar month, 
will (cooteris paribU8) appear greatest when the maximum and 
minimum fall precisely in the centres of the two months, and if 
this condition IS more nearly fulfilled at one of two places com
pared than at the other, the comparison will be unequal. The 
same remark applies when the mean of three (or allY other num
ber of) warm months is compared with that of the same number 
of cold ones, and the error will (in proportion to the deduced 
ran~e) be as great as in comparing sin~le months. 

'I he element of " date" which thus mterferes with the deter
mination of range from monthly means, is, for its own sake, well 
worthy of careful investigation i but meteorologists generally 
content themselves with loose estimates of its amount, and with 
the exception of the article Meteorology in the new edition of 
the Ene. Britannica, I am not aware that any work in the Eng. 
lish language contains directions for computing it. 

We propose to describe a method of deducing both "range" 
and" date" from the mean temperatures of the twelve calendar 
months. The method, though It is in fact a modification of that 
described in the article above mentioned, was not thence deri
ved, but was based on a more elaborate method employed by 
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Professor W. Thomson of Glasgow, and reduced to its present 
form by the writer. 

It virtually consists in removing the irregularities which char
acterize the actual curve of temperature at a given place, for any 
particular year or group of years, so as to obtain in its stead a 
regular curve which can be expressed by a simple mathematical 
formula. In the reduced curves thus obtained for various places 
-or what amounts to the same thing, in the formuloo which ex
press them, we have a definite measure both of the compara
tive earliness of the phases of temperature and of the amounts 
of annual range as estimated by a comparison of the warmer 
half of the year with the colder. 

The curve which is thus adopted as the standard of reference 
is what mathematicians call the" curve of sines," or a "simple 
harmonic curve," and is expressed by the equation 

y=Ao+A 1 sin (:e+E J ) 

where Ao denotes the mean temperature of the year, AI the 
amplitude, or greatest departure of the curve from the line of 
mean temperature, which will be the same above this line as 
below, and will therefore be equal to half the annual range, and 
E.J expresses the" date of phase n being greater in proportion 
as the phases are earlier. The curve has one maximum and one 
minimum in the year; which are precisely half a year asunder, 
and exactly midway between these are the two pomts where the 
curve intersects the line of mean annual temperature, corres
ponding to these two days, one in Spring' and tlie other in Au
tumn, whose temperatures are on the average the same as the 
mean of the year. 

The curve for a year will consist in fact of four precisely sim
ilar portions, the part which is above the line of mean tempera
ture being precisely similar to that which is below, and each of 
these halves being bisected symmetrically by the points of max
imum and minimum temperature respectively. 

It is not of course pretended that the actual temperature of 
any place fulfills these conditions j but merely that when a uni
form standard of reduction is to be applied to a number of pla
ces (in the temperate or frigid zones) such a curve as we have 
described is adapted to the purpose. While possessing the ne
cessary amount of uniformity, tne curve at the same time admits 
of infinite variety in respect of its amplitude (i. e. the extent of 
its departure from a straIght line) which may be increased or di
minished, without limit, according as we wish to represent a cli
mate where the annual range is great or small. 

It is not necessary in practice to draw the curves in question, 
but merely to calculate the values of the constants Ao A J and 
E J • the manner of doing which will be shown further on. We 
may merely remark in passing, that the labor of deriving these 
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three constants from the monthly means, is less than that of de
riving the monthly from the daily means. 

The constant A 0 as already stated, is the mean annual tem
perature. 

The constant E I represents the interval from that day in Au
tumn which forms the boundary between the warm and cold 
halves ofthe year to the 15th of January, the scale ofrepresent
ation being such that 3600 corresponds to an entire year. 

The constant AI (or the amplitude) is approximately equal to 
the difference between the mean temperature of the year and 
that of the warmest or coldest group of 30 days. More accu
rately it is proportional (but not equal) to the difference between 
the mean tem~eratures of the warm amI cold halves of the year, 
bearing to thIS difference the constant value of 1: 1·2879. In 
speaking of the warm and cold halves of the year, I suppose the 
year divided at two opposite points, that is to say two points 
which are six months asunder, in such a manner that the great
est possible amount of heat shall be contained in one half, and 
(consequently) the greatest possible amount of cold in the other. 

In the definition here given of E I and in the second of the 
definitions of AI, not only annual harmonic variations, but also 
half-yearly, are taken into account. 

As a specimen of' the manner in which the proposed method 
of reduction may be employed for comparing climates, I subjoin 
a table I showing its results as applied to all those stations of the 
Scottish Meteorological Society which have furnished observa
tions of temperature for the three years 1856-7-8. The data 
are the mean temperatures of the stations for each calendar 
month, on the average of the 3 years above named, as given in 
the Society's Report for the quarter ending June 30th, 1859. 

The naines of stations are entered in the order in which they 
appear in the Society's Reports, being nearly that of latitude, 
proceeding from north to south. 

The first column of numbers contains the values of Ao or the 
mean annual temperature, obtained in the usual manner. 

In the second and third columns are the values of A I and E I 
(amplitude and epoch) determined in the manner already ex
plained. 

The fourth column shows the number of days and tenths of 
a day by which each station is. earlier or later (as regards the 
phases of the tem'perature) than the mean of aU j days earlier 
than the mean bel~g denoted by the sign +, and days later than 
the mean by the SIgn -. 

The fifth column exhibits the difference between the. mean 
temperatures of the warm and cold halves of the year. 

The numbers in the fourth column have been obtained from 
I Table L 
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those in the third by taking the difference between the value of 
E I for each particular station, and its value for the mean of all, 
and converting it into days at the rate of 1° to l,li day, (since 
860: 865 : : 72 : 73.) 

The numbers in the fifth column are proportional to those in 
the second, and have been obtained from tbem by the formula 
log. AI + '1099= log. n, (since '1099 is the logarithm of 1'2879.) 

TABLE I.-Re,ult'for three years, 1856-8. 

Values of 
nay. Ditr renee be· earlier + Slation .. 

Ao AI El Illter - twee' W11rm and 

than mean. cold half. 
--- -------- ---------

Stornoway •••••••. 46'4 8'\19 '15° 84' - 8'8 11'6 
Culloden •••••••••. 47'5 10'17 80° 5'1' + 1'6 18'1 
Elgin ............. 47'2 10'33 79° 24' +0'1 13'3 
Castle N ewe ....... 44'2 10'83 80° 29' + 1'2 13'9 
Hraemar .......... 44'9 10'89 '19° 6' - 0'2 14'0 
Aberdeen .......... 45'9 ]0'69 '18° 50' - 0'5 13'8 
Fettercaim .••••••• 46'9 11'56 

I 
88° 22' +4'1 14'9 

Arbroath .......... 46'6 11'09 79° 58' + 0'5 14'3 
Bar'?' ............. 47'7 10'54 78° ~4' - 1'0 18'6 
Kettms •••.......•. 45'8 11'20 80° 89' +1'8 14'4 
Callton Mor •••••••• 47'2 10'37 80° 37' + 1'3 18'4 
Greenock •.•••••••. 48'4 10'97 '16° 37' - 2'7 14'1 
Hailliest .. n ••••••••• 46'8 11'59 SOo 2S' +1'l 14'9 
Edinburgh •••.••••. 49'0 10'71 7'1° 6' - 2'8 13'8 
Dalkeith ........... '48'3 12'02 '19 0 25' + 0'1 15'5 
East Linton ........ 47"8 10'66 '16° 16' - 3'1 18''7 
Thurston .•••••.•••. 4'1'0 10''14 '11 ° 48' -7''7 18'8 
yester ............ 46'2 11'55 83° 56' +4'7 14'~ 
Thirlestane •.•••••• 45'1 11'88 800 46' +1'4 15'2 
Milnegtaden ••••••. 47'0 11'08 78° 48' - 0'6 14'8 
Bowhill ........... 44'2 11'1'7 82 0 9' +2'9 14'4 
Makerstoun .•.....• 46'8 10'60 77° 22' - 2'0 13''1 
Drumlanzig •••.•••• 4'1'0 11'96 81 0 l' +1''7 15'4 
Kirkpatrick .•••..•• 46'5 10'85 81° 5' + 1'8 14'0 

Means ......... 46'"7 ---- ---- ---- -----
10'94 79" 20' 14'1 

TABLE n.-Result'for single years. 

Stations. 
Values of E 1• Vnlue. of .A \. 

1856. 1857. 1858. 1856. 1857. 1858. ---- -------- ----
Bressay (Shetland) •• ..... ,. 55° 41' 'lllo 48' . .. 'i'8 8'6 
Sandwick (Orkney) . ....... 62° 2' 75° 49' '" 8'6 S'3 

I Tongue •••...•••••• ....... '12° 29' 840 19' ... 9'7 9'1 
Stornoway ••••••••• 81° 60' '72° 3' 73° 2'7' 8'6 9'4 9'1 
Culloden .......... 800 29' 740 66' 8'1° 25' 9'8 10'4 10'4 
East Linton ........ '16° 4' 68° 27' 84° 2' .. , ., . ... 
Thurston .......... 70° 56' 62° 10' 82° 40' ... .. . . .. 
yester ............ 87° 4' ........ . ...... ... i ... . .. 
To find the centres of the warm and cold halves of the year, 

we may proceed as follows: The mean value of E 1 for all the 
stations is 79° 20'. To reduce to the beginning of the year, 
subtra.ct 15°, since our reckoning has been taken from the mid-
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dIe of the first month. This leaves 64° 20', which is the inter
val from the b('ginning of the cold half to the end (or begin
ning) of the year. The complement of this or 25° 40' is the in
terval from the beginning of the year to the centre of the cold 
half, which again is 1800 distant from the centre of the warm 
halt 

25° 40' corresponus to 26 days (nearly) 
2050 40' " "209" " 

The 26th and 209th days of the year are January 26th and July 
28th, which are therefore the centres of the cold and warm halves 
of the year, for the mean of the stations. The corresponding 
dates for any particular station, will be later or earlier than 
these by the amounts shown in the fourth column. 

An expeditious method of finding the centre of the cold half is 
to assume the complement of E 1 as representing the interval 
from Jan. 15th to the required centre. r!'hus the complement of 
70° 20' is 100 40' corresponding to 11 days nearly, hence the cen
tre of the cold half is 11 days later than January 15th. This 
determination it will be observed coincides with that above 
given. In like manner the centre of the warm half will be 11 
days later than July 17th. 

By taking the sum and the difference of A 0 and A I we should 
obtain approximately the mean temperatures of the warmest and 
coldest groups of 80 days; or if the difference between the tem
peratures of these two periods is required, it can be found by 
simply doubling At. These determinations are however only 
first approximations, and this is my reason for omitting them, 
all the numbers contained in the Table being second approxima
tions at least. 

With the joint purpose of testing the powers of the method, 
and comparing different years, I have calculated the values of 
At and E, for single years for a few of the Society's stations, 
including three (the first three) which are not containcd in the 
former table. The results are given without any reservation in 
Table II. 

Bressay (Shetland) appears to be the latest of the Society's 
stations, being about 18 days behind the mean of the 24 stations 
included in '1'able I. Sandwick (Orkney) precedes Bressay by 
about 2 days, and this interval is preserved nearly constant from 
1857 to 1858, although the absolute times differ by nearly a 
fortnight. The amplitudes are also less for these two stations 
than for any others, the amplitude (and consequently the range) 
at Bressay being only about four-fifths of the average derived 
from the 24 stations. The extreme lateness of Thurston (near 
Dunbar) seems to be borne out by the results from single years, 
as appears from a comparison with the neighboring station, East 
Linton. The extreme earliness of Yester cannot be so satisfac-
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torily tested, as the interpolations (in defect of observations) at 
this station are numerous during the years 1857-8. In the year 
1856, which is entirely free from interpolation, Yester appears 
to have been 16 days earlier than Thurston, and 11 earlier than 
East Linton, a remarkable difference, considering that all three 
places are in the same county (East Lothian). Comparing one 
year with another, it appears that the seasons were latest in 1857, 
being fully a week later than in 1856, and at some places about 
a fortnight later than in 1858. At Thurston the difference be
tween the last two years amounts to nearly 21 days. All the 
inferences as to dates contained in this paragraph, are derived 
from mere inspection of the values of E I bearing in mind that a 
degree nearly corresponds to a day, and that the phases are ear
lier in proportion as E I is greater. 

As an instance of the convenience afforded by the present 
method, for comparing the climates of different countries, I sub
join the values of Ao, AI and EI for Edinburgh, and for Albion 
Mines, N. S" the former derived from the monthly means of the 
late Mr. Adie's observations, embracing a period of 40 years, for 
which I am indebted to a paper by Principal J. D, Forbes, as 
epitomised in the Ed, New Phil. Journal for July, 1860, the lat
ter from 11 years observations by Mr. Henry Poole, Manager of 
the mines. The monthly means themselves are-

For Edinburgh, 
36'69 37'99 40'61 44'88 60'27 66'66 68'27 67'44 63'73 47'47 41'21 86'60 

For Albion Mines. 
19'86 19'90 27'41 37'88 48'68 5S'14 66'10 66'19 66'05 46'28 86'59 24'47 

from which are derived the following values of mean tempera
ture, amplitude, and epoch: 

Edinburgh, Ao=46'!) A 1=10'8 E 1=83° 27' 
Albion Mines, Ao=42'l A 1 =23'O E 1 =78° 13' 

Hence, cleared of technicalities, the relation between the two 
climates may be expressed by saying that the village of Albion 
Mines is on the average of the year about 5° colder than Edin
burgh, that its range is rather more than double, and that its 
seasons are on the average 5 days later. No such definite in
formation is obtained by inspecting the monthly means. 

With the view of ascertaming the amount of error entailed 
by assuming (as our method does) that the calendar months 
are all of equal length, I have calculated the values of Ao AI 
and E I for Edinburgh in four different ways, my data being the 
mean temperature of Edinburgh for every day in the year, as 
contained in the number of the Phil. Journal above referred 
to, viz: 

1st. When the last 2 days of January and first 2 days of 
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March are reckoned part of February, giving February 33 days, 
and leaving January and March only 29 days each. 

2d. When the last 3 days of February are reckoned part of 
March, so thatJ anuary will have 81 days, February 26, and 
March 34. 

3d. When the last day of January and first of March are 
reckoned part of February, so that January will have 30 days, 
February 31, and March 30. 

4th. When calendar months are adopted, giving January 31 
days, February 29, and March 31. 

The resulting values of Ao AI and EI are as under. 
Days. Days. Days. A.o A.I El 

Jan. 29, Feb. 33, March 29, gives 46'91 ] 0'87 83° 37' 
"31, "26, "34, " 46'88 10'81 83° 19' 
"30, "31, " 30, " 46'90 10'78 83° 33' 
"31, "29, "31, " 46'90 10·78 830 27' 

Here a difference of 7 days in the length of February causes a 
difference of '03 in the mean temperature, '06 in amplitude, and 
18', or about t of a day, in date. From the last two lines it 
appears that the difference between giving February 29, and 31, 
days does not affect either mean temperature or amplitude, to 
two places of decimals, and only affects date by about ·lo of a 
day. 

Apart from the small error arising from treating calendar 
months as twelfth parts of a year, conclusions deduced from 
monthly means are as accurate as those from daily means, the 
correction necessary for reducing monthly to daily results being 
extremely simple and easy of application, the value of EI being 
the same for both, and the values of A I differing in the con
stant ratio of 1: 1'0115. 

I shall not attempt to show in detail the advantages which 
meteorology may be expected to derive from the extensive 
application of the method of reduction here proposed. The 
superiority of definite measures to mere general estimates, is 
recognized in every branch of statistical enquiry, yet no such 
measure is usually applied to "date of phase," and the measures 
commonly used in aetermining range are subject to an error 
whi9h affects different places very unequally. 

The determination of the "date of phase" will furnish a 
precise measure of the retarding effect of the sea, and also of 
the uifferent varieties of soil. The general effect of the inter
change of heat bet-ween the soil and the air must obviously be 
to retard the air temperature, but I am not aware that different 
soils have ever been compared in this respect. 

The laws which connect date of phase with extent of range 
also offer an i'rteresting field of investigation. Generally speak
ing, the causes which retard the former diminish the latter. 
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In the application of meteorology to agriculture, date of phase 
cannot, without serious error, be overlooked. The earliness of 
crops at one place as compared with another, must necessarily 
depend upon this element as well as upon mean temperature and 
range, and it will be interesting to ascertain how much of the 
effect is dne to each of these causes. 

Thus far we have endeavored to describe in general terms the 
objects and principles of the proposed method of reduction. 
The remainder of this paper will be devoted to the mathematical 
investigation on which the method re8ts. 

By taking observations of temperature at any place for a suf
ficiently long series of years, it would be possible to ascertain 
the average temperature of each day in the year, and if the 
mean daily temperatures thu~ found Wf&re projected into a curve, 
its course would be free from those sudden and irregular devia
tions which characterize the curve of temperature for any par
ticular year. 

Such a curve would admit of being expressed, to any required 
degree of accuracy, by an equation of the form 
y= Ao+A J sin (x+E J )+A2 sin (2x+E2 )+A 3 sin (3x+Ea) + &0. 

X and '!I being the coordinates of anyone point in the curve, and 
A 0 A IE" &c. being constants. The coefficients A I As A 3' 

&c., are the amplitudes of the terms in which they occur, and 
E, Ea E 3 , &c. are epochs. The term which involves A, and E, 
attains one maximum and one minimum in the space of a year, 
it is therefore called the annual term. The term involving As 
and E2 attains one maximum and one minimnm in half a year, 
it is therefore called the half yearly term; and in general the 
term An sin (nx+En) goes through its entire cycle of values in 
the ~th part of a year. We assnme of course that a year is rep
resented in arc by 2n, or the entire circumference. 

For places in the temperate zones the amplitudes of succes
sive terms in the above series diminish so rapidly, that for or
dinary purposes all terms involving A3 and higher coefficients 
may be neglected. 

The mean daily temperatures for any single year or for the 
average of a few years are too irregular to admit of being ex
pressed with accuracy by any simple formula, but it is possible 
to represent by a few terms of the above series the probable 
curve of annual temperature as deduced from the actual daily 
temperatures even of a single year. It is one object of the pres
ent communication to show how this may conveniently be done. 

We shall now proceed to the solution of the following problem. 
Given the temperatures at twelve equidistant points in the 

year, it is required to deduce the values of the constants in an 
expression of the above form which shall be applicable to them. 
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The general term in the expression is A. sin {nx+E,.}. Let 
this be assumed equal to p.cosllx+Q.sinnx. This assumption 
gives 

A" sin E,.=p .. , A. cos E,.=Q,. 

whence ~=tanE,., A~=P:'+Q!. 
The transformed series is 

y=Ao +P I COSZ+QI sinz+Pa cos2z+Qa sin 2z+ ~o. 
Let the given temperatures be denoted by 

Yo Yl Ya' . . . . . • • Yll 
Then if the time 0 correspond to the temperature Yo, the times, 
or values of x, corresponding to the 12 given values of Y are 
respectively 0°, 30°, 60°, ..••.. 330°. 

Let the sines of 0°, 30°, 60° and 90°, be denoted by the ab
breviations SOl SII Sa and S3' Then we have 

Yo =Ao+P l SS+Q1S0+P aSs+QaSo+P sSs+QsSo+P 4,SS -Q4,SO 
Yl =Ao+PISa+QlSl+PaSI+QaSa+PsSo+QaSS-P4,Sl+Q4,Sa 
tla do+P 1 Sl +Q,Sa -P aSl +QaSa-P sSs - QsSo - P 4,Sl -Q4,Sa 
Ys =Ao+P ISO+QlSS -PaSs-QaSo-PsSo-QsSs+P4,Sa-Q4,So 
tl4, =Ao -P lSl+QJSa-PaSl-QaSa+P8Ss+QsSO-P4,SI+Q4,Sa 
tl6 =Ao-P ISa+QlSl+P aSI-QaSa+P aSo+QsSs -P 4,Sl -Q4,Sa 
tl6 =Ao-PlSa-QlSo+PaSs-QaSo-PsSs-QsSO+P4,S3-Q4,SO 
tl7 =Ao-P ISa -QlSl+P aSI +Qa8a ~ P s80-Qs8a-P 4,81+Q4,8a 
tie dO-P18'l-Q18a-Pa81+Qa8a+Pa8s+Qa80-P4,81-Q4,8a 
tis =AU-P180-Q18s-Pa8s+Qa80+Ps80+Qs8s+P4,8a-Q4,So 
tllo=Ao+P 181-Q18a-Pa81-Qa8a-Pa8s-Qa80-P4,81+Q4,8a 
'!It Ido+P ISa-QlSI+P a81-Qa8a-P s80 -Qa8a -P4,Sl-Q4,8a 

Subtracting Ye from Yo, '!b from Yll Ya from YI' &0;, all the 
terms which' contain PI Q. P, and Q, will disappear. Simi. 
larly, addingy. to Yo'l" to Yll '!Ia to YI' &c.J all the terms which 
contain PI Qu P s an Q, will disappear. 

Let '/10-'/16 =1'0 Also let 
'/11-'/1" =1'1 
tla-tls =1'a 
tls-Ys =1', 
'/14,-'/110= 1'4, 
'/16-'/111=1'6 

And let 

X 83 =10 
X Sa =11 

X 8 1 =Ia 
X So =Ia 

1'0 X 80 =mo 
(kl+1'6) X 81 = m 1 
(ka+k4) X 8a = ma 

1's X 8s =ma 
;It will be found that the sum of lo, lllll and 1, is 6P 11 and the 
sum of 'In., 'In ll 'In, and ms is 6Ql' Hence ~1 and QJ are found 
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as in the arithmetical example below j and EI and Al are ob
tained by the equations, 

tanEI=~:' A~ =P! +Q~, or using EI as a subsidi-

ary angle, Al = QlI sec E I• 
To find Piland QlI' proceed as under. 

Let '!Io + '!I 8 = Ko 
'!II + '!I 7 =Kl 
'!Ia+'!Ia = Ka 

(Ko - Ks) X Ss = Lo 
(KI - K4J X 8 1 = Ll 
(Ka - Kr.) X(-SI) = La 

'!Is ++' '!Ie = KKS (Ko + Ks) X 
'!I4 '!Ito=K' (KI+K,)X 
'!If> + '!Ill = 1\ (Ka + Kr.) X 

Then will Lo +Ll +La = 6Pa 
Mo+MI +Ma= 6Qa 

So =Mo 
Sa =M 1 

Sa =Ma 

whence Ell and AI can be obtained by the equations 

E Pa A Q tan a = Qa a = a sec Ea' 

To find P 3 Q3' P 4 and Q4 we have 
ko+k, - ka = 6Ps Ko+Ks-t(Kl + Ka+ K, +K5)= 6P, 
kt + k5 - ks = 6Qs (Kl+K, - Ka- Kr.) X Sa = 6Q, 
whence E3 A 3, E4 and A4 can be obtained as above. 

In the following example, the values of P 11 Q I' E I and All 
are found for Halifax, N. S., on the assumption that the mean 
temperatures of the calendar months, may be regarded as iden
tical with the temperatures of 12 equidistant points in. the year. 
The numbers in the :first column are the mean temperatures of 
the months January to June, those in the second column are the 
mean temperatures of the months July to December. 

J, II, lII, IV, v, VI, VII, VIII. IX. X. 
= (two last = = = = 

(I,-lL) in Ill.) (III-IV,) (vXVI,? (lll+IV,) (VlIJXIX,) ---- - -
23'9 64'9 -41'0 -41'0 8 3 -41'00 -41'0 1:10 '00 
23'2 81)'1 -.41'9 +30'6 -'12'6 8a -62''19 -11'3 8 1 - 6'66 
80'1 68'8 -28'2 +10'6 -88''1 8 1 -19'86 _1'1''1 8 11 -16'38 
88'9 48'2 - 9'8 - 9'8 8 0 '00 - 9'8 8 3 - 9'80 
48'8 8'1'8 +10'0 6 =I2m 6 -30'28 
68'4 2'1'8 +80'6 

Pl= ~ Ql= - 6'06 

P 
EI = tau- l Q: = '16° 10, Al = Q1 sec E1 =-21'14, 

The coefficients A , Ell and those belonging to higher tenus 
are of comparatively \ittle practical use, and it will not be neces
sary to append examples of the process for obtaining them, as 
there is no difficulty in the application of the formulm. 
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The last edition of the Encyclopaedia Britannica has an article 
on "Meteorology" by Sir John Herschel, in which the attention 
of meteorologists is called to the great practical utility of the 
mode of reduction above described, which has been for SO:Qle 
time known but has been little used. rfhe formulre which Sir 
John Herschel there gives for deriving the values of the con
stants from monthly means, are in reality identical with those 
above given, though the identity is not at first sight obvious. 
He asserts that the values thus obtained are the most probable 
values, as derived from the application of the method of least 
squares. Also that" it is a peculiarly valuable property of these 
expressions, that if the approximation be stopped Ilit anyone 
t.erm, .... then should it be considered afterwards desirable to 
carry it a term further, .... it is not necessary to recompute the 
former coefficients, their values remaining unaltered."o) 

Instead of using the temperatures of 12 equidistant days, as 
~hEi basis of calculation, there are obvious advant!lges in employ
mg the mean temperatures of the 12 months whICh compose the 
year; but it will be necessary to apply a correction to the results 
thus obtained; for it is not true, even on the average of a long 
series of years, that the mean temperature of a month is th~ 
same as that of its middle day. We shall proceed to investigate 
the nature and amount of the correction which must be applied, 
deducing by the way some interesting relations between the mean 
and instantaneous values of variable elements. 

y 

x 

Let OACX be the curve which represents the vlliriations of 
temperature through the year. Let the ordinates AB and CD 
represent the temperatures at the beginning and end of an inter
val of time represented by BD. It is obvious that the mean 
temperature of this interval will be obtained by dividing the 
area ABeD by the distance BD. 

1 Of the theorems to which the remainder of this article is devoted, I believe I 
have the honor to be the first discoverer. They were first published by me in the 
Edin. New PhiL Journal for July, 1861. .A. correction for the difference between the 
mean temperature of a month and the temperature of the middle of the month had 
been applied (unknown to me) by Profes$or (now Principal) J. D. Forbes, in a paper 
read March 25th, 1860, (Trans. R. S. E., vol. xxii, Part Il), accompanied by the 
remark that the correction has not usually been made. But the method there em
ployed was only approximate and was based on different principles from that here 
described. 0 
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First let us suppose the equation of the curve (or the expres
sion for the temperature in terms of the time) to be 

y = a sin:e. 
Let 2c denote the length of the interval BD, and let x' be the 

value of x for its middle point. Then the values of x for points 
B and D will be x' - c and x, +c, and the area ABDC will be 
the integral of ydx taken between these limits, 

= a( cos:e' - c - cos X' + c) 
=2a sin :e'• sin c 

::::;: 2 sin c. y' 
if y' denote the value of y for the middle point of l3D. 

Hence the area bounded by two ordinates whose mutual dis
tance is given, varies directly as the ordinate drawn midway be
tween them. The areas of portions of the curve below the line 
OX must of course be reckoned as negative. 

Dividing thee4pressious for the area by 2c we obtain 
sin 6 I 

-e- y 

which is therefore the mean valqe of y for the given interval. 

Let c:;:;', then 2ndenoting a year, the given interva12c will 

be the ~th part of a year. Hence the mean temperature of any 

!.th part of a year is to the temperature of its middle point as 
m 

sin~ : ':. If the given interval is the )l"2th part of a year, this 
m m 

ratio becomes sin 150 ; arc 150 or 1: 1'0115. 
These conclusions have been drawn on the supposition that 

the expression for the temperature is y=asinx. They will still 
be true if the expression be 

y = a sin (:e + E) 
for this change only amounts to removing the origin of coordi
nates along the axis of x and does not alter the values of the 
ordinates. 

If the expression for the temperature be 
y=A+ a.sin(:e+E) 

the ordinates will be greater than before by the constant quan
tity A, which represents the mean temperature of the year; 
hence the temperatures will require to be diminished by the 
mean of the year in order that the above conclusions may be 
applicable, The following theorem will hold in all three cases, 
VIZ:-

The difference between the mean temperatures of any two 
equal portions of the year will be less than the difference between 
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the temperatures of their respective centres, in the constant ratio 

of sin ~ :~, each of the portions being supposed to be the 
m m 

~th part of a year, where m may be either a whole number or a 
fraction. 

Hence the annual range as shown by the curve of monthly 
mean temperatures will be less than that exhibited by the curve 
of daily mean temperatures in the ratio of sin 15°: arc 15°. 

Strictly speaking, instead of 't daily mean temperatures," I 
ought to say" instantaneous temperatures j" but the difference 
is so small as to be quite inappreciable, since the former are to 
the latter nearly in the ratio of sine to arc of 30 minutes or of 1 
to 1·000013. 

Assuming then that the expression for instantaneous tempera
ture is 

V = A +asin (a: + E) 

the mean temperature Y m of any ;th portion of a year will be 
given by the equation 

m 
X being the time for the centre of the portion. Hence if the 
instantaneous temperatures follow a simple harmonic law, the 
mean temperatures of equal intervals of time will also follow a 
simple harmonic law. For the mean temperature of any period 
of 30fT days we have 

sin 15° . 
YI2=A+a. --0 sln(a:+E). arc 15 

Secondly, let the expression for instantaneous temperatures be 
y = Ao +a l sin (a:+E1)+a2 sin (2a: + E2 ). 

The expression for the area bounded by two ordinates whose 
distance is 2c will as in the former case be the integral of Vdx 
between the limits x' -c and x, +c 

= 2Aoc + 2a l sin c sin (:1:' +E I) + 2a2 si~ 2c sin (2a:' + E2 ) 

and dividing by 2c we obtain for the mean value of V the ex-
pression . 

sin c • sin 2c • 
AO+a1 - sln(a:I+E1)+a2 -2- SIn (2a:1+E2 ). c c 

Hence the mean temperature of any ;th portion of a year is 
given by the equation 
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sin!! sin ~ 
Y ... =AO+"1 "m sin (2:+E1)+"a 2"rr~ sin (22:+Ea). 

- -m m 
Let m = 2 and we have for the mean temperature of a half year 

Y2 =Ao +"1....!.. sin (z+ E1), 
71 

2 
the third term vanishing, since sin ",=0. Hence the half yearly 
term produces no effect upon the mean temperature of a half 
year (as is also obvious from general considerations), and the 
amplitude of the half yearly means is to that of the annual 
term for daily means, as the radius of a circle is to a quad
rantal arc. 

The range of the half yearly means, being double of the 
• 71 

2 Stn-
amplitude, is a 1 • -;- which being divided by a 1 •. ,,12 the am-

2 ~ 
plitude of the annual term for monthly means, gives as a quo-

tient _1_ the numerical value of which is 1'2879. Hence if . " 3 SID i2 
the amplitude A I deduced from monthly means be multiplied 
by this number, the product will be the difference between the 
temperatures of the warmest and coldest halves into which the 
year can be divided. 

Lastly, let the expression for instantaneous temperatures take 
the general form 
y==Ao+a 1 sin (2:+E1)+"2 sin (22:+Ea)+ • • • • +a,,8in (lIZ+E..) 

It will be found by proceeding as in the previous cases, that 
the expression for the mean temperature of the ~th of a year is 

• 71 • ~ 
SID- Stn-

Y.,.=AO+a1 • 71 m sin (2:+E1)+"2 ;: sin (22:+Ea)+ 
m iii" 
• 371 • 7171 

Sln- Stn-

+a8 • 3"m sin (32:+Es)+' •••• +a". 7I"m sin (na:+E..). 
-m 

Hence if All A., As .... An denote the amplitudes deduced 
from monthly means, we have 

A -" sin 15° A -a sin 30° A _" sin 45° 
1-- l' arelool 2- 2 are30D ' S- 8 are4501 

sin nX15° 
and generally A .. =a,.. arenX15o ' 



Conversely, 
A arc 150 

a 1 = 1 sin 150 

arc 300 

alii = Aa -'--300 SID 

arc 450 

aa=Aa -;---450 - As X 1'110'1 
SID 

arc 600 

a, = A, --;---600 sm 

&c. &c. 

31 

Hence, to reduce monthly to daily results it will simply be 
necessary to multiply the amplitudes AI, A 2 , &0., as above mdi
eated. The logarithms of the multipliers for AI, A 2 , A3 and A4 
are as under. 

arc 15° 
'0049'125 log.~ -

SID 

arc 30° 
log.~ '0200286 

sm 

arc 45° 
'0456049 log.~ -SJfi 

arc 60° 
log .. 600 '0824980. 

'sm 




