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ON CYCLOTOMIC QUINQUISECTION

By W. BurNsIDE.

[Received November 25th, 1914.—Read December 10th, 1914.—
Received, in revised form, January 12th, 1915,]

Ir p is a prime and ¢ a factor of p—1, there is an equation of degree q
with rational coefficients, each of whose roots is the sum of (p—1)/¢ of
the primitive p-th roots of unity, no such p-th root occurring in more than
one of the sums. The equation is an Abelian equation with a cyclieal
group. The determination of the system of relations expressing any
rational function of the roots of this equation as a linear function of the
roots, has been called by Cayley the problem of cyclotomie g-section. He
worked out the theory completely in Vol. x1 (Old Series) of our Proceedings
for the cases ¢ = 8 and ¢ = 4. In a short note in Vol. x11, he refers to
the case of quinquisection, and gives in tabular form the solution for
primes under 100. It is not indicated how this table was constructed,
nor is the problem of quinquisection in its general form really attacked at
all. So far as I am aware the problem has not been directly dealt
with since. The nature of the algebraic “ field,” determined by the equa-
tion of the ¢-th degree above referred to, has formed the subjeet of
various investigations during the last twenty years ; but the determination
of the gystem of integers on which all rational relations between the
roots depend, has not, I believe, been considered.

This problem is completely solved here for the case ¢ = 5. It is
shewn to depend on the two diophantine equations

12%p = [4p—16—25(4+B)|*+5.15*(4 —B)*+2.15°C*+2 . 15°D?,
0= [4p—16—25(4+B)|(4 —B)+3(C*+4CD—D?.

In the first paragraph of the paper certain general formula are proved
which hold when ¢ is any odd prime. These could easily be extended to
the case in which ¢ is any number. In the succeeding paragraphs the
problem of quinquisection is dealt with.
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1. Notation.—p is an odd prime,
q is an odd prime factor of p—1, and p—1 = qt,
w 18 an assigned primitive p-th root of unity,
a is an assigned primitive root of the congruence
a?? =1 (mod p),
B is an assigned primitive root of the congruence
Bt=1 (mod q).

Each of the p—1 primitive p-th roots of unity is included just once in
the form iera .
w* t=90,1,...,9—1; z=0,1, ..., t—1).

z=1-1 .
Put A, = w''™ @=0,1,..,q¢—-1.
z2=0
Each 4; consists of the sum of ¢ distinet primitive p-th roots of unity,
and each primitive p-th root oeceurs just once in one of the 4;,’s. When

w i8 replaced by w*, each 4; remains unaltered. When w is replaced
by w* the A;’s undergo the cyclical permutation

(AOA]. aas Aq_l).

If %' is any root oceurring in A;, then
z=l--1 -
Ai = E w' q.
=0
In particular, since ¢ is even, if 4; contains w' it will also contain w'~'.
When ¢ is replaced by (7, the 4;'s undergo the permutation

(AO Al Ag ves Aq_l )
Ay Ap Asp ... A@-np

where the suffixes are reduced (m9d ¢). This leaves 4, uachanged and,
gives g regular circular permutation of the other 4,’s.

I 4; and 4; are two distinet A’s, and if the product 4;4; is formed
without redunetion, .e., without taking account of the relation

1+w+w2+...+w7’—1 =0,

it will consist of the produet of ¢* primitive p-th roots, because if w' occurs
in A4, then w'~? does not occur in A;. Moreover, since A;4; is unaltered
when w is replaced by w*, the prodvct can be arranged as the sum of a
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number of 4’s. Hence
k=t

.AiAj = LZI Cie 1‘1;“

where the c’s are zeroes or positive integers, such that
k=t
cyre = ¢
f=1 uk
The product 43 will contain ¢ units and £2—¢ primitive roots of unity, so
that ) k=t
= t+El P PR

where again the ¢’s are zeroes or positive integers, and

k=t )
> Cijr. =— t—1.
k=1

Let w' be a root oceurring in A; and suppose that of the ¢ distinet
roots in w'd; just  belong to 4;. Since both 4; and A, are unaltered,
when " is written for w® it follows that of the ¢ distinet roots in w'* 4,
just & belong to 4;. Hence

L = Cijf.
ALM J + o2y f+a,
Let w? ™ e, L, w ™
. . . . . 1 .
be the roots oceurring in A4; which, when multiplied by w*, give roots
occurring in A4;, so that
WY et el T gl
while no further relation such as

+b

u)ui+u'”d.u-l'l — ,u)uk a1

holds. 'Fhen

kb Jrag —at keb.q ]
= w® w e te = w"

i
—a'ta
w " s vy

.. . . . . .
and no further similar relation holds. Since w™ 18 a root oecurring in
4;, this is equivalent to the equation

Cij = Cikjs

i.e., the numerical value of the symbol c;;; is independent of the sequence
of the letters in the suffix. Moreover the same reasoning clearly holds
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when two of the letters in the suffix are the same, 7.e.,
Cii, — Cipi-

Further, since writing w* for w changes A; into 4., the relation
k=t

Ai+]Aj+l z cijkAlH—l
k=0
k=t

follows from Ay dy = ey A
k=0

Hence, since the equation for the A's is irreducible,
Cit1,j+1, k+1 = Cijk-

The complete multiplication table of the A’s, viz., the set of relations

t
A = f+? cin i,

t
/J.iAj = E c,‘,jkflk
1

(,j=0,1,2, ...,q—1)

is materially simplified by these relations among the ¢’s. Moreover, the
fact that this system of relations is invariant when the 4’s and the ¢’s
simultaneously undergo the permutations

(£ (52
dip Cig, B, 18

indicates that any system of equations connecting the reduced ¢’s must be
invariant for a certain cyclical permutation of the reduced c’s.

2. Quinquisection.—I consider now in particular the case ¢ = 5.
The complete multiplication table of the 4’s arises in this case from the
three relations

flg = A+Cm(10+6m1A1+0m2A2+6mA3+(;004A4,
Agd, = condotconditenadstcpzdsteaidy,
dody = Cogodotcom A1+ Copadotcopsdgtcody,
by the cyeclical permutation (4,4,4,434,), where A stands for 1 (p—1).
Taking account of the previously obtained relations between the c's, we
may write
0000 = a, Cool == COIO p— a, 6002 = (»‘020 = i),
Coos = Coz = €, Copt = Cop — @,  Corg = Coy = Comp = &,

Co13 = Coos = Cops = [+
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The relations are then
A% == >\+a‘~10+(t‘~’11+7)442+c‘43+(lA4‘)

Aogdy = adgtdt ety fly+ed, ) ()
Ay Ay = bAgted;FcAz+fA, -l—j'/L,J
where atad+ b+ c+d=r—1 '
a+d+2e+ f = A e (i)
btc+ e4+2f = A )
These give «=\N—1l—a—b—c—d )
e =1\—2a—2d+b+c) . (1ii)

= s0+at+d—20—20)

When ¢ = 5, we may take the 3 of §1 to be 2. If/is replaced by
B3, the A’s undergo the permutation (4,4,4,43), and it is found that
equations (1) remain unaltered, if the coefficients undergo the permutation
(abdc)(ef). It follows that whatever set of relations are found between
the coefficients, they must be changed into themselves by the permutation
(abde)(ef). This is clearly true of equations (ii).

The equations (i) and those derived from them by the permutation
(4yA4,4, 43 4,) may be used to express any rational integral function of the
A’s as a linear function. In particular, if ¢ is a primitive fifth root of

unity, they give
(Ao—i—eA1+e2A2—i;63.x13+e*.~14)‘“’ = f(e)(dy+ 4, €' dytedsz+4y),
where
f© = at+2e+2f+ (b+2a+2f) e+ (d+20+26) €+ (a+2c 4 2¢) €
+c+2d42f) €.
Hence
(Agted +Edy+ Ayt A = [fie ]2 f () gt d, + Ayt d3ted ).
But equations (i) also give
(Ayted+E4,+d, et d ) (dy+etd, +ldy+fdgted) = p,
so thas (Aoted +d,+ 43+ d) = pifE]* f(€).
Writing 7! for e, and multiplying the two equations together,
P° = [fOIF @ ) L]
whence p = fe)f).



256 Pror. W. BurNSIDE [Dec. 10,

This equation can be written in the form

p = (et ay+a,é+a,eta, et +a,+aze+aqe).

When € is replaced by %, the ecoefficients undergo the permutation

(a,aga,a;). Apart from this the integers a,, a,, @3, a, are unique. For
the only modification possible in the two factors, if the coefficients are to
be integers, is to multiply one factor by an arbitrary unit (of the field of
the fifth roots of unity) and the other by the reciprocal unit. When this
is done it is found that the coefficients entering in the two factors are no
longer the same, unless the unit is & power of e.

Now
fl&) = Qa+b—u—2¢)e+2b+d—u—2f) &+ {2c+a—a—2f)e
+@2d +c—a—2e) ¢
= [a+d+30+c)—a—2e](e+e)+H[Fat+ D+ d+c—a—2f ]+
+la—d+3b—o))e—e)+[b—c—}(a—d) | (€ —é).
Put A+D = 2a, B+C = 20,
A—D = 2d, B—C = 2¢,
so that A, B, C, D are integers, and equations (iii). become
a=A—1—.1—B, e=4i\—24+4+B), f=4A+4—2B).
54 108
6

Then 70 = (52 + 2%+ 2 erert (G2 + B+ D)@+

+(D+ L) e—en+ (0= D) e—e)
= Pe+e)+ Qe+ )+ Re—e)+S(—¢"), say,
fle) = Plete)+ Q@+ —Rle—e)—S(E@—e),
and p= PEE+EFD+HQM et +2)—2PQ
—REFE—2)— S (et e'—2)—2RS (¢4’ —e—el).

Since P, ), R, S are rational, this involves

p = §P+4Q°—2PQ+ 3R+ 55,

0 = PP—(°’—R*+S*—4RS.
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When for P, @, R, S their values in terms of 4, B, C, D are entered,
these equations become

12% = [4p—16—25 (4 + B)]2+5.15[4 — B]*+2.152C2+2.152D%, (iv)
0= [4p—16—25 (4 +B)][4—B]+8[C*+4CD—D?). (v)

It follows from the preceding remarks concerning the factors of p, that an
integral solution of (iv) and (v) exists, and that apart from the obvious
substitution

4A'=B, B' =4, ¢ =-—D D=
it is unique.
From the maultiplication table of the A’s, and the relation

Agt A+ Ayt g+ 4, = —

the equation of the fifth degres which they satisfy can be calculated, the
only symmetric function which involves rather lengthy arithmetic being
the produet. I find the equation to be

2(p—1)(2p+3)
ot~ p—D 2+ bp(a+ B— 2R UG E e

+ i (25 +A+B)2—pAB— (p;sl)jw

+ [ (u+n— 24 4 & (B2 o)

3
1) — 0.

L(A—BP+i(d—B)/(D 02)]

The coefficients are, as they should be, invariant for the substitution
A'=B, B =4, (¢ =-—D, D =0C.

I have verified the numerical values of the above coefficients in fhe two
cases p = 11 and p = 41, which make it probable that they are correct.

8. If the prime p is not too great, the determination of the integral
solutions of (iv) and (v) does not involve lengthy ecalculations. When
(?+4CD~—D? has a given value m, while C and D are integers, C*+ 1> is
less than m/4/5. Hence combining the two equations

[14p—16—25(A+B) | +154/5|4—B! < 124/p.

ser. 2. voL. 14. Xo. 1237. 8
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If p=1 (mod 8), A4+B =0 (mod 8), while if p =—1 (mod 3),
A+B =1 (mod 8). Hence the successive values of first term on the
right in this inequality differ by 75, and the number of possibilities for
(44 B) and | 4—B| is not very great. It is to be noticed that |4 —B|
cannot be zero, and that | 4 —B/| and 4+ B are of the same parity.
Finally, the four solutions of the two equations given by applying the

substitution A'=B, B=d, '=—D, D=0,

to any one of them correspond to the permutation (abdc)(ef) of the
original coefficients.

As an example I take the case p = 271. Here 4+ B = 8E, and
the inequality is

1856 —925E | +5¢/5 | Ad—B | < 44/(271).
This gives E=18, |A—B]|=1 or 8,
E=14, |A—B|= 2 or 4,
E=15 |4—B{=1 or 8.

The values of C*+D? in the six cases are 65, 45, 75, 55, 76 and 46 re-
spectively. The only possible one is the first, and this gives

C*4-D? = 65,
C*4+4CD—D? = + 81,

according as A —Bis F. The + sign must be taken for 4 —B, and
then C =1, D = 8. Hence

A4+B=189, A—B=1, C=1, D =38,
giving a=14, b=10, ¢ =9, d=6,
a=14, e=11, f=12.

For primes less than 100, the table is

p y: | B C D
11 0 1 1 0
31 1 2 4 —1
41 4 3 3 0
61 153 4 4 —1
71 7 6 2 3
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4. It is found on trial that the equations (iv) and (v) are the condi-
tions that equations (i) and those derived from them by the permutation
(AgA; A, 454, should, with the relations (i), form a consistent multipli-
cation table for a set of symbols 4; (1 = 0,1, 2, 8, 4), such that 4, 4; = 4;4,
It was, in fact, in this way that I was originally led to them. This result
is still true, if in (iv) and (v), p is replaced by 5A+1, without making any
assumption at all with regard to A, q, @, b, ¢, d, ¢, f, except that they obey
the ordinary laws of arithmetic. If, however, (iv) and (v) are arrived at in
this way, there is clearly no direct way of shewing that, when A = (p —1)/5,
and the other letters are positive integers, (iv) and (v) have only one system
of solutions.

I have carried the case ¢ = 7 so far as to assure myself that it 18 not
quite parallel with that of ¢ = 5. A set of three simultaneous Diophantine
relations oceur, but they are not sufficient to ensure that the equatious
expressing the produets of the A’s form a consistent multiplication table.
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