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A Geometrical Note. By R. TUCKER, M.A.

Read December 8th, 1892.

1. If ABO is a triangle, there is one in-triangle which has its;
sides parallel, and one in-triangle which has its sides antiparallel, to-
the sides of ABC, and these triangles have a common circumcircle,.
viz., the nine-point circle of ABC.

Again, there aro two in-triangles which have their sides respec-
tively positive and negative oblique isoscelians, and these triangles
have a common circumcircle, viz., the sine-triple-angle circle.

2. It is the object of the following note to consider some properties-
of the six in-triangles, circumscribed in pairs by three circles, which
have their sides one a parallel, one an antiparallel, and the remaining-
one a positive or negative iaoscelian.

3. In the figure, EF is parallel to BO, ED antiparallel to AB with,
respect to 0, and DF a positive isoscelian to LB.

The triangle JDEF ia evidently similar to ABO, and, if its sides are-
a', 6', c, we have

b _ b' _ BE
c c ~~ EF'

. . BE c , EF a
but --~ = — and -— = —-,

OE a AE b
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therefore

i.e., BE is the symmedian through B.

4. Now, because

therefore modulus of similarity is

163

AE=l_
OE a?

EF AE
a b

Hence

Again,

/(a2-f c2) = ac/b, say.

a = atyti = BF,

b' = abc/bx = DE,

c' = ao*lbx =EF.

BB = 2a2c cos

OE - a26/6,

AF = oV&x

OB = al

= bc'/b, .(1).

5. The trilinear coordinates are for

Z>, (0, 6, 2a cos B ) '

E, (a, 0, c)

I?7, (a&, c2, 0)

• mod. = &! .(2).

6. Now let us consider the triangle B'E'F', in which E'B' is parallel
to AB, E'F' the antiparaliel to BO with respect to -4, and B'F' a nega-
tive isoscelian to LB.

Then we can show, as before, that B'E'F' is similar to ABO, that
BE' is the symmedian through B, i.e., E and E' coincide, and that
the modulus of similarity is acfbv as before.

Hence EB'-a', EF'=bf, F'B' = c';

CD' = a8

BB.BB' — 2cV cos B/b] — BF.BF',

and

7. Now

and

therefore the two triangles have a common circumcircle which
touches AO at E.

M 2
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It follows therefore that thero are two other circles circumscribed
to pairs of triangles, similar to ABO, and which have contact respec-
tively with BO, AB, at the points where they are cut by the sym-
medians through A, 0.

8. The trilincar coordinates are for

D', (0, a9, be)

E\ (a, 0, c)

F, (2c cos B, b, 0) .

mod. = 6, (3).

9. From (2), (3), we get the equations to DF', D'E, viz.,

aba— 2cacos Bfi + bcy = 0,

caa + bcfi—a?y = 0;

these intersect on c/3 = by,

i.e., on the symmedian through A, in p9 say.

In like manner, DF' and EF can be shown to intersect on the
symmedian through 0, in r3 say ; hence the triangle JE^r, is in per-
spcctiy.o with ABO, and has K for the centre of perspective, and for
its symmedian point. It follows, then, that the circles we are con-
sidering aro Tucker circles (c/. Milne's Companion, p. 136).

10. The equation to the circle BEF is

(a2 + ca)82 O/?y) = (Saa) [&c8a + 2cV cos B(3 + a*by] (4).

If Ot be the centre of this circle, and p2 [ = JBca/6,] its radius, then
the coordinates of O3 are

p2 cos (A—B), p2, p.2 cos (B— 0);

this evidently lies on the line

2[&c(b8-c9)a] = 0 ;

i.e., on the circum-Brooardal axis, as it should do, by § 9.

Jn like manner, Os, Ox, the other centres, are

O3, cos(C-A), cos (B-C), 1;

0,, 1, coa (A-B), coa (C-A).
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11. The coordinates of the "nine-point centre" of ABC are
given by

cos (B—C), cos (0—A), cos(A-B),

and fcherofore its inverse point by

l/cos(B-O), 1/cos (0-A), 1/cos (A-B);

hence BA0^ and this inverse point are collinear. Similar results hold
for 03, 0,; hence we may see that A0v B0it C03 cointersect in the
inverse of the nine-point centre.

12. The equation to the Brocard ellipse is

2 (62cV) = 2abc 2 (a/3y),

and from § 9 we know that tho circle BEF has double contact with
the ellipse, viz., at E and at &", given by

a (a 3 -6 3 ) \ fc(c3-a2)2, c(i2-c2)2.

Similarly c" is a(c2-a2)2 , 6 (&2-c2)2, c(aa-fc2)3;

and a", a(62-c*)2, & (a2-fc3)2, c(cJ-a2)2.

13. The equation to Eb", which is, of course, parallel to the join
of the Brocard points, because this last is tho major axis of the
ellipse, is

bca (c*-o9)+coj3 (c2 + a 2 -26 2 ) -a6y (ca-a2) = 0.

A slight consideration of the figure shows that the triangle a"b"c" is
congruent to the triangle formed by joining the feet of the sym-
medians of ABO.

Further, Aa", Bb", 0c" cointersect in

«/(fc2-c2)2, &/(c2-a2)2, c/(a2-fc2)3.

14. The equations to the tangents at a", 6", c", are

bca , caft , _aby_ _Q

fca , ca/3 _a&y_ _

7>cft _ca^_ , _aby_
* — a? &2—c a2—62
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These tangents intersect two and two in

6'-c3), c/(a3-&3) (A, B) ;

c/(c3-a3) (B, C);

-c3) (C, A).

15. Since the equations to DF, D'F' are

2c3 cos Ba - 2ab cos J5/3 + 62y = 0,

Va - 2bc cos Bfi + 2a3 cos By = 0,

it follows that the join of B to their intersection, and the like joins
for the other angles, cointersect in

tt/(&3-cs), 6/(c s-a3) , c/(rt2-fc2).

16. The figure shows that D'F is antiparallel to AO with reference
to B; hence the circle DEF circumscribes an in-triangle with two
sides FiF, ED', parallel to JBO, AB, and the third side the anti-
parallel D'F.

The Dioptrics of Gratings. By J. LARMOE, F.R.S.

Read March 9fch, 1893.

When a beam of light falls upon a ruled or striated surface, a
considerable portion of it is inevitably scattered and lost by the
inequalities of tho surface; and the residue is reflected or refracted
in the ordinary manner. But when the striation varies from point
to point in a continuous and fairly uniform way, there is sifted out
from the incident beam, in addition to the debris of scattered light, a
series of regular secondary beams, which are propagated onwards in
directions inclined to that of the principal one.

The origin of such a diffracted beam, by the union of the diffracted
parts from the different striae which arrive at its front in the same
phase, was fully explained by Thomas Young, as also was the very
perfect separation of tho different chromatic constituents of a regular
compound beam by a good grating of this kind. In the few pregnant


